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Abstract. Regarding the duality of the XY-plaquette model in the 2+1d system, We

compared and discussed the equivalence and difference between the ”modified Villain

formulation (MVF)”, recently introduced by Gorantla et al. to study duality in exotic

field theories such as fracton theory, and the ”standard Villain formulation (SVF)

and dual Hamiltonian method (DHM)” we introduced in our previous paper to study

duality between Josephson junctions (JJ) and quantum phase slips (QPS) in the 1+1d

system.

1. Introduction

Duality has a very broad meaning and plays a very important role in statistical

mechanics and field theory. One typical example is to relate the temperature of the

original system (the coupling constant) to the inverse temperature of the dual system

(the inverse of the coupling constant). Another typical example is electromagnetic

duality due to the exchange of electric and magnetic fields by gauge theory. Specifically,

it is the Kramers-Wanier duality in the two-dimensional Ising model [1], Montonen-

Olive duality in the two-dimensional Ising model [2], Montonen-Olive duality in field

theory [2], and S-duality [3] and T-duality [4] in superstring theory are known. As

dual transformations in the XY model and U(1) lattice gauge theory [5, 6], the Villain

approximation and the Villain model dual transformation [7–10] are well known. Recent

topics related to the Villain model, the Modified Villain formulation (MVF) [11–15]

has received renewed attention for studying duality, such as the U(1) gauge theory

by Sulejmanpasic et al. [11, 12] and the fracton theory [13–20] in exotic field theories

by Gorantla et al. [13–15]. Note that while this formulation is in principle valid for

1 + 1d systems, it also gives an exact self dual transformation in the XY-plaquette

model [21], which is a 1+ 2d system. In this paper, we call a system that appears to be

accompanied by dimensionality reduction a ”pseudo-1 + 1d system”, as in the example

http://arxiv.org/abs/2211.01632v4
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of the XY-plaquette model, where the system has more than 1 + 1d dimensions but

exhibits the same dual transformation properties as the 1 + 1d system. The purpose of

this paper is to compare and contrast, and to discuss the equivalence and differences, the

” MVF ” introduced by Gorantla et al. and the ”standard Villain formulation (SVF)”

and ”dual Hamiltonian method (DHM) [22, 23]” introduced to study the duality in

our previous paper between Josephson junctions(JJ) and quantum phase slips junction

(QPSJ) [24–27] in 1 + 1d systems. This paper is organized as follows. In Section 2, we

treat the dual transformation of the XY-plaquette model as an example for the case of a

pseudo 1+1d system, following the MVF by Gorantla et al. In Section 3, we show that

the dual transformation using the SVF in the XY-plaquette model has exactly the same

result as the MVF in Section 2. In Section 4, we show that it is possible to construct an

exact self dual system for the Villain approximation version of the XY-plaquette model

without using Poisson’s summation formula [9, 10] by implementing the algorithm of

the DHM. In Section 5, provides a summary and discussion. In Appendix A, we review

the Dual transformation using the MVF for the 1 + 1d XY-model. In Appendix B, we

review the momentum symmetry current and winding symmetry current of the MVF in

the 1+1d XY-model. In Appendix C, we describe an example in which the DH method

is introduced to construct a self duality [22] between the JJ and the QPSJ. In Appendix

D, we show that the dual transformation results from the SVF in the 1 + 1d XY-model

are self dual as well as those from the two-component MVF.

2. Dual transformations by MVF in pseudo-1 + 1d system

In this section, we treat the dual transformation of the XY-plaquette model [14,15,21] as

an example for the case of a pseudo-1+1d system, following the MVF by Gorantla [14,15]

et al.

2.1. Dual transformations in XY-plaquette model by MVF

In this subsection, referring to the MVF in the XY-model of the 1+1d system presented

in Appendix A, we show that the XY-plaquette model in the 1+2d system is a pseudo-

1+1d system where it undergoes the same dual transformation as the XY model of the

1 + 1d system. As a starting point, the partition function for the lattice version of the

1 + 2d XY plaquette model [14, 15, 21] is as follows:

Z (β0, βxy) =

∫

Dθ exp
∑

x,y,τ

{

−β ′
0 (1− cos∇τθ)− β ′

xy (1− cos∇xyθ)

}

,

∫

Dθ ≡
Nτ
∏

τ=1

Nx
∏

x=1

Ny
∏

y=1

π
∫

−π

dθ (x, y, τ)

2π
, (1)

where its difference operator is defined by ∇xy ≡ ∇x∇y, is the same as defined in

Eq. (A.1) in Appendix A. β0 and βxy are the energies of the imaginary time τ

and the two-dimensional xy-space component, respectively, and β ′
0 ≡ β0∆τ/~ and
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β ′
xy ≡ βxy∆τ/~ are the respective dimensionless energies. Similar to Eq. (A.6), the

Villain approximation [7, 9, 22, 23] for Eq. (1) is as follows:

Zv (β0, βxy) ≡ RQV

∫

Dθ
∑

{nτ ,nxy}

exp
∑

x,y,τ

{

−(β ′
0)v
2

(∇τθ − 2πnτ )
2 −

(

β ′
xy

)

v

2
(∇xyθ − 2πnxy)

2

}

, (2)

Following the discussion in Eq. (A.8)−(A.17) in Appendix A, adding an extra additional

term +iθ̃ω due to the dual phase field θ̃ to Eq. (2) and then applying the two-component

MVF [14], we obtain the dual transformation as follows:

ZMV (β0, βxy)≡RQV

∫

Dθ

∫

Dθ̃
∑

{ni}

exp(−1)
∑

x,τ

{

(β ′
0)v
2

(∇τθ−2πnτ )
2+

(

β ′
xy

)

v

2
(∇xyθ−2πnxy)

2+iθ̃ωτ,xy

}

= CQV

∫

Dθ

∫

Dθ̃
∑

ñx,ñy

exp(−1)
∑

x,τ

{

(β̃ ′
0)v
2

(∇τ θ̃−2πñτ )
2+

(β̃ ′
xy)v

2
(∇xyθ̃−2πñxy)

2−iθω̃τ,xy

}

, (3)

where ωτ,xy and ω̃τ,xy are defined as curl of nxy
i and ñxy

i respectively, as follows:

ωτ,xy ≡ εxyij ∇xy
i nxy

j , (4)

ω̃τ,xy ≡ εxyij ∇xy
i ñxy

j , (5)

where ∇xy
0 , ∇xy

1 , nxy
0 , nxy

1 , ñxy
0 , and ñxy

1 are defined by ∇xy
0 ≡ ∇τ , ∇xy

1 ≡ ∇xy,

nxy
0 ≡ nτ , nxy

1 ≡ nxy, ñxy
0 ≡ ñτ and ñxy

1 ≡ ñxy respectively, and, εxy01 ≡ ετ,xy = 1

and εxy10 ≡ εxy,τ = −1 are pseudo-two-dimensional Levi-Civita symbols. The Villain’s

inverse dimensionless energies (β̃ ′
0)v and (β̃ ′

xy)v are the ”cross duals” to
(

β ′
xy

)

v
and

respectively, as in Eq. (A.17), and are as follows:

(β̃ ′
0)v ≡

1

4π2
(

β ′
xy

)

v

, (6)

(β̃ ′
xy)v ≡

1

4π2(β ′
0)v

, (7)

2.2. Noether and winding currents with momentum and winding symmetry in the

XY-plaquette model

In this subsection, we consider the Noether current for two symmetries [18–20], U(1)

momentum global symmetry and U(1) winding global symmetry, according to Appendix

B. Now, following references [18–20], we extract from the partition function on the left

hand side of Eq. (3) a dimensionless Lagrangian described in a subspace instead of the

entire 1 + 2d space, as follows:

L = −(β ′xy
i )v
2

∑

plaquette

(∇xy
i θ − 2πnxy

i )
2
+ i

∑

cube

εxyij n
xy
i ∇xy

j θ̃ (8)

where βxy
0 and βxy

1 are defined by βxy
0 ≡ β0 and βxy

1 ≡ βxy, respectively, and
∑

link

,
∑

plaquette

and
∑

cube

are the sum of link, plaquette and cube in subspace of 1+2d space, respectively.

In the Lagrangian of Eq. (8), as in Eq. (B.2), from the noether current due to the shift
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θ → θ + cm of the real constant cm of the phase field θ, called the U(1) momentum

global symmetry, the momentum current Jxy
i (i = 0, 1) [18–20] is as follows:

Jxy
i (x, τ) = −i

(

β ′xy
i

)

v
(∇xy

i θ − 2πnxy
i ) (x, τ), (9)

where (x, τ) = (x, y, τ), and Jxy
0 and Jxy

1 are defined by Jxy
0 = Jτ and Jxy

1 = Jxy,

respectively. Note that on the right-hand side of Eq. (9), no contraction is taken for

the index i. Next, we will discuss the according to Eq. (B.4), in the Lagrangian of Eq.

(8), the winding current Jw
i due to U(1) winding global symmetry θ̃ → θ̃ + cw [14] in

the dual phase field θ̃ is obtained as follows:

Jw
i (x, τ) ≡

εxyij
2π

[

∇xy
j θ (x, τ)− 2πnxy

j (x, τ)
]

, (10)

From the partition function on the right-hand side of Eq. (3), the dual Lagrangian on

the Lagrangian in Eq. (8) follows.

L̃=−(β̃ ′
xy

i )v
2

∑

dual−plaquette

(

∇xy
i θ̃−2πñxy

i

)2

−i
∑

dual−cube

εxyij ñ
xy
i ∇xy

j θ, (11)

where β̃xy
0 and β̃xy

1 are defined by β̃xy
0 ≡ β̃0 and β̃xy

1 ≡ β̃xy, respectively, and
∑

dual−link

,
∑

dual−plaquette

and
∑

dual−cube

are the sum of dual−link, dual−plaquette and dual− cube in

subspace of 1+2d space, respectively. Following the same method as in Eq. (8) through

Eq. (10), its dual momentum current J̃xy
i and dual winding current J̃w

i are, respectively,

as follows:

J̃xy
i (x, τ) = −i(β̃ ′

xy

i )v(∇
xy
i θ̃ − 2πñxy

i ) (x, τ), (12)

J̃w
i (x, τ) ≡ εij

2π

[

∇xy
j θ̃ (x, τ)− 2πñxy

j (x, τ)
]

, (13)

3. Dual transformation by the SVF for XY -plaquette model

In this section, we apply the SVF [7–10] of the dual transformation for the 1 + 1d XY-

model [22] shown in Appendix D to the case of the XY-plaquette model in 2 + 1d. The

starting point is the partition function in the standard Villain approximation in Eq. (2).

Using Poisson’s summation formula [9, 10] in Eq. (D.1) in Appendix D for Eq. (2), as

follows:

Zv (β0, βxy) ≡ CQV

∑

{b}

δ∇b,0 exp
∑

x,y,τ

{

−b2τ (x, τ)

2 (β ′
0)v

+
−b2xy (x, τ)

2
(

β ′
xy

)

v

}

, (14)

where Cv ≡
[

I0 (β
′
0) I0

(

β ′
xy

)]MτMx
is the normalization parameter, and bi (x, τ)(i = τ, xy)

are integer value auxiliary magnetic fields [10, 22] where the condition ∇b ≡ ∇τbτ −
∇xybxy = 0 is satisfied by the part of the δ-function. We introduce dual integer value

fields b̃i (x, τ)(i = τ, xy) [22] to bi (x, τ) as follows:

bxyi (x, y, τ) ≡ εxyij b̃
xy
j (x, y, τ), (15)
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where bxy0 , bxy1 , b̃xy0 , and b̃xy1 are defined by bxy0 ≡ bτ , b
xy
1 ≡ bxy, b̃

xy
0 ≡ b̃τ , and b̃xy1 ≡ b̃xy

respectively, By using the dual transformations of Eq. (15), the following equations are

obtained for Eq. (14):

Zv (β0, βxy) ≡ CQV

∑

{b̃}
δεij∇ib̃j ,0

exp
∑

x,y,τ

{

−b̃2τ (x, y, τ)

2
(

β ′
xy

)

v

+
−b̃2xy (x, y, τ)

2 (β ′
0) v

}

, (16)

Following Poisson’s formula in Eq. (D.5) in Appendix D, rewriting the integer-valued

field b̃µ (x, y, τ) into a continuous value field B̃i (x, y, τ)(i = τ, xy) [22], as follows:

Zv (β0, βxy) = CQV

∑

{l}

δεij∇ilj ,0

∫

DB̃ exp
∑

x,y,τ

{

−B̃2
0

2
(

β ′
xy

)

v

+
−B̃2

xy

2 (β ′
0)v

+ i2πlxyB̃0 − i2πlτ B̃xy

}

, (17)

where li (x, τ)(i = τ, xy) corresponds to the integer-valued current. Integrating over the

continuous value field B̃i (x, y, τ) of Eq. (17) yield the following equation:

Zv = RQV

∑

{l}

δεij∇ilj ,0 exp (−1)
∑

x,y,τ

{

2π2 (β ′
0)v lτ

2 (x, y, τ) + 2π2
(

β ′
xy

)

v
lxy

2 (x, y, τ)
}

, (18)

The Kronecker delta, when rewritten in the integral form, allow the equations to be

written as follows:

Zv = RQV

∑

{l}

∫

Dθ̃ exp (−1)
∑

x,y,τ

{

2π2 (β ′
0)v l

2
τ + 2π2

(

β ′
xy

)

v
lxy

2 − iθ̃ω′
τxy

}

. (19)

where ω′
τxy is defined here as the curl of lxyi , following Eq. (4), as follows:

ω′
τxy (x, y, τ) ≡ εxyij ∇xy

i lxyj (x, y, τ). (20)

where the integer-valued currents lxy0 and lxy1 are defined by lxy0 ≡ lτ and lxy1 ≡ lxy,

respectively. Using the identity in Eq. (D.1) in Eq. (19), we obtain the following

form [22],

Zv = Cv

∑

{ñ}

∫

Dθ̃ exp
∑

x,y,τ











−
(

∇τ θ̃ − 2πñ0

)2

8π2
(

β ′
xy

)

v

−

(

∇xyθ̃ − 2πñxy

)2

8π2 (β ′
0)v











. (21)

Imposing the same relation (β̃ ′
0)v = 1/4π2(β ′

xy)v and (β̃ ′
xy)v = 1/4π2(β ′

0)v as in Eq. (6)

and (7) on Eq. (21), the self duality relation is established as in Eq. (3), as follows:

Zv (β0, βxy) ≡ RQV

∫

Dθ
∑

{nτ ,nxy}

exp
∑

x,y,τ

{

− (β ′
0)v

2
(∇τθ − 2πnτ )

2 −
(

β ′
xy

)

v

2
(∇xyθ − 2πnxy)

2

}

= Cv

∑

{ñ}

∫

Dθ̃ exp
∑

x,y,τ

{

−(β̃ ′
0)v

2
(∇τ θ̃ − 2πñ0)

2 −
(β̃ ′

xy)v

2
(∇xyθ̃ − 2πñxy)

2

}

≡ CvR̃
−1
QV Z̃V (β̃0, β̃x), (22)

Z̃V (β̃0, βx) ≡ R̃QV

∑

{ñ}

∫

Dθ̃ exp
∑

x,y,τ

{

−(β̃ ′
0)v

2

(

∇τ θ̃ − 2πñ0

)2

−
(β̃ ′

xy)v

2

(

∇xyθ̃ − 2πñxy

)2
}

,

R̃QV ≡
[

Rv(β̃ ′
0)Rv(β̃ ′

xy)
]MτMxy

. (23)

The only difference with the self duality of the Modified Villain formulation in Eq. (3)

is the presence of an additional term +iωθ̃ .
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4. Dual Hamiltonian method of the XY-plaquette model

In this section, we show that it is possible to construct an exact self dual system for

the Villain approximate version of the XY plaquette model without using Poisson’s

summation formula by implementing the algorithm of the DHM [22, 23] shown in

Appendix C.

4.1. Hamilton’s canonical equations for the XY-plaquette model

In the partition function of the Villain approximation of Eq. (2), introducing an

auxiliary field Nθ for its imaginary time component yields:

Zv (β0, βxy)=RQV

∫

DNθ

∫

Dθ
∑

{nτ ,nxy}

exp
∑

x,y,τ

{

i (∇τθ−2πnτ )Nθ−E ′
pcNθ

2−
(

β ′
xy

)

v

2
(∇xyθ−2πnxy)

2

}

, (24)

Epc ≡
~
2

2(β0)v(∆τ)2
, (25)

where Nθ and Epc ≡ E ′
pc~/∆τ are the winding number corresponding to the particle

number, and the pseudo charging energy, respectively, and are interpreted as analogous

to the particle number of Cooper pair, and the charging energy of the Josephson

junction described, respectively in Eq. (C.1) in Appendix C. Therefore, from the

Legendre transformation, the Euclidean Lagrangian Lθ and Hamiltonian Hθ are as

follows, respectively:

Lθ (∇τθ, θ) ≡
i

∆τ

∑

x,y

(∇τθ − 2πnτ)pθ +Hθ (θ,N) (26)

Hθ (θ,N) ≡ Epc

~2

∑

x,y

p2θ +
(βxy)v

2

∑

x,y

(∇xyθ − 2πnxy)
2, (27)

where pθ ≡ ~Nθ is the momentum of canonical conjugate to ∇xyθ
′ ≡ ∇xyθ− 2πnxy and

is defined as follows:

pθ (x, τ) ≡ i∆τ
∂Lθ (∇xyθ,∇τ∇xyθ)

∂ (∇τθ − 2πnτ )
. (28)

The Poisson bracket {..., ...}p between ∇xyθ
′ ≡ ∇xyθ−2πnxy and pθ ≡ ~Nθ is as follows:

{∇xyθ
′ (x, τ) , ~Nθ (x

′, τ)}P = i~δD (x− x′), (29)

From Eq. (27), Hamilton’s canonical equations are as follows [22, 23]:

i
∂∇xyθ

′ (x, τ)

∂τ
=

2Epc

~
Nθ (x, τ), (30)

i~
∂Nθ (x, τ)

∂τ
= −(βxy)v∇xyθ

′ (x, τ), (31)
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4.2. Hamilton’s canonical equations for the dual XY-plaquette model

On the other hand, the dual XY-plaquette model and its Villain approximation, which

are dual to the partition function in Eqs. (1) and (2), respectively, are as follows:

Z̃
(

β̃0, β̃xy

)

=

∫

Dθ̃ exp
∑

x,y,τ

[

−β̃ ′
0

(

1− cos∇τ θ̃
)

− β̃ ′
xy

(

1− cos∇xyθ̃
)]

, (32)

Z̃v

(

β̃0, β̃xy

)

≡R̃QV

∫

Dθ̃
∑

{ñτ ,ñxy}

exp
∑

x,y,τ

{

−(β̃ ′
0)v

2

(

∇τ θ̃−2πñτ

)2

−
(β̃ ′

xy)v
2

(

∇xyθ̃ − 2πñxy

)2
}

, (33)

Similar to Eq. (24), introducing the auxiliary field Ñθ for the imaginary time component

of Eq. (33), as follows:

Z̃v

(

β̃0, β̃xy

)

= R̃QV

∫

DÑθ̃

∫

Dθ̃
∑

{ñτ ,ñxy}

exp
∑

x,y,τ

{

i
(

∇τ θ̃−2πñτ

)

Ñθ̃−E ′
piÑ

2
θ̃
−
(

β ′
xy

)

v

2
(∇xyθ−2πnxy)

2

}

, (34)

Epi ≡
~
2

2(β̃0)v(∆τ)2
, (35)

where Ñθ̃ and Epi ≡ E ′
pi~/∆τ are the dual winding number in a dual relation to Nθ

in Eq. (24) and the pseudo inductance energy, respectively, and are interpreted as

analogies to the particle number of magnetic flux-quantum and the inductance energy

of the QPS junction, respectively, described in Eq. (C.3) of Appendix C. Thus, the

Euclidean dual Lagrangian and dual Hamiltonian are as follows, respectively:

L̃θ̃

(

∇xyθ̃,∇τ∇xy θ̃
)

≡ − i

∆τ

∑

x,y

(

∇τ θ̃ − 2πñτ

)

p̃θ̃ (x, τ) + H̃θ̃

(

θ̃, Ñ
)

, (36)

H̃θ̃

(

∇xyθ̃, p̃θ̃

)

≡ Epi

~2

∑

x,y

p̃2
θ̃
(x, τ) +

(β̃xy)v
2

∑

x,y

(

∇xyθ̃ − 2πñxy

)2

. (37)

where p̃θ̃ ≡ ~Ñθ̃ is the canonical conjugate momentum to ∇xyθ̃ and is defined as follows.

p̃θ̃ (x, τ) ≡ i∆τ
∂L̃θ̃

(

∇xyθ̃,∇τ∇xyθ̃
)

∂
(

∇τ θ̃ − 2πñτ

) . (38)

The Poisson bracket between ∇xyθ̃′ ≡ ∇xyθ̃ − 2πñxy and p̃θ̃ ≡ ~Ñθ̃ is as follows:
{

∇xyθ̃′ (x, τ) , ~Ñθ̃ (x
′, τ)

}

P
= i~δD (x− x′). (39)

From Eq. (37), Hamilton’s canonical equations are as follows:

i
∂∇xy θ̃′ (x, τ)

∂τ
=

2Epi

~
Ñθ̃ (x, τ), (40)

i~
∂Ñθ̃ (x, τ)

∂τ
= −(β̃xy)v∂∇xy θ̃′ (x, τ). (41)
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4.3. Pseudo-Josephson equation and self-dual conditions for XY-plaquette and dual

XY-plaquette models

By analogy with the Josephson equation for superconductivity, Eq. (30) and (31) can

be rewritten as the following pseudo-Josephson equations,

Vxy ≡
i~

2e

∂∇xyθ
′ (x, τ)

∂τ
=

2Epc

2e
Nθ (x, τ), (42)

Ixy ≡ i (2e)
∂Nθ (x, τ)

∂τ
= −2π

Φ0
(βxy)v∇xyθ

′ (x, τ), (43)

where Vxy and Ixy are the pseudo-Josephson voltage and pseudo-Josephson current in

the XY -plaquette model, respectively. Similarly, Eq. (40) and (41) can be rewritten as

the following dual pseudo-Josephson equations,

Ṽxy ≡
i~

Φ0

∂∇xy θ̃′ (x, τ)

∂τ
=

2Epi

Φ0

Ñθ̃ (x, τ), (44)

Ĩxy = −iΦ0
∂Ñθ̃ (x, τ)

∂τ
= Φ0

(β̃xy)v
~

∇xyθ̃′ (x, τ), (45)

Where Ṽxy and Ĩxy are the pseudo-dual Josephson voltage and pseudo-dual Josephson

current [22,23] in the XY -plaquette model, respectively. The following self dual condi-

tions are imposed between the pseudo-Josephson equations of Eq. (42) and (43), and

the pseudo-dual Josephson equations of Eq. (44) and (45) according to algorithm of the

DHM [22,23] as follows:

(i) Vxy = Ĩxy: Pseudo Josephson voltage equals pseudo dual Josephson current.

i~

2e

∂∇xyθ
′ (x, τ)

∂τ
= −iΦ0

∂Ñθ̃ (x, τ)

∂τ
, (46)

2Epc

2e
Nθ (x, τ) = Φ0

(β̃xy)v
~

∇xyθ̃′ (x, τ), (47)

(ii) Ixy = Ṽxy: Pseudo Josephson current equals pseudo dual Josephson voltage.

i (2e)
∂Nθ (x, τ)

∂τ
=

i~

Φ0

∂∇xy θ̃′ (x, τ)

∂τ
, (48)

−2π (βxy)v
Φ0

∇xyθ
′ (x, τ) =

2Epi

Φ0

Ñθ̃ (x, τ), (49)

First, integrating both sides of Eq. (46), one of the self dual conditions in i), we obtain

the following relational expression.

Ñθ̃ (x, τ) = − 1

2π

[

∇xyθ (x, τ)− 2πnxy (x, τ)
]

, (50)

From Eq. (47), which is another self-dual condition of i), solving for ~N yields the

following.

Nθ (x, τ) =
2π(β̃xy)v
2Epc

[

∇xyθ̃ (x, τ)− 2πñxy (x, τ)
]

, (51)
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Next, integrating both sides of Eq. (48), one of the self dual conditions in ii), we obtain

the following relational expression.

Nθ (x, τ) =
1

2π

[

∇xyθ̃ (x, τ)− 2πñxy (x, τ)
]

, (52)

From Eq. (49), which is another self-dual condition of ii), solving for Ñθ yields the

following.

Ñθ̃ (x, τ) = −2π(βxy)v
2Epi

[∇xyθ (x, τ)− 2πnxy (x, τ)], (53)

Comparing Eq. (50) and (53), the following relationship holds:

Epi = 2π2 (βxy)v, (54)

Similarly, comparing Eq. (51) and (52), the following relation holds:

Epc = 2π2(β̃xy)v, (55)

From the relationship between Eq. (25) and (55), and between Eq. (35) and (54), the

following relationship [22, 23] can be obtained,

2π2(β̃xy)v =
~
2

2 (β0)v (∆τ)2
, 2π2 (βxy)v =

~
2

2(β̃0)v (∆τ)2
, (56)

This relationship is consistent with Eq. (6) and (7). As shown below, From Eq.

(50)∼(55) above, it follows that the winding number Nθ is equal to the dual winding

current J̃w
0 as defined in Eq. (13),

Nθ (x, τ) = J̃w
0 (x, τ). (57)

And it follows that the number of dual windings Ñθ is equal to the winding current −Jw
0

defined in Eq. (10),

Ñθ̃ (x, τ) = −Jw
0 (x, τ). (58)

On the other hand, from the variational method for Nθ in the Lagrangian of Eq. (26),

solving for Nθ as follows:

Nθ (x, τ) = i (β ′
0)v

[

∇τθ (x, τ)− 2πnτ (x, τ)
]

. (59)

As in Eq. (59), from the variational method for Ñθ in the Lagrangian of Eq. (36), can

solving for Ñθ as follows :

Ñθ (x, τ) = i(β̃ ′
0)v

[

∇τ θ̃ (x, τ)− 2πñτ (x, τ)
]

. (60)

Since Eq. (57) and (59), and Eq. (58) and (60) are equal, Nθ and Ñθ̃ are as follows:

1

2π

(

∇xyθ̃ − 2πñxy

)

= i (β ′
0)

2
v

(

∇τθ − 2πnτ

)

. (61)

−1

2π

(

∇xyθ − 2πnxy

)

= i(β̃ ′
0)v

(

∇τ θ̃ − 2πñτ

)

. (62)

The relations in Eqs. (61), (62) and (56) allow us to perform an exact dual

transformation from Hamiltonian Hθ in Eq. (27) to dual Hamiltonian H̃θ in Eq. (37),

without using Poisson’s summation formula.
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5. summary and discussion

In Section 2, as an example of a self-dual system in a 1+1d similar system, we reviewed

the dual transformation of the XY plaquette model in the 1+2d system according to the

modified Villain formulation introduced by Gorantla [14] et al. The greatest advantage

of the dual transformation in the modified Villain formulation is its great simplicity,

since the dual transformation can be performed directly by using Poisson’s sum formula

only once.In Section 3, we showed that the XY plaquette model is a strictly self dual

system by performing a dual transformation in the usual Villain formulation, following

the method of our previous paper. The advantage of this method is that it naturally

shows that the XY plaquette model is strictly self dual, without adding an artificial extra

term +iωθ̃ as in Eqs. (3) or (A.8), as in the case of the modified Villain formulation.

The disadvantage is that it is very complicated, since the Poisson’s sum formula must

be used three times and then the path integral must also be used. In Section 4, the dual

Hamiltonian method submitted in our previous paper [22,23] was used between the XY

plaquette model and the dual XY plaquette model to obtain the results in Eqs. (57) ∼
(62). Furthermore, these results can be summarized by the following two equations.

Jw
i (x, τ) = σz

ij J̃
xy
j (x, τ), (63)

J̃w
i (x, τ) = σz

ijJ
xy
j (x, τ), (64)

where σz
ij is the z component of the Pauli matrix satisfying σz

τ,τ = −σz
xy,xy = 1 and

σz
τ,xy = −σz

xy,τ = 0. The left hand side of Eq. (63) refers to the winding current in

the original system, while the right hand side of Eq. (63) represents the momentum

current in the dual system. On the other hand, the left hand side of Eq. (64) means

the winding current in the dual system, and the right side of Eq. (64) represents the

momentum current in the original system. One of the greatest advantage of the dual

Hamiltonian method is that it can directly perform the dual transformation, where it is

self-dual, using the relational formulas in Eqs. (63) and (64), without using the Poisson

sum formula or path integral at all. Another great advantage is that the relationship

between the winding currents of the original system and the momentum currents of the

dual system is clarified by the relational relations in Eqs. (63) and (64).

Appendix A. Dual transformation by MVF for 1 + 1d XY-model

In this Appendix, we describe the dual transformation in the 1+1d XY-model, following

the MVF by Sulejmanpasic et al. [11] and Gorantl [14] et al. As a starting point, the

partition function of the lattice version of the 1 + 1d XY model is as follows:

Z (β0, βx) =

∫

Dθ exp
∑

x,τ

[

−β ′
0 (1− cos∇τθ)− β ′

x (1− cos∇xθ)

]

,



11

∫

Dθ ≡
Nτ
∏

τ=0

Nx
∏

x=1

π
∫

−π

dθ (x, τ)

2π
, β ′

0 ≡
β0∆τ

~
, β ′

x ≡ βx∆τ

~
, (A.1)

where ∇τθ(x, τ) ≡ θ (x, τ)− θ(x, τ−a) and ∇τθ(x, τ) ≡ θ (x, τ)− θ (x−a, τ) are the

difference operators for the imaginary time and space components, respectively. The

sums
∑

x

≡
∑Mx

x=1 and
∑

τ

≡
∑Mτ

τ=1 of the sum
∑

x,τ

are given as lattice summations of

integral
∫ L/2

−L/2
dx and

∫ β

0
dτ , respectively. Where ∆τ ≡ τmax/Mτ , τmax, Mτ , Mx ≡ L/a ,

L, and a are minimum imaginary time interval, the maximum imaginary time, the time

division number, the space division number, the length of the x-space and the lattice

spacing, respectively. β0 and βx are the energies of the imaginary time τ and the x-

space component, respectively, and β ′
0 and β ′

x are the respective dimensionless energies.

In the exp (cos θ) part of Eq. (A.1), we introduce the following ansatz as a periodic

Gaussian approximation [9, 10]:

eα cos θ → Rv (α)
∞
∑

n=−∞

e
−βv(α)

2
(θ−2πn)2 , (A.2)

where n is an integer value in [−∞,∞], Eq. (A.2) is called Villain approximation

[9, 10], and Rv (α) and βv (α) are Villain’s normalization factor and Villain’s inverse

temperature, respectively, and are defined as follows:

Rv(α) ≡ I0 (α) [2πβv(α)]
1
2 , βv(α)≡{−2 ln [I1 (α)/I0 (α) ]}−1, (A.3)

where I0 (α) and I1 (α) represent the modified Bessel functions of order zero

and first, respectively. Rv(α) and βv(α) are in the limit α→∞ and α→0, the

large α expansion and small α expansion are, respectively [9, 10], as follows:

• For large limit, the large α expansion

βv(α)≈α
(

1− 1
2α
− 5

24α2 − 7
24α3 ...

)

, Rv(α)≈eα
(

1− 1
8α
− 37

384α2 − 433
384α3 ...

)

, (A.4)

• For small limit, the small α expansion

βv(α)≈−
[

2 ln
(

α
2

)

− α2

4
+ 5α4

192
...
]−1

, Rv(α)≈ [2πβv(α)]
1
2

(

1+ α
4
+ α4

64
...
)

, (A.5)

Thus, the Villain approximation is a good approximation in both the large α and small

α limits. Apply the Villain approximation to Z in Eq. (A.1) and let Zv be its partition

function as follows:

Zv (β0, βx)≡RQV

∫

Dθ
∑

{n}

exp
∑

x,τ

{−(β ′
0)v
2

(∇τθ−2πnτ )
2+

−(β ′
x)v
2

(∇xθ−2πnx)
2

}

,

RQV ≡ [Rv (β
′
0)Rv (β

′
x)]

MτMx . (A.6)

The summation symbols
∑

{n}

≡
∞
∑

n0(x,τ)=−∞

∞
∑

nx(x,τ)=−∞

, and
∞
∑

n0(x,τ)=−∞

are
∞
∑

nx(x,τ)=−∞

used

for the integer-valued fields n0 (x, τ) and nx (x, τ), respectively. The integer-valued field

ni (i = τ, x) is called the vortex gauge field or jumping number field, and together with

the phase field θ (x, τ) , it is a gauge transformation as follows:

θ (x, τ) → θ (x, τ) + 2πγ (x, τ) , n0 (x, τ) → n0 (x, τ) +∇τγ (x, τ),

nx (x, τ) → nx (x, τ) +∇xγ (x, τ), (A.7)
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where γ (x) is an arbitrary integer value real field. The MVF by Gorantla [14] et al.

adds an extra additional term +iθ̃ω of the dual phase field θ̃ to Eq. (A.6), as follows:

Zv (β0, βx)≡RQV

∫

Dθ

∫

Dθ̃
∑

{n}

exp(−1)
∑

x,τ

{

(β ′
0)v
2

(∇τθ−2πnτ )
2+

(β ′
x)v
2

(∇xθ−2πnx)
2+iθ̃ω

}

, (A.8)

where θ and θ̃ are phases that are dual relation to each other, and ω is defined as curl

of Rv(E), as follows:

ω (x, τ) ≡ εij∇inj (x, τ), (A.9)

Sulejmanpasic et al. [11] and Gorantla [14] et al. modified the Poisson’s summation

formula for the purpose of creating a self dual partition function as follows:
∞
∑

n=−∞

exp

{−α

2
(θ − 2πn)2+inθ̃

}

=
1√
2πα

∞
∑

ñ=−∞

exp

{ −1

2(2π)2α

(

θ̃ − 2πñ
)2

+
iθ

2π

(

θ̃ − 2πñ
)

}

, (A.10)

Eq. (A.10) is the starting point for the dual transformation by the Modified Villain

formulation in one component. To more clearly express the self-duality of Eq. (A.10),

we rewrite it as follows:

Z (α) =
1√
2πα

exp

(

i

2π
θ̃θ

)

Z (α̃) , α̃ ≡ 1

4π2α
,

Z (α)≡
∞
∑

n=−∞

exp!

{−α

2
(θ−2πn)2+inθ̃

}

, Z (α̃)≡
∞
∑

ñ=−∞

exp

{−α̃

2
(θ̃−2πñ)2−iñθ

}

, (A.11)

Where α̃ is a dimensionless energy dual to α, and Z (α) and Z (α̃) are self dual partition

functions to each other. The dual transformation in the Modified Villain formulation

with two dimensions (two components) is as follows:
∞
∑

n0,nx=−∞

exp(−1)
{α0

2
(∇τθ−2πnτ )

2+
αx

2
(∇xθ−2πnx)

2+iθ̃ω
}

,

=
1

2π
√
α0αx

∞
∑

ñτ ,ñx=−∞

exp(−1)

{

α̃0

2
(∇τ θ̃−2πñτ )

2+
α̃x

2
(∇xθ̃−2πñx)

2+iθω̃

}

, (A.12)

where ω̃ is defined as curl of ñi [11, 14], as follows:

ω̃ (x, τ) ≡ εij∇iñj (x, τ), (A.13)

where ετx=−εxτ =1 is the Levi–Civita symbol of two dimensions. And α̃τ and α̃x have

the following crossed duality with respect to αx and ατ , respectively:

α̃0 ≡
1

4π2αx

, (A.14)

α̃x ≡ 1

4π2α0
. (A.15)

Transforming the Villain approximation Zv in Eq. (A.6), adding the term iθ̃ω for the

dual phase θ̃, and applying the Modified Villain formulation in two components in Eq.

(A.12), we obtain

ZMV (β0, β)≡RQV

∫

Dθ

∫

Dθ̃
∑

{ni}

exp(−1)
∑

x,τ

{

(β ′
0)v
2

(

∇τθ−2πnτ

)2

+
(β ′

x)v
2

(

∇xθ−2πnx

)2

+ iθ̃ω

}

,

=CQV

∫

Dθ

∫

Dθ̃
∑

{ñi}

exp(−1)
∑

x,τ

{

(β̃ ′
0)v
2

(∇τ θ̃−2πñτ )
2
+
(β̃ ′

x)v
2

(∇xθ̃−2πñx)
2
+ iθω̃

}

, (A.16)
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where CQV ≡ [I0 (β
′
0) I0 (β

′
x)]

MτMx is normalization parameter, and Villain’s inverse

temperature (β̃0)v and (β̃x)v are cross duals to (βx)v and (β0)v, respectively, as in Eq.

(A.14), as follows:

(β̃ ′
0)v ≡

1

4π2(β ′
x)v

, (A.17)

(β̃ ′
x)v ≡

1

4π2(β ′
0)v

. (A.18)

Appendix B. Current of the momentum symmetry and the winding

symmetry for 1 + 1d XY-model

In this Appendix, we derive the Noether currents of momentum symmetry and winding

symmetry according to references [14] and [15]. From the partition function in Eq.

(A.15), the dimensionless action S ′ [β0, βx], described in subspace rather than the entire

τ -x space, as follows:

S ′ [β0, βx]=
(β ′

0)v
2

∑

τ−link

(∇τθ−2πnτ )
2+

(β ′
x)v
2

∑

x−link

(∇xθ−2πnx)
2+i

∑

plaquette

θ̃ω, (B.1)

where
∑

link and
∑

plaquette are the sum of link and plaquette (or dual sites) in subspace

of 1 + 2d space, respectively: In the action of Eq. (B.1), there exists the following

global symmetry for the phase field θ due to a real constant cm shift, called momentum

symmetry:

θ → θ + cm. (B.2)

Such symmetries are called U (1) momentum global symmetries according to string

theory terminology. From the Noether current of the momentum global symmetry in

Eq. (B.2), the momentum current Ji [13, 14, 20] is as follows:

Ji (x, τ) = −i(βi)v (∇iθ − 2πni) (x, τ). (B.3)

Note that on the right-hand side of Eq. (B.3), no contraction is taken for the index i.

In contrast, in the action of Eq. (B.1), there exists the following global symmetry for

the real constant cw shift of the dual phase field θ̃:

θ̃ → θ̃ + cw. (B.4)

This symmetry is called global U (1) winding symmetry. The winding current Jw
i of

symmetry in Eq. (B.4) is obtained as follows:

Jw
i (x, τ) ≡ εij

2π

[

∇jθ (x, τ)− 2πnj (x, τ)
]

, (B.5)

From the partition function in Eq. (A.15), the dual dimensionless action S̃ ′ for the

dimensionless action S ′ in Eq. (B.1) is as follows:

S̃ ′[β̃0, β̃x]=
(β̃ ′

0)v
2

∑

dual τ−link

(

∇τ θ̃−2πñτ

)2

+
(β̃ ′

x)v
2

∑

dual x−link

(

∇xθ̃−2πñx

)2

+i
∑

dual plaquette

θω̃, (B.6)
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where
∑

dual link and
∑

dual plaquette are the sum of dual link and dual plaquette in 1+1d

dual τ−x space, respectively. From the Noether current for U (1) momentum symmetry

shifts θ̃ → θ̃ + cm in dual τ − x space, the dual momentum current J̃µ [13, 14, 20] is as

follows:

J̃i (x, τ) = −i(β̃i)v

(

∇iθ̃ − 2πñi

)

(x, τ), (B.7)

Similarly, from the Noether current for the shift θ → θ + cw of global U (1) winding

symmetry in the dual τ − x, we define the dual winding current J̃w
µ as follows:

J̃w
i (x, τ) ≡ εij

2π

[

∇j θ̃ (x, τ)− 2πñj (x, τ)
]

. (B.8)

Appendix C. Algorithm for the DHM

In this appendix, we outline the DHM, an algorithm for constructing self-dual systems

developed in our previous paper [22, 23]. First, put the single JJ Hamiltonian H as

follows:

H (θ,N) = EcN
2 + EJ (1− cos∆θ), (C.1)

where, Ec ≡ (2e)2 /2C is charging energy per Cooper pair, therefore, EJ ≡ Φ0Ic/2π is

the Josephson energy, Ic and Φ0 = h/2e are the critical current and the magnetic flux-

quantum, respectively, and N and ∆θ are the particle number of the Cooper pair and

the phase difference of the Cooper pair, respectively. Since ~N and ∆θ are canonically

conjugate to each other, Poisson bracket {~N,∆θ}p=1 is satisfied. From the equation

of motion for the single JJ Hamiltonian in Eq. (C.1), the following Josephson equation

can be derived.

V (t) =
~

2e

∂∆θ

∂t
=

2N

2e
Ec, I (t) = 2e

∂N

∂t
= −2π

Φ0

EJ sin∆θ, (C.2)

where V (t) and I (t) are the voltage and the current for the JJ, respectively. Next, put

a single QPSJ [22–27] Hamiltonian H̃ as follow:

H̃(θ̃, Ñ) = ELÑ
2 + ES(1− cos∆θ̃), (C.3)

where, EL≡Φ0
2/2L is the inductive energy per magnetic flux quantum, ES≡2eVc/2π is

the QPS amplitude, Vc is the critical voltage, Z ′
DAXY and ∆θ̃ are the particle number

of magnetic flux-quantum and the phase difference of magnetic flux-quantum in QPS

junction respectively. Since ~Ñ and ∆θ̃ are canonically conjugate to each other, Poisson

bracket {~Ñ,∆θ̃}p = 1 is satisfied. From the equation of motion for the single QPSJ

Hamiltonian in Eq. (C.3), the following dual Josephson equation [22,23] can be derived.

Ṽ (t) =
~

Φ0

∂∆θ̃

∂t
=

2Ñ

Φ0
EL, Ĩ (t) = −Φ0

∂Ñ

∂t
=

2π

2e
ES sin∆θ̃, (C.4)

where Ṽ (t) and Ĩ (t) are the dual voltage and the dual current for the dual JJ [22],

respectively. As a first step of the DH method, we assume the following two conditions
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between the Josephson equation in Eq. (C.2) and the dual Josephson equation in Eq.

(C.4):

V (t) ≡ Ĩ (t) , I (t) = Ṽ (t), (C.5)

The two conditions of Eq. (C.5) are called self dual conditions. The self dual conditions

[22, 23] in Eq. (C.5) is known as the duality principle of electric circuits, and it is

known that similar operations can be satisfied by swapping the roles of resistance and

conductance, inductance and capacitance, and current and voltage in a classical electric

circuit. The next step in the DHM is to derive a relational expression between canonical

conjugate variables that are dual to each other according to the self dual conditions of

Eq. (C.5). Imposing the conditions of Eq. (C.5) between Eq. (C.2) and (C.4), we

obtain the following two relations [22] between the phase difference and the number of

particles between systems that are dual to each other.

Ñ (t) =
−1

2π
sin∆θ (t) , N (t) =

1

2π
sin∆θ̃ (t), (C.6)

The linear approximation of Eq. (C.6) is a well-known relationship between the phase

and the number of particles, as shown in the following equations:

Ñ (t) =
Φ

Φ0

=
−1

2π
∆θ (t) , N (t) =

Q

2e
=

1

2π
∆θ̃ (t), (C.7)

The right-hand sides of Eq. (C.6) and (C.7) correspond to the winding currents in

Eq. (B.7) and (??) introduced in Appendix B. If it is recognized that the relationships

described in Eq. (C.6) are satisfied, the relationship between the QPS amplitude and

charging energy per single-charge, and the relationship between Josephson energy and

inductive energy per magnetic flux-quantum, are as follows [22]:

ES =
1

2π2
Ec, EJ =

1

2π2
EL, (C.8)

Furthermore, inductance and capacitance are related to the critical current Ic and the

critical voltage Vc, respectively, as follows [22]:

L =
Φ0

2πIc
, C =

2e

2πVc
, (C.9)

By the Josephson current I and the dual Josephson current Ĩ in Eq. (C.2) and (C.4),

the particle number N of the cooper pair and the particle number Ñ of the magnetic

flux-quantum can be expressed as follows, respectively:

Ñ (t) =
Φ0

(2π)2EJ

I (t) , N (t) =
2e

(2π)2ES

Ĩ (t), (C.10)

To summarize the results of this appendix, by accepting the results of Eq. (C.6) to

(C.9) obtained under the double condition of Eq. (C.5), the Hamiltonian in Eq. (C.1)

and (C.3), it was found that its duality was completely guaranteed. Among the results,

Eq. (C.6) is particularly important as it becomes the starting point as a relational

expression for creating a self dual system in the section 3. Eq. (C.10) is also very

important for constructing the dual transformation of a self-dual system because it yields

the relationship between the number of particles and the current between systems that

are dual to each other.
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Appendix D. Dual transformation by the SVF for 1+1d XY-model

In this Appendix. we follow the method of our previous paper [22], we show that the

result of the dual transformation by the SVF in the 1 + 1dXY-model is self dual as

well as the result by the two-component MVF. The starting point of the theory is the

partition function of the SVF [7–10] in Eq. (A.6). For Eq. (A.6), introduce the Poisson’s

summation formula ( modular identity of the Jacobi theta function ) [9, 10] as follows:
∞
∑

n=−∞

e
−α
2

(θ−2πn)2 =
1√
2πα

∞
∑

b=−∞

e
−1
2α

b2+ibθ, (D.1)

As a result, the partition function in Eq. (A.6) can be rewritten as follows [10, 22]:

Zv (β0, βx) ≡ Cv

∑

{b}

δ∇jbj ,0 exp
∑

x,τ

{−b20 (x, τ)

2 (β ′
0)v

+
−b2x (x, τ)

2 (β ′
x)v

}

, (D.2)

where Cv ≡ [I0 (β
′
0) I0 (β

′
x)]

MτMx is normalization parameter, and bi(x, τ)(i = τ, x) are

integer value auxiliary magnetic fields where the condition ∇τbτ +∇xbx=0 is satisfied.

The partition function in Eq. (D.2) and (A.6) is dual relation, but not yet self dual

relation. Dual integer value magnetic field b̃i (x, τ) is introduced to integer value

auxiliary magnetic field bi (x, τ), as follows [22]:

bi (x, τ) ≡ εij b̃j (x, τ), (D.3)

where ε0x = −εx0 = 1 is the Levi-Civivita symbol of two dimensions. By using the dual

transformations of Eq. (D.3), the following equations are obtained for Eq. (D.2):

Zv (β0, βx) ≡ Cv

∑

{b̃}
δεij∇ib̃j ,0

exp
∑

x,τ

{

−b̃20 (x, τ)

2(β ′
x)v

+
−b̃2x (x, τ)

2(β ′
0)v

}

, (D.4)

Introducing Poisson’s formula in Eq.(D.5) below into Eq.(D.4) and rewriting the integer

value field b̃i (x, τ) into a continuous value field B̃i (x, τ), we obtain the following

Eq.(D.6) [22].
∑

{b̃}
δεij∇ib̃j ,0

(· · ·) =
∫

DB̃j (· · ·)
∑

{l}

δεij∇ilj ,0 exp
∑

(

i2πεijB̃ilj

)

, (D.5)

Zv (β0, βx) = Cv

∑

{l}

δεij∇ilj ,0

∫

DB̃j exp
∑

x,τ

{

−B̃2
0

2 (β ′
x)v

+
−B̃2

x

2 (β ′
0)v

+ i2πlxB̃0 − i2πl0B̃x

}

, (D.6)

where li (x, τ) corresponds to integer value current. Integrating over the continuous

value field B̃i of Eq. (D.6) yield the following equation:

Zv = RQV

∑

{l}

δεij∇ilj ,0 exp (−1)
∑

x,τ

{

2π2 (β ′
0)v l0

2 + 2π2 (β ′
x)v lx

2
}

, (D.7)

The Kronecker delta, when rewritten in the integral form, allow the equations to be

written as follows:

Zv = RQV

∑

{l}

∫

Dθ̃ exp (−1)
∑

x,τ

{

2π2(β ′
0)vl0

2 + 2π2(β ′
x)vlx

2 + iθ̃ω′
}

, (D.8)
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where , the third term iθ̃ω′ of the dimensionless action in Eq. (D.8) can be considered

to correspond to the additional term in Eq. (A.8) in the MVF. ω is defined as the curl

of li, as follows [22]:

ω′ (x, τ) ≡ εij∇ilj (x, τ), (D.9)

Using the identity of Eq. (D.1) for Eq. (D.8), the equations become [22]:

Zv = Cv

∑

{ñ}

∫

Dθ̃ exp
∑

x,τ

{

−(∇τ θ̃ − 2πñ0)
2

8π2(β ′
x)v

− (∇xθ̃ − 2πñx)
2

8π2(β ′
0)v

}

, (D.10)

Imposing the same relation (β̃ ′
0)v = 1/4π2(β ′

x)v and (β̃ ′
x)v = 1/4π2 (β ′

0)v as in Eq. (A.17)

and (A.18) on Eq. (D.10), the self dual relation is established as in Eq. (A.16), as

follows [22]:

ZV (β0, βx) = RQV

∫

Dθ
∑

{n}

exp
∑

x,τ

{− (β ′
0)v

2
(∇τθ − 2πnτ )

2 − (β ′
x)v
2

(∇xθ − 2πnx)
2

}

,

=Cv

∑

{ñ}

∫

Dθ̃ exp
∑

x,τ

{

−(β̃ ′
0)v

2
(∇τ θ̃−2πñ0)

2− (β̃ ′
x)v
2

(∇xθ̃−2πñx)
2

}

≡CvR̃
−1
QV Z̃V (β̃0, β̃x), (D.11)

Z̃V (β̃0, β̃x) ≡ R̃QV

∑

{ñ}

∫

Dθ̃ exp
∑

x,τ

{

−(β̃ ′
0)v

2

(

∇τ θ̃ − 2πñ0

)2

− (β̃ ′
x)v
2

(

∇xθ̃ − 2πñx

)2
}

,

R̃QV ≡ [Rv(β̃ ′
0)Rv(β̃ ′

x)]
MτMx. (D.12)
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