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We analyze diffusion processes with finite propagation speed in a non-homogeneous medium in
terms of the heterogeneous telegrapher’s equation. In the diffusion limit of infinite-velocity propaga-
tion we recover the results for the heterogeneous diffusion process. The heterogeneous telegrapher’s
process exhibits a rich variety of diffusion regimes including hyperdiffusion, ballistic motion, su-
perdiffusion, normal diffusion and subdiffusion, and different crossover dynamics characteristic for
complex systems in which anomalous diffusion is observed. The anomalous diffusion exponent in
the short time limit is twice the exponent in the long time limit, in accordance to the crossover
dynamics from ballistic diffusion to normal diffusion in the standard telegrapher’s process. We also
analyze the finite-velocity heterogeneous diffusion process in presence of stochastic Poissonian re-
setting. We show that the system reaches a non-equilibrium stationary state. The transition to this
non-equilibrium steady state is analysed in terms of the large deviation function.

I. INTRODUCTION

It is well known that the Green’s function of the classical diffusion equation, the Gaussian distribution, has non-
zero values for any z at ¢ > 0, which means that some of the particles move with an arbitrarily chosen large
velocity. To avoid this unphysical property, a finite-velocity diffusion process governed by the so-called telegrapher’s (or
Cattaneo) equation was introduced, and a corresponding persistent random walk model was proposed. Historically, the
telegrapﬁer’s equation has been derived by Heaviside for a voltage u along a lossy transmission line in electrodynamic
theory [1],
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u(z,t). (1)
Here 7 is a time parameter, and D is the diffusion coefficient, which relates to a finite propagation velocity v = v/ D/T.
Contrary to the diffusion equation which is parabolic, the telegrapher’s equation is a hyperbolic partial differential
equation. A simple interpretation of this process is that the probability flux is delayed over time by the interval 7
with respect to the probability gradient, J(x,t + 7) = —Da%u(x, t). Assuming 7 < t, then

J(x,t) + T%J(fﬂ,t) = —D%u(x, t). (2)
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This equation was proposed by Cattaneo in 1948 [2] (see also [3, [4]) to extend the standard constitutive relation.
Combining this equation with continuity equation

0
au(x,t) = —%J(:v,t), (3)
one obtains the telegrapher’s equation (1) that is often alternatively referred to as Cattaneo equation. The persistent
random walk was suggested first by Fiirth [5] and Taylor [6], who considered it as a suitable model for transport in
turbulent diffusion, while Goldstein gave solutions of various forms of the telegrapher’s equation [7] (see also [8]). The
telegrapher’s equation can be considered as a particular case of a spatio-temporally coupled Lévy walk model with
exponential waiting time probability density [9-H11]. Extended Poisson-Kac theory provides a unifying framework for
stochastic processes with finite propagation velocity and was developed recently |12]. The telegrapher’s equation was
also used to study finite-velocity diffusion on a comb [13] and in random media [14], as well as the telegraph processes
with random velocities [15]. Fractional generalisations of the telegrapher’s equation were considered in [16-21], while
non-Markovian discrete-time versions of the telegraph process were studied in [22]. For more details on the Cattaneo
equation, as well as derivation and application of the telegrapher’s equation, we refer to the literature, see, e.g., [23-26].

In the telegrapher’s equation () it is assumed that the diffusion coefficient D and the time interval 7 are constants.
In present paper we consider the case of space-dependent diffusion coefficient. In pure diffusion models, a space-
dependent diffusivity is introduced to describe heterogeneous diffusion process (HDP), i.e., relative diffusion of passive
tracers in the atmosphere [27, |28], transport processes in heterogeneous media [29-40], and on random fractals [41],
including comb structures |42, |43]. The mean first passage time and related search problems [44, |45], ergodicity
breaking [35-317] and infinite ergodic theory for HDPs [46], as well as Lévy flights in inhomogeneous media [47] have
been investigated, as well.

In section 2 we introduce the telegrapher’s equation for a finite-velocity HDP. We derive a general solution of the
problem in section 3. Exact results for the probability density function (PDF) are obtained, and the asymptotic
behaviours are analysed. In section 4 we present general result for the MSD, for which we observe different crossovers
between diffusion regimes in the system. Several special cases are recovered, as well. We then introduce exponential
resetting in the heterogeneous telegrapher’s equation in section 5 and report exact results for the PDF and MSD. It
is shown that in the long time limit the system approaches a non-equilibrium stationary state (NESS). The transition
to the NESS is analysed in terms of the large deviation function. In section 6 we summarise our findings.

II. FROM THE LANGEVIN EQUATION WITH DICHOTOMIC NOISE TO THE TELEGRAPHER’S
EQUATION

The master equation for a persistent random walk leading to a Langevin equation with dichotomic noise was
considered in |48, [49]. The Langevin equation takes the form

(t) = v ((t), (4)

where v is a positive constant with physical dimension of a speed, and ((t) is a stationary dichotomic Markov process
that jumps between two states =1 with the mean rate v, i.e., the inverse mean sojourn time for each state. The
corresponding equation for the PDF P(x,t) of such a process is the telegrapher’s equation (D), where 7 = 2% and
D = v?7. For an elegant and simple derivation of equation () starting from equation (@) we refer the reader to Ref.
[49]. In the limit ¥ — oo, v — oo such that D is a finite constant the dichotomic noise reduces to a Gaussian white
noise, and the diffusion equation is obtained.

There exist different generalisations of the standard telegrapher’s equation for inhomogeneous cases [23, 50-55].
In this paper, we consider the form originating from the general nonlinear Langevin equation with multiplicative

dichotomic noise

(1) = v(x)(1), ()

where v(z) > 0 is a position-dependent speed, and ((t) is the same dichotomic process as in equation (@). The result
is
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where v(x) = y/D(x)/7. A detailed derivation of the heterogeneous telegrapher’s equation from the Langevin equa-
tion (@) is given in Ref. [55], see Theorem 3.1. Other forms of the heterogeneous telegrapher’s equation can be



derived for a voltage and current in a inhomogeneous lossy transmission line, from the generalised Fick’s law with
position-dependent diffusivity, as well as from the persistent random walk in inhomogeneous medium. For details
please see Appendix [Al The motivation to consider heterogeneous models comes from the application of the telegra-
pher’s equation in the description of turbulent diffusion [56-5&], as well as in cosmic-ray transport [59]. Moreover,
the heterogeneous telegrapher’s equation may also be important in the description of turbulent relative dispersion of
particle pairs [60, 61] and represents a generalization of the Richardson model |27], since it takes into consideration
the long-time correlation of the Lagrangian relative velocity of a particle pair, which exists in turbulent flows [62, 63].

III. SOLUTION OF THE HETEROGENEOQOUS TELEGRAPHER’S EQUATION
A. Solution for xo # 0

In what follows we consider equation of form (@) for power-law position dependent speed v(x) = vo|x|2, where

Ve > 0 is with physical dimension [v,] = m'~®/25~1. Thus, we write the heterogeneous telegrapher’s equation (@) in
the form
0? 0 0 o 0 a

where D, = v27 is a diffusion coefficient with physical dimension [D,] = m?~%s~!. For 7 — 0 and v, — oo such that
D,, = const, equation (7)) becomes the heterogeneous (infinite-velocity) diffusion equation [35],

ipta:0) = Dug {1al# 2 lal#n(e.)] | ®)

which is derived from the Langevin equation in the Stratonovich interpretation [35]

(t) = /2 Dalz|* n(t), (9)

with position dependent diffusion coefficient, where n(¢) is a white Gaussian noise of zero mean. Here we use a < 2
to ensure the growth condition for existence and uniqueness of the solution of a Markovian stochastic differential
equation, see Ref. [35]. The case with a = 2 requires a separate consideration and is related to the problem of
geometric Brownian motion in the Stratonovich interpretation [64].

To solve equation (), we consider the initial conditions?

0

P(z,t =0) = d(x — x0), &P(x,t:()):(), (10)

and the boundary conditions are set to zero at infinity, i.e.,

P(+00,t) =0, 2P(:I:oo,t) =0.

Ox
The Laplace transform? of equation (7)) yields
s(1+78)P(x,5) — (14 78)3(x — o) = Daai {|x|‘é‘ i (121 Pz, )] } , (11)
x ox
which can be rewritten in the form
sP(x,s) — 0(x — xo) = ’Daﬁ% {|:v|(5 8% [|x|%P(:C, s)} } . (12)

1 Here we note that we use p(z,t) for the PDF of the HDP, while P(z,t) is the PDF of the heterogeneous telegrapher’s process.
2 See the discussion of initial conditions in Refs. |23, 65, 6d].

3 The Laplace transform is defined by f(s) = L[f(t)] = J57 f(t) e~ stdt, while the inverse Laplace transform by f(t) = £7* [f(s)] =
L [etio0 f(s) estds.

2w Je—100



We note that by inverse Laplace transform, we obtain an equivalent formulation for equation (),

0 a 0
5P 1) / K(t—t,7 {|x| 2o [l 2 P(x,t )}}dt’, (13)
where

1
14+s7°

1 ~
K(t,7)= ZettlT K(s,7) =
T

Therefore, the heterogeneous telegrapher’s equation ([f]) can be considered as a heterogeneous diffusion equation with
an non-local memory kernel. Such an equation with exponential memory kernel was analysed for a = 0 in [67, [68].
For 7 = 0, we obtain the HDP equation in Laplace space,

. 0 o 0 o
sple.s) = ol = an) = Doy {lal? 2 [l (e, 9)]}. (14)
Using s — s(1 4+ 7s) in equation ([I4]) we obtain

s(1+718)p(z,s(1 +7s)) — 6(z — x0) = Da(% {|x|3 % [|x|%ﬁ(x, s(1+7s))] } . (15)

Now, one can see that by substituting
P(z,s) = (14 s7)p(z,s(1 +57)), (16)

from equation () we arrive at equation (I2). Thus, we can directly obtain the solution P(z,t) from the solution
p(z,t). Relation (8] is not affected by the inhomogeneity in space and was derived in [67] for the standard telegrapher’s
equation, Eq. (I3) with o = 0, by using the subordination approach. The solution of the diffusion equation for the
HDP (B) is given by (see equation (18) in [69])

L <_p2 [sen(@)l=]'/” —sgn(“)'m'l/p’?) : (17)

) =
Pt = e Dt

where D, — D, and p = and which in Laplace space reads

n7

. T 1/p—1 P

p(z,s) = |2|7\/D— N st2 ). (18)
P P

By integration of (I8) it is shown that [~ p(z,s)dz = 1 (see Appendix A in Ref. [69]), which means that p(z,t) is
normalized. Therefore, from Eq. (I0]), we have

sgn()|a]/? — sgn(o)|zo| "/

s x exp (—

oo 0 1 1

[m P(z,s)dx = (14 sT) ‘/700]5(5(:78(1 +s7))dx=(1 +ST)m = (19)
which means that the PDF P(z,t) is normalized, as well. We also note that in the limit « — 2 and x, 29 > 0, the
PDF (18) turns into the log-normal distribution for geometric Brownian motion [64]. Thus, for the PDF P(x,t), we
obtain in Laplace space

. 1/p—1
Pla,s) = Ed (r *1+s)(s+771)71/2571/2
2vp,
wexp (=L fsgn(o)lal = senan)lrol 7| (s + 7)1 /25172 ) (20)
p

where v, = /D, /7. This result can be rewritten in the form

R 1/p—1
P(z,s) = 2]

~

(T +5)

(z, ), (21)

2vp



with

j)(:z:, s) =(s+ 771)71/2571/2

x exp (—Uﬁ sgn(e)z]!/7 — sgn(ao)|wo[7 (s + erQSl“) - (22)
p
The PDF then becomes
R 9
Pz, t) = —— L(z,t) + =L(x,t 2
(@.8) = g |7 L) + L) (23)

where
L(z,t) =6 (vpt —p ‘sgn(x)|x|1/p - sgn(:vo)|:v0|1/pD e

V0262 - p? [sgn(a)le]/? — sgn(ao)|xo[/7]?

I 24
*to 20T (24)

Finally, we obtain the form

1/p—1 .
P(z,t) = il e 2§ (Upt —-p ‘sgn(:v)|:v|1/p - sgn(xo)|xo|1/p‘)
1/p-1 t t I
- '““’JLW 0 (vpt — p [sgn(e) 2]/7 = sgn(wo)|wo|/7|) =% [10@) + 5 f)} , (25)
where
V& — 2 [sen(a) 2] '/7 — sgn(ao)lo| /7]’

&= L . (26)

2T

e

Here we note that I, (z) is the modified Bessel function of the first kind with asymptotic behavior I,,(z) ~ Nor=

Thus, in the long time limit, from (25) we arrive at the PDF () for the heterogeneous diffusion equation, while in
short time limit we have

|x|1/p71

P(x,t) )

6 (vt — psgn(@)lel/7 — sgn(ao)lao[7]) (27)

For a = 0, i.e., p = 1, we obtain the solution for the standard telegrapher’s equation [7] (see also equation (16) in
Ref. [70], equation (2.5.3) in Ref. [66] or equation (6) in [71])

e~ 270 (vt — |z — o))
2

P(z,t) =
Vv2t2—|z—xzo|?
t Il vy
e o7 /’U2t2 _ |.’II _ ZC()|2 ( 2vT )
— 0 (vt — |z — 1 t . 28
+ 4ot (vt =z = =ol) | o < 2uT tv 022 — |z — x0]? (28)

For xp = 0, the PDF (23] reduces to

of1 /o

2

|$|1/p_1
_'_7

P(x,t) =
(2,7) 4v,T

e 70 (vpt—p|x|1/p) e 770 (vpt—p|:17|l/p)

\JvEt? — p2|z|2/p .
Up
2vp7’ /,U%tz —p2|17|2/p

A graphical representation of the PDF (28] for different parameter values is shown in figure[Il We observe the distinct
finite-velocity propagation where the PDF drops to zero beyond the front vyt = p ‘sgn(m)|x|1/p - sgn(x0)|x0|1/p’. We

2v,T
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FIG. 1: PDF @8) for zo =5, 7 =1, va = 1. (a) a =0, t = 2 (blue dashed line), ¢t = 5 (red solid line), ¢ = 10 (black dotted
line). (b) a = 0.5, t = 2 (blue dashed line), t = 5 (red solid line), ¢ = 10 (black dotted line). (¢) o = —0.5, t = 2 (blue dashed
line), t = 5 (red solid line), ¢ = 10 (black dotted line). (d) Comparison between PDFs for t = 7, and o« = 0.5 (blue dashed

line), @ = 0 (red solid line), « = —0.5 (black dotted line). The delta functions at the endpoints, which ensure normalization of
the PDF's are not shown in the figure.

compare the PDFs for the telegrapher’s equation and the diffusion equation in figure Due to the finite-velocity
propagation, we see the drop to zero of the PDF for the telegrapher’s process (red solid lines), while instantaneous
propagation is observed for the HDP (blue dashed lines). We also note that the PDF is unimodal for o > 0 and
bimodal for o < 0. Here we note that the contribution of the delta functions which ensure normalization of the PDF
at the endpoints x, that satisfy vt = p ‘sgn(z)|x|1/p - sgn(x0)|x0|1/”|, are not shown in the figures. We have already
proven in Eq. (I9) that the PDF satisfies the normalization condition ffooo P(z,t)dz = 1, however, for the readers’
convenience, in Appendix [B] we provide additional proof of the normalization directly by integration of the PDF (23]).

B. Alternative solution for zo =0

For the specific initial condition at the origin, P(z,0) = §(x), we find the solution of equation (@) in Laplace space
yielding

s(1+78)P(x,s) — (1 +78)0(x) = Da% {|33|5 % [|x|%zf>(x, s)} } . (30)

From here, by differentiation with respect to x, we find

0

s(1+78)P(x,s) — (1 + 75)8(x) = Da%

{@00) ~ DS 1al P09 + la £ PG} 31)
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FIG. 2: PDF 29) for 7 = 1, vo = 1 (blue dashed line) versus PDF (1) (red solid line) for Do, = 1, at t = 3.5. (a) a =0
— standard telegrapher’s process versus standard diffusion; (b) o = 0.5 (long-time superdiffusion); (c) @ = —0.5 (long-time
subdiffusion). The contribution of the delta function at the endpoints in the solution of the telegrapher’s equation (blue dashed
lines), which ensure normalization of the PDF, are not shown in the figure.

where 6(z) is the Heaviside step function. By further differentiation with respect to x, we obtain

M|x|a_2p(:c,s) +alz|* 1 6(2) P, s)

s(1+7s)P(x,s) — (1 +75)d(x) =Dq { 5

3a a1 O o 0% -
t5 [20(z) — 1] |z| 1%10(;10, s) + |z| @P(!E, s)} . (32)

We see that equation (B2]) is invariant with respect to inversion * — —z, and we use y = |z|. Equation (32)), then
becomes

S+ 7Py, 5) — (1 + 79)3(x) =Do B 0y0=2p(y ) 4 D)oy Py, ()
3a ., O - L0 - 9% .
+ Da?ZJ a_yp(ya S) + 2Day a_yp(yvs)a(z) + Day a_yQP(yvs)v (33)

where P(|z|,s) = C(s)f(|z|,s) = C(s)f(y,s), and C(s) is a function of s. From equation (33), we obtain a system of
two equations

9? 3a/2

a_ny(y78)+ y

o fes)+ |-y e L2 L ) o, 5

(35)

—(1+s7) =C(s) Dq [ayalf(y, s) + 2y“a% F(y, 8)]

y=0



Equation (34) is the Lommel-type equation

1-28
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2" (y) + "

;N2
Z/(y)—F |:(CLO/ya 71) 4
which solution is given by
2y) =y Z, (ay“ ) :

where Z,(y) = C1J,(y)+C2N, (y) and J,(y) and N, (y) are the Bessel functions of first and second kind, respectivelly.
Therefore, we have

~ 2-3a 2 S(l-i—ST)yz—?a 2-3a 2 S(1+ST) 2o

fly,s)=y = N oy oY ; (37)

where Z,(1z) = C11,(2) + C2 K, (2), and I,,(z) and K, (y) are the modified Bessel functions [72], where K, (z) satisfies
the zero boundary conditions at infinity. The PDF then reads

A 2-3a 2 8(1 + ST) 2—a
P(x,s) =C(s) x|+ K, 5o . ||z . (38)
From equation (B3)), by using the series representation of K, (y)
T(v) rz2\—v 22 D(—v) r2\¥ 22
FRINLCEE e PR O (I 59
@ ~=-3 [+4(1—I/)+ TG Mgy T (39)
for z — 0 and v ¢ Z, for C(s) we obtain
—1/4(1 3/4
C(s) = D 3/4 s (14 s7)"" (40)
(2—a)r
The PDF in Laplace space then reads
A —14(1 8/ 5 sa 2 1 —a
P(z,s) :1);3/4 w|x|%[(l s( +ST)|Q;|2T
(2—a)r 2l2-«a Dq
—a/2 9 V2 (g4 71 1/2
— |5U|2’Ua (S+T71)1/2 8—1/2 exp (_2_a5 (S UQT ) |x|(270c)/2 , (41)

where we use K (z) = \/m/(2z) e~*. This is the same result as (20) for 2o = 0, as it should be.

IV. CALCULATION OF THE MEAN SQUARED DISPLACEMENT

From the PDF (I6), we find the MSD (i?(s)) = [~ P(z,s)dz,

oo

<§:2(s)>T = (1+s7’)/ xzﬁ(a:,s(l—l—sﬂ) de = (1+s7) <§:2($(1—|—57))>0, (42)

— 00

where <x2(u)>0 = F(;erfp) ;?fj:;:; 1F1 (—p, 1 —pz%) is the MSD for 7 = 0, see equation (20) in Ref. [69]. Here

1F1(a,b, z) is the confluent hypergeometric function of the first kind.

For zp = 0, the MSD is <:102(u)>0 = %%, ie., (#%(s)), = %’Dpups_p_l, and thus, from equation (42l
we find

I (1+2p) (&)pﬁl {( s } L' (1+2p) (Dp7)” G)QPEprH <_;> (43)

PP T s+ 1)p - PP

(2*()), =



MSD - short time behavior MSD - long time behavior
@) ~ 07, i =42 —a) | (@) ~ 02, iz — ]2
l1<a<?2 p1 > 4 — hyperdiffusion w2 > 2 — hyperdiffusion
a=1 p1 = 4 — hyperdiffusion 2 = 2 — ballistic motion
O<ax<l1 2 < p1 < 4 — hyperdiffusion | 1 < p2 < 2 — superdiffusion
a=0 p1 = 2 — ballistic motion w2 = 1 — normal diffusion
—2<a<0]| 1< p <2-superdiffusion | 1/2 < pus < 1 — subdiffusion
o= -2 p1 = 1 —normal diffusion u2 = 1/2 — subdiffusion
a< —2 0 < p1 < 1 — subdiffusion 0 < p2 < 1/2 — subdiffusion

TABLE I: Characteristic crossover regimes in finite-velocity HDPs

where

n

- - (6)71 z
B ,;) T(pn+ B) n! “

is the three-parameter Mittag-Leffler function [73], and (§), = T'(6 +n)/T'(d) is the Pochhammer symbol. To perform
the inverse Laplace transform in Eq. (A3) we use the formula, see Eq. (5.1.33) in Ref. [74],

[0 ] g 4
Sl (A R At 5

|:(SP+A)5:| p.ﬂ( )7 ( )
with |A/s”| <1 (note that in Eq. (43) we have p — 1, 6 — p, and pd — 8 — —p — 1, which means § — 2p+1). From
the definition of the Mittag-Leffler function and the known formula [75]

76 o0

(0 +n) (—z)™™"
Ep s ZFB pO+mn) nl (46)

with z > 1, and 0 < p < 2, we find the asymptotic behavior of the MSD in the short and long time limits,

W2 <1,

I'(1+2p) T (1+2p)’
(22(t)), ~ o (D,7)" o (47)
NCEE t/T > 1.

From these results we take the following conclusions: (i) for 0 < a < 2 we have a crossover from hyperdiffusion
(z2(t)) = t", p1 = 52—, py > 2 to (a?(t)) ~ "2, i = 52—, which means: (a) either superdiffusion for 0 < o < 1,
(b) ballistic motion for o = 1, (c¢) or hyperdiffusion for 1 < a < 2; (ii) for & = 0 we observe a crossover from ballistic
motion (z2(t)) ~ t?, to normal diffusion (2(t)) ~ #; (iii) for =2 < a < 0 we have a crossover from superdiffusion
(z2(t)) ~ t", 1 = 52—, 1 < puy < 2 to subdiffusion with (z 2( )) =tz py = 52, 1/2 < pp < 1; (iv) for o0 = =2 we
have a crossover from normal diffusion (22(t)) ~ t#1, iy = 72~ =1to subdlﬁusmn with (22(t)) ~ t'2, py = 2= = &;
(iv) for @ < —2 we obtain a crossover from subdiffusion <:102(t)> ~ = 5o a, 0 < p1 < 1 to subdiffusion with
<:C2 (t)> ~ tH2 ) g = ﬁ, 0 < p2 < 1/2. Therefore, various diffusive crossovers are observed, rendering the considered
model a suitable basis for the description of anomalous dynamics in complex systems. The obtained results are
summarized in Table [l In figure Bl we show the graphical representation of the MSD ({3)) where we observe the
characteristic crossover dynamics from (22(t)) ~ t2? to (z2(t)) ~ tP.

V. FINITE-VELOCITY HDP WITH STOCHASTIC RESETTING
A. Probability density function and non-equilibrium stationary state

We now turn to the analysis of the effect of stochastic resetting on the finite-velocity HDP. We consider a Pois-
sonian stochastic resetting mechanism [76, [77] with instantaneous resetting events, whereas we leave the case of
non-instantaneous resetting for future research. Thus from the simple renewal equation approach we deduce |[78-81]

¢
P.(z,t) = e "' P(x,t) + / re " Pz, t) dt, (48)
0
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FIG. 3: MSD ({3) for 7 = 1, Do = 1, and a = 0.5 (blue dashed line), « = 0 (red solid line), a = —0.5 (black dotted line).

where P(z,t) is the PDF (28] in absence of resetting, which means that each resetting event to the initial position
xo renews the process at a rate r. In this equation, the first term on the right-hand side corresponds to the fraction
that there is no resetting event up to time ¢, while the second term describes multiple resetting events up to time t.
The standard telegrapher’s equation, which is a special case of our model for p =1 (o = 0), in presence of stochastic
resetting was analysed in |71, 182]. Numerous examples of space-dependent diffusion in soft matter systems and recent
experimental advances [83] motivated new studies on inhomogeneous diffusion processes with resetting. Thus, the
particular cases of heterogeneous diffusion processes with a = 1 and stochastic Poissonian resetting were considered |84,
85). In this context, our study is a natural generalization of these very recent advances. Moreover, in view of the
importance of resetting phenomena in the context of search problems, we can speculate that the heterogeneous
telegrapher’s equation with resetting represents a toy model of random search in a turbulent environment. We also
note that run-and-tumble particle motion under stochastic resetting |82, 186-88] and more generalized models of Lévy
walks under resetting [89, 190] are of current interest.
By Laplace transform of equation (4g)), it follows that

N S r o

P.(z,8) = ——P(x,s+ 7). (49)
s
Using this relation, and in combination with equation (IIl), we arrive at the relation

7|2 Pr(x, s) — s0(x — :vo)} + (2r7+1) [spr(x, s)—d(x — xo)}

= Da% {|;v|%({% [|x|%f’r(x,s)} } —r(rr+1) [PT(:E, s) — 25(90 —Zp)| - (50)

By inverse Laplace transform we derive the corresponding telegrapher’s equation with position-dependent diffusion

coefficient in the presence of stochastic resetting,

2
T%Pr(l',t) + (2r7 4+ 1)%Pr(x,t) = 'Da(,% {|x|§ % [|%]2 P (z,t)] } —r(rt + 1) [Pr(z,t) — 6(z — x0)] . (51)

Next, we will show that in the long time limit the system reaches a non-equilibrium stationary state (NESS). From
Egs. 20) and {@9]), we obtain

. 1/p—1 —1y1/2 1/2
B, 5) 2P s+ ) s )

2vp, S

X exp (—2 ‘sgn(x)|x|1/p — sgn(m0)|xo|1/p (s+r+ T_1)1/2(S + T)1/2> ) (52)
Up

From here, from the final value theorem limy o0 f(t) = lims_ sf(s) [91], we find the NESS
st ERT T S
P (x) = tli)rgo P.(z,t) = Sh_r)% sP.(x,s)

|| /P! p
= /r(r+771) xexp <— r(r—!—T*l)U— sgn(:z:)|:z:|1/p - sgn(z0)|x0|1/pD . (53)

2vp D
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FIG. 4: NESS B3) for 7 =1, vo = 1, r = 0.01 and a = 0.5 (blue dashed line), a = 0 (red solid line), a = —0.5 (black dotted
line). (a) xo =5, (b) zo = 0.

For 7 — 0 (note that v, = /D, /T — 00), we recover the result for HDPs with stochastic resetting, see equation (26)

in Ref. [69],
xl/p 1
@) = 2 e (

Up _ 1/1”’ 54
Sseni(x)|xr sen(x X .
9 D ’g )|z] gn(zo)|xol ) (54)

\/_

A graphical representation of the NESS is given in figure[dl For o =0 (p = 1) this is in fact a Laplace distribution |71,
89|

-1 -1
P (z) = % X exp <—$ |z — x0|> . (55)
In figure [i(a) we observe that the PDF has a cusp at xy > 0 since the resetting mechanism introduces a source of
probability at zg. For a > 0 we observe another cusp at = 0 since for small = the intensity of the multiplicative
noise in the Langevin equation becomes very small such that the particle spends more time around the origin before
it is reset to the initial position xg. For o < 0 the PDF shows an anti-cusp at = 0 since for small = the intensity of
the multiplicative noise becomes very large, and the particle does not spend much time near the origin. For xy = 0,
see figure [|(b), the PDFs show a cusp only at 2 = 0.

B. Transition to the non-equilibrium stationary state

In order to find the relaxation dynamics to the NESS, we consider the renewal equation ([@8]). We see that in the
long time limit the dominant term is the integral term, which will be estimated by the Laplace approximation for
large t. For the integral, we obtain (see Appendix [C)

t , 1/p—1 1 P efté(fo,w)
' P, ) dt! o 1] 1 0 d 56
/Ore (x,t) 4v, 7-71-\/_ + — S 1/ 70, (56)
v %) (-9
where
1 1 w2
_ 2
D (19, w) = <T+ Z) To — % T§ — @, (57)
and

_ plsgn(@)|a]’” — sgn(wo)lwol /7|
t
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Note that the integral in (B0]) is always convergent in spite of the singularity arising from the denominator in the
integrand. From the Laplace approximation [92]

Z(t) =~ eftf(z“)g(zoh / %, (58)

I(t)z/o e g (2)dz (59)

of the integral

for large t, which requires the evaluation of the minimum of the function f(z), i.e., f’(z0) =0, if 0 < zg < 1 (if the
extremum point zg is outside the integration limits, zg > 1, then the approximation result is calculated at zp = 1),

we find the integral (B6). The extremum point can be calculated from aimfb(m, w) = 0, which gives
TO=T¢
2 1
P L Sy (60)
@Crr+1)2-17v
From here, we find that the PDF behaves as
Pr(x,t) ~ e 100, (61)
where the large deviation function (LDF) reads
w 2+/r7(r7+1
NGOETSDES |sen(a) | /7 — sgn(ao) || /7| < 2Tyt
I(w) = (62)
w 2+/rr(r7+1
(rt ) — a1t [sen(@)le]/? —sa(ao)lwo| /7| > Dot

From here we conclude that the length scale grows like £(t) ~ (vpt)”.

/
For zy = 0, we have (w = p#)

p
— P/ 2y/r7(r7+1)
p T(T +7 1)(‘1‘/1)?) ’ |$| S < p(2r7+1) > vgtp’

I(|=]/¢(t) = ) (63)
T 2/ 24/r7(rv+1)
(r+3) -5 1_192%7 |z| > (W) vpt?,

and the length scale is £(t) ~ (vpt)”. The trajectories corresponding to the first line of equation (63)) are relaxed to
the NESS (note that the LDF corresponds to the one of the PDF (53)), as it should), while those satisfying the second
line of equation (63]) are not relaxed and are still in transient regime. The boundary between the NESS region and
the transient region moves with a non-constant velocity v(t) ~ ’Ugtp_l (see figure [Bl). For 7 — 0 the LDF reduces to
the one for the HDP [69]. For the standard telegrapher’s equation (p = 1, i.e., & = 0), the LDF becomes

Vi E TR, o] < 2T
I(|=|/t) = (64)
z2/t2 2¢/rr(rr+1
(r+38) = 3\/1 =580, ol > 5T,

For 7 — 0 (HDP), we arrive at the known LDF [93]

\/r/D ‘—:‘, |x| < v4Drt,
I(Jz]/t) = ) (65)
r+ 15 (5) J2l = vaDre.

In figure Bl we show the boundaries between the regions in which the particles have already relaxed to the NESS
and the region in which the particles are in a transient regime. It is evident that the length scale depends on the
parameter .
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FIG. 5: Boundary between the region where the NESS is achieved and the transient region for 7 = 1, vo = 1, » = 0.01 and (a)
a = 0 — standard telegrapher’s process, (b) o = 0.5, (¢) a = —0.5.

C. Mean squared displacement

The MSD can be calculated from equation (49), yielding

(@) = 2@ s+ 1)) (66)

where (22(z, s)), is given by equation ([#2)). From here we conclude that in the short time limit (s — oo) the MSD in
presence of resetting behaves analogously to the MSD in absence of resetting (z%(t)), = (#?(x,t)),, while in the long
time limit (s — 0) it saturates to (x2(t)), = r(2%(x,7)),.

For g = 0, the MSD becomes

(o), = L BOIY [ ]

p2P (s+r+7-1)p
T (1+2p) (Dar)” [T . (77 ¢
= p2p7_ /O e t ; Ef,Qp — ; dt/ (67)

In the short time limit it behaves as the MSD in absence of resetting, equation ([@3]),

(20, ~ T2 PaT) /Ot (t—/>2p_l Y, (—t/> dr

pPT T T

_ T 1+ 2})121(9&7)? (E)% . <_£> 7 (68)

T T

while in the long time limit the MSD saturates to (z2(t)), ~ m,

representation of the MSD (7)) is shown in figure [6l where the its saturation due to the stochastic resetting is clearly
observed.

due to the resetting mechanism. A graphical
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line).

VI. SUMMARY

We reported exact results for the heterogeneous telegrapher’s equation. A rich range of different diffusion regimes
were observed, such as a crossover from hyperdiffusion to either superdiffusion, ballistic motion, or hyperdiffusion
with different exponent, from ballistic motion to normal diffusion, from superdiffusion to subdiffusion, from normal
diffusion to subdiffusion, or from subdiffusion with larger exponent to subdiffusion with lower exponent. Therefore,
the considered model is suitable to describe anomalous diffusion in complex systems exhibiting characteristic crossover
dynamics, including finite-velocity diffusion in random media. We also analysed the finite-velocity HDP with stochastic
resetting and we showed that the system reaches a NESS. The transition to the NESS was analysed in terms of the
large deviation function. We also found the boundaries between the region in which the system relaxed to the NESS
and the transient region as a function of a. Exact results for the MSD under resetting were obtained, as well. The
anomalous diffusive regime saturates in the long time limit due to the resetting mechanism.

Future research could be related to the investigation of ergodic properties of finite-velocity HDPs in absence and
presence of resetting |35-37, 194-96], including also corresponding higher-dimensional formulations |38, 139]. Infinite-
and finite-velocity HDPs in presence of time-dependent resetting 97|, non-instantaneous [81, 98] and space-time
coupled returns [99], HDPs in presence of resetting in an interval [100, [101] and bounded in complex potential [102],
as well as discrete space-time resetting models [103] for HDPs, are other topics worth investigating.
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Appendix A: Different forms of heterogeneous telegrapher’s equation

Here we note that one can derive different form of the heterogeneous telegrapher’s equations for a voltage and
current in a lossy transmission inhomogeneous line [104], which have the form

02 0 0 0
0? 0 0?

where 7 = L/R = const, R = const is the resistance, L = const is the inductance, D(z) = [RC(z)]”", and C(z) is the
capacitance.
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Telegrapher’s equation of form (AJ]) can also be derived from the continuity equation

0 0
o, t) + = J(z,t) =0 A3
O naty+ L =0 (A3)
where n(z,t) is the concentration and the flow of particles J(z,t) obeys the generalized Fick’s law with memory,
Y L )
J(z,t) == [ " D(x)—n(x,t')dt A4
(@t) = 1 [ =/ D) Lt . (A4)
where 7 is a time parameter. From equations (A3) and ([A4), one arrives at the heterogeneous telegrapher’s equation
o2 9 9 9
T—ath(:C,t) + En(m,t) =3 [D(x)a—xn(x,t)] ) (A5)

Another form of the heterogeneous telegrapher’s equation can be derived from the persistent random walk in
inhomogeneous medium. It takes the form [23, 50, [51/

2
%P(x,t) + %%P(z,t) = v(x)% [v(x)ﬂp(x,t)] : (AG)

where v(z) is the position-dependent velocity.

Appendix B: Normalization of the PDF

Here we provide detailed proof of the normalization condition ffooo P(z,t)dz = 1. From Eq. ([23)), we have

e 0
/ Plat)dr =T +75.7, (B1)
with
em2r [ _
= 5 [ 1220 (ot = p sea(@)laf 7 — sgnao)fao] )
UpT J -0
V0362 — p? [sen(e)lal/r — sen(ao)leo|/7]
x Iy dx = J1 + Ja, (B2)
2upT
where
emzr [
Fi= 5 [ 1ol 10 (vyt — p sg(o)lof /7  sgnao)fao] )
UpT Jo
\/0th —p? [sgn(a:)|:1:|1/p - sgn(x0)|x0|1/1’}2
x I dz (B3)
20,7
and
e 2 7 1/p—1 1/ 1/
T = 5 / || /P76 (vpt—p’sgn(:zr)|x| P — sgn(xg)|zo| /P )
VpT J oo
V0262 — p? [sen(a)le]/? — sgn(zo)|xo[/7]?
x Iy dz. (B4)

20,7

For the first integral, by introducing pz'/? =y, i.e., z'/?~'dz = dy and then z = y — psgn(mo)|x0|1/p, ie., dy = dz,
we find

2
o v2t? — |y — psgn(wo)| ol /P
Ji = / 0 (vpt — }y — psgn(x0)|xo|1/p ) Iy \/ b [ ] dy
2upT Jo 20T
o2 [ \JVEt? — 22
= — 0 (vpt — |2]) Lo | —=—— | d=. (B5)

20T Jo 2vpT



242 _ 2
vpt z

2up t

—35 = d t t
T = € / Io(r)ir " = e~ 27 sinh (—)
2up T Jo ¢ )2 2 2T

(27

Then we introduce new variable = r to obtain

For the second integral, we first introduce z = —z and then pz'/? =y and k = y + psgn(x0)|xo|1/p, to find

t

—% [ v2t2 — [y + psgn(ao)|zo[/7)”
Jo = o / 0 (vpt - ‘y+psgn(wo)lwoll/”‘) Iy Ve - | ] dy
2upT Jo 20T

3

_t 0o V212 — k2
\/ ¢ t
- / 0 (vpt — k) I | ———— | dk = e~ =" sinh <—)
0 2T

2u,T 2v,T
Therefore, J = 2¢~ 27 sinh (%) =1l—¢ 7. Thus, we finaly obtain

/_OO P(x,t)dr = (1_6_5)4_7%(1—6_%) e tieton

which completes the proof.

Appendix C: Calculation of the integral in the renewal equation
Let us analyse the renewal equation
t ’
P.(z,t) = e "' P(x,t) + / re " P(x,t')dt'.

0
For large time t the integral term is dominant, and thus

t ’

Po(z,t) ~ / re " Pz, t)dt.

0

We introduce

where
X=p ‘sgn(m)|x|1/p - sgn(mo)|x0|1/p‘ .
We also use t' = trg (dt’ = tdrp), from where it follows

2

L o B
27

2T vi

16

(B8)

(C1)

(C4)
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where w? = X?2/t?. Since when t is large then ¢ is also large, and the Bessel function behaves as I, (£') ~ %

Thus, for the integral, we obtain

t , t , 1/p71 o t/ I /
/ re " Pz, t) dt’ ~ / re " i e 2F [Io(f/) + — 1€ )] dt’
0 0

4uaT 2r ¢
1/p=1 rt , / ¢
NTL/ e (ra)t 14 A dt’
dvaT Sy 27 & | 2mg
1/p=1 rt / L,
:TL/ 1+ 1 1 o (a5 )t/ +¢ gy
dvaT Sy 21 & | \2m¢’
_ )4 L 2 X2

|x|1/p71 t 1 + t/ e (7’+21— )t “1’21— /2 vg dt/
= r—

Qva /7T Jo 2 _ X2 (t’2 B X_2)1/4

Ua 'Ug
w2

sl R Pl
= r—- TO

Qva /7T Jo [12 2 i(_g (t%g _ %)1/4

|x|1/P*1 1 o e—1®(70,w)

Quo/TT 0 Tg _ % (7’3 B 1;_22 1/4

where
1 1 w?
D (19, w) = <T+Z>T ~ 5 Tg—v—2. (C6)
«

[1] O. Heaviside, FElectrical Papers of Oliver Heaviside Vol. 1 (Chelsea, New York, 1970), reprint.

[2] C. R. Cattaneo, Atti. Sem. Mat. Fis. Univ. Mod. 3, 83 (1948).

[3] C. R. Cattaneo, C. R. Acad. Sci. 247, 431 (1958).

[4] D. Jou, J. Casas-Vézquez, and G. Lebon, Extended irreversible thermodynamics. In Eztended Irreversible Thermodynam-
ics pp. 41-74 (Springer: Berlin, 1996).

5] R. Fiirth, Z. Phys. 2, 244 (1920).

[6] G. L. Taylor, Proc. London Math. Soc. 20, 196 (1921)

[7] S. Goldstein, Q. J. Mech. Appl. Math. 4, 129 (1950).

[8] P. C. De Jagher, Physica A 101, 629 (1980).

[9] G. Zumofen and J. Klafter, Phys. Rev. E 47, 851 (1993).

1] V. Zaburdaev, S. Denisov, and J. Klafter, Rev. Mod. Phys. 87, 483 (2015).

2] M. Giona, A. Cairoli, and R. Klages, Phys. Rev. X 12, 021004 (2022).

3] T. Sandev and A. Iomin, Europhys. Lett. (EPL) 124, 20005 (2018).

4] M. O. Céceres, J. Phys. A: Math. Theor. 53, 405002 (2020); M. O. Céceres, J. Stat. Phys. 179, 729 (2020); M. O. Céceres,
Phys. Rev. E 105, 014110 (2022); M. O. Céceres and M. Nizama, Phys. Rev. E 105, 044131 (2022).

[15] W. Stadje and S. Zacks, J. Appl. Probab. 41, 665 (2004).

[16] A. Compte and R. Metzler, J. Phys. A: Math. Gen. 30, 7277 (1997); R. Metzler and T. F. Nonnenmacher, Phys. Rev. E

57, 6409 (1998); R. Metzler and J. Klafter, Europhys. Lett. (EPL) 51, 492 (2000).

[17] J. Masoliver and K. Lindenberg, Eur. Phys. J. B 90, 107 (2017); J. Masoliver, Phys. Rev. E 93, 052107 (2016).

[18] T. Kosztolowicz, Phys. Rev. E 90, 042151 (2014).

[19] M. D’Ovidio and F Polito, Theor. Prob. Appl. 62, 552 (2018).

[20] E. Awad and R. Metzler, Fract. Calc. Appl. Anal. 23, 55 (2020).

[21] K. Gérska, A. Horzela, E. K. Lenzi, G. Pagnini, and T. Sandev, Phys. Rev. E 102, 022128 (2020).

[22] T. M. Michelitsch, F. Polito, and A. P. Riascos, larXiv:2206.14694.

[23] G. H. Weiss, Physica A 311, 381 (2002).

[24] D. D. Joseph and L. Preziosi, Rev. Mod. Phys. 61, 41 (1989); Rev. Mod. Phys. 62, 375 (1990).

[25] R. Spigler, Math. Meth. Appl. Sci. 43, 5953 (2020).

[26] J. Masoliver, Entropy 23, 364 (2021).


http://arxiv.org/abs/2206.14694

18

[27] L. F. Richardson, Proc. R. Soc. Lond. A 110, 709 (1926).
[28] A. S. Monin and A. M. Yaglom, Statistical Fluid Mechanics: Mechanics of Turbulence Vol. 2 (MIT Press: Cambridge,
1975).
[29] S. L. Denisov and W. Horsthemke, Phys. Rev. E 65, 031105 (2002); S. I. Denisov and W. Horsthemke, Phys. Rev. E 65,
061109 (2002).
R. Haggerty and S. M. Gorelick, Water Resour. Res. 31, 2383 (1995).
M. Dentz, P. Gouze, A. Russian, J. Dweik, and F. Delay, Adv. Water Resour. 49, 13 (2012).
Srokowskl and A. Kaminska, Phys. Rev. E 74, 021103 (2006).
. K. Lenzi, L. R. da Silva, T. Sandev, and R. S. Zola, J. Stat. Mech. 2019, 033205 (2019); M. F. de Andrade, E. K.
nzi, L. R. Evangelista, R. S. Mendes, and L. C. Malacarne, Phys. Lett. A 347, 160 (2005).
S. M. Heidernéatsch, On the diﬁusion in inhomogeneous systems (Doctoral dissertation, Fakultdt fiir Naturwis-
enschaften, Technische Universit 4t Chemnitz, 2014).
Cherstvy, A. V. Chechkin, and R. Metzler, New J. Phys. 15, 083039 (2013).
Cherstvy and R. Metzler, Phys. Chem. Chem. Phys. 15, 20220 (2013).
Cherstvy and R. Metzler, Phys. Rev. E 90, 012134 (2014).
Cherstvy, A. V. Chechkin, and R. Metzler, Soft Matter 10, 1591 (2014).
. Li, R. Mei, Y. Xu, J. Kurths, J. Duan, and R. Metzler, New J. Phys. 22, 053016 (2020).
Belousov A. Hassanali, and E. Roldén, Phys. Rev. E 106, 014103 (2022).
O7Shaughnessy and I. Procaccia, Phys. Rev. Lett. 54, 455 (1985).
. Méndez and A. Tomin, Chaos, Solitons & Fractals 53, 46 (2013); A. Iomin, V. Zaburdaev, and T. Pfohl, Chaos, Solitons
Fractals 92, 115 (2016) A. Tomin and V. Méndez, Chaos Solitons & Fractals 82, 142 (2016).
. Sandev, A. Schulz, H. Kantz, and A. Iomin, Chaos Sohtons & Fractals 114, 551 (2018).
. S. Fa and E. K. Lenzi, Phys. Rev. E 67, 061105 (2003).
. A. F. dos Santos, L. Menon Jr, and C. Anteneodo, larXiv:2206.14229/ (2022).
. Leibovich and E. Barkai, Phys. Rev. E 99, 042138 (2019).
. Srokowski, Phys. Rev. E 75, 051105 (2007) T. Srokowski, Phys. Rev. E 80, 051113 (2009).
. Kac, Rocky Mountain J. Math 4, 497 (1974).
. Balakrishnan, Pramana J. Phys. 40, 259 (1993).
. Masoliver and G. H. Weiss, Phys. Rev E 49, 3852 (1994); J. Masoliver, J. M. Porra, and G. H. Weiss, Physica A 193,
69 (1993); J. Masoliver, J. M. Porra, and G. H Weiss, Phys. Rev. A 45, 2222 (1992).
. Masoliver and G. H. VVeiss7 Physica A 183, 537 (1992).
. Brissaud and U. Frisch, J. Math. Phys. 15, 524 (1974).
. Kitahara, W. Horsthemke and R. Lefever, Phys. Lett. A 70, 377 (1979).
. M. Sancho, J. Math. Phys. 25, 354 (1984).
E. Ratanov, Markov Process. Relat. Fields 5, 53 (1999).
I. Davydov, Dokl. Akad. Nauk SSSR 2, 474 (1934).
G. Bakunin, Plasma Phys. Rep. 29, 955 (2003).
G. Bakunin, Rep. Prog. Phys. 67, 965 (2004).
. E. Litvinenko and R. Schlickeiser, Astronomy & Astrophysics 554, A59 (2013).
Ogasawara and S. Toh, J. Phys. Soc. Japan 75, 083401 (2006).
. Kanatani, T. Ogasawara, and S. Toh, J. Phys. Soc. Japan 78, 024401 (2009).
. Sawford, Annu. Rev. Fluid Mech. 33, 289 (2001).
. M. Sokolov, Phys. Rev. E 60, 5528 (1999)
. Sandev, A. Iomin, and L. Kocarev Phys. Rev. E 102, 042109 (2020).
. Masoliver and G. H. Weiss, Eur. J. Phys. 17, 190 (1996)
. D. Kolesnik and N. Ratanov, Telegraph Processes and Option Pricing (Springer: Heidelberg, 2013).
.C

w
=
wzgme

. G.
. G.
. G.
. G.

WEE W W ww
B O 0,00, R Oy

EECEZRZZRAR<BR <p e p

TR TR R R
S L0.RX0 N % &

. M. Sokolov, Phys. Rev. E 66, 041101 (2002).
hechkin and I. M. Sokolov, Phys. Rev. E 103, 032133 (2021).

. Sandev, V. Domazetoski, L. Kocarev, R. Metzler, and A. Chechkin, J. Phys. A: Math. Theor. 55, 074003 (2022).

. Masoliver, J. M. Porra, and G. H. Weiss, Phys. Rev. E 48, 939 (1993).

. Masoliver, Phys. Rev. E 99, 012121 (2019)

. S. Gradshteyn and I. M. Ryzhlk Table of Integrals, Series, and Products (Academic Press: San Diego, 2007).

. R. Prabhakar, Yokohama Math. J. 19, 7 (1971).

. Gorenflo, A. A Kilbas, F. Mainardi, and S. V. Rogosin, Mittag-Leffler Functions, Related Topics and Applications
(New York, NY, USA: Sprlnger 2020).

[75] R. Garra and R. Garrappa, Commun. Nonlinear Sci. Numer. Simul. 56, 314 (2018); T. Sandev, A. V. Chechkin, N.
Korabel, H. Kantz, I. M. Sokolov, and R. Metzler, Phys. Rev. E 92, 042117 (2015).

[76] M. R. Evans and S. N. Majumdar, Phys. Rev. Lett. 106, 160601 (2011).

[77] M. R. Evans, S. N. Majumdar, and G. Schehr, J. Phys. A: Math. Theor. 53, 193001 (2020).

[78] M. R. Evans and S. N. Majumdar, J. Phys. A: Math. Theor. 47, 285001 (2014).

[79] A

(80]

= O © 00O Uik WK F O OO0 Otk W —

B OO0 X0 NGO WN OO0 ND MWK

W
PROS SR P S EEREKOOm AT AR &

NN o g oo o oo ool ol ol ot ot of ot

. Mas6-Puigdellosas, D. Campos, and V. Méndez, Phys. Rev. E 99, 012141 (2019).
A. S. Bodrova, A. V. Chechkin, and I. M. Sokolov, Phys. Rev. E 100, 012120 (2019); A. S. Bodrova, A. V. Chechkin,
and I. M. Sokolov, Phys. Rev. E 100, 012119 (2019).


http://arxiv.org/abs/2206.14229

19

[81] A. S. Bodrova and I. M. Sokolov, Phys. Rev. E 101, 052130 (2020); A. S. Bodrova and I. M. Sokolov, Phys. Rev. E 101,
062117 (2020).

[82] M. R. Evans and S. N. Majumdar, J. Phys. A: Math. Theor. 51, 475003 (2018).

[83] O. Tal-Friedman, A. Pal, A. Sekhon, S. Reuveni, and Y. Roichman, J. Phys. Chem. Lett. 11, 7350 (2020); B. Besga, A.

Bovon, A. Petrosyan, S. N. Majumdar, and S. Ciliberto, Phys. Rev. Res. 2, 032029(R) (2020)

S. Ray, J. Chem. Phys. 153, 234904 (2020).

S. Ray, Phys. Rev. E 106, 034133 (2022).

P. C. Bressloff, Phys. Rev. E 102, 042135 (2020).

I. Santra, U. Basu, and S. Sabhapandit, J. Stat. Mech. 2020, 113206 (2020).

G. Tucci, A. Gambassi, S. N. Majumdar, and G. Schehr, aerv 2203.16066! (2022).

P. Xu, T. Zhou, R. Metzler, and W. Deng, New J. Phys. 24, 033003 (2022).

T. Zhou, P. Xu, and W. Deng, Phys. Rev. Res. 2, 013103 (2020).

J. Schlff The Laplace Transform: Theory and Apphcatlons (New York: Springer, 1999).

G. B. Arfken and H. J. Weber, Mathematical Methods for Physicists 6th edn (Amsterdam: Elsevier, 2005).

S. N. Majumdar, S. Sabhapandit, and G. Schehr, Phys. Rev. E 91, 052131 (2015).

V. Stojkoski, T. Sandev, L. Kocarev, A. Pal, Phys. Rev. E 104, 014121 (2021).

V. Stojkoski, T. Sandev, L. Kocarev, and A. Pal, J. Phys. A: Math Theor. 55, 104003 (2022).

W. Wang, A. G. Cherstvy, H. Kantz, R. Metzler, and I. M. Sokolov, Phys. Rev E 104 024105 (2021); D. Vinod, A. G.

Cherstvy, W. Wang, R. Metzler, and I. M. Sokolov, Phys. Rev. E 105, L012106 (2022); W. Wang, R. Metzler, and A. G.

Cherstvy, Phys. Chem. Chem. Phys. doi:10.1039/D2CP01741E (2022).

A. Pal, A. Kundu, and M. R. Evans, J. Phys. A: Math. Theor. 49, 225001 (2016).

M. Radice, Phys. Rev. E 104, 044126 (2021); M. Radice, J. Phys. A: Math. Theor. 55, 224002 (2022).

A. Pal, L. Ku$mierz, and S. Reuveni, New J. Phys. 21, 113024 (2019).

A. Pal V. V. Prasad, Phys. Rev. E 99, 032123 (2019); C. Christou and A. Schadschneider, J. Phys. A: Math. Theor. 48,

285003 (2015).

[101] G. Tucci, A. Gambassi, S. Gupta, and E. Roldén, Phys. Rev. Res. 2, 043138 (2020).

[102] J. Cantisdn, J. M. Seoane, and M. A. F. Sanjudn, Chaos Solitons & Fractals 152, 111342 (2021).

[103] D. Das and L. Giuggioli, J. Phys. A: Math. Theor., doi:10.1088/1751- 8121/ac9765 (2022).

[104] W. H. Haut Jr. and J. A. Buck, Engineering Electmmagnetics 8th edn (New York: McGraw-Hill, 2012).

[84]
[85]
[86]
(87]
(88]
[89]
[90]
[91]
[92]
93]
[94]
[95]
(96]


http://arxiv.org/abs/2203.16066

	I Introduction
	II From the Langevin equation with dichotomic noise to the telegrapher's equation
	III Solution of the heterogeneous telegrapher's equation
	A Solution for x0=0
	B Alternative solution for x0=0

	IV Calculation of the mean squared displacement
	V Finite-velocity HDP with stochastic resetting
	A Probability density function and non-equilibrium stationary state
	B Transition to the non-equilibrium stationary state
	C Mean squared displacement

	VI Summary
	 Acknowledgements
	A Different forms of heterogeneous telegrapher's equation
	B Normalization of the PDF
	C Calculation of the integral in the renewal equation
	 References

