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Abstract. Regarding the duality of the XY-plaquette model in the 2+ 1d system, We
compared and discussed the equivalence and difference between the ”modified Villain
formulation (MVF)”, recently introduced by Gorantla et al. to study duality in exotic
field theories such as fracton theory, and the ”standard Villain formulation (SVF)
and dual Hamiltonian method (DHM)” we introduced in our previous paper to study
duality between Josephson junctions (JJ) and quantum phase slips (QPS) in the 1+ 1d
system.

1. Introduction

Duality has a very broad meaning and plays a very important role in statistical
mechanics and field theory. One typical example is to relate the temperature of the
original system (the coupling constant) to the inverse temperature of the dual system
(the inverse of the coupling constant). Another typical example is electromagnetic
duality due to the exchange of electric and magnetic fields by gauge theory. Specifically,
it is the Kramers-Wanier duality in the two-dimensional Ising model [I], Montonen-
Olive duality in the two-dimensional Ising model [2], Montonen-Olive duality in field
theory [2], and S-duality [3] and T-duality [4] in superstring theory are known. As
dual transformations in the XY model and U(1) lattice gauge theory [5L[6], the Villain
approximation and the Villain model dual transformation [7HI0] are well known. Recent
topics related to the Villain model, the Modified Villain formulation (MVF) [IIHI5]
has received renewed attention for studying duality, such as the U(1) gauge theory
by Sulejmanpasic et al. [IT,[12] and the fracton theory [I3H20] in exotic field theories
by Gorantla et al. [I3HI5]. Note that while this formulation is in principle valid for
1 + 1d systems, it also gives an exact self dual transformation in the XY-plaquette
model [2T], which is a 1+ 2d system. In this paper, we call a system that appears to be
accompanied by dimensionality reduction a ”pseudo-1 + 1d system”, as in the example
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of the XY-plaquette model, where the system has more than 1 + 1d dimensions but
exhibits the same dual transformation properties as the 1 + 1d system. The purpose of
this paper is to compare and contrast, and to discuss the equivalence and differences, the
” MVF 7 introduced by Gorantla et al. and the "standard Villain formulation (SVF)”
and "dual Hamiltonian method (DHM) [22/23]” introduced to study the duality in
our previous paper between Josephson junctions(JJ) and quantum phase slips junction
(QPSJ) [24-27] in 1 + 1d systems. This paper is organized as follows. In Section 2, we
treat the dual transformation of the XY-plaquette model as an example for the case of a
pseudo 1+ 1d system, following the MVF by Gorantla et al. In Section 3, we show that
the dual transformation using the SVF in the XY-plaquette model has exactly the same
result as the MVF in Section 2. In Section 4, we show that it is possible to construct an
exact self dual system for the Villain approximation version of the XY-plaquette model
without using Poisson’s summation formula [9,[10] by implementing the algorithm of
the DHM. In Section 5, provides a summary and discussion. In Appendix A, we review
the Dual transformation using the MVF for the 1 + 1d XY-model. In Appendix B, we
review the momentum symmetry current and winding symmetry current of the MVF in
the 1+ 1d XY-model. In Appendix C, we describe an example in which the DH method
is introduced to construct a self duality [22] between the JJ and the QPSJ. In Appendix
D, we show that the dual transformation results from the SVF in the 1+ 1d XY-model
are self dual as well as those from the two-component MVF.

2. Dual transformations by MVF in pseudo-1 + 1d system

In this section, we treat the dual transformation of the XY-plaquette model [T4I5,21] as
an example for the case of a pseudo-1+1d system, following the MVF by Gorantla [14.[15]
et al.

2.1. Dual transformations in XY-plaquette model by MVF

In this subsection, referring to the MVF in the XY-model of the 1+ 1d system presented
in Appendix A, we show that the XY-plaquette model in the 1+ 2d system is a pseudo-
1+ 1d system where it undergoes the same dual transformation as the XY model of the
1+ 1d system. As a starting point, the partition function for the lattice version of the

1+ 2d XY plaquette model [I4L15,21] is as follows:

Z (Bo, Bay) = /DH exp Z{—ﬁg (1 —cosV.0) — 3, (1 — cos vxye)},

N N Ny

[oo=TIIIIT /), )

T7=12=1 3/:177r
where its difference operator is defined by V,, = V,V,, is the same as defined in

Eq. (AJ) in Appendix A. fy and f3,, are the energies of the imaginary time 7
and the two-dimensional zy-space component, respectively, and 3, = fyA7r/h and
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oy = BeyAT/h are the respective dimensionless energies. Similar to Eq. (A.6), the
Villain approximation [7,0,22,23] for Eq. (III) is as follows:

Zy (B0, Bay) = RQV/DQ > epo{ SV (V.0 — 27n,)? — @(vzye_zmmyf}’ (2)

{nrmay} YT
Following the discussion in Eq. (A.8)—(AIT7) in Appendix A, adding an extra additional
term +i6w due to the dual phase field 6 to Eq. () and then applying the two-component
MVF [14], we obtain the dual transformation as follows:

Z]\[V(ﬁ(%ﬁmy)ERQV Do /DéZeXp(—l)Z { (60) (v 0—271n )2 (6z2y)v(me9_2ﬂ_nzy)2+léw‘r,zy}

= Cov / Do / DO Y " exp(— Z{(ﬁo) (V.0—2n7, )+ (ﬁ éy)”(vzyé%my)?iewmy}, (3)

T Ty

where w; ;,, and @, ., are defined as curl of n;¥ and n;? respectively, as follows:

Wray = €57 V05, (4)

Or ey = €5/ VRS, (5)
where V¥, Vl , noY, nl , ng’, and njY are defined by V§¥ = V., V¥ = V.,
ny! = n., ni? = ngy, 1y’ = n, and n7Y = Ay, respectively, and, €0l = Ergy = 1
and £ = €,,, = —1 are pseudo-two-dimensional Levi-Civita symbols. The Villain’s
inverse dimensionless energies ((y), and ((,,), are the "cross duals” to (f},), and
respectively, as in Eq. (A7), and are as follows:

1
(), = =5 )
4 (B,
(0 ppp—— (7)
WA (By),

2.2. Noether and winding currents with momentum and winding symmetry in the
XY-plaquette model

In this subsection, we consider the Noether current for two symmetries [I8-20], U(1)
momentum global symmetry and U(1) winding global symmetry, according to Appendix
B. Now, following references [I8-20], we extract from the partition function on the left
hand side of Eq. (@) a dimensionless Lagrangian described in a subspace instead of the
entire 1 + 2d space, as follows:

L= —% S (V0 -2l 0y VG (8)

plaquette cube

where 53¥ and f7Y are defined by 5;Y = 5y and 57Y = 3., respectively, and >, >

link plaquette
and Y are the sum of link, plaquette and cube in subspace of 14 2d space, respectively.

cube

In the Lagrangian of Eq. (), as in Eq. (B.2)), from the noether current due to the shift
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0 — 0+ ™ of the real constant cm of the phase field 6, called the U(1) momentum
global symmetry, the momentum current J;¥ (i = 0,1) [I8-20] is as follows:

T () = =i (87), (Vi¥0 = 2mn?) (x,7), (9)

where (x,7) = (z,y,7), and J5? and J7¥ are defined by Jj¥ = J. and J7¥ = J,,,
respectively. Note that on the right-hand side of Eq. (@), no contraction is taken for
the index i. Next, we will discuss the according to Eq. (B.4]), in the Lagranglan of Eq.
[®), the winding current J* due to U(1) winding global symmetry § — 6 + ¢* [14] in
the dual phase field 6 is obtained as follows:

Yy

67/
JP(x,7) = i [

From the partition function on the right-hand side of Eq. (B]), the dual Lagrangian on

VY0 (x,7) — 2mn} (x,7)], (10)

the Lagrangian in Eq. (R]) follows.

o

(B/izy)v vzyé 2 ~ Y 2 - Ty wyvzye 11
2 2 (i_mi)_lzuz (11)

dual—plaquette dual—cube

where 53¢ and (7Y are defined by 85Y = fy and 7Y = f,y, respectively, and 3 |

dual—link
> and > are the sum of dual—link, dual —plaquette and dual — cube in

dual—plaquette dual—cube

subspace of 1+ 2d space, respectively. Following the same method as in Eq. () through
Eq. (), its dual momentum current J;"¥ and dual winding current J* are, respectively,

as follows:
Fo¥(oe7) = (B, (VD 2mi) (), (12
- &y Ty HE
Ji (%, 1) = i [ij9 (x,7) = 2mnj” (x,7) 13)

3. Dual transformation by the SVF for XY-plaquette model

In this section, we apply the SVF [7HI0] of the dual transformation for the 1 + 1d XY-
model [22] shown in Appendix D to the case of the XY-plaquette model in 2 + 1d. The
starting point is the partition function in the standard Villain approximation in Eq. (2)).
Using Poisson’s summation formula [910] in Eq. (D) in Appendix D for Eq. (), as
follows:

Z, (Bo, Bay) = Cav ) _ Svnoexp Y { y o ,(X’ i } (14)
) e oo 2(F),
where C, = [1o () Io (8,,)] MM i the normalization parameter, and b; (x,7)(i =7, 2Y)
are integer value auxiliary magnetic fields [10,22] where the condition Vb = V., b, —
Vaybey = 0 is satisfied by the part of the -function. We introduce dual integer value
fields b; (x,7)(i = 7, zy) [22] to b; (x,7) as follows:

b?y (l’,y,T) — Exybxy (x>y>7-)a (15)

(V)



5

where b3Y, b7Y, biY, and b}? are defined by b(Y = by, b1Y = by, bt = by, and b = b,
respectively, By using the dual transformations of Eq. (&), the following equations are
obtained for Eq. (I4):

2. ) = Cav Eob g Y4 55D D) 4, (16)

2 (BO) v
{b} Ty, T v

Following Poisson’s formula in Eq. (D) in Appendix D, rewriting the integer-valued

field b, (2, y,7) into a continuous value field B; (x y, 7)1 = 1, 2y) [22], as follows:

B ~ -
Zu (o Bey) = Cav 3 b0 / Dhep Y { T (ﬁ’”)”+z27rszo—z'2szBzy}, (17)
0

{3 YT

where [; (z,7)(i = T, zy) corresponds to the mteger—valued current. Integrating over the
continuous value field B; (z,y, 7) of Eq. (IT) yield the following equation:
Zo=Rovy_ deyvuoexp (1) Y {202 (80), 12 (0,9,7) +27°(81,) L @y 1)}, (18)
{1} z,Y,T
The Kronecker delta, when rewritten in the integral form, allow the equations to be
written as follows:
Z, = RQVZ/Dﬁexp { 27 (By), 12 + 27 (B, ) Loy — zéw’my} (19)
{1} z,Y,T

where w,,, is defined here as the curl of Ij¥, following Eq. (), as follows:

Wy (2,y,7) = iV (2,9, 7). (20)

TTY

where the integer-valued currents I;¥ and [{¥ are defined by [;¥ = [, and I}¥ = [,,,
respectively. Using the identity in Eq. (D.) in Eq. ([9), we obtain the following

form [22],

2

- (VTé - 27rﬁ0>2 (szé - 2mzy>

S (T N =T AN 21

Z, = C, Z/DGepo

{n} YT

Imposing the same relation (3',), = 1/47%(8,,), and (B,wy)v = 1/47%*(), as in Eq. (@)
and (@) on Eq. (ZI0), the self duality relation is established as in Eq. (3, as follows:

Zy (Bo, Bay) = RQV/D9 Z exp Z { (V.0 —2mn )2 - % (Va0 — 27mzy)2}

{nr,ney} T,Y,T
—CUZ/DGeXpZ{

{n} T,y,T

(B;y)'l)
2

0 — 2mig)? —

(Voif mzyy} ORI B),  (22)

v (Bo, Be) = RQVZ /’DQe Xp Z { (V 0—_9on n0>2 B (B/;y)v (waé — 277,3%)2}’

{n} Ty, T
My Moy

Rov = [Ru(BoR(G,)]) (23)
The only difference with the self duality of the Modified Villain formulation in Eq. (3]
is the presence of an additional term —+iw@ .



4. Dual Hamiltonian method of the XY-plaquette model

In this section, we show that it is possible to construct an exact self dual system for
the Villain approximate version of the XY plaquette model without using Poisson’s
summation formula by implementing the algorithm of the DHM [22/ 23] shown in
Appendix C.

4.1. Hamilton’s canonical equations for the XY-plaquette model

In the partition function of the Villain approximation of Eq. (2)), introducing an
auxiliary field Ny for its imaginary time component yields:

Zy (B0, Brey) = Rov | DNy / DY > exp) {z‘(vfe—zwm) Ng—E;CNﬁ—@(vzya—fzmzﬁ}, (24)

{nr,nay} Ty, T
h2
Ey=——7-—,
2(o), (A7)

where Ny and E,. = E',.h/AT are the winding number corresponding to the particle

(25)

number, and the pseudo charging energy, respectively, and are interpreted as analogous
to the particle number of Cooper pair, and the charging energy of the Josephson
junction described, respectively in Eq. (CI) in Appendix C. Therefore, from the
Legendre transformation, the Fuclidean Lagrangian Ly and Hamiltonian Hy are as
follows, respectively:

i
Ly (V+0,0) = 1~ IZ; (V.0 — 27n7)pg + Hy (0, N) (26)
Epe (Bay),
Hy(0,N) = hg > i+ Ty D (Vg — 2mng,)?, (27)
I?y I?y

where py = hlNy is the momentum of canonical conjugate to V,,0" = V,, 0 — 21n,, and

is defined as follows:
OLg (V4)0, V.V ,0)
0(V.0—2mn,)

The Poisson bracket {..., ...}p between V,,0" = V,,0 —271n,, and py = hVy is as follows:
(Vo (x,7), ANy (X', 7)}p = ih6” (x — X)), (29)

(28)

po (X, T) = IAT

From Eq. (27), Hamilton’s canonical equations are as follows [22,23]:

OV0' (x,7)  2E,

(4 or T Ny (X> T)> (30)

aNg (X, T)
or

ih = —(Bay), Vayt' (x,7), (31)



4.2. Hamilton’s canonical equations for the dual XY-plaquette model

On the other hand, the dual XY-plaquette model and its Villain approximation, which
are dual to the partition function in Eqs. () and (2)), respectively, are as follows:

7 (BB = / Diexp Y [~y (1 - cosV.0) = 1, (1 - cos 0.,0)], (32)

ﬁoﬁzy RQV/De 3 epo{ (v f—2rin )Q(B'/’”Qy)v (vzyé%ﬁw)Q}, (33)

{ftr ey}

Similar to Eq. (24]), introducing the auxiliary field Nj for the imaginary time component
of Eq. (B3), as follows:

7, [ﬁoﬁw RQV/DN /De Zepo{ (ve 27rnT>N —E,N2— (5/wy)v (Vas0—27msy) }’ (34)

{ftr,Ney}  TY,T
h2
Epi = ~72,
2(fo)v(AT)

where ]\75 and E,; = E',;h/At are the dual winding number in a dual relation to Ny

(35)

in Eq. (24) and the pseudo inductance energy, respectively, and are interpreted as
analogies to the particle number of magnetic flux-quantum and the inductance energy
of the QPS junction, respectively, described in Eq. (C3]) of Appendix C. Thus, the
Euclidean dual Lagrangian and dual Hamiltonian are as follows, respectively:

L; (vzyé, VTVIyé) = —i 3 (vTé . 27rﬁT) By (@, 7) + H; (é, N), (36)
Yy
; (vzyé, ]5§> - i; SR () + (B’ET-”) 3 <vzyé - 27rﬁ$y)2. (37)
x,y Yy

where p; = hN(; is the canonical conjugate momentum to nyé and is defined as follows.

0Ly (Vasf. ¥V

P (x,7) = iAT - (38)
) (vTe - 2mT>
The Poisson bracket between meé’ = nyé — 2MNgy and pg = h]% is as follows:
{nyé’ (x,7),hiN; (X, T)}P = ihd” (x — x'). (39)
From Eq. (87), Hamilton’s canonical equations are as follows:
OV, 0 (x,7) 2B,
i 5 = N; (x,7), (40)
N N -
inNi 5T a o (k7). (41)

or



4.8. Pseudo-Josephson equation and self-dual conditions for XY-plaquette and dual
XY-plaquette models

By analogy with the Josephson equation for superconductivity, Eq. ([B0) and (31]) can
be rewritten as the following pseudo-Josephson equations,
oV, (x,7) 2B,

‘/acy = % or = % N9 (Xu T)7 (42)
. ONg (x,7) 27 |
Izy =1 (26) T — _ao(ﬁly>vvzy9 (Xa 7—)? (43)

where V,,, and I, are the pseudo-Josephson voltage and pseudo-Josephson current in
the XY -plaquette model, respectively. Similarly, Eq. (@) and (@Il can be rewritten as
the following dual pseudo-Josephson equations,

ook OVl (x,7) 2B, <

— Pt AT
Ty — (1)0 87' - (I)O Ne <X7 T)? (44)
I, = —i® aNégf”) = d, (ﬁﬂg)“vzyéf (x,7), (45)

Where f/;y and fmy are the pseudo-dual Josephson voltage and pseudo-dual Josephson
current [22/23] in the XY-plaquette model, respectively. The following self dual condi-
tions are imposed between the pseudo-Josephson equations of Eq. (#2]) and (43]), and
the pseudo-dual Josephson equations of Eq. (d4]) and ({5) according to algorithm of the
DHM [22/23] as follows:

(1) Vi = fxy: Pseudo Josephson voltage equals pseudo dual Josephson current.

ihoVL0 (x,7) . ON;(x,7)
2e or = %o or (46)
2E C (Bm v N,

2: Ny (X7 T) =, };) v1y0 (Xv T)a (47)

(i) Iy = wa: Pseudo Josephson current equals pseudo dual Josephson voltage.

o ONp(x,7)  ih OV (x,7)
i(2e) o o or (48)
2 (Bry), Va0 (x,7) = 2§m‘ Né (x,7), (49)

0 0

First, integrating both sides of Eq. (g]), one of the self dual conditions in i), we obtain
the following relational expression.

N; (x,7) = [nye (x,7) — 2mngy, (X, 7')], (50)

1
Com
From Eq. (#7), which is another self-dual condition of i), solving for AN yields the
following.

Ny (x,7) = % [Vwé(x,T) — 2T gy (X, 7')}, (51)
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Next, integrating both sides of Eq. (@8], one of the self dual conditions in ii), we obtain
the following relational expression.

1 .
No(,7) = 5= |V (x,7) = 23, (3, 7)) (52)
From Eq. (49), which is another self-dual condition of ii), solving for N, vields the
following.
N; (x,7) = —27;(?;'7!)” (Vb (x,7) — 270y, (%, 7)], (53)
pi
Comparing Eq. (B0) and (53), the following relationship holds:
Ey = 27° (Buy),, (54)
Similarly, comparing Eq. (5I)) and (52), the following relation holds:
Ey. = 27 (B:vy>v= (55)

From the relationship between Eq. (23) and (B3), and between Eq. ([BH) and (B4]), the
following relationship [22123] can be obtained,

2By = g 212 (B,), =
F T B, (AT T T 5y, (Ar)
This relationship is consistent with Eq. (@) and (). As shown below, From Eq.
BA)~(BR) above, it follows that the winding number Ny is equal to the dual winding

current J¥ as defined in Eq. (I3),
No (x,7) = Ji' (x,7) (57)

And it follows that the number of dual windings Ny is equal to the winding current —Jg
defined in Eq. (I0),

(56)

N (x,7) = —Jy (x,7). (58)

On the other hand, from the variational method for Ny in the Lagrangian of Eq. (24,
solving for Ny as follows:

Ny (x,7) =1 (B), | V-0 (x,7) = 2mn, (x,7)|. (59)

As in Eq. (5J), from the variational method for Ny in the Lagrangian of Eq. (B8], can
solving for Ny as follows :

No (x,7) = i(B))e [mé (x,7) — 2771, (x, 7)} . (60)
Since Eq. (57) and (59), and Eq. (58) and () are equal, Ny and Nj; are as follows:
1 N
o (nye — 27mxy) =i (), <V79 27m7>. (61)
1 s o
o (nye — 27mxy) =1i(5})v <V79 — 27m7). (62)

The relations in Egs. (6I), (62) and (B6) allow us to perform an exact dual
transformation from Hamiltonian Hy in Eq. [27) to dual Hamiltonian Hy in Eq. (31),
without using Poisson’s summation formula.
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5. summary and discussion

In Section 2, as an example of a self-dual system in a 1+ 1d similar system, we reviewed
the dual transformation of the XY plaquette model in the 1+ 2d system according to the
modified Villain formulation introduced by Gorantla [14] et al. The greatest advantage
of the dual transformation in the modified Villain formulation is its great simplicity,
since the dual transformation can be performed directly by using Poisson’s sum formula
only once.In Section 3, we showed that the XY plaquette model is a strictly self dual
system by performing a dual transformation in the usual Villain formulation, following
the method of our previous paper. The advantage of this method is that it naturally
shows that the XY plaquette model is strictly self dual, without adding an artificial extra
term +iwf as in Eqs. (3) or (AS), as in the case of the modified Villain formulation.
The disadvantage is that it is very complicated, since the Poisson’s sum formula must
be used three times and then the path integral must also be used. In Section 4, the dual
Hamiltonian method submitted in our previous paper [22,23] was used between the XY
plaquette model and the dual XY plaquette model to obtain the results in Eqs. (B7) ~
(62). Furthermore, these results can be summarized by the following two equations.

JP(x,T) = afjjfy(x, 7), (63)
jlw (x,7) = afjjfy(x, ), (64)
where o7; is the 2z component of the Pauli matrix satisfying o> = —o;, . = 1 and
074y = =04, = 0. The left hand side of Eq. (G3) refers to the winding current in

the original system, while the right hand side of Eq. (G3]) represents the momentum
current in the dual system. On the other hand, the left hand side of Eq. (64]) means
the winding current in the dual system, and the right side of Eq. (64]) represents the
momentum current in the original system. One of the greatest advantage of the dual
Hamiltonian method is that it can directly perform the dual transformation, where it is
self-dual, using the relational formulas in Eqs. (63)) and (64]), without using the Poisson
sum formula or path integral at all. Another great advantage is that the relationship
between the winding currents of the original system and the momentum currents of the
dual system is clarified by the relational relations in Eqs. (G3]) and (64]).

Appendix A. Dual transformation by MVF for 1+ 1d XY-model

In this Appendix, we describe the dual transformation in the 14 1d XY-model, following
the MVF by Sulejmanpasic et al. [11] and Gorantl [I4] et al. As a starting point, the
partition function of the lattice version of the 1 4+ 1d XY model is as follows:

Z (Po, Be) = /DQeXpZ [—66 (1 —cosV,0) — B (1—cosV,0)|,
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A A
J e HH/dQ . By = BOFLT, %EﬁhT, (A1)

T=02=1"

where V.0(z,7) = 0(x,7)—0(x,7—a) and V.0(x,7) = 0(x,7) — 0 (x—a,T) are the
difference operators for the imaginary time and space components, respectively. The
sums Z S M and Z S M of the sum Z are given as lattice summations of

integral f 1)2 dx and fo dr, respectively. Where AT = Tunax /My, Toax, My, M, = L/a
L, and a are minimum imaginary time interval, the maximum imaginary time, the time
division number, the space division number, the length of the x-space and the lattice
spacing, respectively. [y and [, are the energies of the imaginary time 7 and the x-
space component, respectively, and 3, and (5., are the respective dimensionless energies.
In the exp (cosf) part of Eq. (A, we introduce the following ansatz as a periodic
Gaussian approximation [9,[10]:

el 5 Ry (a) Y e 502 (A.2)
where n is an integer value in [—o0,00], Eq. ([A.2]) is called Villain approximation
[9,10], and R, (o) and S, () are Villain’s normalization factor and Villain’s inverse
temperature, respectively, and are defined as follows:

Ry(a) = Iy (0) [278,()]2, Bu(a)={=2In[I; (a)/I(a) ]}, (A.3)
where Iy(a) and I; () represent the modified Bessel functions of order zero
and first, respectively. R,(«) and f,(«) are in the limit a—oo and a—0, the
large « expansion and small « expansion are, respectively [9 [10], as follows:
e For large limit, the large o expansion

Bula)ma(l—k— 5 T ) Ry(a)mer(1-d— 31,48y (A4

200 2402 24a3 8a  384a?  384a3
e For small limit, the small o expansion

Bufo) m—[2In(g) 2 432 ] \ Ry(a)~[2mB,(a )} (145+2.),  (A5)
Thus, the Villain approximation is a good approximation in both the large o and small
« limits. Apply the Villain approximation to Z in Eq. (Al and let Z, be its partition
function as follows:

Zy (Bo, Ba) = RQV/Dezepo{ Bo)e(,6—2mn.)2+ (m”(ve 27n,) }

{n} z,T

Rov = [Ry (8y) Ry (8], (A.6)
The summation symbols > = > >, and > are > used

{n} no(z,7)=—00 ny(z,7)=—00 no(z,7)=—00 ng(x,7)=—00

for the integer-valued fields ng (x, 7) and n, (x, 7), respectively. The integer-valued field
n; (i = 7,x) is called the vortex gauge field or jumping number field, and together with
the phase field 0 (x,7) , it is a gauge transformation as follows:

0(x,7) — 0 (x,7)+ 21y (2, 7) ,n0 (x,7) = ng (x,7) + Vv (x,7),
ng (x,7) = ng (2, 7) + Vo (z,7), (A.7)
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where 7 (z) is an arbitrary integer value real field. The MVF by Gorantla [14] et al.
adds an extra additional term +ifw of the dual phase field 6 to Eq. (A, as follows:

Zy (Bo, Ba) RQV/DG/DQ;eXp( 1 Z{( 0 (V7927m7)2+(6;)v(vx927mz)2+i9~w}, (A.8)
where 6 and 6 are phases that are dual relation to each other, and w is defined as curl
of R,(FE), as follows:

w(x, 1) =¢e;;Ving (x,7), (A.9)
Sulejmanpasic et al. [II] and Gorantla [I4] et al. modified the Poisson’s summation
formula for the purpose of creating a self dual partition function as follows:

[ee]

3 exp{%a(ﬁ - 27m)2+mé} —\/%ﬁiwexp{m (9- 2ﬁﬁ)2+% (0 2rn) }, (A.10)

n=-—oo

Eq. (AIQ) is the starting point for the dual transformation by the Modified Villain
formulation in one component. To more clearly express the self-duality of Eq. (AI0),
we rewrite it as follows:

Z () = \/217T_aexp (éé@) Z (&), a= 732&,
Z expl { (0—27mn) +m(§} , Z exp{

n=-—oo n=-—o00

Where & is a dimensionless energy dual to «, and Z (o) and Z (&) are self dual partition

i)? me}, (A.11)

functions to each other. The dual transformation in the Modified Villain formulation
with two dimensions (two components) is as follows:

Z exp(—1) {%(Vﬁ—%mrf-i—%(VxQ—Qﬂnx)Q+i§w},

Y p——
1 - O s PR O S
W Z jxp(—l) {7(V79—27m7) + 5 (Val =27z —H@w}, (A.12)
where @ is deﬁned as curl of n; [11[14], as follows:
O (x, 1) =¢e;;Ving (x,7), (A.13)
where €., =—¢,, =1 is the Levi-Civita symbol of two dimensions. And &, and &, have
the following crossed duality with respect to a, and ., respectively:

1
Ny = —— A.14
Qo 47'('20(5(;’ ( )
= (A.15)
Oy = . .
42y

Transforming the Villain approximation Z, in Eq. (A0), adding the term ifw for the
dual phase 6, and applying the Modified Villain formulation in two components in Eq.

(A.12), we obtain
Zorv (o, B RQV/De/mzexp Z{%) (v 0—2mn ) (5/) (v - 2mz) +i§w},

x, T

CQV/DG/’D9~ZeXp(1)Z{<ﬁO) (V,.0—2m ) (ﬁ/)“(v 0—2mh,) +z’9a;}, (A.16)
{fi}

z,T
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where Cov = [Io (8)) I (8,)]" ™ is normalization parameter, and Villain’s inverse
temperature (), and (f,), are cross duals to (3,), and (f),, respectively, as in Eq.

(A.14)), as follows:

= - 1
(50>U - 47T2(ﬁ/x>v7 (A17>
A A18
) = oy, A

Appendix B. Current of the momentum symmetry and the winding
symmetry for 1+ 1d XY-model

In this Appendix, we derive the Noether currents of momentum symmetry and winding
symmetry according to references [14] and [I5]. From the partition function in Eq.
(A.15), the dimensionless action S’ Sy, 8], described in subspace rather than the entire
T-X space, as follows:

S’ [Bo,ﬁx]Z@ Z (Vﬁ—%mﬁ%—@ Z (Vo0—2mn,)> +i Z b, (B.1)

T—link r—link plaquette

where >, and >° o, are the sum of link and plaquette (or dual sites) in subspace
of 1 + 2d space, respectively: In the action of Eq. (B.Il), there exists the following
global symmetry for the phase field ¢ due to a real constant ¢™ shift, called momentum
symmetry:

0 — 0+ cm (B.2)

Such symmetries are called U (1) momentum global symmetries according to string
theory terminology. From the Noether current of the momentum global symmetry in
Eq. (B.2), the momentum current J; [I3,14,20] is as follows:

Ji(x, 1) = —i(B), (Vi —2mn;) (z, 7). (B.3)

Note that on the right-hand side of Eq. (B.3]), no contraction is taken for the index i.
In contrast, in the action of Eq. (B.Il), there exists the following global symmetry for
the real constant ¢“ shift of the dual phase field 6:

6 — 0 +cv. (B.4)

This symmetry is called global U (1) winding symmetry. The winding current J® of
symmetry in Eq. (B.4) is obtained as follows:

T (z,7) = ;—; [vje (x,7) — 2mn; (;m)], (B.5)

From the partition function in Eq. (A1), the dual dimensionless action S’ for the
dimensionless action S’ in Eq. (B is as follows:

S’[BO,Bx]:(BQﬁ 3 (vTé—zmT)sz(B%)“ 3 (Vzé—Qwﬁz)Z—l—i 3 6o, (B6)

dual T—link dual xz—link dual plaquette
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where D~ a ik A0 Y guar piaquerte 1€ the sum of dual link and dual plaquette in 1+ 1d
dual 7 —x space, respectively. From the Noether current for U (1) momentum symmetry
shifts § — 6 + ¢ in dual 7 — x space, the dual momentum current J,, [13}[14],20] is as
follows:

T, (2,7) = —i(B:)e (vié . 27rﬁ,-) (z,7), (B.7)

Similarly, from the Noether current for the shift 8 — 6 + ¢* of global U (1) winding
symmetry in the dual 7 — z, we define the dual winding current J;’ as follows:

JP(x,7T) = ;—Z; [Vjé(at, T) — 27, (:)3,7‘)]. (B.8)

Appendix C. Algorithm for the DHM

In this appendix, we outline the DHM, an algorithm for constructing self-dual systems
developed in our previous paper [22/23]. First, put the single JJ Hamiltonian H as
follows:

H(A,N) = E,N*+ E;(1—cosAf), (C.1)

where, E, = (26)2 /2C'" is charging energy per Cooper pair, therefore, E; = ®¢l./27 is
the Josephson energy, I, and ®, = h/2e are the critical current and the magnetic flux-
quantum, respectively, and N and Af are the particle number of the Cooper pair and
the phase difference of the Cooper pair, respectively. Since AN and Af are canonically
conjugate to each other, Poisson bracket {AN, Ae}p: 1 is satisfied. From the equation
of motion for the single JJ Hamiltonian in Eq. (CII), the following Josephson equation

can be derived.

h OAf 2N ON 2
_hOAG 2N o G ON  2mp a 2
2¢ Ot 2 ®) eat D 75in A9, (©2)

where V' (t) and I (¢) are the voltage and the current for the JJ, respectively. Next, put
a single QPSJ [22127] Hamiltonian H as follow:

H(O,N) = E,N? + Eg(1 — cos Af), (C.3)

V(1)

where, B =®,> /2L is the inductive energy per magnetic flux quantum, Eg=2eV, /27 is

the QPS amplitude, V, is the critical voltage, Z}, v, and A are the particle number

of magnetic flux-quantum and the phase difference of magnetic flux-quantum in QPS

junction respectively. Since AN and A are canonically conjugate to each other, Poisson

bracket {hN , Aé}p = 1 is satisfied. From the equation of motion for the single QPSJ

Hamiltonian in Eq. (C3)), the following dual Josephson equation [2223] can be derived.
o hOA) 2N - ON  2r

(t) = QTOW = QTOEL, I (t) = —¢OE = 2_6ES S1n AQ, (04)

where V (t) and I (¢) are the dual voltage and the dual current for the dual JJ [22],
respectively. As a first step of the DH method, we assume the following two conditions
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between the Josephson equation in Eq. (C.2)) and the dual Josephson equation in Eq.
C.4):

V()=1(t), I(t)=V(t), (C.5)
The two conditions of Eq. (CH]) are called self dual conditions. The self dual conditions
[22/23] in Eq. (CAl) is known as the duality principle of electric circuits, and it is
known that similar operations can be satisfied by swapping the roles of resistance and
conductance, inductance and capacitance, and current and voltage in a classical electric
circuit. The next step in the DHM is to derive a relational expression between canonical
conjugate variables that are dual to each other according to the self dual conditions of
Eq. (C3). Imposing the conditions of Eq. (CH) between Eq. (C.2) and (Cdl), we
obtain the following two relations [22] between the phase difference and the number of
particles between systems that are dual to each other.

N () = ;—; sin Ad (1), N (f) % sin Ad (1), (C.6)

The linear approximation of Eq. (C.6]) is a well-known relationship between the phase
and the number of particles, as shown in the following equations:

- O | Q 1~

N(t)=— = ﬁAQ (t), N(t) = % = %AH (1), (C.7)
The right-hand sides of Eq. (C.6) and (C7) correspond to the winding currents in
Eq. (BZ) and (??) introduced in Appendix B. If it is recognized that the relationships
described in Eq. (C.0) are satisfied, the relationship between the QPS amplitude and
charging energy per single-charge, and the relationship between Josephson energy and

inductive energy per magnetic flux-quantum, are as follows [22]:

1 1
Es=—FE., E;= 2—7T2EL> (C.8)

T on2
Furthermore, inductance and capacitance are related to the critical current I. and the
critical voltage V., respectively, as follows [22]:
@0 2e
— = — C.9
onl,.’ 21V, (C.9)
By the Josephson current I and the dual Josephson current I in Eq. ((22) and (C4),

the particle number N of the cooper pair and the particle number N of the magnetic

I —

flux-quantum can be expressed as follows, respectively:
K= =), N = e
(27’(’ ) E J (27’(’ ) Es
To summarize the results of this appendix, by accepting the results of Eq. (C.) to
(C.9) obtained under the double condition of Eq. (CH), the Hamiltonian in Eq. (CII)
and (C.3), it was found that its duality was completely guaranteed. Among the results,

I(t), (C.10)

Eq. (C6) is particularly important as it becomes the starting point as a relational
expression for creating a self dual system in the section 3. Eq. (CI0) is also very
important for constructing the dual transformation of a self-dual system because it yields
the relationship between the number of particles and the current between systems that
are dual to each other.
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Appendix D. Dual transformation by the SVF for 14+1d XY-model

In this Appendix. we follow the method of our previous paper [22], we show that the
result of the dual transformation by the SVF in the 1 4+ 1dXY-model is self dual as
well as the result by the two-component MVF. The starting point of the theory is the
partition function of the SVF [THI0] in Eq. (A.6l). For Eq. (A.G), introduce the Poisson’s
summation formula ( modular identity of the Jacobi theta function ) [9[10] as follows:

ng:ooe 2 (0—2mn)° _ \/% Z e;;b2+zbe (D.1)

As a result, the partition function in Eq. ([A.6]) can be rewritten as follows [10,22]:
o (6o B:) = C, %m oeXpZ{ .7 %x)”} (D-2)
where C, = [Io (8}) Io (8.)]"™* is normalization parameter, and b;(z,7)(i = 7,z) are

integer value auxiliary magnetic fields where the condition Vb, + V,b, =0 is satisfied.
The partition function in Eq. (D.2) and (A.G) is dual relation, but not yet self dual
relation. Dual integer value magnetic field b, (x,7) is introduced to integer value
auxiliary magnetic field b; (z, 7), as follows [22]:

b (x,7) = eijgj (z,7), (D.3)

where €p, = —e,0 = 1 is the Levi-Civivita symbol of two dimensions. By using the dual
transformations of Eq. (D.3)), the following equations are obtained for Eq. (D.2):

_ip

v (Bo, Bz) = Cy 255 vboexpz (,7)  (@,7) , (D.4)

2(5o),
{e}

Introducing Poisson’s formula in Eq. (D) below into Eq.(D.4]) and rewriting the integer

value field b; (z,7) into a continuous value field B; (x,7), we obtain the following

Eq.(D.6) [22].

Z BT /DB 255 Vil OeXpZ(ZQTFEl]Bl) (D.5)
{e} 0

_R2 N N
50,51 C, 255 Vil O/DB epo{ B, + 127l By —iQWZOBw}, (DG)

- BEIEY

where [; (x,7) corresponds to integer value current. Integrating over the continuous
value field B; of Eq. (D.6]) yield the following equation:

Z —Rsz55 iVilj Oexp Z{Qﬂ' 50 lo +27T ;)vl12}, (D?)
{1

The Kronecker delta, when rewritten in the integral form, allow the equations to be
written as follows:

Z,=Rovy / Diexp (~1) Y {2m(5),0o* + 27(3) L2+ idw'},  (D.8)
{0 e

\T
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where , the third term 6w’ of the dimensionless action in Eq. (D.8) can be considered
to correspond to the additional term in Eq. (A.8) in the MVF. w is defined as the curl
of I;, as follows [22]:

w/ (ZIZ’, T) = <C:ijvilj (Ia 7_)’ (Dg)
Using the identity of Eq. (D)) for Eq. (D.§)), the equations become [22]:
(V.0 — 27m0) (VIGN — 277, )?
Z,=C, %/DQGXPZ{ ST, ST , (D.10)

Imposing the same relation (35), = 1/47%(3.), and (£.), = 1/47%(5)), as in Eq. (m
and (AIS8) on Eq. (DIQ), the self dual relation is established as in Eq. ([AI6), a:
follows [22]:

<ﬁ07/8m RQV/DGZeXpZ{ —27mT) - (Bé)v (Vx9—27rnz)2}a
{n} T, T
CZ/DHeXZ —L 0 (V.62 _(B/x)v ool p s 5 A
- p mitg)’ == (Val=270)* 0 = CuRoy Zv (5o, Be), (D.11)
{n}

(ﬁo,ﬂz RQVZ/DHGXPZ{

{n}

(v §— 27m0)2 . (%)“ (Vwé - 2m$)2},
Rov = [Ru(B0) Ro(B/ )M (D.12)
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