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ON INFINITE SERIES OF BESSEL FUNCTIONS
OF THE FIRST KIND:

> INvtp(®), 22, (= 1) Inpp(T)
SUK HYUN SUNG AND ROBERT HOVDEN

ABsTRACT. Infinite series of Bessel function of the first kind, Zfoo INv4p(x),
Zfoo(—l)” JINv+p (), are summed in closed form. These expressions are eval-
uated by engineering a Dirac comb that selects specific sequences within the
Bessel series.

INTRODUCTION

Infinite series of Bessel functions of the first kind in the form ), Jo,(z) and
>3, J3v () arise in many natural systems. They are of particular interest in con-
densed matter physics when crystals spontaneously break symmetry [I] due to
correlated electron effects such as superconductivity, charge density waves, col-
losal magnetoresistance, and quantum spin liquids. Mathematically, these series
can appear when sinusoids exist inside complex exponentials—as described by the
Jacobi-Anger relation |2 [3]. Early treatises on Bessel functions by Neumann and
Watson [4, [5, [6] provide analytic solutions to the alternating series ) (—1)"J2,(x)
and > (—1)"Jay41(z) which are commonly tabulated [7, 8]. However an analytic
expressions for Y Js,(z), >, Jsu+1(x) or more general series Y Jny4p(x) and
>, (=1)"JInyyp(z) are not readily available. We show closed form expressions to
infinite series of Bessel functions of the first kind exist. The expression is evaluated
by engineering a Dirac comb that selects specific sequences within the Bessel series.

To illustrate, we find a closed form expression to the series:

> 1 /3  2mp
V;w Tauip(@) = 5 1L+ 2eos (5= = =57
v,peZ; xeC

More generally, we find an expression to all series in the class:
0o 1 N-1

Z JNV—i—p(x) — N Z eiwsin (27rq/N)e—z27rpq/N
v=—00 q=0

0o 1 N-1 ) )
U;@(_l)y‘]NVﬂLp(x) — N 2 i@ sin ((2q+1)7r/N)efz(2q+l)7rp/N

v,p,q€Z; NeZt; x€C
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From these theorem’s, we tabulate a family of closed analytic forms to infinite
series of Bessel functions of the first kind.

o0
1. EVALUATION OF SERIES: Z INv+p(T)

V=—0o0

Theorem 1. Infinite series of Bessel functions of the first kind of the form Zfoo INvp(2)
where v,p,q € Z, N € Z' and x € C have following closed expression:

oo N-1
(11) E JNu-l-p(x) _ N E e—z27rpq/Nezm sin (2wq/N)
v=—00 q=

Proof. Consider the following series of evenly spaced delta functions (i.e. a Dirac
comb) on an infinite series of Bessel functions:

oo N-1 oo
(1.2) J)= 37 Dok = (ht5)a) Y Tnurp(kA)
h=—o00 p=0 v=—00

where v, h,p€Z; N € ZT; k,ae R; A€ C.
Three summations are re-grouped into two:

(1.3) F) =37 3 ok = (h+ 1)) Ja(kA)

h=—0c0 a=—00

The Dirac comb can be represented as a Fourier series:

1.4 k— ha) = = —i2wkm/a
( ) h;m 6( a) a m:z—oo ‘
With ([4), f(k) becomes:
1 & . > )
1. k)= = —i2wkm/a (kA ia2rm/N
(1.5) f(k) am;me a;OOJ( Je

The summation over « appears in the Jacobi-Anger relation [2] 3] [6]:

(16) et sin(0) _ Z g, (I)eiae
Using the Jacobi-Anger relation:
1 & , o
(1.7) flk) == Z o—i2mkm/a ,ikAsin(2rm/N)

a
m=—o00



ON INFINITE SERIES OF BESSEL FUNCTIONS OF THE FIRST KIND 3

We split the summation over m into m = ..., Nn,Nn+1,... Nn+ (N — 1), ... :
JR ;
k)= = —i2rknN/a
f(k) an_zoo[ +e

+ e*i27ran/aefi27rk/aeikA sin (27 /N) ¥
+ 67i27ran/aefi27rk(N71)/aeikAsin (2r(N—-1)/N) + .

_ —i2rknN/a —i27kq/a ikAsin (2wq/N)
(1.8) e e e

n=—oo qg=1

Using (4] again:

)_.

-N

1 !
(19) f(k) _ = Z (S(k,‘ ]3 ezkAsm 27rq/N)e i2rkq/a

l=—00 q=0

Substitute k = lﬁa;l € Z, as f is non-zero only where a delta function exists.

N—1
(110) Z 5 k— — Z eikAsin (Qﬂq/N)efiQﬂ'ql/N
l_foo q=0
We split the summation into I = ..., Nh, Nh+ 1,...,(N 4+ 1)h — 1... then regroup,
similar with (L8]):
0o N-1 N—1

(111) Z Z 6 )a) Z eikASiIl (27Tq/N)e—i27rpq/N

h——oo p=0 q=0

Initial expression (I2)) must equal (LIT]):

co N-1 oo
p
Z Z(WC = (h+ N)a) Z INv4p(KA)
h=—o00 p=0 v=—00
co N-1 » N-1
o itkAsin (2wq/N) ,—i27pq/N
(1.12) =¥ h_z_:oo ;) Ok = (h+ < )a) > e a/N) g=i2mpq

This relation suggests only values on the Dirac comb are equivalent. However,
the variable a can take on any real value thus the expression holds for all values of
kA. The equivalent Dirac lattices on each side can be disregarded.

N-1
1
(113) Z JNv+p _ Z elzsm (2mq/N) 71271'pq/N
v=—00 q:(J
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Corollary 1. From Theorem 1 we comprise a table of closed form expressions:

N

oo

Z INv+p(@)

v=—00

1

N

=z

—1
&
0

q

i sin (2wq/N) e*i27rpq/N

oo

> Ju(@)

V=—00

[6l 7, 9]

[ES)

> Ja()

v=—00
oo

> Jawsi(z)

V=—00

0

[6; 7]

[6. (7]

[E3)

Z J3u

v=—00
oo

Z J3u41

v=—00
oo

Z J3u42

V=—00

1
3
1
3
1
3

[1 +2cos(“”‘2/§)}

3
|:1+2COS(:E\2/_ -

T

{1+2cos( 23—

)

)

[ES)

Z Jaw

v=—o00
oo

Z Javt1

v=—00
oo

Z Javi2

v=—00
oo

Z Jav+3

V=—00

2
cos (2)

sin(x)

. 2,T
sin (2)

|
|
@
=]
~
8
=

[eS]

Z D

v=—00
oo

Z Jsu+1

v=—00
oo

> Jsute

v=—00
oo

Z J5u43

v=—00
oo

Z J5u44

V=—00

[ 2
14 2cos (xsin(g) -—)

2
1+2cos(zsin(—) — —
(osin(Z) = =)

2
14 2cos (xsin(g) -—)

2w
5

4

2
1+2COS($S1H(%) - —)+

5
61

8w
5

14 2cos (Ism(%r)) + 2cos (:vsin(%r))}

4

2 cos (q:sin(—w) -
5
4

2 cos (q:sin(—ﬂ—) -
5
4

2 cos (:vsin(%) —

4
2 cos (xsin(g) -

o)

)

)

)

[eS]

Z Jov

v=—00
oo

Z Jovt1

v=—00
oo

Z J6u+2

v=—00
oo

Z Jov+3

v=—o00
oo

Z Jovt4

v=—00
oo

Z Jov+5

V=—00

Wl Gol= gl = Ol = Ol = O] =

14 2cos (

m;/g)]
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ot

oo

2. EVALUATION OF ALTERNATING SERIES: Z (1) INp4p()

V=—0Q

Theorem 2. Infinite series of Bessel functions of the first kind of the form ) (=1)" Iny4p(x)
where v,p,q € Z, N € Z" and x € C have following closed expression:

00 1N—l o
(2.1) S U Tvg(a) = 5 e

v=—00 q=0

((2q;1)7r )eﬂ' (2q+]\})7rp

Proof. Consider the following Dirac comb on an infinite series of Bessel functions:

co N-1 0o
22)  gk)= Y D otk—(h+5)a) D (~1)Invep(kA)
h=—o00 p=0 v=—00

where v,h,p€Z; N € Z*;: k,a € R; A € C.
Three summations are re-grouped into two:

gk = D D0 ok = (h+ 1)) (1) a(kA)

h=—o00 a=—00

i i 6k — (h+ T)a)e = RIE J (ka)

h=—0c0 a=—00

SN k- (n+ %)a)e*”k/aem/NJa(kA)

h=—o00 a=—00

(2.3)

The Dirac comb can be represented as a Fourier series (I.4):

1 & oo . . ‘ ‘
g(k) _ E Z Z 6—1271'(19—Wa)m/ae—zﬂ'k/aezﬂ'a/NJa(kA)

m=—0o0 x=—00

Z efifrk(2m+1)/a Z eioﬂr(Qerl)/NJa(kA)

m=—oo a=—00

Using the Jacobi-Anger relation (L6):

(2.4) =

SHN

(2.5) g(k):l Z o—imk(2m+1) /a ik Asin (x(2m-+1)/N)
a

m=—0o0

We split the summation over m into m = ..., Nn,Nn+1,.., Nn+ (N —1),...:

g(k) - Z |:."_|_eiQﬂan/aeifrk/aeikAsin(lw”)

n=—oo

+ e—i27ran/ae—i37rk/aeikA sin (3F) +

. . _ oA ((N—D)m
te z27ran/ae (2N l)ﬂ'k/aezkAbm( ~ )+

e N-1
(2.6) _ $ emizmknN/a N omi(2rt1)mh/a gikAsin (S50)
a

n=-—oo q=0
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Using (4] again:

00 N-—-1
. — _ ﬁ ikAsin (CLEDTY _i(2g41)mk/a
(2.7) g(k) o(k e e
N

l=—o00 g=0

Substitute k = I, as f is non-zero where a delta function exists.

oo N—-1

1 . . us . s

(28) g = D2 0k = [l D e
q=0

l=—00

We split the summation into { = ..., Nh, Nh+1,..., Nh+ (N — 1), ... then regroup:

oo N-1 N—1

1 . . Ll . ks

(2:9) gk = 30 3 8k = (ot a1 3 et e
h=—o00 p=0 q=0

Initial expression (Z.2)) must equal (2.9):

co N-1 0o

p v
Do D0k —(ht p)a) Do (1) nup(kA) =
h=—o00 p=0 v=—00
1 == = i s at1) . (2q+1)
(2.10) ~ Z Zé(k_(h"" %)a)(—l)h pikAsin (GEbr) Gty
h=—o00 p:O q:()

The variable a can take on any real value thus the expression holds for all values
of KA. The equivalent Dirac lattices on each side can be disregarded.

o) —1

RIS () = L 3 e i

v=—00 q:O
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Corollary 2. From Theorem 2 we comprise a table of closed form expressions:

N-1

Nip| > (=1"Inusp(e) % > piwsin (ZeRm) _; Gatgime
v=—00 =0
110 i (=1 Ju(z) 1 am
2 10| > (-1)"Ja(z) | cos(x) -
1 Z (=1)"Jap+1(x) | sin(z) 6
S v 1 3
310 u;m(_l) J3u () §|:1+2COS( 9 )i|
3 v 1 I\/g T
1Y 0 ) 312 (22 - D]
2 Z (=1)" Jav42(2) %[1 + 2605(:(:\2/3 - 2%)}
410 Z (=1)"Jav () cos(%)
- v 1 . xX
1 U;oo(—l) Jav+1(x) %sm(ﬁ)
2 Z (=1)"Jap12(z) | O
= v 1 . T
3 V;oo(—l) Jav+3(x) %sm(ﬁ)
510 Z (=1)" Jsu () % 1+2cos(xsin(g))+2cos(:csin(3§)):|
! Z (=1)"Jsv41(2) _% 1+2005(1’Sin(g)+4{)+2cos(xsin(3§)+2§)}
2 Z (=1)"Jsu42(2) %_1+2C05(m51n(%)+8%)+2cos(:vsin(3§)+4§)}
3 Z (=1)"Jsu43(2) _% 1+2C05(m51n(§)+12%)+2cos(msin(3g)+6§)}
4 Z (=1)"Jsu+a(2) % 1"'2005(5‘351“(%)4-16%)4—2(:05(:(:5111(3%)4_8%)}
6 0 Z (_1)VJ6u(-'E) %-COS(I)+2COS(%):|
1| D (=) Jovsa(x) é-sin(x)ﬁ-sin(g)}
2 Z (=1)" Jop+2(z) —é_COS(SL‘)—Cos(g)}
3 Z (=1)" Jev+3(x) —%_Sin(m)—2sin(§)}
4 Z (=1)" Jev44(z) é-cos(x)—cos(g)}
2 Z (=1)" Jov+5(x) é_sin(x)ﬁ-sin(g)}
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In Corollary 1, 2 we have noted references to previous reported expressions
for N = 1,2 that are closely related. For N = 1 the expression is given using
the generating function e!/2(t=1/0z — $°°°  j (2)t¥ when t = 1. For N =

V=—00

2, the expressions can be re-written such that > > (=1)"Jo,(x) = Jo(z) +

V=—00

231 (1) oy (x) = cosw and 3777 (=1)"Taga (@) = 3000(=1)" o (2) =
sinz using the identity J_, () = (=1)"J, ().
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