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Approximate Gibbsian structure in strongly correlated point

fields and generalized Gaussian zero ensembles
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Abstract

Gibbsian structure in random point fields has been a classical tool for studying their spatial
properties. However, exact Gibbs property is available only in a relatively limited class of models,
and it does not adequately address many random fields with a strongly dependent spatial structure.
In this work, we provide a very general framework for approximate Gibbsian structure for strongly
correlated random point fields, including those with a highly singular spatial structure. These
include processes that exhibit strong spatial rigidity, in particular, a certain one-parameter family
of analytic Gaussian zero point fields, namely the a-GAFs, that are known to demonstrate a wide
range of such spatial behaviour. Our framework entails conditions that may be verified via finite
particle approximations to the process, a phenomenon that we call an approximate Gibbs property.
We show that these enable one to compare the spatial conditional measures in the infinite volume
limit with Gibbs-type densities supported on appropriate singular manifolds, a phenomenon we
refer to as a generalized Gibbs property. Our work provides a general mechanism to rigorously
understand the limiting behaviour of spatial conditioning in strongly correlated point processes
with growing system size. We demonstrate the scope and versatility of our approach by showing
that a generalized Gibbs property holds with a logarithmic pair potential for the a-GAFs for any
value of c. In this vein, we settle in the affirmative an open question regarding the existence of point
processes with any specified level of rigidity. In particular, for the a-GAF zero process, we establish
the level of rigidity to be exactly L%J, a fortiori demonstrating the phenomenon of spatial tolerance
subject to the local conservation of Léj moments. For such processes involving complex, many-
body interactions, our results imply that the local behaviour of the random points still exhibits 2D
Coulomb-type repulsion in the short range. Our techniques can be leveraged to estimate the relative
energies of configurations under local perturbations, with possible implications for dynamics and
stochastic geometry on strongly correlated random point fields.

Keywords: Gibbs property; Quasi-Gibbs property; Random matrix; Random polynomials; Thermo-
dynamics; Equilibrium statistical mechanics; Rigidity phenomena; Gaussian analytic functions; Inter-
acting particle systems; Stochastic geometry.
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1 Introduction

1.1 Random point fields

A random point field II, also known as a point process, on a locally compact second countable Hausdorff
space = is a random locally finite point configuration on the space =. In other words, a point process
IT is a random variable taking values in the space of locally finite point configurations on the ambient
space =Z. Random point fields are objects of fundamental interest in a wide range of areas in pure
and applied mathematics, including but not limited to probability theory, statistical physics, spatial
statistics, network science and stochastic geometry; for a comprehensive treatment we refer the reader
to [13, 12].

The most basic model of randomness in stochastic systems is perhaps that of independent random
variables. In the world of random point fields, the canonical model of statistical independence is the
Poisson point process, which is characterized by point counts being independent across disjoint domains
in the ambient space. The model of statistically independent randomness has led to a vast body
of literature spanning several decades. However, some of the most interesting large-scale stochastic
phenomena turn out to be a result of the collaborative behavior of interacting particle systems, which
makes statistically independent models limited in their scope.

1.2 Local conditioning, Gibbs and quasi-Gibbs properties

Incorporating spatial interactions poses significant mathematical challenges in terms of the tractability
of the models. A classical concept that endeavors to locate a tractable structure in spatially dependent
models is the so-called Gibbs property. In the simple setting of a finite point configuration, the Gibbs
property entails that the likelihood of a point set o (for instance, its probability density with respect to
an appropriate background measure) takes the form of exp(—8H][o]) for a suitable energy functional H[o]
and an inverse temperature parameter 5. Concretely, the finite volume Gibbs measure on a bounded
domain D C R? is given by ([14, 16])

dPp() = Z—1D exp (—BHpl]) - dPp (), (1)

where Pp is the homogeneous Poisson point process on D, Zp is a normalizing constant, and 8 > 0
is the inverse temperature. A significant class of such energy functionals are characterized by so-called
patrwise interactions; i.e.,

Hplo] = Z U(z —y)

{z,y}Co
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for a potential function ¥ : R? — R U {oc} with appropriate decay properties. This class includes, in
particular, the well-known Lennard-Jones pair potential from statistical physics. In the present article,
we would not have the occasion to dwell further on the elaborate theory of Gibbsian point processes,
and instead refer the interested reader to the extensive treatments in the classic references [19, 53], and
the excellent survey [14].

An important aspect of the Gibbsian structure is the description of the local conditional behavior of
such processes. This is particularly effective for infinite volume systems, where it is not straightforward
to assign a probability density to a given (infinite) configuration of particles, but the same is much
simpler for its spatial conditionings, where we look at the conditional law of the process on a bounded
domain D given the configuration outside Dt (the environment). To be more precise, we consider the
conditional distribution Hp|pe of a Gibbsian point process II restricted to a bounded domain D C Z,

given the configuration I on DE. The celebrated Dobrushin-Landau-Ruelle (abbrv. DLR) equations
entail that such conditional distribution is specified by a yet another Gibbs-type density, in this case
assuming the form exp(—S8Hp[o]) for a so-called local energy functional Hp[] applied to the full point
configuration o. To provide an idea of how such local energy functionals may be structured, we content
ourselves here with the setting of a pairwise interaction potential ¥, where the local energy functional
Hp decomposes neatly as a sum of two terms, one capturing the mutual interaction of the points of o
inside D (denoted by ojp) and the other comprising of the interactions across the boundary of D i.e.,
between points of ¢ inside D and points of o outside D (denoted by ope). In particular, in this setting

we have
MHplo]= > U(lz—yh+ D>, U(z—2z]).

T,Y€0|D TEO|D; ZEG"DG

We notice that this immediately leads to a multiplicative decomposition of the conditional density of
Hppe of the form oc -exp(—BHi[op]) - exp(—fHz[o|p, 0|pe]). In summary, the spatially conditioned
Gibbs measure has the form

dPppe |:O—|D|O—|DG:| = % -exp (—fHi[oyp]) - exp (fﬂﬂz[alp,amc]) - dBp(op) , (2)

D(U|DD)

where Pp is the homogeneous Poisson point process on D, Zp(amg) is a normalizing constant (that
depends on the environment O"Dc), and S > 0 is the inverse temperature. It remains to note that if
reasonable control on the cross-boundary interaction Ha[-,:] can be obtained, the conditional density
of Il pe may be bounded from above and below between constant factors of a density exp(—SH1[-])
that depends solely on the finite point set o|p inside D, and often has a tractable algebraic form. Such
tractable bounds are of great interest, in particular in the study of stochastic dynamics of such particle
systems ; c.f. [46, 47, 48].

Several difficulties beset the implementation of the broad program outlined above. Most of these
issues straddle both technical and conceptual aspects of these models, are related to problems in rig-
orously formulating Gibbsian concepts for infinite volume systems, and involve delicate questions of
existence/stability of such systems and making concrete sense of the local Gibbs structures. Some of
the difficulties include, but are not limited to, slow decay of the pair potential ¥ (e.g., logarithmic, as
in the case of Coulomb type systems in 2D), and complications that arise when the interactions are not
merely pairwise but are of higher order. For a more detailed account, we refer the reader to [14, 44, 53]
and the references therein.

In order to address these difficulties, Osada [47] introduced the concept of Quasi-Gibbs measures for
point processes. Roughly speaking, it entails that while an exact local Gibbs structure might not be
available in many models, certain consequences of such structure (in particular, inequalities on the local
conditional distributions alluded to earlier) might nonetheless suffice to understand important properties
of such systems. This is formalized in the notion of quasi-Gibbs measures.

The quasi-Gibbs property relaxes the requirement of the classical Gibbs property (c.f. (1),(2)) by
positing that we need not have an exact equality for the spatially conditioned density, but in fact we
have upper and lower bounds on it in terms of classical Gibbs measures (as in the right hand side of
(1)), and it would further suffice to have such comparison inequalities only with respect to slices of the
Poisson process on D that restrict the latter to a fixed number of particles. For a detailed description
of the quasi-Gibbs property, we refer the reader to Appendix F; for an even more general account we
refer to [46] and the expository tract [50].

The quasi-Gibbs structure is employed in [47, 48, 46, 49], among other works, to study interacting
stochastic dynamics on infinite particle systems with logarithmic interaction potentials. This approach
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is successful in understanding the dynamics of a collection of infinitely many interacting Brownian
particles with a family of equilibrium measures that include Ginibre and Airy random point fields and
Dyson’s measures, in spite of the lack of exact Gibbs structure in such models.

1.3 Singularities of conditional measures and rigidity phenomena

In recent years, the local conditional structure of random point fields have been investigated extensively,
and it has been demonstrated that the conditional measure Il pe of a point process II on R? (with

D C R? being a bounded domain) can exhibit a rich variety of singular phenomena. Introduced in [30],
the notion of rigidity phenomena formalizes this behavior. Roughly speaking, the rigidity phenomenon
for a statistic ® on IIjp as above entails that the value of the random variable ®(IIp) is in fact determined
almost surely (abbrv. a.s.) by the point configuration I, pe; in other words, the random variable O(Ip)
is measurable with respect to | pe. For a rigorous definition we refer the reader to Definition 2.1.

The possible nature of the rigid statistic can, in principle, be quite arbitrary. A natural class of possible
statistics is provided by various moments of the points in II;p, and indeed, these turn out to be the
rigid statistics in many natural point processes, as was established in [30] for the Ginibre ensemble and
the zeros of the standard planar Gaussian analytic function. The infinite Ginibre ensemble is the weak
limit of the eigenvalues of non-Hermitian random matrices with independent and identically distributed
(abbrv. ii.d.) standard complex Gaussian entries. The standard planar Gaussian analytic function
(abbrv. GAF) is the random entire function ) - fk\j—% in the complex variable z, with the coeflicients
& being i.i.d. standard complex Gaussians ; it is well-known that its zeros form an isometry-invariant
point process on C. For more detailed descriptions of these models, we refer the reader to Appendices B
and C.

In [30], it was shown that for the Ginibre ensemble, the number of points of the process in a bounded
domain D C C is rigid, i.e., determined almost surely by the configuration of points in DC. On the
other hand, for the GAF zero ensemble, the rigid statistics are the number as well as the center-of-mass
(i.e., the mean) of the points of the process in D. The investigation of rigidity phenomena for random
point fields has spawned an substantial literature. This entails investigation of rigidity structures in a
wide array point processes that are of interest in probability theory and statistical physics, including
the Dyson sine process [22], the Airy, Bessel and Gamma processes [3], and more generally a wide class
of determinantal point processes [4, 7, 9, 52, 45, 38]. Rigidity phenomena have also been investigated
in more general settings, such as stationary stochastic processes and random Schrodinger or stochastic
Airy operators [5, 42, 41, 33]. Related phenomena, such as appearance of forbidden regions under
spatial conditioning [29, 28|, maximal rigidity [27, 39], the relationship between rigidity phenomena and
Palm measures [23, 51, 6], applications to percolation [25, 37, 32] as well as completeness problems
[22], Coulomb and Riesz gases [10, 18, 43, 17, 44], random measures and stable matchings [40, 2] and
directional effects in rigidity and dependency phenomena [1, 31| have attracted attention. Investigation
of DLR equations, especially in the context of Dyson-type processes, has been undertaken in [15, 17]; see
also [8] for spatial conditioning in general determinantal processes and its connections to the Lyons-Peres
completeness conjecture. For an overview of rigidity phenomena and its interfaces to wider themes in
statistical mechanics, we refer the reader to [26, 21, 11, 44].

It was also established in [30] that the local particle number for the Ginibre ensemble or the local
number and local center of mass for the GAF zero ensemble, form a complete set of rigid statistics for
the respective point processes. E.g., if N is the number of Ginibre points in a disk D, the conditional
distribution Hppe is mutually absolutely continuous with respect to the Lebesgue measure on DV,
A similar result holds for the GAF zero ensemble, where given the number N and the sum s of the
GAF zeros in D, the conditional distribution HD\DG is mutually absolutely continuous with respect to

the Lebesgue measure on Yy s; with Yy ¢ being the set {(z1,...,2n) € DV | Zivzl z = s} C CV.
The latter class of phenomena is referred to as tolerance. In [24], a one-parameter family of general
Gaussian analytic functions (called a-GAFs) was introduced, which exhibits an increasing number of
rigid moments of the zeros in D as the parameter « varies over R,. For concrete definitions and
statements of these results, we refer the reader to Theorem D.1.

With increasing levels of rigidity, the conditional measure Hp|pe becomes increasingly singular, in
the sense that their support becomes even more restricted and lower dimensional subsets of the ambient
space. The notion of quasi-Gibbs property, however, entails mutual absolute continuity of the local
conditional distribution of the point process with the Poisson process on the same domain (conditioned
on the particle number). It is thus of limited effectiveness in studying point processes with higher



orders of singularity, where the constraints on local particle configurations are much more than the mere
conservation of their numbers.

1.4 Approximate and Generalized Gibbsianity

In the present work, we put forward a new and more general paradigm of approximate Gibbsian structure
for random point fields, with the objective of mitigating the difficulties outlined above in the context
of point processes with strong spatial singularities. The precise structure of our approach is laid out in
detail in Section 2; herein, we discuss some important features thereof.

First, we proceed to define a notion of generalized Gibbs property that is primarily meant for a system
in the infinite volume limit. However, such a definition would necessarily be mostly conceptual, since
estimates can usually be obtained for finite particle systems. Thus, for a sequence of finite particle
approximations, we will subsequently introduce a notion of approzrimate Gibbs property, which entails
certain inequalities that can be verified via the joint probability densities of the finite particle sys-
tems. We demonstrate that the approximate Gibbsian structure on the finite particle systems implies a
generalized Gibbs property for their infinite volume limit. This is the content of Theorem 2.1.

To lay out the programme in more concrete terms, let Xoo be a point process on R? that exhibits
rigidity of numbers, and let D be a bounded domain in R?. Let & (F) denote the space of locally finite
point configurations on a Borel subset F' C RY. Let Xoo,in = XKoo N D, X out = Xeo N DL, Thus, the
particle number |Xoo in| = M(Xoo,0ut) a.8. for some measurable function 9N : Z(DC) — NU{0}. Consider
the conditional distribution of Xog in given Xoo out, denoted by Pppe [|], which exists by the general
theory of regular conditional distributions (c.f. [36]). Suppose that, conditioned on Xoo out = Y, the
points of X i, considered as a vector, live on a smooth symmetric submanifold ¥(T) ¢ C™™) (here
symmetric entails that if ¢ € X(Y) then 7- ¢ € X(T) for all permutations 7 € Sy(y), where 7 - ¢ is the
vector in C™(Y) obtained by permuting the coordinates of ¢ by the action of 7). Let ®, ¥ : R — RU{occ}
be two potential functions. For a finite point configuration o C R%, define the Hamiltonian

H> Vo] = Z@(m) + Z Uz —y).

TET {z,y}Co

Let ‘Bg(T)’Z(T) be the standard Poisson point process on D conditioned to have D9(Y) points, and for
those points, considered as a vector in C™™) | to lie on the submanifold 3(T). We say that X, satisfies
the generalized Gibbs property with the potentials (®, ¥) if for Po, ous-a.s. T there are positive quantities
m(Y), M(Y) such that for all Borel subset A C Z(D)

m(T)/Aexp (—/Hq”‘y[a]) mog("r),z("r)(a) < IP’D‘DG [A’T} < M(T)/Aexp (—/H,‘I”\I’[a]) %g(n’z(n(a) .
(3)

In the same setting, the approximate Gibbsian property for X, and a sequence (X,,) of finite particle
approximations of X, can be motivated as follows. Suppose X,, = X, a.s. and let X,,;;, = X;; N

D; X0t = X, N DL, Consider Borel subsets A ¢ 2(D) and B ¢ (D). Denoting by IP(Dn‘)DG[-H the
conditional distribution of X, i, given X,, ous and by P, oyt the marginal law of X,, ouv We can write a

canonical expression

P((Xnin € 4) 0 (Xnow € B) ) = /Bpg")DD [AIT] dPp o0t [T] = B[P0 o [A[Xn 00t] - 1[Xnou € B]] -

(4)
Let vy y.p : B(2(D)) x 2(DC) — [0,1] be the probability kernel (c.f.[35]) given by

1 N(T),2(T

i (A1) = o [ e (<H¥ ) BT (o).
Z(Y) Ja

By way of an approximate Gibbsian structure, we may begin with a somewhat naive criterion that

the quantity in (4) is comparable to (i.e., bounded from above and below up to suitable multiplicative

factors) the quantity

E[V‘P,‘I’ﬂ)( A 3 X<>o,out ) -1 [Xn,out S BH . (5)

This is, however, too strong a restriction to demand of the finite particle conditional laws Pg;)pc []], and

fail to hold, especially in settings of our interest where the eventual infinite particle limit X, has singular
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conditional distributions. To mitigate this difficulty, we posit that the terms in (4) is comparable, in
the sense of upper and lower bounds, a term like in (5) but only in a weak sense. To be more specific,
we posit that for a certain collection of good events {€,(j)},;>1 (that are measurable with respect to
X, out), and a rich enough class of events A C #(D) and B C Q(DB), the quantity

P((Xnin € 4) N (Know € B) N () (6)
is comparable, via matching upper and lower bounds, to
E V@,\P,D(A;Xoo,out) . ]]-[Xn,out S B} : ]]-[Xn,out S Qn(])]:| =+ ﬂ(]an) ’ (7)

where ¥(j,n) is an additive error term that converges to 0 for each fixed j as n — oo. The Q,(j)-s, for
each j, are finite n-particle approximation to certain events 2(j) (measurable with respect to Xoo out),
which themselves have a desirable asymptotic behaviour (as ;7 — o0) in the context of the spatial
dependency structure of the infinite volume point process Xo,. For a detailed, rigorous description of
these notions, we refer the reader to Section 2.

A key result that we establish in this article is that the approximate Gibbs property implies the
generalized Gibbs property, thereby enabling us to deduce the Gibbs-type comparisons on infinite volume
conditional measures (3) from the estimates on the finite particle approximations as laid out above. In
fact, we are able to deal with more general classes of comparing measures that the restricted Gibbs-type
potentials such as D within the ambit of our general framework. Further, it suffices that the approximate
Gibbs comparison inequalities hold only for a subsequence of {nj}r>1 in the variable n. For a rigorous
discussion of this result and its attributes, we refer the reader in particular to 2.1, and to Section 2 in
general. For many random point fields of interest, such as the a-GAFs, these comparisons hold for all
bounded measurable domains in the ambient space (with appropriate choices of the potentials (@, ¥)),
whence we say that the point field satisfies the generalized Gibbs property with respect to the potentials
(D, D).

We observe that the comparison of the terms in (6) and (7) is occurring in a weak sense in two major
ways: first, the inequalities hold only up to an additive correction that decays with growing system
size ; and secondly, the comparison holds only on certain good events (namely, the Q,(j)-s), and not in
general. These good events occupy an increasingly large fraction of the probability space with growing
system size, but yet not all of it for any finite n-particle system - indeed, for many point processes
that have strong rigidity properties in the infinite volume limit, such a requirement on finite particle
approximations would simply not be true.

1.5 Implications for strongly singular point fields

A fundamental implication of our approach to approximate Gibbs structures is that it allows us to
obtain comparison inequalities for spatial conditioning on particle systems in the infinite volume limit,
even when the latter have strong spatial singularities and might not have analytically tractable forms.
While the regular conditional distributions for spatial conditionings in point processes exist by abstract
theory, it is generally very difficult to deduce any concrete information about them in the infinite volume
limit, except in special cases, such as systems with an exact (or quasi) Gibbs structure. This is because
the singularity of the conditional distribution in the infinite volume limit is usually not observed in the
finite particle approximation, where a joint density for the entire particle system would normally exist
(see, e.g., the standard planar GAF zero process [30]).

Our approach to approximate Gibbs structures is able to address this problem in a broad class of
strongly singular point processes. This is encapsulated in Theorem 2.1, wherein a very general technique
is demonstrated for transitioning from comparison inequalities for finite particle systems to those for a
limiting infinite particle system. To our knowledge, such results pertaining to strongly singular point
processes are unknown in the literature. In fact, the most singular processes for which Gibbs-type
bounds on conditional measures are known all exhibit no further rigidity that the rigidity of local
particle numbers (in the sense of [30]); it may be noted that the spatial conditioning Ippe for such
processes is usually absolutely continuous with respect to the canonical Poisson process (conditioned
to have the right particle number N); see e.g. the literature on the quasi-Gibbs property (c.f. [50]
and the references therein). This latter distribution is reasonably tractable; taken in uniform random
order, the points are uniformly distributed on the appropriate power DV of the domain D. Further,
the number of points in D being a desired value N for the finite particle system is usually an event of
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positive probability, and conditioning on this event gives a good approximation to the infinite particle
system conditioned to have N points in D. No such advantages are available for higher order rigidity :
e.g., for the finite particle approximations to the planar GAF zero ensemble, the event that the centre
of mass of the particles in D equals a desired value s is an event of zero probability.

Significant models of random point fields for which our framework sheds particularly useful light
include zeros of the standard planar GAF, and more generally, the zero ensembles of a-GAFs, which are
canonical generalizations of the standard GAF into a one-parameter family. Since the a-GAFs exhibit
increasingly singular conditional structure as « varies (roughly, Léj moments of the point configuration
in D are determined a.s. by that in D), the effectiveness of our approach for a-GAFs demonstrates its
ability to address highly singular spatial structures. In general, for any a we are able to show that
the conditional law Hp po for such a process has a density (with respect to a canonical background
measure on its support) that is comparable to the squared Vandermonde density. Thus, we establish
in particular that even under spatial conditioning, the close-range repulsion structure of such a process
is preserved, wherein the joint density decays like the square of the Euclidean separation between
neighboring particles. The detailed statement of these results maybe obtained in Theorem 3.2. It goes
without saying that our results are also able to address the case of less singular processes, such as those
with the exact Gibbs property or random matrix type ensembles such as the Ginibre ensemble, sine
and Airy random point fields, among others. In particular, the case of the Ginibre ensemble has been
discussed in Section 5 as a demonstration of some of the main features of our approach in a relatively
simple scenario.

Indeed, one may observe that once the comparison inequalities for the finite particle ensembles are
available, Theorem 2.1 can be invoked as a black box in order to deduce comparison inequalities for
the infinite particle system which is of main interest. To our knowledge, this is the arguably the first
result that provides a general, principled toolbox to directly access Gibbs-type properties of strongly
singular particle systems in the infinite volume limit. This opens the door to potential applications
to very general classes of random point fields, where the infinite particle system of interest might be
intractable but analytical estimates on finite ensemble approximations are nonetheless available.

1.6 The emergence of singularity for limits of spatially conditioned point
fields

A fundamental problem in Gibbs-type comparisons for strongly singular processes is that the conditional
(Dn‘)pc are supported on different sets, with the support of IP’D‘DG

often being a singular manifold (see Theorem C.2 for reference). As such, a direct comparison inequality
on the conditional density for finite ensembles is of limited value in such a situation, since conditional
measure for the limiting infinite ensemble will live on a different support. However, known Gibbs-
type comparison results are structurally unable to address this problem. In this context, it may be
worthwhile to note that our finite system comparison inequalities are structured in the form of upper on
lower bounds on conditional probabilities of only certain particular events, and not on the conditional
densities per se (roughly speaking, the latter would entail comparison inequalities on probabilities of all

events). This enables us to mitigate the problem of differing support sets for Pppe and P(Dn‘)pc-
Another major difficulty in dealing with conditional measures for random point fields of growing size
is that, the conditioning events (defined in terms of the point configuration on DC) do not have good
consistency properties in general. To be more explicit, let us consider the situation where the set of
point configurations A in (4) contains point configurations with a fixed number of points m. Then, for
ny # ng > m, on the event X,,, in € A, we must have |Xm,0ut| =n; —m, and on the event X,,, i, € A,
we must have |X,,, out| = n2 — m. This implies, in particular, that the integral in (4) has to be taken

over disjoint subsets of 2(D). This means that the conditional probabilities ]P’(D"‘)DrJ [A|T] considered as

functions of T € ?(DG), are supported on disjoint subsets of QZ(DC) as n varies. This poses a challenge
in understanding the limiting behavior of these conditional measures as n — oo.

A key contribution of the present work is to introduce an architecture and a toolbox to understand
such limiting of conditional measures in a rigorous manner, especially in a setting with a singular infinite
volume limit. We subsequently use this analysis to obtain results on the infinite volume conditional law
Pp|pe[-[-], which is the main goal from a statistical mechanical point of view. We believe that this
toolbox can be effectively used for studying other problems (beyond Gibbs-type properties) for strongly
singular infinite particle systems; this includes but is not limited to potential applications to invariant
dynamics thereon.

measure Pp pe and its approximation P



While previous works, such as those on quasi-Gibbs properties, often used finite system comparison
inequalities largely as tools to study certain specific aspects (such as dynamics) for the infinite volume
limit (without drawing direct statistical mechanical conclusions about the limiting particle system), in
this article we obtain direct comparison inequalities for the conditional laws of infinite volume limit.
This raises the possibility of an application of our results for the study statistical mechanical properties
of strongly singular particle systems (including, in particular, their dynamics) by directly working with
the infinite volume limit.

1.7 Applications of approximate Gibbsianity
1.7.1 A precise hierarchy in levels of rigidity

We demonstrate the broad scope of our approach by using it to settle an open question on the existence
of infinite point processes at arbitrary levels of rigidity. To lay out the problem, we briefly recall the
phenomena of rigidity and tolerance in random point fields and the hierarchical structure thereof. To be
succinct, we will focus on the setting of rigidity of moments for point processes defined on the complex
plane C, with regard to a bounded domain D. Suppose for a point process Il there are k rigid moments
{Z;@l 2 = My; 0 < p < k—1} of the points {2;} jenm, of Il inside D. Then the phenomenon of tolerance
subject to these k rigid moments entails that, on the set ¥ := ﬂ’;;é Y, with ¥, := {Z;@l zé’ = M,},
the conditional measure Hppe is mutually absolutely continuous with respect to the Lebesgue measure
on ). If a point process on C satisfies this condition for all bounded measurable sets D, then the
point process Il is said to be rigid at level k.

It was established in [30] that the Ginibre ensemble is rigid at level 0, whereas the zeros of the standard
planar GAF are rigid at level 1. It is a natural question as to whether there exist point processes that
are rigid at level k, for any given k € N. This question turns out to be surprisingly challenging; while
it would be of great interest to show the existence of k-level rigid random point fields that have close
connections to important models in statistical physics, even toy examples are in fact hard to come by.
In [24], a one-parameter family of generalized Gaussian analytic functions was introduced, referred to
as the a-GAFs, with the parameter a € (0,00). In explicit terms, the a-GAF is defined as the random

k
entire function Zzozo §k(k,z)—a/2 where s are i.i.d. standard complex Gaussian random variables. The

family of a-GAFs includes, in particular, the standard planar GAF for the particular choice of parameter
«a = 1, and thus its zero set belongs to the wider class of point processes pertaining to Coulomb type
processes and their generalizations.

It was demonstrated in [24] that the zeros of the a~-GAF have k rigid moments, where k = [1].
However, rigidity at level k involves demonstrating that, subject to k rigid moments, there is tolerance,
as discussed above. Establishing tolerance is, in general, a challenging problem, and this was left open
for a-GAFs in [24], thereby leaving the program of investigating general k-rigidity incomplete.

In this paper, we settle this problem, by demonstrating that for any bounded measurable subset
D C C, the conditional density of the zeros of a-GAF is in fact comparable to the squared Vandermonde
density with respect to the Lebesgue measure on ¥(*) defined as above with k = Léj For a complete
and rigorous statement, we refer the reader to Theorem 3.2. This, in particular, implies tolerance for
the a-GAF zeros, subject to the first Léj moments. A fortiori, this answers the question raised in [24]
in the affirmative, and establishes the a-GAFs as a one-parameter family of planar point processes that
exhibit a complete hierarchy of rigidity structures with all possible levels of rigidity between 1 and oo
attainable by tuning the parameter o appropriately. In particular, the present work fully subsumes as
a special case the quantitative estimates obtained for the standard planar GAF in the preprint [20] by
the second-named author. More generally, our analysis in this paper establishes a systematic framework
to investigate the technically challenging tolerance phenomena and problems of spatial conditioning at
large for general classes of point processes.

1.7.2 Bounds on relative energies

Investigating the relative energies of configurations is an important tool in statistical mechanics, espe-
cially those with long range or higher order dependencies where a simple Gibbs structure is absent (c.f.
[44] and the references therein for a discussion in the context of Coulomb type systems; see also [53]).
While the absolute energy of particular configuration may be difficult to make rigorous sense of, it is
often technically simpler to consider the energy difference between two configurations. A setting of great
significance in this context would perhaps be the energy difference between two configurations that are



local perturbations of each other, i.e., the result of a transformation of point configurations that acts as
identity outside a suitably large compact set of the ambient space.

For a system that accords a simple local Gibbs structure with a local Hamiltonian Hp (on a bounded
domain D) (c.f. Section 1.2), the energy can be taken to be simply Hp. Additionally, we may consider
the canonical decomposition Hplo| = Hi[o|p] — BHz2[0)p, 0)pe], with the boundary effect Ha[-, ] being
controlled (possibly in terms of the outside configuration O’|Dc). In this setting, the energy difference

1 2

to a bounded additive term that depends on w). This form is particularly convenient, since H; is an
internal energy term that depends only on the finite configuration of points inside the bounded domain
D, and in well-structured models, can often have a very explicit and tractable algebraic form (c.f. the
Ising spin system in the discrete setting). For more general point fields, log conditional density of a
configuration on a bounded domain would be a natural substitute for the local energy, and the difference
between such log conditional densities would provide a indication of the change in energy between two
comparable configurations.

Random point fields with long-ranged correlations and singularities in their conditional structure
admit hardly any of this simplistic description. Yet, for motivations stemming from statistical physics as
well as stochastic geometry, it would be of great interest to obtain similar tractable bounds on the relative
energy of configurations when they are obtained from each other via a local perturbation (as discussed
above). While the physical motivations are of classical interest ([44, 53]), the stochastic geometric
considerations are also significant in the context of recent advances in those directions, for instance see
[25] for an investigation of continuum percolation on the Ginibre and Gaussian zero models. The classic
Burton and Keane argument, as an illustrative example, obtains stochastic geometric consequences
(in particular, uniqueness of infinite cluster in percolation) via local perturbations of configurations in
a bounded domain while freezing the environment (i.e., the configuration outside the said domain).
In spatially singular models, such as the Ginibre or Gaussian zeros process, this can only be done in a
manner that respects the rigidity structure of local statistics of these processes (e.g., preserving the mass
and the centre of mass for the GAF zeros) [25]. While the vanilla Burton and Keane type argument relies
on existence of such desirable local perturbations, the study of finer, quantitative stochastic geometric
properties would call forth estimates on the energy cost of such local perturbations, which is our object
of interest herein.

It is a consequence of Theorem 3.2 that the relative energy between two configurations (04(1) ,w) and
(@, w) (with oV a? supported on a bounded domain D and w supported on DB) will be bounded
by |logv(-;w) — logv(-;w)| + A(w), where v(-;w) is the comparing conditional density and A(w) is an
additive constant that depends only on the environment w. This assumes particular significance in a
setting where, as we shall see in the case of a-GAF zero processes, the comparing density v has a simple,
tractable form.

For the a-GAF zero processes, Theorem 3.2 (in particular, Corollary 3.3 thereof) implies that the rela-
tive energy would be bounded above, upto an additive constant that depends only on the environment w,
by the difference between the logarithmic energies of the configurations a(!) and o?). Here the logarith-
mic energy of a finite point configuration «, denoted by Eiog(cv), is defined as — ZI,yEa;z#y log |z — yl.
This demonstrates the fact that, while the a-GAF zeros have an intricate, many body interaction
structure entailing arbitrary orders of spatial singularity, perturbations between legitimate local con-
figurations are nonetheless energetically inexpensive, and their relative energies are bounded above by
that of simple 2D Coulomb type system with only two body interactions. This reveals an intriguing
interplay between the spatial rigidities of the a-GAF zeros on a global scale, and a certain regularity
on the local scale, wherein the impact of the strong dependency structure can nonetheless be effectively
dominated locally by a simple logarithmic Coulomb system.

between two configurations ¢(*) and o(?) with o w would simply be H; [O'|(11))] - 7—[1[0‘%)] (up

2 The generalized and approximate Gibbs properties

In this section, our objective is to state the key technical result, which is Theorem 2.1. We prove this
result in Section 4. We describe the general setup of this result now. Consider a probability space 2K
equipped with a probability measure P. We will consider point processes from 2K to R¢ for some d € N.
For any Borel subset F' C RY, let #(F) denote the space of locally finite point configurations on F. Let
B(Z(F)) denote the Borel sigma-algebra on &(F). Let D denote the set of all bounded open subsets
of R¢ whose boundary has zero Lebesgue measure. Let us recall the definition of rigidity.



Definition 2.1 (Rigidity). Consider a point process X : 2K — Z(R?) whose first intensity measure
is absolutely continuous with respect to the Lebesgue measure on R%. Consider a set D € D. A
measurable function ¢ : Z(D) — R is said to be rigid with respect to X if there exists a measurable
function ¢ : Z(DC) — R such that Y(XnN DC) = ¢(XN D) as. The point process X is said to be
number-rigid if the number of points of X N D is rigid for all D € D.

2.1 The generalized Gibbs property

In this section, our objective is to define the generalized Gibbs property. Let X : 2K — Z(R?) be a point
process whose first intensity measure is absolutely continuous with respect to the Lebesgue measure on
RZ. Consider D € D. Let Py, be the distribution of Xi, := XN D. Let P,y be the distribution of
Xout = XN DE. Let PD|DB [-]-] be the conditional measure of X;, given Xqyu¢.

Definition 2.2 (The generalized Gibbs property with respect to a probability kernel). Let v : B(Z?(D))x
2 (D) = [0,1] be a probability kernel (see [36] for reference). We say X satisfies the generalized Gibbs
property with respect to v on the domain D if there exists measurable functions m, 9t : QZ(DC) — (0,00)
such that

m(Xout) V( : ;Xout ) S ]P)D‘DG ['|Xout] S SD,t(Egout) V( : ;Xout ) a.s. (8)

Definition 2.3 (The generalized Gibbs property with respect to potentials). Assume that X is number-
rigid i.e., [Xin| = M(Xout) for some measurable function 91 : 22(DC) — NU{0}. Suppose that, conditioned
on Xout = T € Q(DB), the points of Xj, considered as a vector in C™(™)| live on a smooth symmetric

submanifold X(T) C CH)| Let ma;("r),z("r) be the standard Poisson point process on D conditioned
to have () points and for those points as a vector in C™™) to lie on the submanifold X(Y). Let
®, U : RY - RU{oo} be two potential functions. For a finite point configuration ¢ C R%, define the

Hamiltonian
HEV[o] = Z@(x) + Z Uz —vy).

rEoT T, yco

We say X satisfies the generalized Gibbs property with the potentials (®, ¥) on the domain D if there
exists measurable functions m, M : 2 (D) — (0,00) such that for Py oui-a.s. T we have for all A €
B(2(D))

T),5(° T),5(T
w(0) [ exp (<o) ARFTV o) < PoypalAlM] < (T) [ exp (<17 Io)) app Do)
We say X satisfies the generalized Gibbs property with the potentials (®, ¥) if it satisfies the generalized

Gibbs property with the potentials (®,¥) on all D € D.

Remark 2.1. If X satisfies the generalized Gibbs property with respect to the potentials (®, V) as in
Definition 2.3, then X satisfies the generalized Gibbs property, as in Definition 2.2, with respect to the
probability kernel vg g p : B(2(D)) x 2(DC) — [0,1] given by

1
vawn(A;T) = o / exp (=1 [o]) aBp (o), (9)
Z(Y) Ja
where Z(Y) is the appropriate normalizing factor.

2.2 The approximate Gibbs property

In this section, our objective is to define the approximate Gibbs property. Consider D € D. First We
introduce some notations related to point configurations inside D.

Notation 2.1. Consider m € N.
(a) Consider m-disjoint open balls By, ..., B, with rational centers and rational radii in D. Let

U(B1,....,Bn) ={YeZ2(D)||TNB;|]=1forall1 <i<m}
Then the countable collection
A7 = {¥(By,...,Bn) | B1,..., Bn as above}
is a countable basis of the Borel o-algebra of point configurations on D with exactly m points.

10



(b) Let Qlﬂ} be the collection of sets which are finite union of the elements of the basis 21 i.e.,

N k
i=1

Aieﬂgﬁforallkzlandlgigk}.

(c) Let 2 be the corresponding Borel o-algebra.
Now let us introduce some notations related to point configurations outside D.

Notation 2.2.
(a) Let n be a positive integer. Let B C D be a closed annulus whose center is the origin and
whose inradius and outradius are both rational. Consider a collection of n disjoint open balls

B; with rational radii and centres having rational co-ordinates such that B; N Pt B. Let
\Il(n, B,By,--- ,Bn) be the Borel subset of ?(DG) defined as follows:

U(n,B,Bi,-,By) ={Te 2D |[TnBl=n|TNB|=1}.
Then the countable collection
DByt = {\Il(n,B,Bl, . ,Bn) ‘ n, B, B; as above}
is a basis for the topology of QZ(DB).
(b) Let %Out be the collection of sets which are finite union of the sets in the basis B,y i.e.,
Bouw = { UL 0 | ¥; € By forall k>1and 1 <i<k}.

(c) Let B,y be the corresponding o-algebra.

Notation 2.3. Let p and ¢ be indices which take values in potentially infinite abstract sets. Let F(p, q)
and G(p, q) be non-negative functions of these indices. We write

F(p,q) = G(p,q)

if there exist positive numbers k(q) and k(g) such that for all p and ¢

k(q) F(p,q) < G(p,q) < k(q) F(p,q) -

Definition 2.4 (A sequence of events exhausts another event). A sequence of events (&;)
ezhaust another event £ if & C ;41 CEforall j > 1, and P(E\E;) — 0 as j — oo.

j>1 18 said to

The approximate Gibbs property is defined for a sequence of point processes (X,,)22 ; and a limiting
point process X, such that X,, = X, a.s. All the point processes are from 2K to & (Rd). We assume
that the first intensity measures of these processes are absolutely continuous with respect to the Lebesgue
measure on R?. Further, we assume that X, is number-rigid i.e., for every D € D, there is a measurable
function M : P(DL) — NU {0} such that [Xo ND| = N(Xs NDL) a.s. Now consider a fixed D € D.

Notation 2.4. Forn € NU {00}7 let Xn,in =X,ND, Xn,out =X, N Dcv Xoo,in =X ND, Xoo,out =
Xoo N DE, and let Py, Py, in, Py out be the distributions of X,,, X, in, X, out respectively.

Definition 2.5 (The events Q7 and Q""). For m € N, let Q7 be the event that the number of points
in Xoo in is m. For n,m € N with n > m let Q] be the event that the number of points in X, ;,, is m.

Definition 2.6 (The approximate Gibbs property with respect to a probability kernel). We say that
(Xp),2, Xoo) satisfies the approximate Gibbs property on the domain D with respect to the probability
kernel v : B(2(D)) x 2(D%) — [0,1] if for every m for which P(Q7 ) > 0, we have the following:
(a) There exists a sequence of events (€(j));=, such that each Q(j) is measurable with respect to
Xoo,out and (Q(J))j; exhausts Q7.

(b) Foreach j > 1 there exists a sequence of positive integers (nx);2 ; , a sequence of events (an (j)) e

and a sequence of real numbers (9(4, k));ozl such that the following hold:
11



(1) For each j > 1 we have limj_,o 9(j, k) = 0.

(2) For each j > 1 and k > 1 the event £, (j) is measurable with respect to X, out-
(3) For each j > 1 and k > 1 we have Qy, (j) C Q.

(4) For each j > 1 we have Q(j) C liminfy_ oo Qy, (5)-

(5) As functions of the quantities A € Am B e %out, j>1,k>1 we have

m?

p((xnk,in €A) N (Xnouw €B) N an(j))

= ]E(V(A;Xooﬂout YL[ X out € B}n[ﬂnk(j)}) + 90, k) . (10)

That is, the ratio of the left hand side and the right hand side is bounded above and below
by functions of only j - the quantities A, B, k are not involved in the bounds.

Definition 2.7 (The approximate Gibbs property with respect to potentials). We say ((X,,)>";,Xoo)
satisfies the approximate Gibbs property on the domain D with the potentials (®, ¥) if ((X,,),~;,X)
satisfies the approximate Gibbs property on the domain D with the probability kernel ve v p given by
(9). We say ((X,),—,,X) satisfies the approximate Gibbs property with the potentials (®, ¥) if it

satisfies the approximate Gibbs property with the potentials (®, ¥) on all domains D € D.

Remark 2.2. Note that the left hand side of (10) can be written as
E(ngg [A[Xop00t] 1[ Xy out € B]1[Q, (m)

]P;("k)

D|DC
sides of (10) are of a similar nature, with the left hand side being computable purely in terms of the
distribution of the finite particle system X,,. On the other hand, if the target conditional measure
V(-3 Xoo,0ut ) has a reasonably tractable form, then the right hand side may also be well-estimated (up
to additive and multiplicative errors), and thus (10) can be verified. This programme is indeed possible
to carry out for a substantial class of models, including those with arbitrarily high levels of spatial
rigidity, as we shall see later in this article.

Remark 2.3. Observe that the right hand side of (10) involves the full point process X, in the form
of Xoo,out- This is, in fact, essential, since for strongly rigid point processes X, any measure that is
comparable to the infinite volume conditional law PDch[-|XOO70ut] must almost surely be supported on
the non-trivial submanifold ¥(Xs out) (as in Definition 2.2). This information must somehow be incor-
porated into the finite particle comparison inequalities (10), which is the reason for this phenomenon.

where [” is the conditional distribution of X,,, in given X,,, out. This demonstrates that the two

2.3 From approximate Gibbs to generalized Gibbs

We are now ready to state a key technical theorem that drives the subsequent major results in the paper.
Broadly speaking, it connects the approximate Gibbs property, which is largely dependent on the finite
particle approximations, to the generalized Gibbs property, which entails a comparison for the spatially
conditional distribution for the infinite volume limit.

Theorem 2.1. If ((X,)72,,Xs) satisfies the approzimate Gibbs property with respect to a probability

n=1’
kernel v on a domain D, then X, satisfies the generalized Gibbs property with respect to v on the domain

D.

Corollary 2.2. If ((X,)2,,Xw) satisfies the approvimate Gibbs property with the potentials (®,¥) on

n=1s

a domain D, then X satisfies the generalized Gibbs property with the potentials (®, ¥) on the domain
D.

Remark 2.4. From the proof of Theorem 2.1 it will be clear that Theorem 2.1 remains valid if in
the definition of approximate Gibbs property (Definition 2.6) we replace the condition that (j) is
measurable with respect to X out by the condition that there exists an event 2(j) which is measurable

with respect to X ouy and which satisfies P(Q(j ) A Q(])) = 0. Additionally, Theorem 2.1 remains
valid if the condition Q(j) C liminfy_ o 4y, (j) only holds a.s.

12



3 Gibbsian structures for strongly singular point fields on C

In this article, we will investigate approximate and generalized Gibbsianity in the context of point pro-
cesses on C; we note in passing that our approach in fact applies to point processes on very general
spaces. In particular, we will establish generalized Gibbsian structure for point processes with arbi-
trarily high levels of spatial rigidity (equivalently, arbitrarily high degrees of singularity in their spatial
conditioning), thereby demonstrating the power and scope of the approach outlined in this article.

As a preparation to tackle the higher order singularities present, e.g., in the a-GAF zeros, we first
discuss the approximate Gibbsian structure of Ginibre ensemble. The Ginibre ensemble accords only a
mild degree of spatial singularity (namely, the rigidity of numbers); being a determinantal point process
its spatial conditioning can also be accessed via other methods (see, e.g., [8] among others). Nonetheless,
a discussion on approximate Gibbsianity of the Ginibre ensemble allows us to lay out some of the major
ingredients of our approach, and prepares the reader for the more delicate considerations that are called
forth by the a-GAF zero ensembles in the subsequent sections.

3.1 Gibbsian structure of the Ginibre ensemble

Consider the Ginibre ensemble G (see Appendix B for reference). Consider D € D (as an abuse of
notation, here we treat D as consisting of subsets of C as opposed to R2.) Let Gooin = Goo N D ie.,
it is the restriction of G inside the domain D. Let Goo out = Goo N DL i.e., it is the restriction of
Goo outside the domain D. Let M(Goo,out) be the number of points in Gein. The number of points
in Goo,in is measurable with respect to Goo ous due to the number rigidity of the Ginibre ensemble (see
Theorem B.1 in Appendix B for reference). Let p( . ;Gm,out) be the conditional distribution of Gug in

given Goo,out Where we identify the configuration G i, Wwith an element in DM (Goo out) by taking the
points in uniform random order. This distribution has a density with respect to the Lebesgue measure
on DM Coo.out) (see Theorem B.2 in Appendix B for reference).

Notation 3.1. For a vector z = (21,...,2x) € CV let
Az)= J] @-=).
1<i<j<N
For two vectors z = (x1,...,zy,) € CN* and y=1,...,yn,) € CN2 let

N1 Na

D(z3y) = H | (zi —y;) -

1=15=1

Therefore
AMa,y) =D(z)-Ay) -T(zsy) -

Here 2,y denotes the concatenated vector.

Theorem 3.1 (The generalized Gibbsian structure of the Ginibre ensemble). There exist positive quan-
tities M(Goo,out) and M(Goo,out), measurable with respect t0 Goo out, such that Geo out-a-s. we have

d 3 Goo,ou
m(Gm,out)‘A(ﬁ)‘Z = %

Jor a.e. ¢ with respect to the Lebesgue measure L on DMWGocout) I other words, the generalized Gibbs
property is satisfied with the potentials (D, V) given by ® =0 and V(z) = —2log|z|.

(Q S SD,t(Goo,out)|A(£)|2 (11)

Theorem 3.1 shows that even after the configuration outside D that is Go out is fixed, the points
inside D namely the points of G in have repulsion among them. The nature of the repulsion is similar
to the repulsion between points of a generic G, configuration.

3.2 Gibbsian structure of the zeros of o-GAF

We are now ready to delve into the approximate Gibbsian structure of the a-GAF zero ensemble. Recall
that it is known that the a-GAF zero ensemble has Léj rigid moments, so these point fields can be
highly singular depending on the value of the parameter a. The following theorem demonstrates the
full power and generality of our approach in the context of these highly singular processes, and unveils
an approximate Gibbsian structure for them via a comparison of their spatially conditioned densities
(on appropriate submaniforlds) to the squared Vandermonde density.

13



Notation 3.2. For a vector of complex numbers s = (s, , sx) € C*¥ and m € N, define the manifold

Zgg'sjformugjgk}.

i=1

Emé = {(gl; 7§m) eD”

Consider the ensemble Z, o of zeros of a-GAF Fy, o (see Appendix D for reference). Consider D € D.
Let Z4, 00,in be the restriction of the point configuration Z, ~ inside the domain D. Let Z, o out be
the restriction of the point configuration Z, o outside the domain D. Let M(Z4,00,0ut) be the number
of points in Z, o ,in. The number of points in Z, o ,in is measurable with respect to Z, o out due
to the number rigidity of the ensemble Z, o, (see Theorem D.1 in Appendix D for reference). Let
Coout(Za,00,0ut) be the array of the first [1/a| moments of Z, . in. This is measurable with respect
t0 Z4,00,0ut due to rigidity of the ensemble Z, o up to order ro := 1+ [1/a] (see Theorem D.1 in
Appendix D for reference). To be more precise, if ((1,...,(y) are the points of 2, o in in some order,
then €4 out(Za,00,0ut) = (81, -+, 8ro—1) wherefor 1 < j <r,—1,8; =¢ +---+¢J,. Let p( . ;Za,oo,out)
be the conditional distribution of Zg ocin given Zq oc,out Where we identify Z, o in with a vector in
DY (Za,.0ut) by taking the points in uniform random order. This distribution is supported on the set
Ym,s where m = M(Z4,00,0ut)s S = Ca,out(Za,00,0ut). This distribution has a density with respect to the
Lebesgue measure on %, s (see Theorem D.1 in Appendix D for reference).

Theorem 3.2 (The generalized Gibbsian structure of the a-GAF zero ensembles). There exist positive
quantities m(Za,oo,out) and zm(za,oo,out), measurable with respect to Zq, o0 out, such that Zy oo out-a-.s.

we have: )
dp : 'Za,oo, u

(Za o) [5(O < L Zmmen) ) oz, )]s (¢)
for a.e.  with respect to the measure L on X, s, where m = MN(Zq,00,0ut)s aNd 8 = €4 out(Za,00,0ut)-

In other words, the generalized Gibbs property is satisfied with the potentials (D, ) given by ® =0 and
U(z) = —2log|z|.

k (12)

Remark 3.1. Tt was shown in [30] that for proving the rigidity and tolerance of the Ginibre ensemble
and the ensemble of the roots of standard GAF, it is enough to consider D to be a disk centered at the
origin. This is also true for establishing the generalized Gibbs property as in Theorems 3.1 and 3.2. We
show this in Appendix A. Therefore, in the proofs of Theorems 3.1 and 3.2 we will assume that D is a
disk centered at the origin. We will denote the radius of the disk by .

As an immediate consequence of Theorem 3.2 we get the following.

Corollary 3.3. For a point configuration ¢ = (C1,...,(m) € D™, define the logarithmic energy as
1
510g(£) = Zlog 7|§ —al
i#j v
This is well-defined for a.e. ¢ with respect to the Lebesgue measure on D™. Then, for 24,00 0ut-a.5. the
following is true. Let m = MN(Z4,00.0ut) and 8 = €qout(Za,00,0ut)- Let 0(+; Za,00,0ut) be the density of

the conditional measure of 2y oo in gVEN 24 00 0ut With respect to the Lebesgue measure on X, 5. Then
for any two configurations ¢, g' € X5 we have

‘IOg Q(Q; Zoz,oo,out) — log Q(gl; Za,oo,out)| < 2‘510g(£) - 5log(£/)| +C

where C depends only on the conditioning Z4 o0,ous configuration and not on ¢ g.

4 Proof of Theorem 2.1

In this section our objective is to prove Theorem 2.1. We need to prove (8) from (10). We rewrite (10)
as

P( (Xppin € A) N (Xnpowt € B) N an(j))
J
= < / V(A Xog out ) dP) LG (13)
Xt ous (B) N Q. (4)
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First, we propose a sufficient criterion for (8) to hold. From (13) we get that there exists functions

~

L, U :N — (0,00) suchthatforAeQAli’Z,Be%out,jZLkZl
P((Xnk’in €A) N (Xnpow € B) N an(j))

L(j) < <U(j) . (14)
(/ V(A3 Xt ) AP) + 90, )
X5k out (B) N Qny (4)

Recall that €(j) is measurable with respect to Xoo out. Let £(j) € (D) be such that X;Ol,out(é'(j)) =
Q(7). The sufficient criterion is the following.

Lemma 4.1. If for all j €N, A € A™ . and B € Boue we have

mn’

P((Xoo,in €A) N (Xooou €B) N Q(j))

L(j) <
/ v(A;X out ) dP
X oue(B) N Q(>J)

<U@), (15)

then (8) holds with
m(Xoo,out) = L(f(Xoo,out))y SD,t(Egoo,out) = U(j(xoo,out)); j(xoo,out) = lnf{] Z 1 | Xoo,out S 5(])} .

Proof of Theorem 2.1. By Lemma 4.1 it is enough to prove (15) forall j € N, A € Qlﬂ}, and B € Boys.
Let us fix j € N, A € A", B € By Since A € A, we have

in?’ in?

lim 1[X,, im€A] =1[Xpom €A] as. (16)

k—o0

Given any € > 0 there exists a set B, € ‘Bout such that
P<((Xoo,out€B)mQ(j))A(Xoo,outeBe)> < €. (17)

Here we use the fact that £2(j) is measurable with respect to X ous. This step also justifies Remark 2.4.
The set B depends on B, ¢, and j. But since we are treating j as fixed, we suppress it from the notation.
Since B, € Bous, we have

lim 1[Xp, out € Be] = 1[Xooout € Be| aus. (18)

k— o0

We start from (14) applied to A, B, j. That is,

P( (thin € A) N (Xnk,out S BE) N an(]))

(/ V(A3 Koo our ) A + 9. )
X b out(Be) N Qny (5)

We want to derive (15) for A, B, j. We begin with the numerator of the term in the middle of (19).
Using (16) and (18) we get

L(j) <

<UG) - (19)

‘P((an €A4) N (Xnpou € Be) N an(j)) —P((an €A) N (Xooour € Be) N an(j))‘

§P<((Xnk,in€14) N (Xnk,outEBe))A((Xoo,inEA) N (Xoo,outeBe))>
=op(1se), (20)
where by ok( 1; e) we mean a term which goes to 0 as k — oo for every fixed e. Using (17) we get

‘P((Xm,in €A) N (Xooou € Bc) N an(j)) fP((vameA) N (Xsoowt € B) N Q) N an(j))'

< P( ( (Xooout €B) N Q(J)) A (Xeo,0ut € Be))
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=oc(1), (21)
where o.(1) denotes a term which goes to 0 as € goes to 0. Combining (20) and (21) we get
P( (Xngin € A) N (Xppout € Be) N an(j))
= P( (Koo € 4) N (Koo € Be) N () ) +0x(15€)
:P((Xm,in € A) N (Xooow € B) N Q>) N an(j)) +0c(1) + o (15¢) . (22)
Recall from the statement of this theorem that
Qj) C hknig,}fQ”k () - (23)

Also observe that
P((limiannl(j))A(ﬂzsznl(j))) =ox(1), (24)

l—o0

where o (1) denotes a quantity that tends to 0 as k — oo. Therefore using (23) and (24)

P((Kooin € 4) N (Xooms € B) N 90) N 0, () )
= P((Kooin € 4) N (Xocom € B) N Q) N 2, (5) N (liminf 2, (7)) )
=P((Xooin € 4) 0 (Kooout € B) N Q0) 0 Dy () 0 M2k () ) +0x(1)
:]P’((Xooym € A) N (Xooow € B) N Q>) N (ﬁlzkﬂm(j))) +or(1)
- ]P’((Xoom €A) N (Xooow € B) N Q>) N (liggfﬂnl(j))) +or(1)
=P((Xoein € 4) N (Xoout € B) N0 Q()) ) +0x(1) - (25)
Combining (22) and (25) we get

P((thinEA) N (Xnk,out GBE) N an(]))
=P (Xooin € 4) N (Xowom € B) N1 00) ) +ox(15€) +ok(1) +0c(1) (26)

Now we will carry out a similar procedure for the denominator of the term in the middle of (19). Using
(18) we get

v(A;Xo out ) dP — /

v(A;X o 0ut ) dIP”
X gue(B) N Qny (5)

/Xn;,ouxBe) Ny, (5)

< / X0 o (B J1[ 20, () (A Kocont ) = L[ X0 (B ] 1] Qu (5) ] A5 X o )| P
< /]HX;,}@M(BE)] — 1[X (B ]| aP
=or(1€), (27)

Using (17) we get

v(A;X o 0ut ) dP — / v(A;Xo 0ut ) dP
X out(B) N Quy (4) N Q>)

oco,out

/X;,om(Ba N Q. (5)

IN

/ V(A5 X out ) AP
(X out(Be)) A& (X0 (B) N Q>J))

< P( (K € ) 1920)) & (K € B0) )
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= 06(1) ’ (28)
Combining (27) and (28) we get

/ V(A Xoo0ut ) dP
Xt out (Be) N Quy (4)

:/,1 V(A;Xoo,out>dp+0k(1;€)
X out (Be) N Qny (4)

:/71 V(A;Xw7out)dIP’—l—oe(l)—l—ok(l;e). (29)
X out (B) N Qny () N Q>H)

Using (23) and (24) we get

/ V(A Xoo0ut ) dP
X' (B) N Qny (4) N Q)

V(A5 X out ) AP
1

;o,out(B) n an(J) N Q(7) Nliminf; in(j)

V(A;3X o 0ut ) dP + 0k (1)

o out(B) Ny (5) N Q>I) Mz, (5)

V(A5 Xeoout ) AP+ 0p(1)
hout(B) N Q>) Niz ke, (5)

I
T T T o T

V(A5 X out ) AP + 05(1)
out(B) N Q>) N liminfi_, o Qn, (5)

= V(A35Xso,0ut ) AP+ 0p(1) . (30)
~out (B) N Q)
Combining (29) and (30) we get
/ v(A;Xoo 0ut ) AP
x-1

b ot (B 0 2, (1)

= / V(A;Xm,out)dIP—i—ok(l;e)+0k(1)+06(1). (31)
X oue(B) N Q)
Thus, combining (26), (31), and (19) we get

P((Xooin € 4) N (Xocow € B) N103) ) ++o(1) + 0 (13¢) +0x(1)
L(j) <

<U(). (32
</ V(A5 Xeo,0ut ) dP) +0c(1) +0k(1 36) + ok (1) + (4, k)
(Xoo,out) “H(B) N Q(j)

Recall from the statement of this theorem that 9¥(j,k) — 0 as k — oo. First letting £ — oo in (32),
with € held fixed, and then letting ¢ — 0 we get

]P((Xoo,m €A) N (Xeoout €B) N Q(j))

L(j) < <U(@) -
/ V(A;Xso 0ut ) dP
(Xoo,0ut) “H(B) N Q(>J)
This concludes the proof of Theorem 2.1. |

Now it remains to prove Lemma 4.1 for which we will need another lemma.

Lemma 4.2. Let (A, T) be a second countable topological space. Let B be a countable basis of open sets.
Let F = {UleBi | B;eB foralll<i<kk> 1}. Let p1 and po be two non-negative, reqular, Borel
measures on (A, T). If for some constant ¢ > 0, u1(B) < cuz(B) for all B € F, then pu1(B) < cua(B)
forall BeT.
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Now we prove Lemma 4.1 using Lemma 4.2.

Proof of Lemma 4.1. For j > 1, let X(j) be the o-algebra formed by intersecting the sets of Byt
with £(j). Consider the finite measure space (£(5), X(j), Poo,out). For all A € A™ and B € Bou, we
have

P((xm,in €A4) N (Xooout € B) N Q(j)) /Bmg(_)p(A;T) AP o [T] .

Thus, from (15) we get that for all A € 2Am and B € Bout

m

/ p(A3T) dPoc oue[T]
BN E>)

L(j) <
/ v(A;Y) dPso out[Y]
BN E>G)

<U(®j) .

Thus, for all A € QAle we get
L p(A3T) .

L < —_ 22U 33
(J)_V(A;T)_ () (33)
for Pog ous-a.s. T € £(j). Since QAle is countable, we get (33) holds for P oue-a.s. T € £(j), and for all
A € A7, Using Lemma 4.2 on the measure space (£(j), X' (j);Poo,out) We have (33) holds for P out-
a.s. T, for all A € A?. Therefore, we get (8) with m(Xoo ous) = L(_Z (Xoo,out)) and M(Xoc out) =
U( 7 (Xso,out)) where 7 (Xog out) = nf{j > 1| X out € E(J)}- [ |

Now we prove Lemma 4.2.

Proof of Lemma 4.2. Suppose u1(B) < cuz(B) for all B € F. Since B is a basis, all U € T are
countable union of sets in B. Therefore, 1 (U) < cuz(U) for all U € T. Therefore, for any Borel set B
and an open set U containing B we have u1(B) < p1(U) < cuz(U). Since pg is a regular measure, for
any Borel set B, we have po(B) = inf{us(V) | B C V,V € T}. Therefore, we get p1(B) < cua(B). A

5 The approximate Gibbsian structure of the Ginibre Ensemble

In this section our objective is to prove Theorem 3.1. Recall from Remark 3.1 that we assume D to be
a disk of radius r( centered at the origin. Recall that p( . ;Gw7out) is the conditional measure of Gog in
given Goo,out Where we identify G in with a vector in DM (Gooout)  Alsgo recall that Q7 is the event
that M(Geo,out) = m. For each m € N we have P(Q7 ) > 0, because for the ensemble G, the number
of points in a domain is a sum of Bernoulli random variables, each with success probability strictly
between 0 and 1. Our objective is to show that G out-a.s. p( . ;Gw7out) has a density with respect
to the Lebesgue measure on D (Ce.out) and this density satisfies (11). The fact that this density exists
is already known from [30]. It is also known from [30] that a bound similar to (11) but without the
Vandermonde terms holds. We want to show that the same procedure yields the stronger bound in (11)
by using Theorem 2.1.

Notation 5.1. Let (-) be the map from LIS°_,C™ — Z2(C) which takes a vector (of variable length)
to the point configuration on C consisting of the coordinates of the vector. If two coordinates of the
vector are same, we do not distinguish them in the point configuration.

Consider the potentials (@, ¥) given by ® = 0 and ¥(z) = —2log|z|. The corresponding probabil-
ity kernel vg v p is as follows. Given T € f@(DB), the measure vg v p(-37YT) is supported on point
configurations having m = 9(T) number of points, and for A € ﬁz we have

[ 1A az©
x=1(A)
L 18 ac

where £ is the Lebesgue measure on D™. Recall that Py pe [|Y] is supported on point configurations

, (34)

th,\II,D(A;T) =

having m points, and for A € ﬁz
PD|DG[A|T] = /)(7"71(14) 5 T) .
18



If we can establish the generalized Gibbs property, then we get that for all m € N and all A € ﬁﬁf
my (Goo,out)ytb,\II,D( A 5 Goo,out ) < ]P)D‘DG [A|Goo,out] < (Goo,out)ytb,\II,D( A 5 Goo,out ) y

for some measurable functions my, 9y : Z2(DE) — (0,00). Then, by the Radon-Nikodym Theorem we

will have
’2 < dP( ) ;Goo,out)
- dL

for some measurable functions my, My : P(DE) — (0,00). Thus we get (11). Consider the finite
dimensional approximations of the Ginibre ensemble (G,,) which converge to G a.s. (see Appendix B
for reference). Due to Theorem 2.1, it is enough to verify the conditions of approximate Gibbsianity
for ((Gn)ff:l, Goo) with respect to vs v p on the domain D. We will not present the proof in full detail
because we will see that the procedure that was used in [30] for proving tolerance of the Ginibre ensemble
also yields the approximate Gibbsian structure.

02 (Goo.ont) | A() Q) < Ma(Gooour)|A(C)”

5.1 The limiting procedure for the Ginibre ensemble

We will present the proof in three steps. Here we outline the three steps. For n > 1, let G,, in = G,,ND,
Gn,out = Gn N DB~
Step 1 In this step we will define the sequence of events (Q(j));’il We will also define, for each j > 1,

the sequence of positive integers (ny),-, and the sequence of events (2, (j))pey- We will verify

the following conditions:

(1) QU)cQ+1) foralj>1;
(i) Q@) C QP for all j > 1;
(ifi) Q. (j) C " forall j > 1 and k > 1;
(iv) Q,,(j) is measurable with respect to G, out for all 7 > 1 and k > 1;

(v) Q(j) C liminfy o0 Q,, (j) for all j > 1.

The event €(j) is not going to be measurable with respect t0 Goo out. We will define another event
Qcerr(5), which is measurable with respect to Goo out, and which satisfies P(Q(5) A Q™ (5)) = 0.
Here we utilize Remark 2.4.

Step 2 In this step we will establish that (10) for some (9(j, k));>, ;> satisfying limy_,oc U(j, k) =0
for all j > 1. Recall that the probability kernel v is given by (34).

Step 3 In this step we will show that lim;_, . P(QZ \ Q(j)) =0.

5.1.1 Step 1
Notation 5.2. For n € N let

Z %, Sa(n) = Z %, Sy(n) = Z WLF’

WEGH out wEGH out wEGH out

Sl(n) :

Let ~
X = [51(n)] + [S2(n)] + S3(n) .

Definition 5.1 (The events @'[0] and O [0]). For n,m € N, and 6 € (0,1), let ©"[f] be the event
that:
(i) the number of points in G, iy is m;

(ii) and there is a gap of at least § between the boundary of D and the points of Gy, ot i.e., for all
x € 9D and y € Gy out, [T —y| > 6.
Let O[] be the analogous event for Go. The event ©*[f] is a subset of the event Q27" and is measurable
with respect to Gy, out. Similarly, the event ©7[6] is a subset of the event 27 and is measurable with
respect to G out-
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In [30] (see Appendix E for reference), it was shown that there exists random variables S, Sa, §3,
such that _ _
Si(n) = S1, S2(n) = Sz, S3(n)— S3 in probability.

Thus, we get a sequence (nk)zozl such that
Sl(nk) — Sl R Sg(nk) — SQ R gg(nk) — §3 a.s.

Further, we choose an increasing sequence (M. j);il diverging to co such that none of the Mj-s is an

atom of the distributions of |Sy|, [Sa|, S5. We also choose a sequence (ej);; such that 6; > 6,11 >0
for all j € Nand 6 — 0 as j — co. Now we define the events (2, (J)) ;51 p>1-

Definition 5.2 (The event Q,,(j)). For j > 1 and k > 1, let Q,, () be the event in which all of the
following conditions are satisfied:
(i) Oy [0;] occurs;

(ii) [S1 ()| < My, |Sa(ni)| < Mj, Ss(ni) < M.

The event Q,, (j) is measurable with respect to G, out, as required in condition (iv) in Step 1. Also,
the event €2, (j) is a subset of the event Q] , as required in condition (iii) in Step 1.

Next, we define the events (£(j)) ;-

Definition 5.3 (The event Q(j)). For j > 1, let Q(j) = liminfs_ o0 Oy, (j). Thus, Q(j) is the event in
which all of the following conditions are satisfied:
(i) ©; [0;] occurs for all large enough (random) k;

(ii) for all large enough (random) k, |S1(ng)| < M;, |Sa(ng)| < M;, Ss(ng) < M.

Thus, condition (v) in Step 1 is satisfied by definition. And since (M, j);il is increasing, condition (i)
in Step 1 is also satisfied. Since G, — G a.s., we have liminfy,_, o Q' C Q7. Since each Q,, (j) is a
subset of Q7! , we have Q(j) C QZ, as required by condition (ii) in Step 1.

The event Q(j) is not measurable with respect to Goo out- S0 We construct another event £2°°(j),
which is measurable with respect to Goo out, and which also satisfies P( Q" (5) AQ(j)) = 0. This is
sufficient by Remark 2.4.

Definition 5.4 (The event Q™ (j)). For j > 1, let Q" (j) be the event in which all of the following
conditions are satisfied:
(i) ©710;] occurs;

(ii) |S1] < Mj, [So| < Mj, S5 < M.
The event 2°°"(j) is measurable with respect t0 Goo out-

To show P(Q(j) AQ(j)) = 0, we construct another family of events {A(j) : € > 0}. Each A.(j)
depends on a function §(e) of e. This function 6(-) needs to be chosen appropriately.

Definition 5.5 (The event A.(j)). For j > 1 and ¢ > 0 let A.(j) be the event in which all of the
following conditions are satisfied:
(i) ©716;] occurs;

(i) |S1] < M; —d(e), |Sa| < M; — 8(e), S5 < M; — 8(e).
Each A.(j) is measurable with respect to Gooout, and A.(j) C Q" ().

The function d(-) can be chosen in such a way that
P(A() AQ)) < e
If we let € — 0 through the sequence (27")° |, then we get (Ay—n(5))o—, exhausts Q°(j). Therefore
P((j) AD()) = 0.

For the detailed procedure of choosing d(-) we refer to [30].
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5.1.2 Step 2

In this step we verify (10) holds for some (J(j, k))y>; ;> satisfying limgoo 9(j, k) = 0 for all j > 1.
Suppose that the event 2, (j) occurs for some j > 1, k > 1. Let w be a vector consisting of the
points of Gy, out. Let pzk( . ) denote the density with respect to the Lebesgue measure on D™ of the
conditional distribution of a vector consisting of the points of Gy, out taken in uniform random order
given Gy, out. Since the event Q,, (j) is a subset of the event O} [0;], using Proposition E.1 we get that
for all ¢,(’ € D™

2

exp(meg(D)ijle) exp(ng(D)ijle) ,

A(¢)
A(¢)

for some constant Ko(D) > 0. Thus on the event (2, (j) we have for all ¢,{" € D™

ol (¢') 1A < exp(mE(D)F; ' M;) - ol (¢) - [A(C)]

Thus for all A € AT

1A / o PN A2(Q) < expmEo (D)6 ) oL (€)- / M)!A(Q’)f ac ()
Thus for all B € ‘Bout we get
(/ 1a(¢) dﬁ(g)) ~]P>((Gnm €A) N (Guou € B) N an(j))
< exp(mKo(D)0; M5 ) - / < / |A(¢)] d£<<’>> dP .
(Gnk,out)il(B) n an(J) ﬂil(A) B B
Thus, using (34) we get
P((Gnk,in €A) N (Gpyows € B) N an(j))
S exp(ng(D)Gfle) . / V@,\P,D(A;Goo,out) dpP . (35)
(Gnyg.out) "H(B) N Qny ()
Similarly, we also get
IP( (Gryyin €A) N (Gppous € B) N an(j))
> exp(—ng(D)H{le) / ve,w, (A5 Gooout ) dP . (36)

(G out) "1 (B) N 2y (4)

Combining (35) and (36) we get (10) with 9(j,k) =0 for all j > 1, k > 1. This concludes Step 2.

5.1.3 Step 3

In this step we will verify that lim; .. P(Q% \ ©(j)) = 0. We need to define a sequence of events
(A())jz1-

Definition 5.6 (The event A(j)). For j € Nlet A(j) be the event in which all of the following conditions
are satisfied:
(i) ©2[0;] occurs;

(i) |Si] < M; —1, |So| < M; —1, S5 < M; — 1.

We have M1 > M, for all j € N and M; — oo as j — oo. We also have §; > ;41 >0 for all j € N
and 0; — 0 as j — oco. Therefore, we get (A(j));2, exhausts Q7. From the definition of the events
A(j), Ae(j), and Q" (j) we get

A(j) C Ac(f) € () < Q%
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Therefore (Q°°™ (5));Z, exhausts Q. Since P(Q°(j) AQ(j)) = 0and Q(j) C QF, we have lim; oo P(QZ\
Q(7)) = 0. This concludes Step 3. The relationships between the events defined in this step are as fol-
lows:

m exhaust .
QOO as j—o0 Q(])
exhaust | as j—00 almost equal
. C . h .
A() ———— Ap-n(f) —pommas—r QO (j)

6 Estimates for the finite-dimensional a-GAFs

In Sections 6 and 7 our objective is to lay down the steps of proving Theorem 3.2 using Theorem 2.1. The
detailed proofs are in Sections 8-11. In Section 7, we will carry out a three step procedure for verifying
the conditions of Theorem 2.1, analogous to what we did for the Ginibre ensemble in Section 5. In this
section we derive some estimates regarding finite dimensional approximations of the a-GAF which we will
use in Section 7. These are estimates analogous to estimates for the finite dimensional approximations
of the Ginibre ensemble in Appendix E.

6.1 Ratio of conditional densities

Consider the sequence (Fo),., of finite dimensional approximations of Fo o (see Appendix D for
reference). For n > 1, Z, , denotes the ensemble of roots of Fy, . Let 24 nin = Zan N D, Zon.out =

n—m
Zan N DC. Consider m > Iy, W E (DC) , and s € C*>~1. The conditional density of Za,n,in given

Zonout =w at some € Xy, ¢ 1S

o\ —(n+1)
n or(C,w
PLa(¢) = Clas) [A(C @) | X n(‘. a7 (37)
k=0l ((R)#)
Here ak( ) is the kth elementary symmetric function of degree k. Let
2
" o (¢ w)
D(¢ w) =) |—=—"rp (38)
i=ol ()R

So the ratio of the conditional densities at two locations (,(’ € X, 5 is
pL s (<) _ ‘A( L w)

*(D(¢ w)) "
o L(0) (D(Q ) | (39)

We need bounds for this ratio. We will bound the ratio of the Vandermonde terms and the ratio of the
symmetric functions separately. To bound the ratio of the Vandermonde terms we need some estimates
for sum of inverse powers of zeros of Fy ,, and Fq .

Notation 6.1. Let n, N € N and let v € CV. We define S[n;isv],&[n;isv] € C*H as

siyv| = M ' Sln:iv] = Uk*i(y) '
Sl (((Z)k!)‘“/2>k_0’ Slrstse] (((g)m)“”)k_o’

where we use the convention that if K —4¢ < 0 or if K —i > N then Uk_i(y) = (. Utilizing this notation
we can write D((, w) from (38) as

2

D(¢.w) =||8[n305 (0|,

2

Thus, an alternative form of (37) is

o.(6) = Clanlale )l (Jemoscal]l)
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6.2 Estimates for inverse power sums of zeroes

Now our objective is to state some estimates for the sum of inverse power of zeros. We start by
constructing a partition of unity on DL, Recall from Remark 3.1 that we assume D to be a disk of
radius 7o centered at the origin.

The functions ¢, ¢ and the partition of unity (¢, )j>0 on Db: Let

_1+e o _e(l+e)
xTr1 = 5 y T ‘=€, Tr3 = 9 .

Let ¢ be a non-negative radial C2°-function supported on [rg, z379] such that ¢ =1 on [z179, z2r0] and
o(ro +yro) = 1 — p(erog + yerg), for 0 < y < e/2. Let ¢ be another non-negative radial C2° function
with the same support as ¢, satisfying @(ro+yro) = 1 for 0 <y < e/2 and § = ¢ otherwise. Let ¢g = @
and for j > 1 let ¢;(2) = ¢(]z|/e?). Then the collection of functions (¢5),50 is a partition of unity on
DL,

Notation 6.2. For j > 0, and for I either F, ,, for some n € N or [y, ~, we define

sEsGien] = Y B g FnGiy] = Y 49

jwl
F(w)=0 F(w)=0
¢j(w)#0 ¢ (w)#0
For 7 > 1, and F same as above, let
j—1 j—1
f{]F;z; (O,j)} =Y f{w;z; (7,5 + 1)} , JH{]F;Z; (o,j)} =Y f{w;z; (j’,j’+1)} .
J'=0 §'=0

Suppose F = F,, for some n € N. Since (gbj);’io is a partition of unity, for sufficiently large 7,
54 [IF sl (0, j):| is the sum of inverse I’th power of all the zeroes of F, ,, of which there are finitely many.
So we can define ﬂ[IFayn;l; (0,00)} as the limit of ﬂ[IFayn;l; (O,j)} as j — oo (in a.s. sense). We
cannot do this immediately for F = [F, . To do this we derive some L' bounds.

Proposition 6.1. Let ® be a C° radial function supported on the annulus {z € C: 1o < |z| < x370}.
Then, for R>1,1 €N, n € N we have:

o] f#(2)2 aoniof] <cir L L o
El/@(%)& d[Zan)(2)| < C1(R) 12 % : ﬁ . (41)

Here C1(®) > 0 is a constant depending on ®. The same bounds also hold for Z4 .
We prove Proposition 6.1 in Section 8.1.

Proposition 6.2. Forl € N andn € N

EH/@(’IZ) d[za,n](z)H gEU“E(Z) A[Zan](2) g@-ﬁ-%,

z |2l

for some constant Cy > 0. The same bounds also hold for Z, .
We prove Proposition 6.2 in Section 8.2.

Proposition 6.3 (Uniform bounds on sum of inverse powers). Forl > 1, and F either F,, ,, for some
n €N or Fy o, the following are true:
(a) For all j > 0 the following is well-defined

f[F;l; (j,oo)} =Y f[]F;z; (', 5 + 1)}
J'=j
i.e., the infinite sum converges absolutely a.s.
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(b) Forallj>0

E| |.7|F;l;(j,00) <03-l2-il-exp(—jz)
o)) <aeg

for some constant C3 > 0.

(c) Forallj>0
7 (s 2 1 N 1
P(‘f{F,l,(],OO)H>C3.Z '%'eXp *]5 <exp 7]5 .

We prove Proposition 6.3 in Section 8.3.

Proposition 6.4 (Uniform bounds on sum of absolute value of inverse powers). Let

2
sa:zl—i—{—J.
«

Forl>s,, and I either F , or Fo o0, the following are true:
(a) For all j > 0 the following is well-defined

A []F;l; (j, oo)} = i A [Fam;l; (j’,j' + 1)} .

J'=j
i.e., the sum converges a.s.
(b) Forallj >0

E[ﬂ,dﬁ‘;l;(j,oo)} } <0y ~l2~%~exp(jl)

for some constant Cy > 0.

(c) Forallj>0
. 1 N 1
P(‘ﬂ‘[F;l;(],OO)} >C4~l2-%~exp<]§>) Sexp<]§> .

Proposition 6.4 can be proved in a way similar to the proof of Proposition 6.3. So we omit the proof.

6.3 Bound on the ratio of the Vandermonde terms

Definition 6.1 (The events ©7[0] and ©7[6]). Let ©7[f] be the event that Q7 occurs and the points
of Z, , outside D are at least 6 distance away from the boundary of D. Let ©2[f] be the event that
Q7 occurs and the points of Z, ~, outside D are at least 6 distance away from the boundary of D.

Notation 6.3. For n € N let

Sa—1
< 1 1
=l X A Y
k=1 |w;€Z0 nout I Wi€Zamous 7
Sa—1
= Z J[Fa,n;k; (0,00)} ‘ + 4 [Faﬁn;sa H (0,00)} .

k=1

Proposition 6.5 (Bounding ratio of the Vandermonde terms). Suppose for some n,m € N with n > m,
and 0 € (0,1), the event O [0] occurs. Let w be a vector consisting of the roots of Fo, n outside D. Then
for all g,g e D™

A(

A

)
)

Y
S

(
(

)
)

[

)

exp<me3(D)97an) < i < exp(ng(D)Glen)

A(¢)
A(6)

Jo~ |1
€

[T

for some constant K3(D) > 0.
We prove Proposition 6.5 in Section 8.4.
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6.4 Bound on the ratio of the symmetric functions
In this section our objective is to bound the ratio D(g , g)/D(g, c_u) appearing (38).

Proposition 6.6. Consider n,m € N withn > m >r,. Lets = (s1,...,8r,_1) be an element of C*=~1.
Let w be an element of (DC)”_’”. Let ¢ and g be elements of Xy, 5. For 0 <i<m andr, <j <m let

z": op-i(w) or—j(w)

D (¢ w) = ‘<§[n;i;g],6[n;j;2¢_d]>‘ _ iz ((Z)k!)am ((z)k;)a/z | )

HG[H;O;(Q,@}HQ | ok(Cw)
; (R
Let N
D(g,g) ‘= max max Dm-(g,g). (43)

0<i<m ro<j<m
Then, there exists a constant K1(D,m) > 0 such that

1- K (D,m)-D(¢, w) < D¢ w)

< m < 1+K1(D,m)-ﬁ(£,g).

We prove Proposition 6.6 in Section 8.5. In the next proposition we bound the terms ok,i(g ) which
appears in the expression of D; ; (g, g) in (42). We introduce a notation first.

Notation 6.4. For non-negative integer 7 and positive integer j let
o . NS
malizil=(+1)-G+5) .
When i = 0, we have 7,[0; j] = (j!)*/2. Note that, for fixed j,
- Tali; j]
11_1}210 jde/2?
Thus 3°°, 1/(ma[i34])? and 202, 1/(7%/%m,[i : §]) ave finite if and only if j > ra.
Proposition 6.7 (Expansion of the elementary symmetric functions of the outside roots). Let m be a
positive integer. There exist positive constants Ko(D,m), K3(D,m), K4(D,m), such that the following
holds. Consider the ensemble Z, ,, for some n > m. There exists random variables (w,)r—_, such that

the following hold:
(1) On the event QT (ref. Definition 2.5) we have for allm <1 <n

=1.

n— *®~ 1 r
o l(w) _ = (71)"*I*T.wr.L7
n a2 g, Tall ;7]
((nfl) (n— l)!) =0
where w is the vector consisting of points of the ensemble 2 p out taken in uniform random order.
(ii) On the event Q7 we have |wy| < (KQ(D,m))T for all 0 <r <mn.

(iii) Form <1< n—r, define

nl[n] — Z (71)7" ’L;;[lil;r]r '

Forl>mn—r, let nl[n] = 0. Therefore, for allm <[l <mn

_\(n=D) (n—=0)A(ro—1) )
O—nfl(g) _( 1) Z (_1)rw7" §l+r

((yw-0)™ & | ralls T

n—I
(E (‘m["]

We prove Proposition 6.7 in Section 8.6.

+ ™

(iv) Ifl > K3(D,m), then )
o)) < Bz

[rac/2
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7 The limiting procedure for a-GAF zeroes

In Sections 6 and 7 our objective is to lay down the steps of proving Theorem 3.2 using Theorem 2.1
with Xoo = 24,00 and X, = Z, . In Section 6 we have obtained the necessary estimates for Z, ,. In
this section we will lay down the steps to verify the conditions of Theorem 2.1, and obtain (12) from
(8). The detailed proofs are in later sections.

7.1 Overview

For T € 2(DL), the probability measure Pp|pe[-|Y] is supported on the set of configurations {o € (D)
w (o) C Y5}, where m = YY) and s = €4 out(Y). Therefore, for A € B(Z(D)) satisfying
A C S

Py pe[A]Y] = p(m 1 (A);T) .

Let (P, ¥) be the potentials given by ® = 0 and ¥(z) = —2log|z|. Consider the corresponding prob-
ability kernel ve v p. For T € BZ(DC), the probability measure vg v p(-3;7Y ) is also supported on
{o € D) |7 (o) C Tps}, where m = N(Y) and s = €40t (Y). For A € B(Z(D)) satisfying
mY(A) C ¥, s we have from (9)

[ 18O g, ©
w1 (A)
[ 18(0)P ats, . ©

vowp(A;T) = ) (44)

where Ly, , is the Lebesgue measure on ¥, ;. If we can establish the generalized Gibbs property, then
we get that for all m € N and all A € 2

my (Za,oo,out)y¢,1/),D( Aj Za,oo,out ) < IEDD|DG [Alza,oo,out] < My (Za,oo,out)l/¢,w,D( A Za,oo,out ) )

for some measurable functions my, 9, : 2(DE) — (0,00). Then, by the Radon-Nikodym Theorem we

will have

dP( : ;Zoz,oo,out)
dc

for some measurable functions my, My : 2(DC) — (0,00). Thus we get (11). Due to Theorem 2.1, it is
enough to verify the conditions of approximate Gibbsianity for X,, = Z, ,, and X = Z,  with respect
to the probability kernel vs w p. As in the case of the Ginibre ensemble, here also we treat the Zq, o0 out
configurations separately depending on m = W(Za7oo7out). Since the a-GAF zero ensemble is rigid up
to order ry, the cases m =0,...,r, — 1 are trivial (3,, 5 is either the empty set or a singleton.) So we
consider m > r,. From now on we fix a value of m > r,,.

05 (Za sorom) | A ()P < (Q) < Ma(Zaoeou)|A(O)]7

The three step procedure: We will verify the conditions of approximate Gibbsianity in three steps.
» In the first step we define the events (2(j)),>, and also define, for each j > 1, the sequence (nx)72,
and the sequence of events (2, (j))re,- We also verify that
- Q) Q@ +1) for all j;
- Q) C Q%
- Q(j) is measurable with respect to 24, c0,0ut;
- Q,,(j) is measurable with respect to Zq n, out;

- Q)) Climinfy_yoo Qn,, (J) a.s.

» In the second step we verify condition (b)-(5) of the definition of approximate Gibbsianity holds with
respect to the probability kernel ve v p and some (9(j, k)) ;5 x>, Which satisfies condition (b)-(1).

» In the third step we verify P(Q2 \ Q(j)) — 0.
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Parameters M, 0, §: In each step we will define various events and prove relations between them.
These events will involve three parameters M > 3, § € (0,1), and § € (0,1). The parameter M is to be
thought of as large. The parameter 6 is to be thought of as small. The parameter ¢ is also to be thought
of as small. Our analysis will proceed by first fixing M and 6, and then taking § sufficiently small.

Convention of naming events: We will name the events in the form Q7 [5 505 M ] The subscript
n indicates that the event is measurable with respect to the roots of F, 5. Here the subscript n can be
either a positive integer or co. The superscript ¢ : j indicates that the event is the j’th event with the
subscript n defined in the i’th step. In step 3 we define the event Q3| e ;0 ;M| which doesn’t depend
on the parameter §. The sign e indicates that the parameter ¢ is not involved.

53-negligible events and §3-inclusion: Let us now introduce the notion of “§3-negligible event”
and “§3-inclusion,” where § € (0,1). The reason for using §° as opposed to just § will be clear from
Theorem 7.8.

Definition 7.1 (§3-negligible event). For § € (0,1), we say an event £ is §3-negligible if there exists a
constant C' > 0 such that
P(E) < C8°.

The constant C can involve m and D.

Definition 7.2 (6*-inclusion). For § € (0,1) we say an event & is §-included in an event & if there
exists a §3-negligible event £3 such that
&1 \ E3 C &s.

We denote this relation by
£

51 *3> 52 .
If & is obtained by excluding the §3-negligible event &3 from & i.e., & \ & = &, then we denote this
relation by

&
51%6’2.

7.1.1 Outline of Step 1

oo,

In the first step our objectives are: to define the sequence of events (2(j)),Z,; for each j > 1 define
the sequence (ng)%2,; for each j and k define the event (2, (j); show the conditions on these events as
stated in Theorem 13 are satisfied; show that Q(j) C liminfy_,00 2, (4).
Step 1.1: In Definition 7.3 we introduce the event Q1:'[§;60;M]. This event is measurable with
respect to the roots of Fy o in the annulus

An(d) = {z eC

ro < |2| < R(é)} , (45)

where we define R(d) appropriately in Section 7.2.8. Recall that ro is the radius of D. Hence
oLt [6 UK M] is measurable with respect to the roots of IF, o outside D.

Step 1.2: In Definition 7.4 we define the event Q};&l [6 505 M } This event is measurable with respect
to the roots of F, ,,, in the annulus An(d), where n; is defined in Section 7.2. Thus, this event
is measurable with respect to the roots of F, ,, outside D. The parameter ns depends ¢, but in
the notation we suppress the dependence on 6 since our analysis proceeds by first fixing M and
f and then taking ¢ sufficiently small.

Step 1.3: In Proposition 7.1 we show that for all M > 3, 6 € (0,1) and for 6 > 0 sufficiently small
depending on M, the event Q! [5 30 M} is 9%-included in the event Q}l’; [5 305 M} So there is
a %-negligible event £}*! such that

Q&l[é;H;M] \5(%:1 C Q};}[é;@;M} .

Note that, the event £}*' depends on @. But as in the case of ng, we refrain from writing it
explicitly. Although the event £} doesn’t depend on M, the relationship between the events as
above holds for § small enough depending on M.
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Step 1.4: Let (M )j 1 be a sequence of positive real numbers which is monotonically increasing
and diverges to co. Let (9]-)]‘?‘;1 be a sequence of positive real numbers which is monotonically
decreasing and converges to 0. Let (0x)52; be a sequence of positive real numbers which is
monotonically decreasing, converges to 0, and

> k< o0 (46)
k

For each 5 > 1 let
Q(j) = liminf Q1 [6x356;35M;] . (47)

k—o0

For each j > 1, let (nx)32, be the sequence (ns, )32, where we construct ns using ;. Finally,
foreach j > 1 and k > 1 let
an (]) = Q:l:;k [5k 5 Hj ;MJ} . (48)

Recall from the statement of Theorem 2.1 that we need Q(j ) to be measurable with respect to
Zn,00,0ut- This is true because for each j and k£ the event Q [5k 5055 M; ] is measurable with
respect t0 Zq,00,0ut- Similarly, we need an( ) to be measurable with respect to Zq n, out- This is
true because for each j and k the event Q”ék [5k 5055 M; ] is measurable with respect to Zq n, . out-

Each Q(j) is a subset of Q7. And each §2,, (j) is a subset of Q" .

Step 1.5: In Theorem 7.2 we show that Q(j) C liminfy_ o Oy, (J) a.s.
The relationship between the events defined in this step is

QU1 (5505 M] 205 011 (53050 .

7.1.2 Outline of Step 2

In this step our objective is to show that (13) holds for some (9(j, k)) ;> x> satistying limg—.oc 9(j, k) =
0 for all j > 1.
Step 2.1: In Definition 7.5 we introduce an event Q2![6;6;M]. This event is measurable with
respect to the roots of F, ,, outside D.

Step 2.2: In Proposition 7.3 we show that there exists a 3-negligible event 5(?’1 such that

2:1
55

Q};&l[é;e;M] \ 21 Qf{;[é;G;M}. Thus Q};gﬂé;@;M] 921[5 0; M]

Both events Q}{; [6 505 M} and Qf{; [6 505 M] are measurable with respect to the roots of F, ,,
outside D. But the crucial difference between the events is that the event Ql'l [5 0; M ] involves
the roots of F, ,, in the annulus An(d) (defined in (45)), whereas the event Q2 1[6305 M| involves
all the roots of Fy, ,,; outside D.

Step 2.3: In Proposition 7.4 we define the event Q2 2 [5 0 M] as a subset of the event Q%! [5 0; M]
obtained by removing a §3-negligible set £22

QX250 M] = Q21 [6;0;M] \ €7 . Thus Q22[6;0; M) 2 921[5 ;M| .

Step 2.4: In Proposition 7.5 we define the event Q%3 [5 0 M] as a subset of the event Q%2 [5 0; M]
obtained by removing a §3-negligible set £23:

QX2[550;M] = Q22[6;0;M] \ £° . Thus Q22[5;60;M)| %923[5 ;M| .

Step 2.5: In Proposition 7.6 we define Q24[§;0; M| as a subset of Q%3656 M| obtained by re-
moving a §-negligible set £2*4:

5§4

QX630 M] = QZ3[6;0;M] \ €. Thus Q23[6;60;M] —2— QZ4[5;0;M] .
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Step 2.6: In Proposition 7.7 we show that on the event Q%ﬁf [5 30 M} the following holds. Consider
the conditional density pZJ S( . ), where w is a vector consisting of the points of Z, n;,0ut and s
is the vector of power sums up to order r, — 1 of the points of Z, ,, in. We show, in (57), that
for every A € B(X,,,s) the ratio of

J18(¢)P a(¢)
JI6(€) R At

is bounded by positive functions of M and 6, uniformly in ns and A.

/PZ‘E(Q) dLs,, . (¢) and
A

Step 2.7: In Theorem 7.8 we establish that (13) is satisfied.
The relation between the events can be summarized as follows:

S 02 (5505 M) S 022[5505 M) <2 023(5;0;M] 2

2:4
55

Qo0 M] —— QX005 M].

7.1.3 Outline of Step 3

In this step our objective is to show that P(Q2 \ Q(j)) — 0.
Step 3.1: In Definition 7.6 we define the event Q;O’;&l [6 505 M}

Step 3.2: In Proposition 7.9 we show that there is a §3-negligible event 5?’1 such that
QX530 M)\ EFF < QL [6305M] . Thus Q¥1[6560;M)] S qr W5505M] .

Step 3.3: In Definition 7.7 we define the event Q%! [556; M].

Step 3.4: In Proposition 7.10 we show that there is a §3-negligible event 553:2 such that
O31[5505 M) \ €32 C Q¥1[5;0;M]. Thus Q31[5;0;M] 931[5 05 M] .

Step 3.5: In Definition 7.8 we define the event Q3] e ;65 M].

Step 3.6: In Proposition 7.11 we show that there is a §3-negligible event 553:3 such that
032[ 0503 M)\ €5 C Q¥1[5;0;M] . Thus Q32[e;0;M] 931[5 0;M] .

Step 3.7: In Theorem 7.12 we show that P(Q7 \ Q(j)) — 0.
The relationship between the events in this step is

3:2
032 [ o503 0] 25 031[530;M] s 031 (5305 M] s 011 (53050 .
The relationship between the events defined in all the steps is:

Q%2 e ;05 M| %931[5 0;M)] %931[5 05 M] %911[5 0;M]

ns
1:1

52 4 52 2 52 1

Qf;f[é;@;M] 2 923[5 0; M} 922[5 0; M} — (221[5 0; M} — Q“[é 0; M}
7.2 The parameters

7.2.1 The function h

Let h: N — N be a function such that

L+h(L)
M 2 s =
I=L

For the sake of definiteness, we take
h(L) = | L6 .
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7.2.2 The constant Cj

Let Cy be a positive real constant such that for [ > 1

> 1 < G (49)
r=1

el ()l < jafs

7.2.3 The function L(J)
Let L(d) be an integer satisfying the following conditions:

()
L(5)J§L(5)) 1 53
[ < _
a/8 ’
I=L(5) ! Co
(ii)
1 1 L(8)+h(L(5)) , 3
Pl =< Gl <= | >1-6%.
2 = (L) l_%;) 2

Clearly, L(d) — oo as § — 0.

7.2.4 The function C(9)

Let C(§) be a positive integer such that the following conditions hold:
(i) C(0) > L(d) + h(L(0)).
(ii) Forall 0<i<m,r, <j<m,0<r <m, 0<ry <m:
- 1

> 5 <48,

b (Tall3i+ma] - malls j + 7))

> e - —— <4,
Ll Tl
- 1
. . <o,
l—C%-l-l frea/2. Wa[l ;.7] : WQ[Z;Z =+ Tl]
- 1
, — <5t
l_%ﬂ e mo[l3d] - mall; ]
Clearly, C(6) — oo as § — 0.
7.2.5 The function g(d)
Let ¢g(d) be such that the following conditions hold:
(i) for 1 <1< () and for F either F, ,, for some n € N or Fy o
o0 o 63
P Jz:; f{F;ls(]aJ‘Fl)H >g(6) -1 NOR

(ii) for F either Fy ,, for some n € N or Fy, o
IP’(fH [F;sa ; (0,00)} > g(d) — 1) < 6.

The uniform L! bounds obtained in Propositions 6.3 and 6.4 implies the existence of g(d) satisfying
these conditions.
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7.2.6 The functions Q) ; and Qfﬁf’g

For 0 <i <m and r, < j < m define the function nyj : CC0G) 5 R such that

1e10)

Q?,j (.Tl, . ,xc((;)) = Z Li4+i—m * Li+j—m * (l!)a . (50)

l=m—(iNj)

Also define Qf’;ﬁ’g : C¢0) - R such that

s 1 L(8)+h(L(5)) )
ave(p = ENCICE 1
B (e vew)) = 1y 2 el @ (51)

7.2.7 The function €(d)

Notation 7.1.
(i) Let P, be the k-th Newton polynomial expressing the elementary symmetric function of order
k in terms of power-sums of order 1,2,---,k. That is, for complex numbers x1,--- ,z,, let
S = Z?:1 zf and e = Zi1<m<ik Ty iy -y, for 1 < k < n. Then ex = Pi(sy, - ,sg) for
1 <k <n. As a polynomial of k variables, P; does not depend on n.
(ii) For a vector w = (w1,...,wy) € C¥ and for 1 <k < N, let w(k) denote the vector (w1, ..., wg).
(iii) Let ||oo denote the L norm.

For 6 € (0,1) let €(d) € (0,1) be such that the following conditions hold:
(i) for all wy,w, € CC©) satisfying [w; — Wo|oo < €(6) and [w;|oo V [Wo|oo < g(8) we have:

g (ol () 1) — @ (R (), )] < o

(ii) for all w,w, € CC0) satisfying |w; — Wy|oo < €(6) and |, |oo V [Wy|oo < g(8) we have:

() ) - @i ([ (s))7)] < o

7.2.8 The functions R() and k(d)
Let k(0) a positive integer such that:

! gexp(—kw)g) < 8
(if)

1 l
2
1<1;Il<2%c)‘((6) (03 V 04) l Tlo eXp( k(6)2) o Ne(d),

where C3 is the constant introduced in Proposition 6.3, and Cy is the constant introduced in
Proposition 6.4.
Let R(9) :=ro exp(k(d)), where recall that rq is the radius of D.

7.2.9 The function ns

Notation 7.2. Let H[Fam;in] and H[Fa,ng ;in} be the product of the roots inside D of Fy o, and
F. n, respectively.

Let ns be such that the following hold:
(i) In the complement of a §3-negligible event we have

e max f[Fam,z,(k,kH)} J[Fa,né,l,(k,kﬂ)u O
L L 0 A e(d)
| max A1 [Fae 3803 (ke +1)] ﬂ.|[m,m,sa,(k,k+1)}‘ < W@+
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(ii) In the complement of a §3-negligible event we have
1 1 <X, p2 3
S< — < =
5 = ;|€l| 3
(iii) In the complement of a (53—neg1igible event we have

|§| “H ané,m” —‘H[]Fmoo;inHQ‘ < 4.

(iv)
POz A0l < 6.

7.2.10 The vectors 3[d], 3'[6], 3"[0]
For 1 <1 < C(6) define

(f [FW :15 (0, k(a))} o J[Fam 15 (0, k(é))D ,
3/[0] = pl(f[zﬁa,né;n(o,k(a))} ,...,J[Fam;z;(o,k(a))D,
(f{Fa,m;l;(O,w)},...,J[Fa,m sl (0,00)D .

Let
300 = (300) " 30 = () 3 = (30e)

=1 =1
Remark 7.1. Suppose m is the number of roots of F, ,, inside D and w is a vector of roots of Fq
outside D. Then for m <1 < C(4) we have

Ons—1(w)

Ons—m(w)

nld] =

l—m

Therefore 5

(" . (52)

L(8)+h(L(5))

Tns—1(w)

Ons—m (@)

L (30) =

Here we use condition (i) defining C(§). Similarly, for 0 <i < m and r, < j < m we have

I1=L(5)

. ngs Ohi oh—i(w o

LEE) = X = 2oile) o J( )) ((ns — k)" (53)
k=ns—C(6) Ins— m( )

7.3 The details of the three step procedure

7.3.1 Step 1

First, we define the event QL1 [6 0; M}

Definition 7.3 (The event Q! [§;0;M]). For M > 3,60 € (0,1), and § € (0,1), let QL' [5;0;M] be
the event in which all of the following conditions are satisfied:
(i) ©7[0] occurs ;

(i) maxi<s<s,

f{ll*’a,oo;ss (O,k‘(5))H <M;
(iii) ﬂ\[Fa,m;sa; (O,k(5))} <M ;
(v) maxosicm maxe, <j<m QF(300]) < M ;

(v) M~ < QUE(300)) < M
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Next, we define the event Q)1 [6505M].
Definition 7.4 (The event Q}L’; [6;9;M]). For M > 3,6 € (0,1), and 6 € (0,1), let Q}{; [5;9;M] be
the event in which all of the following conditions are satisfied:

(i) ©;[0] occurs ;

(il) maxi<s<s, |-& [Fam& 583 (0, k(5))] ‘ <M+1;

(iii) 7, [Fam 503 (0, k(a))} <M41;
(iv) maxo<icm maxy, <j<m QF; (Q'[é]) <M+1;

(v) (M+1)7 < QU (30]) < M +1.
Next, we show that the event QL1 [6 505 M] is 63-included in the event Q}l’; [6 505 M]
Proposition 7.1. For M >3, 0 € (0,1), and ¢ € (0,1) sufficiently small depending on M, there exists

an event EX1 such that P(EX) < C1.163 for some constant Cy.1 > 0 and

QL5305 M)\ EF € QLM [5305M], e, QU[53605M] 911[5 05 M] .

We prove Proposition 7.1 in Section 9.2. Next, we show that Q(j) C liminfy_, o Qp, (§), which is the
end goal of Step 1.

Theorem 7.2. For each j > 1, Q(j) C liminfy_ o Qp, (4) a.s.

We prove Theorem 7.2 in Section 9.3. This concludes Step 1.

7.3.2 Step 2

First, we define the event 021 [6 03 M }
Definition 7.5 (The event Q2! [§;0;M]). For M > 3,60 € (0,1), and § € (0,1), let Q21 [5;05M] be

the event in which all of the following conditions are satisfied:
(i) ©;[0] occurs ;

J{Fayna;s;(o,oo)]‘ <M+2;

(il) maxj<s<s,

(iii) 4. [Fa,né $Sq 3 (0, oo)} <M-+2;
(iv) maxo<i<m MaXe,<j<m Qf’j (Q”[(S]) <M+2;

(v) (M +2)71 < QUE(3"10]) < M +2.
Next, we show that the event Q165605 M| is 0°-included in Q%1556 M].

Proposition 7.3. For all M >3, 0 € (0,1), and § > 0 sufficiently small depending on M, there exists
an event 552:1 such that ]P(E&Q:l) < 09102 for some constant Ca.q > 0 and

QUL [5305 M) \ €2 € Q215305 M] e, QN1[5:0;M] S 021[550;M] .

We prove this Section 10.2. Next, we define the event Q22[§;60; M| by subtracting a §3-negligible
event from QZ1[63605M]. Thus, Q%1[65605 M| is 6*-included in Q%2[6560 5 M| by construction.
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Proposition 7.4. For all M > 3, 6 € (0,1), and § € (0,1), there exists an event E¥* such that
P(EF?) < C2.20° for some constant Ca.z > 0 and on QT \5 we have the following: Let ¢ be a vector
consisting of roots of Fq ns inside D. Let w be a vector conszstmg of roots of Fq ns outside D. Then

for all ng — L(6) — h(L(0))

OF2[6305M] = QF6;05M] \ £, e, QZN530;M] ——

We prove this in Section 10.3. Next, we define Qif [6 505 M } by subtracting a §3-negligible event from
972152 [5 R M} Thus 972152 [6 505 M} is 63-included in Q%;’ [6 505 M} by construction.

Proposition 7.5. For all M > 3, 6 € (0,1), and § € (0,1), there exists an event EF® such that
P(EF?) < Ca.30° for some constant Ca.3 > 0 and on o \ E23 we have

8  save(on |H[Fa,n5;in]|2 5,avg
o7 G (3']) < el < sl (7). (54)
Moreover, on the event Q22[5;0; M|\ £F3 we have

ok (¢ -w

Uns—m(g)

4 1
27 M+2°

1

e ((ns—k))" > (55)

k=0

where ¢ is a vector consisting of the roots of Fy »,; inside D, and w is a vector consisting of the roots of
Fo ns outside D. Let

023[550; M] == O22[5505 M) \ 2%, e, Q22[5305M] —2 923[5 0;M] .

We prove this in Section 10.4. Before presenting the next result let us introduce a notation.

Notation 7.3. For v = (vg,...,vy) € CV¥*l and S € N U {0} we denote by v ® 1g the vector
w = (wo,...,wxn) € CN*! such that w; = 0if i ¢ S, w; = v; if i € S. For k € N let [0 : k) denote the
set {0,1,...,k—1}. For k,n € NU {0} with n > k let [k : n] denote the set {k,k+1,...,n}.

Therefore, if w is a vector consisting of the roots of F, ,; outside D, and if the event (277" occurs, then
for all 0 <i<m and r, < j < m we have

n O (W) ok (w)
2 (o))" () )"
Z O’k—i(g) Uk—j(t—‘))

e N (VL) R (VO L2)

= (&[ns3i3w] © Ligms—c(6))> S[ns373w] © Ligms—c(s)))

= (6[ns315w] © Ljng—0(5),ns), S [153750] © Lins—c(6)ms]) -

Now we define the event Q%4[§;60; M| by subtracting a §*-negligible event from Q22 [§;60; M]|. Thus,
by construction Q%3 [6 0 M] is 63-included in Qf{f [5 505 M]

Proposition 7.6. For all M >3, 6 € (0,1), and sufficiently small § € (0,1), there exists an event E3*
such that: IP’(E(?A) < C9.46% for some constant Co.y > 0, and on the event Qﬁa \5(?’4 we have

(S [ns3i3w] © Lgims—c(): S[ns3735w] © Ligms—c)))| < 26
2 f— b)
|8fns305 0] "

max max
0<i<m ra<j<m

where ¢ is a vector consisting of the roots of Fy »,; inside D, and w is a vector consisting of the roots of
Fo ns outside D. Let

2

Qo505 M] = Q26505 M)\ E5,  ie., QE3[5505M] —— QX[550;M] .
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We present the proof of Proposition 7.6 in Section 10.5. Before proceeding to the next result let us
introduce a notation.

Notation 7.4. For a vector of points { = (C1,...,(m) € D™ let €4 1n(¢) be the vector s = (s1,...,8r,-1) €

Cr~1 such that 37, ¢/ = s; for all 1 < j < r, — 1. For a configuration of points T € (D) with
|T| =m, let €, (T) be €4 in(¢) where w({) = T.

a,in

Now we show that on the event Q%f [5 R M] the conditional density of the roots of F ,, inside D
given the roots of F, ,, outside D is well-behaved.

Proposition 7.7 (Uniform bound on the ratio of the conditional densities on Q,Q;f [5 R M] ). Suppose
972{? [5;9;M} occurs for some M >3, 0 € (0,1), and 6§ € (0,1). Let € D™ be a vector consisting of the
roots of Fo n, inside D. Let w be a vector consisting of the roots of Fo ns outside D. Let s := €4 in(().

Then for a.e. " with respect to the Lebesque measure Lo, s on X, s we have

(<) 2 (<)
(Q) B pg‘sé(g)

where f(M,0) = K5(D,m)(M? + M6~') for some constant K5(D,m) > 0. Equivalently,

2 0 S(

exp(f F(M, 9)) |i : (56)

Sexp(f(M,9))|%‘

exp(~£(1,0)) [ o1(¢') AL alc) < 4 —— <e(701.0)) [ 02(¢) d204(C)
(57)
for all AC B(Z,,s)-

This is proved in Section 10.6. Now we show that (10) in condition (b)-(5) is satisfied with respect
to the probability kernel vy w p and some (J(j, k), j»; which satisfies condition (b)-(1). This is the
end goal of Step 2. o

Theorem 7.8. There exists (9(j, k));~, j>1 such that for A € A" B e S%out, j>1,k>1, we have:

n’

]P)((Xnk,in EA) N (Xnk,out EB) N an(]))

J
=(/ o p( A Koot ) dB) + 03, )
X (B) N Qa, (5)

Ny ,out
and for each j > 1, limg_oo 9(j, k) = 0.

This is proved in Section 10.7. This concludes Step 2.

7.3.3 Step 3
First, we define the event Q31 [5;0 5 M].

Definition 7.6 (The event Q3! [§;0;M]). For M > 3,60 € (0,1), and § € (0,1), let Q31 [5;0;M] be
the event in which all of the following conditions are satisfied:
(i) ©;[0] occurs ;

(il) maxj<s<s,

I [Fans 355 (O,k(é))H <M-1;
(iii) 7, [Fam 503 (0, k(a))} <M-1;
(iv) maxo<i<m MaXe,<j<m ng (5[5]) <M-1;

(v) (M =17 < Qe (300]) <M —1.
Now we show Qf’;; [5;9 ; M} is 63-included in QL [6 505 M}
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Proposition 7.9. For M >3, 0 € (0,1), and ¢ € (0,1) sufficiently small depending on M, there exists
an event EF1 such that P(EF) < C3.16% for some constant Cs.1 > 0 and

0315505 0M] \ €81 C QN [53050M], de Q31[5505M] s QL1[5303M] .

We prove Proposition 7.9 in Section 11.1. Now we define the event Q3! [5 HUE M]

Definition 7.7 (The event Q3! [(5;9;M]). For M > 3,0 € (0,1), 6 € (0,1) let Q3! [5;9;M] be the
event in which all of the following conditions are satisfied:
(i) ©2[f] occurs;

(ii) maxi<gcs, J/[]Fa,oo;s; (07k(5))H <M -3
(ifi) 71 [Faoo 5505 (0,(0)] <M =3
(iv)
2
8 ‘H[Fam;in” 1/2
UL s
M -2 6ol
(v) Forall 0 <i<m,rq <j<m,0<r <ra,0<ry <1y
o) 7 1/2
Z Eiitry - Sltjtr < (M —2)
- T ~ 2ry
e Tlnd Tallsi4+11] - 7ol +ra) 4r? (KQ(D, m))
c(é n
z(:) m[fi] &gt o (M- 2)1/4
I=m—(iAj) mall3i] - mall5 5+ 2] | T dry (Kao(D,m))™
o n 4
i) Eititr '771[43'] < (M — 2)1/
I=m—(inj) Tall5 5] mall3i+r1]| 7 drg (Ko(D,m))™
c@ n n 1/4
STy | (r-9Y
Tallsd - malls ]| 4

l=m—(iN])

The constant K5(D,m) is defined in Proposition 6.7.
Now we show Q31[6;6; M| is 63-included in Q5105605 M].

Proposition 7.10. For M > 3, 0 € (0,1), and § € (0,1) sufficiently small depending on M, there
exists an event 5(?;2 such that IP’(E?’Q) < C3.96% for some constant Cs.o > 0 and

035505 0M) \ E2 € Q¥ [53050M], de, Q31[5505M] s Q31[5505M] .

We prove Proposition 7.10 in Section 11.2. Next, we define the event Q3:2 [ °:0; M} The e symbol
indicates that this event does not involve the parameter 0.

Definition 7.8 (The event Q32| e ;0;M]). For M > 3,60 € (0,1), let Q32| e ;0;M] be the event in
which all of the following conditions are satisfied:
(i) ©7[0] occurs ;

(i) maxi<s<s, |7 {Fam 383 (0, oo)} ’ <M-3;

(iii) 7, [Fam S (O,oo)] <M-3;
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(iv)
8

_ [1[Fa oo sin][*
M—-3 "

&l

(v) For0<i<m,rq <j<m,0<r <1y, 0< 1 <1y

<(M-2)"" -1,

S Evivr 1/2
Z Siitry - Sljtrs (M —2) .
l=m—(iAj) 7Ta“;i+7"1] ~7Ta[l;j+7’2] - 41',21(K2(D,m))2r“ s
00 “Tnsl »
Z m[+<;1 it jtrs (M —2) / »
I=m—(iNj) T [l 5 'L] cTa [l ;] =+ 7’2] - 41.& (K2 (D, m))ra s
S ol | wo
gy Tallsdl mallsi ]| T dra (Ko(Dym)™
= " n 1/4
Z 77l[+i] ) l[+§‘] (M — 2) L
iy Tell3 i malls g T 4

The constant K5(D,m) is defined in Proposition 6.7.

Now we show Q32| e ;03 M] is §3-included in Q315365 M].

Proposition 7.11. For M > 3, 6 € (0,1), and 6 € (0,1) sufficiently small depending on M, there
exists an event 553:3 such that P(Egzg) < C5.30% for some constant Cs.5 > 0 and

032103 M] \ €59 € O3 [53050M] , ie. 932[e;303M] s 031[5;0;5M] .

We prove Proposition 7.11 in Section 11.3. Now, we show that P(Q2 \ €©(j)) — 0 which is the end

goal of Step 3.
Theorem 7.12. lim;_, P(Q7 \ Q(j)) — 0.

We prove Theorem 7.12 in Section 11.4. This concludes Step 3. This also concludes the description of
the three step procedure of verifying the conditions of Theorem 2.1 in the context of the Z, o, ensemble.
The rest of the article is devoted to proving the results we have stated thus far.

8 Proofs of the results in Section 6

8.1 Proof of Proposition 6.1
Proof of (40):

1
Sl

z

°(%

/

where A is the operator

) d[Zan](z) = /%cp

(

0* 02

da?

1
21

1/2
Since lOg(E|]Fa,n(Z)|2)

/l
2l

Let

ay?

@(%)mog@@ma,n(z)ﬁ) i

We start with the identity (c.f. Section 2.4.1 in [34])

(%)Alog [Fan(2)] dL(2) ,

).

is a radial function and Laplacian of a radial function is also radial, we have

dL(z)=0.




Then the above argument implies

/%@(%) d[za,n](z):/é (%) A l0g| Zan()] dL(2)

Integrating by parts the right hand side we have

JEEGEEREEYINEN)
IEH/%(I) z)] < /’A(%@(%))‘(Eﬁlog Fan2)l]]) dc(z)

Since ® is supported in the annulus {z € C | rg < |z| < z379}, we have

log | Fon ()] a2z

Therefore

1 /2 , 1 1
‘A<Z¢(E)) SO5(®) 1T e

for some constant C5(®) > 0. Further, E‘log |ﬁan(z)| is a constant because ﬁaﬁn is N¢(0,1). Therefore

J(NERO) (G

for some constant Cs(®) > 0. This proves (40).

:|)d£(z>§06((1)),12.%.il,

Proof of (41): Let K, be the covariance kernel of Fy,,,, that is K, (z,w) = >, _, ((21,”)a . Since ® is a

radial function on C, there exists a function ® on R>q such that ®(z) = ®(|z|). Therefore

EU ﬁ@(%) d[Zayn](z)} :07/%6(%)A10g(Kn(r,r))l/2r dr,

for some constant C7 > 0. Integrating by parts we get

‘/Tl 2) Alog(K(r. )2 dr /‘ ( (;))

log(Ko, (r, 7)) ?r dr .

For r/R in the support of qﬁ we have
log(K,, (r, 7)) "? < log(K(r,r))"/?
< 08(04)(7“2/”‘ + |10gT|) < Cy(a) (Té/a + |logro| + Clo)R%Y

and

1 /7 , 1 1
’A(ﬁ@(ﬁmgcﬂ@)'l R

[la(Ea()

This proves (41) and concludes the proof of Proposition 6.1.

Therefore
log(Ky (2, 2))r dr < Cpa(®@) - 1*-

2 T2
Rl*E I-=
To

8.2 Proof of Proposition 6.2
We have

E <E l Zanl(z) | = 13 ~(Z)AlogK( 2) dL(2)
| | / |2

for some constant C3 > 0. Recall 0 < ¢ < 1. Using the uniform convergence of the continuous functions
AlogK,(z,2) = AlogK(z,z) < co on the (compact) support of @, we deduce that

n Z

) 1
/ |(|Z)AlogK (2,2)dL(z) < Ciy- 1+
7o

for some constant C14 > 0. Letting n — oo we obtain the same bound for Z, .
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8.3 Proof of Proposition 6.3
Consider n € N and [ > 1. Using Propositions 6.1 and 6.2 we get:

s o]

for all 5 > 0. For 5 = 0, the upper bound is given by Proposition 6.2. For j > 0, the upper bound is
given by (41) with R = ¢’ and ® = ¢;. Hence for all j > 0 we have

1 .
] < Cy5-1%- = - exp(—jl)
To

y o33 (34 +1) ||| < Crp- 1% 1 exp(—jl) .
> I

j'=j O

Hence we get that the infinite sum in the statement is well-defined and the bound on the expectation
also follows. The bound on the probability follows simply from Markov’s Inequality.

8.4 Proof of Proposition 6.5

Suppose the event ©]'[f] occurs. Let w be a vector consisting of points of Z, 1, ous. For ¢, g € D™ we

have
A w)  A(C) T(5w)

AlGw) A T(Gw)

)/F(g;c_u)‘ from above and below uniformly in ¢,¢" € D™, it is sufficient to bound
‘ from above and below uniformly in ¢ € D™. Here 0 € D™ is the vector of all zeros.

To bound ‘I‘(Q
IT(¢ 5w)/T(0;
Observe that

W
w

F(g/;t_d) B m n—m inj
r(0sw) _EE w;j

Therefore, to bound |I'(¢';w)/I'(05w)| it suffices to bound I5=" uniformly for ¢, € D.

Co—wj
wj

Therefore, let us fix a (o € D. Due to the f-separation between 0D and w, the ratio §; := f}—j satisfies
0] < 1.
| ]| — 0 + 9 <
Thus g
0 <1-16;l.
< r +9 — | ]|
Let log be the branch of complex logarithm given by the power series
0k
z
log(l—2)=— —
k=1
for |z| < 1. Then we have
Sa—1 ]_C
log 1 —6;] = Rlog(1l —0;) = 9‘(; f) + f(0;) ,
where
0;) =— 2.
oy -3 7 )
k=sq
Then 0,]° 0
LB rrO +
94 J < 9 Sa
Hence for some constant K,(D) > 0 we have:
n—m go o Wj n—m go
1 L = 1

39



Sa—1 1 n—m . n—m
=" 2.9 Z
k=1 Jj=1 j=1
Sa—1 n—m
SW- Z@f e S
k=1 j=1
sa—1 p[n—m +1
k=1 j=

< K4(D)§~ 1)rn.

Here we have used the fact § < 1 and the definition (c.f. Notation 6.3 for GAF-s)

s 1 1
wj Jo; (S
k=1 |w;j€Za,n,0ut J w; €EZa,n,out

Thus, we get a bound not involving (p. This completes the proof of Proposition 6.5.

8.5 Proof of Proposition 6.6

Consider n, m, s, w, ¢, ¢ " as in the statement of this proposition. We start with some simple observations:

foral0<k<n, C ZO‘Z ak i c_u , and ak(g,g) :Z(Ti(g)ak_i(c_u);
foral1<k<r,-—1, ak(g):a

k
forall1 <i<m, |oi(£)‘<<m)ré, and |oi(£/)|< m)ré

on(¢w) = on(Cw) + 30 (05(¢) = (€)) - ony(w)

Using the identity

we get -
o (¢ w)|” = low (¢ w)[’
+ 3 1(¢) = () fores ()
+ 3 2 ((03(¢) ~93(6)) (S vy (w)

+ > (@) =) (05(¢) = 3(0)) oni(w) - ong(w)) -

Dividing throughout by ((Z)kz')a and then summing the above over 0 < k < n we get

Hﬁ[n;o;@»—vﬂu}HG[nsOs@»—vﬂHi

+Z!0a —-a;(¢) !2-<§[n;j;g},6[n;j;u}>

J=Tra

(58)
(59)

(60)



D(¢.w) ~A(¢ ¢hw) <D(¢ w) <D(Cw) +A(C ¢ (61)
where
A(G )= Flos(¢) = ar(<)] (&[nsi3w).6[n3750])|

1-n(6.¢-u) < R <1 n(c ) *
where _
. s [(8ln5030).6[n3534] )|
B(¢, Chw) = |5 (¢") = (<) 2
( ) jzzra HC‘B[H;O;(C,M]H2
(2Bl () o) S0 E Sl
PE - HG[N;O;(Q 0_0)]H2
S ) -l () - () WO Sl
<i<j<m Hﬁ[";O;(vaﬂH
(63)
Using (58) we get
_ , " 0k (¢ w)ok—j (W)
‘<6[n;0;(§,£)],(‘5[n;3;C_U]>‘: kzzo _((Z)k" a
e xem Ti(Qo—i(w)ok—; (w)
“asT ey
NS ki @k (W)
BT AT
<§;]Ui@y (S[nsis )] S[nissel ),
and thus
i’aj(C/) a;(¢)] ‘<§[n 05w G[H;z;ww‘
. ) |&lms03 0]



| ‘<@[n;i;g],6[n;j;g}>‘

5 - (64)
HG[n;O;(Q,g)} H

2

NE

m
<>
=0

o5 (¢") =i (€)] - |oi (¢

J

Combining (63), (64) and using (43) and (60) we get

This concludes the proof of Proposition 6.6.

8.6 Proof of Proposition 6.7

Suppose the event 7' happens. Let ¢ be a vector consisting of the roots of F, , inside D. Fix
1 <k <n-—m. Then we have

min{k,m}
or(¢w) = or(C)on—r(w)
r=0
It follows that
min{k,m}
or(w) =ok(Cw) - or(C)on—r(w)
r=1

We can similarly expand each of the lower order term ak_T(g) in terms of o; (Q ,c_u) and obtain an

expansion of ok(g) in terms of Jj(g,g), 7 =1,...,k. In this way we get
k
on(w) =ok(C w) + > wronr(w) . (65)
r=1
The coefficient of ak(g,g) is 1. The rest of the coefficients are polynomials in o; (g), j=1,...,m.

They satisfy the recurrence relation

W; Wi—1
Wi—1 Wi—2
=A ) (66)
Wi—m+1 Wi—m
where
—o1(¢) —o2(¢) —om(¢)
1 0 0
A= .
0 0 1 0
with the boundary conditions w; = —ai(g) fori=0,...,m—1and w; = 0 for i < 0. The eigenvalues
of A are precisely the negatives of the inside zeros (i, ..., (. Due to the recursive structure in (66),
wy, is an element of A* applied to the vector (fom,l(g), ey fao(g)). This implies wy is a linear

combination of the entries of A* (with the coefficients in the linear combination being independent of
k, but depending on D and m). If the eigenvalues of a matrix A have modulus < p’, then the entries of
the matrix A* are o(p’*). Now the eigenvalues of A are (;’s and for each i we have |¢;| < 7. Therefore,
for 1 <r <n we have |w,| < (K7(D,m))" for some constant K7(D,m) > 0.

Switching variable to [ = n — k in (65) we get

o-"—l((’—d) _ (_1)n7lfr -, - §l+r . 1

(-] = &l

n—1




with wg = 1.
Using mo[l37] > 17*/? and the fact that IE|§|2 = 1if £ is a complex Gaussian random variable, we get

<E<’mw

for I > Kqo(D, m). This concludes the proof of Proposition 6.7.

n lToz/Q — lraa/Q

9 Proofs of the results in Step 1 of Section 7

9.1 Some auxiliary lemmas

Lemma 9.1. Let F be either Fo oo or Fop for some n € N. Then, except on a §3-negligible event, we
have:

max ‘
1<I<C(8)

J[F;l; (0,00)] ff{IF;l; (O,k(é))” IO
‘f“‘ [F;sa ; (0, oo)} AN [F;sa ; (0, k(é))} ’ <dNne(d).
Proof. From Propositions 6.3 and condition (i) defining k(d) we have

S e[ e 0oo0l]| - cx e 3on(-u00}))

1<I<C(6)
l
< . — 3
< Z exp( k(5)2> < 07,
1<I<C(6)

Therefore, using condition (ii) defining k(§), we get that except on a §>-negligible event

1§I}1£Eg((é)‘f[l€;l; (0,00)] - J[F;l; (O,k(é))”

1 l
< 2= —k@)=) < .
< 1§rlngacx(6) Cs-1 1 exp< k(5)2> < JAe(d)

Using Propositions 6.4 and condition (i) defining k(J), we have

P(% [Fisas (k(6),00)| > Cy 52 i -exp(k@)S—“))

< exp(—k(é)%) < 8.

Therefore, using condition (ii) defining k(§), we get that except on a §3-negligible event
‘fu [F;Sa; (O,OO)} - [F;Sa; (O,k(5))H

1 S
< .2 . _ ) < .
<Cy-sz = eXp( k(0) 5 ) < dAe(d)

This concludes the proof of Lemma 9.1. |

Lemma 9.2. Consider 6 € (0,1) and 6 € (0,1). Ezcept on a §3-negligible event we have:

max  max [QF(316]) - Q2 (3"101)| < 6

0<i<m ra<j<m

Qi (3/91) —Qui=(3')| <4
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Proof. Condition (i) defining g(§) implies that except on a §3-negligible event we have

max
1<I<C(8)

[Fansst3 0.460)]| < 0 - 1.
By Lemma 9.1 we have that except on a §3-negligible event

max
1<I<C(5)

[Fa,né sl (0, oo)} -7 [Fa,ns sl (0, k(é))} ’ < €(d) .
Therefore, using condition (i) defining €(§) we get that except on a §3-negligible event

max max [QF;(3'0]) — Q2 (3"])| <6

0<i<m ro<j<m
Similarly, from condition (ii) defining €(§) we get that except on a §3-negligible event
QrivE(3'01) - Qi (3701) | <o
This concludes the proof of Lemma 9.2. |
Lemma 9.3. Consider 6 € (0,1) and 6 € (0,1). Except on a §3-negligible we have:

s [ (B3 (0.806)] = [Fans 303 0.060)]| <5 0e(6) (67)
}fu [Foe 505 (0, () | = A1 [Fans 3505 (0,k(9)) \ <GAEld) (69)
Proof. From condition (i) defining ns we have except on a ¢3-negligible event
L 0 Ae(d)
s max f[mwo 15 (ke + 1)] — {Fa ns L3 (ke + 1)} ‘ OESE

Using triangle inequality we get (67). From condition (i) defining ns we have except on a §3-negligible
event

o Ne(d)
. . _ . . < .
Ogrl?glz(((;) 'ﬂ|| {Fa,oo 38as (k; k+ 1)} eﬂH |:IFO¢,7L5 3Sa s (ka k+ 1)} ‘ < k(5) 1
Using triangle inequality we get (68). |

Lemma 9.4. Consider 6 € (0,1) and 6 € (0,1). Except on a §>-negligible event we have:

max  max [QF;(300]) - @, (3'00])] <9

0<i<m ro<j<m

@l (3001) — Qi (3'01)| <0

Proof. Condition (i) defining g(§) implies that except on a §>-negligible event we have

x| B 513 0.409)] \ <g(6) -1,
| Jnax f{lFa,oo;l; (O,k((S))H <g(d)—-1.

From Lemma 9.3 we have that except on a §>-negligible event

15%%’15)“4%”;“ (0,/{:(6))} — f[Fa,m sl (0,/{:(5))} ‘ < €(9) .

Therefore, from condition (i) defining €(§) we get that except on a §3-negligible event

max — max ‘Qij (Q[&]) - ?J (5[(5])‘ <4.

0<i<m ro<j<m
Similarly, from condition (ii) defining €(§) we get that except on a §3-negligible event
d,av, d,av,
Qi (30) - Qi (3'10) | < 0.
This concludes the proof of Lemma 9.4. |
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9.2

Proof of Proposition 7.1

Consider M > 3, 6 € (0,1). Our objective is to verify that for 6 € (0,1) sufficiently small depending
on M, the conditions defining Q}{; [6 505 M} hold on the event QL1 [6 505 M] except on a §3-negligible

event.

(i)

(ii)

(iii)

(iv)

(v)

From condition (i) in the definition of the event Q1[5 ;6 ; M| we have that the event 7 [] occurs.
From condition (iv) in the definition of ns we have

p(OnABp[0]) <8

Therefore, the event @] [0] occurs on the event oLt [5 505 M ] except on a §-negligible event.
Therefore, condition (i) in the definition of the event Q};&l [5 505 M ] holds on the event Q11 [5 505 M }
except on a §3-negligible event.

From condition (ii) defining QX! [§;60;M] we have

max
1<s<sq

odhmﬁNQMmHéM-
Using Lemma 9.3, sacrificing a §3-negligible event, we get

max
1<s<sq

f[Fa,m;s;(O,k((S))H§M+6§M+1,

which is condition (ii) defining QL [656;M].
From condition (iii) defining Q1! [6;6; M| we have
A {Fam $Sa s (0, k(é))} <M.
Using Lemma 9.3, sacrificing a §3-negligible event, we get
I [Fana 3505 (0,1(0) | < M+5< M+ 1,
which is condition (iii) defining Q1[50 M].

From condition (iv) defining Q%! [§;6; M| we have

max max ng (Q[é]) <M.

0<i<mra<j<m

By Lemma 9.4, assuming J is small enough and sacrificing a §3-negligible event, we get

max —max ij(3'[5]) <M+65<M+1,
0<i<mra<j<m T\

which is condition (iv) defining Q! (6505 M].
From condition (v) defining Q%' [6356 5 M] we have
M < QYA (300]) < M
By Lemma 9.4, assuming § < M~ — (M + 1)~! and sacrificing a §3-negligible event, we get
(M+1)7 < QU(3/00]) < M +1,

which is condition (v) defining Q1! [656 5 M].

This concludes the proof of Proposition 7.1.
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9.3 Proof of Theorem 7.2
Recall from (47) and (48) that

Q@) = hmmf QiMok30;3M;] and Qn, () = Q};Jlk [6k30; 5 M;] .
From Proposition 7.1 we get
QL [(5k;9;Mj] \ 551;1 C Q};&lk [6k;9;Mj] ,

and
P(&5") < Crady -

D P(E) < oo
k

Therefore, using the first Borel-Cantelli lemma we get

Using (46) we get

Q(5) C liminfQ,, () a.s.
k—o00

This concludes the proof of Theorem 7.2.

10 Proofs of the results in Step 2 of Section 7

10.1 Some auxiliary lemmas

Lemma 10.1. Suppose the event Q7 occurs. Let ¢ be a vector consisting of the roots of Fo ns inside
D. Let w be a vector consisting of the roots of Fo n; outside D. Then we have:

o, (¢ w) (15 = B))° = €4 ? ]H[Fam; in] | for 0 < k< my : (69)
Jnafm(g) €0
HG[W,O, ) Hz _ |0n5(nrz'§f)| Z UOk(Qv(ﬂw)) ((ns k)!)a : (70)
. k—0| Yns—m\ ¥

((ns— ) = HLE T;’m Z|s| (72)
0 k=0

Proof. From the relation between the roots and the coefficients of the polynomial F,, ,,;, we have

Uk(gaﬁa)m = (~1 ) &ns—k (73)
(&) bns
for all 0 < k < ng. Therefore for all 0 < k < n;s
2
Uk(£7°—‘)) _ 1 |§n57k|2

1
()R [ons (Cow) | (s [

Multiplying both sides by ’H[Faﬁn 5 ;in] ’2 and using

H[Fa,né ;in] _ 1

ons () - Tns—m (@)

46



we get (69). The equality in (70) follows simply by expanding the norm:

(6e) [ fonem (@)’
Comy | T

Similarly, expanding the norm and and using (73) we get

ok(¢.w)

2 s

HG[%;O;(QQHHQZZ

2
2

HG[naso;(Q,g)HL::i

2 Z'gll

= (") k) |«sm|
Equation (72) follows by taking sum over & in (69):
ng 2 2 ng
op(C,w o H an 1n
S]] S
k=0 O-"S_m(g) |§0 k=0
This concludes the proof of Lemma 10.1. |

Lemma 10.2. On the event Qnmé we have

2

Ong—m(w
(S [ns3i3w] © Lpns—c(s)ns) S [n6373@] © Lpy—c(s)ns))| = % fj (3'[6])

for all 0 <i<m and ro < j <m, where w is a vector consisting of the roots of Fy n, outside D. (See
Notation 7.3 for explanation of the term in the Lh.s. of the above equation.)

Proof. Observe that for 0 <i<mandi<k<nsg—m

Ok—i\ W
Ung—m((ﬁ)) = Q(][Fa,ng ;1; (0,00)}’ .. ,f{Fa,ng 545 (0,00):|) = 3:1/[(5] 5
with ¢ = (ns — m) — (k — ). Therefore, for 0 <i < m and r, < j < m we have

[(&[ns303w] © Lins—c)img)s S[n6373@] © Lins—c()ma))|
ns

_ ok-i(w) orj(w)
k—mz-cm(( YR () k)

Cowm(@)] & oni(w) on(w) e
BT P— y (e =

k=ns—C(5) Tns—m C_U) Una—m(C_U

2

’Unrm ( g) ’ § (o .
TG i\ (é [5])7 (using (53)) .
This concludes the proof of Lemma 10.2. |

10.2 Proof of Proposition 7.3

Consider M > 3 and 0 € (0,1). Our objective is to verify that for § € (0, 1) sufficiently small depending
on M, the conditions defining Q2! [6 05 M } hold on the event QL1 [6 0; M ] except on a §3-negligible
event.

(i) Condition (i) defining QL 1[0;6; M] is same as condition (i) defining Q2! [556; M].
(ii) From condition (i) defining Q1! [55035M] we have

max
1<s<sq

]{Fa,ng 553 (O,kz(é))H <M+1.
Using Lemma 9.1, sacrificing a §>-negligible event, we get

max
1<5<sq

J[Fa,m;s;(o,oo)H§M+1+6§M+2,

which is condition (ii) defining Q% [5 0; M]
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(iii) By condition (iii) defining Q1 [63605 M + 1] we have
N [Fa,né 383 (0, k(é))} <M+1.
Using Lemma 9.1, sacrificing a §3-negligible event, we get
f|,|[Fa,n5;sa;(0,oo)} <M+1+6<M+2,
which is condition (iii) defining Q%:; [(5 505 M}

(iv) By condition (iv) defining ;1[50 5 M + 1] we have

max max Q (3 [(5])§M—|—1.

0<i<m ro<j<m

Using Lemma 9.2, sacrificing a §3-negligible event, we get

max  max Q%(B”[é]) <M+1+6<M+2,
0<i<m ra<j<m “I\Z

which is condition (iv) defining Q%! [6 05 M }
(v) By condition (v) defining Q! [63605 M + 1] we have
(M+1)7 < QU#(3/00]) < M+1.
Using Lemma 9.2, taking § < (M + 1)~ — (M +2)~! and sacrificing a §3-negligible event, we get
(M +2)7 < QUe(3'10]) < M +2,
which is condition (v) defining Q2! [6;6; M].

This concludes the proof of Proposition 7.3.

10.3 Proof of Proposition 7.4

Consider M > 3, 6 € (0,1), and ¢ € (0,1). Suppose the event € occurs. Let ¢ be a vector consisting
of the roots of F, 5, inside D. Let w be a vector consisting of the roots of Fy, ,, outside D. From the
relationship between the roots and the coeflicients of the polynomial F, ,, we get

Uk(g’g) _ (_1 & Sns—k
()R Sns

for all 0 < k < ng. By Proposition 6.7 we have for 0 < k <ns —m

O’k((‘—d) _ i(il)kfr W, §l+r

(G mallin]

Therefore, for 0 < k < ng — m we have

— gn —k+r 1
=1 —1)kT g, - 2R : .
) +;( ) v gn(;fk Wa[nzifk;r]

IEv
o

_on(w)

o (C.w)

Thus, our objective is to show that except on a §3-negligible event we have
n(;fl

ns—l—r . €l+7“ . 1 l
;(71> Wy gl Wa[l ] < 2

for all [ in the range L(6) <1 < L(8) + h(L(5)). By the inequality 1 + = > /= we have

1 < 1
mollyr] T re/A(r)e/4
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By Proposition 6.7 we have |w,| < (Ko(D,m))". Therefore, for L(5) <1< L(8) + h(L(4))

ns—I ns—l r
ne—l—r . §l+r . 1 (KQ(Dam)) gli
D R T | B O ey s

Therefore, assuming ¢ is small enough so that L(cS)O‘/8 > K9(D,m), it is enough to show that

ng—I
( Z lra/8 a/4
Using the fact that if £ is complex Gaussian then |£ |2 is an exponential random variable with mean 1,
§l+r

we can deduce that
1
P > S 5
1 x

for 1 <r <mns—1and L(0) <1< L(d) + h(L(d)). Therefore
€l+r

P( &

For L(d) <1 < L(8) + h(L(5)) let £(I) be the event that for all r > 1

§l+r

&

- for all L(8) <1< L(8) + h(L(5)) ) <. (74)

1
ra/16/, 1\ a/8
> 1 (T') ) S lra/S(T!)oz/4 ' (75)

§l+r

< lra/16 7! a/8 )
a1~ )

On this event, assuming é-is small enough so that L(5)70‘/16 < 1/3, we have
ns— l

- 1
Z lra/8 a/4 Z lra/lG a/S Z lra/l 5

For each [ in the range L(d) <1 < L(5) + h(L(J)) using (75) we get

§l+7‘

&

Co

&JFT ra/16 (. .1\a/8 1
1 >1 (rh for some r §2W§m,

l

P(E(1)°) = P(

where Cj is defined in (49). By a union over [ and using condition (i) defining L(5) we get

ne—l1 1
P( Z lroz/8(r!)a/4

r=1

§l+r

&

L(8)+h(L(5)) L(8)+h(L(5))

c 3
< D> PED) <Y s <0
1=L(5) 1=L(5)

> % for some L(§) <1 < L(6) + h(L(3)) )

Thus we get (74). This concludes the proof of Proposition 7.4.

10.4 Proof of Proposition 7.5

Consider M > 3, 6 € (0,1), and 6 € (0,1). Suppose the event " occurs. Let ¢ be a vector consisting
of the roots of F, ,, inside D. Let w be a vector consisting of the roots of F, ns outside D. By
Proposition 7.4, we have, except on a §% negligible event,

%\O’k(c_v)\ < low(¢ow)| < 2for(w)]

for ng — L(§) — h(L(5)) < k < ns — L(5). Changing the variable from k to [ = ns — k we get

Ons—1(w)

Tng—m (W)

L(8)+h(L(5)) 2 L(@)+h(L(9)|

R TIAC) P

1=L(5)
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2

ane .

L(8)+h(L(5))

Ons—1(w)

Ons—m (@)

SURIe) 4

We can rewrite the term in the middle of the inequality above, using (69) from Lemma 10.1, as

R ()R] PO
BL@) 2y | w2 Gf  RLO) 2

By condition (ii) defining L(d), we have, except on a §3-negligible event,

1 1 L(8)+h(L(5)) , 3
§<muﬁ)l§% Gl <3
Hence
s 1 HOBEO)N 5 (w) 2([!)“ [TI[Fa s 3in]|
27 h(L(9)) I=L(3) Ons-m(w)| T 16ol?
1 L(8)+h(L(5)) st 2 .
<8 1) l_;@ o m((g)) (e

From here, using (52) we get (54).
Now suppose the event Qif [6 9 M } occurs. We want to establish (55). From Proposition 7.4 we
have Q2283605 M] is a subset of Q21[636;M], and from condition (v) defining Q%! [§30;M] we have

(1 +2)” 1<Qf;rg(§ ) < M+2.

So, (54) implies
’H[Fa,m jin] ’2
&l

1
M+2°

8
> .
27
By condition (ii) defining ns we have
ns
1
2
>l > 51
k=0
except on a §3-negligible event. Therefore, using (72) from Lemma 10.1, we get

ns

1 K| ok (G w)
715,;) Ons—m(w)

Hence we get (55). This concludes the proof of Proposition 7.5.

1
M2’

Sl

((ns — k))* >

10.5 Proof of Proposition 7.6

Consider M > 3, 0 € (0,1), and 6 € (0,1). Suppose that the event Q" occurs. Let ¢ be a vector
consisting of the roots F, ,, inside D. Let w be a vector consisting of the roots F, ,; outside D.
Consider ¢ and j satisfying 0 < ¢ < m and r,, < 7 < m. From Proposition 6.7 it follows that for all
0<li<ng—m

(né_l)/\(ra_l)

ong_z(c_U) (—1)ns—t (—1) Wy - &gy n nl[ng]

((n?il) (ns — l)!)a/2 B Sns r=0 Tall 7]

Therefore, for j <k <ns—m+jand | =ns — k (so that k — j =ns — (I + j)) we have

op—j(w) 1 o (w)

()R el =KL (i )™
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—j | ms—l=A(ra=1)
_ 1 (_1)k ’ ’ (_1)r Wy - Ei4j4r [ns]

Tall3d] Gng Tall+g3r] |

r=0
_i | (ne=1=j)N(ra—1) [rs]
_ (_1)k / ’ < (_1)r Wy '€l+j+7“ m-i-i
&ns —0 Tall3j+r]  malls]]

Using this and a similar expansion for oj_; (g ) we get

(&[nssi3w] © Ligms—c(5)), S [ns373@] © Ljgms—ci(s)))

T ai(w) ()
Z ((n) k)" () k)"

k;J ((’L‘s)’f')o‘/2 (% ) )

( 1)7,—‘,—] ns—(iVj) | (ne—l—i)A(ra—1) [ns]

— Z Z (_1)7"1 w—Tl ) §l+i+7"1 + nlJrz

nsl” &G0 ot Tallsi+r]  mall3i]

)
af

(ns—l=j)A(ra—1) [1]

o Wry * El4jtrs Mitj
)= + .
D T RN Y

’l“2:0
(=™
= € |2 (Tl +T2+T3+T4) ) (76)
ng
where
ra—lra—1 ng—(itr1)V(i+r2) Cir - Ci
T, = Z Z T1+Tz, Wy - Wy - Z .+1+T1 +j+T'2
r1=0 ro=0 l:C((S)-i-I Wa[l,Z+T1] 'Wa[l,j +T2]
ro—1 ns—(i+r1)V(i+rz) . ["5_]
Ty= Y (-1)" 1wy f_“f”” nlﬂz- -,
=0 iy Tellsit il malls ]
ro—1 na=(HOVGE) ]
T3 := Z (=1)" - wy, - Z I+ jtra ’
r9=0 1=C(8)+1 To [l 9 7’] Ot[l 7] + T2]
r S il
lZC(5)+1 ﬂ-a[l;l] T‘-Oz[l;.j]

Also from Proposition 6.7 we have
|w,| < (Ka(D,m)) (77)

for 0 < r < ng, and for | > K3(D,m)

(E (’nl[né]

Fix 0 <r; <r,and 0 <ry <r,. Assume ¢ is small enough so that C(d) > K3(D,m). By condition (ii)
defining C'(§), and the Chebyshev inequality, we get

]1[9;"5]))1/23@. (78)

[rac/2

s—(i+r1)V(i+r2) —
Sititry * ltjtra J

Z Tall3i+711] Tall3] + 7o) < 2ra_o
1=C(0)+1 alls 1 alts)] 2 4(K2(D7m)) r

(79)
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in the complement of a §3-negligible event. By condition (ii) defining C(§), equation (78), and using a
Markov bound, we get

ns—(i+r1)V(j+rz) [ns]
i+ry ° 1 )
> e ey | — (%0)
i Telliit ] mallsgl o 4(K(Dym))  re
ns—(i+r I+ n
o zl):\/(j 2 77[[+5i]'§l+j+rz < ) (81)
i Tellsilmallsg+ el 4(Ky(D,m))  ra
ns—(i+r1)V(i+r2) nl[ii] ) nl[i(}] é
> — T <1 (82)
I=C ()41 7Ta[ ’Z]'Wa[ ’.7]

in the complement of a §3-negligible event. Using (77), (79)-(82), and a union bound over choices of r;
and ro, we get
[Ty + T2+ T5+ Ty <9

in the complement of a §3-negligible event. Therefore, from (76) we get

4]

}<6[n6§i§t_‘)} O Ljgns—c(5)), S35 5w © Loims—co)))] < ek (83)
ng
Using condition (ii) in the definition of ns and (71) we get
2 ng 1
&[0 (¢, H>—~— 84
|s[nss05cw]|| > 5 o7 (84)

except on a §3-negligible event. Combining (83) and (84) we get

‘<(‘5[n6;i;c_d} O Ljgins—c(s)), S [ns3j3w] © 1[0:71ng(6))>‘ _2
_ <=

[&1ns303 "

2

This concludes the proof of Proposition 7.6.

10.6 Proof of Proposition 7.7

Consider M > 3, 6 € (0,1), and 6 € (0,1). Suppose that the event Q2*[5;6;M] occurs. Let ¢ be a
vector consisting of the roots of Fy, »,,; inside D. Let w be a vector consisting of the roots of F, ,, outside

D. Let s = €4,in((). Let g' € ¥p,s- Recall from (39)
2 —(77,5-‘,—1)
D(¢, w
< (Q _)> ) (85)

9&“,§(£’)|A( )
2s(C) | A(Gw) | \ DG w)

Therefore, to bound the ratio of conditional densities, it is sufficient to bound the ratio of the Vander-
monde terms and the ratio of the symmetric functions. To bound the ratio of the Vandermonde terms
we use Proposition 6.5. To bound the ratio of the symmetric functions we use Proposition 6.6. First we
proceed to bound the ratio of the Vandermonde terms.

Since the event Qf{f [5;9;M] is a subset of the event Qf{; [6;9;M}, from condition (i) defining
QZ%1[6560;5 M| we have that the event ©7[f] occurs. And, from conditions (ii) and (iii) defining
Q%1650 M] we have

¢ w
C,w

max
1<s5<sq

ﬂ[Famd HEH (0,00)H <M, and 9|, [Faﬁné $Sa 3 (0,00)} <M.

Therefore, by Proposition 6.5 we get:

exp(fﬁng(D)saoflM) | % exp (()‘ng(D)@’lsaM) . (86)




Now we proceed to bound the ratio D(g', g)/D(g, g). We will use Proposition 6.6. We need to

bound Diyj(g, g) for 0 <i<m and r, < j <m. To bound Di,j(ﬁv g) we divide it as
‘< [n57 (§7 )] [nzh],((, )}>|
‘(6[715 ji5w] © l[o:nS—C(a)pG[na 3jsw| © ]]-[O:ng—c((s))>‘

| 5505 (¢

Di,j(éa g) =

2

+

S|

By Proposition 7.6 we have

‘(6[%;@';&} O Liins—0(6)): ©[n5 373 0] © Ljoin, c<5>>>\ U2
i <X

[&1ns303 )| "

2

[(S[n5375w] © Lpny—c().n4)s 6["653'; w] © V@) mal)|

Using Lemma 10.2 and condition (iv) defining Q2! [§;6; M|, which holds since Q%4[53;60; M| is a subset

of Q%1[635605 M|, we get

|5 —m

(S [ns3750] © Tpns—c)me)s S[n53.750] © Tns—corna)| < =05

Using (70) from Lemma 10.1 and (55) from Proposition 7.5 we get

2 |Un57m(g)|2i ns
2= (e 2TM+2°

V

HG[na;O; (¢ w)] H
Combining (89) and (90) we get

[(&[ns3130] O Ljns—c(@)ns), S[n6350] © Ljny—c@ymsl)| _ 127
’6 7’L§, ga H 1 4

Combining (87), (88), (91) we get

Di; (¢, w) < Kl(D)n—(; )

for some constant K1 (D) > 0 Therefore, using Proposition 6.6 we get

D(¢, w) M?

g <1+ Kq19(D,m)— ,
S D(Cw) 10(P,m)= =

for some constant K1y(D,m) > 0. Therefore

1-— KIO(D m)

D(¢,w)
D(¢, w)

for some constant K11(D,m) > 0. Combining (85), (86) and (92) we get

A(g) pza( I) <exp(f(M,9))‘

ne+1
exp(—Kll(D,m)MQ) < ( ) < eXp(KH(D,m)M2) ,

2 2

A¢)
A(¢)

¢
e (- (M’”)‘A@) =05 () ©

where f(M,0) = K12(D,m)(M? + M6~"), for some constant Kj9(D,m) > 0. Thus we get (56).

concludes the proof of Proposition 7.7.
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Remark 10.1. In the definition of the event QL [6;6; M| (Definition 7.3) we have used the same bound
M in all the compactness conditions. Suppose we use: aps in conditions (ii) and (iii) in place of M; by
in condition (iv) in place of M; cps in condition (v) in place of M; where apr, bys, and ¢y are some
functions of M diverging to oo as M — oco. Suppose we also modify the definitions of all the other
events in Step 2 accordingly. Then we will get (93) with f(M,0) = K13(D,m)(bpCun + amb™), for
some constant K13(D,m) > 0.

10.7 Proof of Theorem 7.8
Our objective is to show that there exists (¥(j, lf))jZLk21 such that for 4 € A, B € ‘Bout, ji>1Lk>1

n?’

P((Zamin € A) N (Zampone € B) N 0, (5) )

J
X V@,Q/,D(A;Za,oo,out) dP""ﬂ(.jak/’) ) (94)

23 0wt (B) N Quy (4)
and limg_,o ¥(j, k) = 0 for each j > 1.

Notation 10.1.
(i) Let S be the range of the function €, i, : D™ — CT=~! (defined in Notation 7.4). Thus, S is a
bounded open set.

(ii) For s € S and A € 2}, let
[ 180 aes, .
m'(4)

R(A;s) =
[ 180 ats,..©

(iii) Let
§[7l6] = C* (Zaﬂw,in) )

a,in

ie., for 1 < k <r, — 1, the k-th coordinate of s/"s! is the k-th power sum of the roots of Foong
inside D.

Recall from (44)
V@,\II,D( A 3 Za,oo,out ) = R(A H Q:a,out (Za,oo,out)) .

Since A € AM

mn?

we get that R(A ;§) is continuous in s. Observe that

kh—>nolo§[nk] = Qz,in(zaaooain) = Ca,out(zwomout) a.8.

Therefore
klim R(A;5M)) = R(A35 €0 0ut(Za,oo0ut)) = Va,u,0( A3 Zacoout)  a-s. (95)
— 00

Let us now record an observation as a proposition and finish the proof of Theorem 7.8 using this
proposition. After that we prove this proposition.

Proposition 10.1. For A €A™, B € Bou, M > 3,0 € (0,1), 5 € (0,1)

n’

P( (Za,ng,in € A) N (Za,ng,out € B) N lez:(;l [6595M} )

)(E

/ R(A;sM)) dP +0(9) . (96)
(Zangou) " L(B) N QLI [550;5 M|

We set M = M;, 0 =0;, and § = d, in (96) and get

P( (Zayni,in € A) N (Zamgin € B) N D, (4) )
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= / R(A;s!™)) dP + 04(1) | (97)
a SN s out) B) n Q ( )

where oy (1) is a quantity which goes to 0 as k — oo. Using (95) we get

/ R(Ajsl™) dp
(Zang o)~ (B) N 2y, ()

- / R(A;5¢€40ut(Za,00,0ut)) AP + 0k (1)
(Za,ny.out) " H(B) N Q. (5)

= / V<I>‘I/'D(A Zaooout)d]P)+0k(1); (98)
(Za,nk,out)il(B) n an(.])

Combining (97) and (98) we get

P((Zamein € A) N (Zampon € B) N Q) )

/\/ V<I>‘I/D(A Zaooout)d]P)+0k(1)- (99)
Za,ny, out) B)ﬁﬂnk(])

Recall from (48)
an (]) = Q:l:;k [5k ;9] ;M]} .
Therefore we get (94). Now we focus on proving the Proposition 10.1.
Notation 10.2.
(i) For wl™l € (DB)ms—m let ~,,, (- ;wms]) denote the conditional measure of the first r, —1 power sums

of the zeros of F, ,; inside D given that the zeros of F, ,,; outside D are the coordinates of wlnsl In
other words, vy, ( . ;g["“]) is the conditional density of <, in(Zans.in) given Tr(g[”‘ﬂ) = Zo,ns,0ut-

(i) Let pun, ( - 383 c_u["“]) be the conditional measure of the points of Z, ,,;,in taken in uniform random
order and considered as a vector, given that the points of Z, n; out are the coordinates of wlnal
(i.e., m(wl™l) = Zo.ng0out) and the power sum vector €7, in(Zang.in) = 8.

Proof of Proposition 10.1. From Propositions 7.3-7.6 we have that Q1[50 M| is 6*-included in
Q%ﬁf [5 503 M } Conditioning successively on Zg n, out and then on €7, i (Zans.in) yields the following:
There exists an event Q%‘i’s‘)d such that:
(1) Q%‘;(’d is measurable with respect to Zq4 n; out;

(2) Q&cd c Q65605 M];
(8) P(Q1[6505M]\ Q800d) <4

(4) for each w(™! for which ©8°°¢ holds (i.e., w(wl™!) € Z4 n; 00t (282°Y)) there exists a Borel mea-
surable set Sgood (g[”é]) C S such that
() Yns (S \ Sgood (g[na]) [na]) < 6;

(ii) for each s € Sgooa (g[’”]) we have

Hng (Em,g \ H(§;Q[n5]) S35 H[ ]) <46 ’ (100)

where
H(g;g[”‘s]) = {g €Xms

7(Cow) € Zan, (2[5305M]) }

For Ac Q™ Be %om let

m?

10 (A;B) ¢=/ / / Aty (C385w™T) dyn, (s3w™) dP, (101)
(Zangout) "1 (B) N QELY JS0a (wlms]) J—1(4) -
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L (45 5) ::/ / / dpins (C555w™7) doyn, (s50™!) dP
(Za’"é!"“t)il(B) n Q%l(;)d Sgood (ﬂ[ns]) 7\'71(14) N H(é;g["é]) -

(102)
Using (100) we get
(43 B) =171 (A; B) +0() . (103)
Let
1¥)(A; B)

/ AP dLs,,,(O)
;:/ / m1(A) N H(s;w"s)) A, (850 dP
(Zoog o) (B) 1 250 S50 (i) / A dLs, ()

Em.s
(104)
By Proposition 7.7 we have
M,0
12(4;B) X 1¥(4;B) . (105)
Let
Lo QP Ly, ©
[ (45 B) 52/ / N dyns (s50™7) dP .
(Zams ont) " (B) NP S 000 (wl7)) g )% dLs,, (<)
Em
(106)
Using (100) we get
L3(A35 B) = T,1(A; B) + 0(3) . (107)
Therefore
we
10(A;B) X / / R(Ajs5) dyn, (s30)) dPwl™] + O(9) .
(Za,n(;,out)il(B) HQ%(:;Od Sgood (g[n(;])
Using 0 < R(A;§) <1 and 7y, (S \ Sgood (c_u["é]) ;@"51) < § for wlmsl € Q%‘i’s"d, we have
M,0
11(4; B) X / / R(A35) dyms (s30™) dPl™)] £ O8) . (108)
(Za,ns,out)il(B)ﬂQ%oJOd

Then the integral in the right hand side of (108) can be written as

R(A;s["“]) dP .

/(Za,ns,out)l(B) n Q%LOJOd

Using P(Q11 05605 M] \ Q8°°Y) < 6 we have

J
11(4;B) X / R(A;sM)) dP+0(9) .
(Za ng out) " H(B)N QLT [S,G,M:I

Using P(Q}1[03;65 M] \ Q8°°4) < § and (101) we also get

1) (A3 B)
= / // dpins (C555w™) doyns (550™0) dP + O(5)
(Zang o) LB)NQLL[5505M] JsSans,, ,
_ p( (Zamsin € A) N (Zamson € B) NQE650; M] ) +0(5) .
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Therefore
P( (Za,ng,in S A) N (Za,ng,out € B) N Q}z:(;l [55 0 5 M})

M,6
X R(A3 ") 1] Zang om € BI1[ Q15305 M] | dP+0() .

This concludes the proof of Proposition 10.1. |
Remark 10.2. From the proof of Proposition 10.1, it follows that there exists (J(j,k));>; 1 such that
limg 00 9(j, k) = 0 for each j > 1, and for A € A, B € Bouy, j > 1, k > 1
P( (Za,nk,in S A) N (Zoz,nk,out S B) N an (j) )
eXp(—f(Mja 9j)) <

L.

a,nk,out(B) n an(-])

< e (10M,,6)
V<I>,\I/,’D( A H Zoz,oo,out ) d]P)) + 19(.% k)

where the function f is the function defined in Proposition 7.7.

11 Proofs of the results in Step 3 of Section 7

11.1 Proof of Proposition 7.9

Observe that, the event Q31 [5;6;M] is same as the event QL1 [6;6; M| with M replaced by M — 1.
So Proposition 7.9 can be proved simply by reversing the arguments of Proposition 7.1. Therefore, we
skip the details.

11.2 Proof of Proposition 7.10

Consider M > 3, 6 € (0,1). Our objective is to verify that for 6 € (0,1) sufficiently small depending
on M, the conditions defining the event Q;O’;&l [6 505 M } also hold on the event Q31 [6 5035 M } except on a
d3-negligible event.

(i) Condition (i) defining Q3 [6;6; M] is that the event ©2[f] occurs. Condition (iv) defining ny is

P(@@[@]A@Q@[e]) < 5.

Therefore, the event @] [§] occurs on (Phels [6 505 M } except on a §3-negligible event. Thus condi-
tion (i) defining Q?{; [6 505 M] is satisfied on Q3! [5 R M} except on a 63-negligible event.

(ii) From condition (ii) defining Q36365 M] we have

)
1gi§a j[Fa,oo 3853 (ka(é))H S M—-.

2

Using Lemma 9.3 we get, sacrificing a §3-negligible event,

max
1<s<sq

f[Fa,na;s;(O,k(é))H §M72+5§M71,

which is condition (ii) defining Q?{; [5 50 M]
(iii) From condition (iii) defining Q3:'[63560; M| we have

A [Fam $Sq 3 (0,/{:(6))} <M — g .

Using Lemma 9.3 we get, sacrificing a §3-negligible event,
I [Fans 3803 (0,K(8)] < M~ 1,
which is condition (iii) defining Qf’{; [6 505 M}
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(iv) Using Lemma 10.2 we have

e
75(3"101) = 1 [ns 315 © Lin,-cmal 6[n53 58] © Lns—cio, n51>|}0 (m()w)}z :
ns—m\ =

From (69) in Lemma 10.1 we get

(ns))° |1 [Fon, 3in]|”

= : &l
’U"S—W(Q)IQ ’ a

o]

Also recall the Notation 7.3, since w € (Dc)nrm, we get

(S[nssise] 01 Slnssisu] o1 =S le) oale)
Nng3i3w [ns—C(8),ns]> O M85 5@ [ns—C(8),ns]) = /2 (in /2
’ ’ k=ns—c() ((R)E)™ 7 ((F)k)"

Here we use the fact that o4—;(w)ok—j(w) =0 when k > ns —m+ (¢ A j). Thus

) or—j(w)
ETORE

2

" _ ‘H[]Fams ;in”
Qfg(fv [0 ]) =T wlf

nsg—m+(iAj) (

>

k=ns—C(5) (("S)k')_

From condition (iv) defining Q3:'[§;60; M| we have

[€ns|” - (109)

|1 [Fa o0 ;0] |
&0

From condition (iii) defining ns we have

<(M-2)""-5.

[0 [Fan, 3in)|* |1 [Fa 00 5i0]

— <4é
6ol 6ol”
except on a 63-negligible event. Thus we get
2
II Fa ng 3 i
[ [Fauns 3in]|” < (M-2)"7. (110)

2
ol
Using Propositions 6.7 we get

nsg—m+(iAj) (

e

) ok- J(‘—") ( 1)
a/2 a/2

) = o (DT TS 4TS,

where

ro—1lr,—1 C(9) 57 é_ _
T = ST Ty, - iy Sttt
=2 2. (1) {7 s 72 U3i+r] -mallsjtr) )’

Yy
r1=0 r2=0 l=m—(ing) =~

e W@ 771 gt
T, = 1), 3 r2
2 Z( )" Z Tall3t) - mallsi+re] |7

l=m—(iN])

= © Eititr - 771[16‘]
T/ = 71T1. ry T J
B R o i

r1=0 l=m—(iNj) Mo
cw) Tl
Tﬁ; — I+1 43

mall3d] - mall3 ]
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By condition (v) defining Q3![§56; M] we have |T,| < (M — 2)1/2/4 for each 1 < p < 4.

Therefore (
ng—m—+ (1A
TN 5e) o) | e
e -y, (1)
o= ngz:c ) (( VR () k)| 1]

Combining (109) - (111) we get
0,(3"0) <M -2,

Using Lemma 9.2, sacrificing a §>-negligible event, we get

(30 <M-240<M -1,

i
which is condition (iv) defining Q31[63560; M].
(v) By condition (iii) defining ns we have

[T [Fa,cc sin][* [TT[Fan, 5in] "

&l &l

except on a §3-negligible event. Therefore, using (54) and Lemma 9.2 we get that the following is
true except on a §>-negligible event:

wae(3'0]) = Qe (37101) - [l (319)) - Qi (3719)))|

<0

1 ’H[Fa,m ;in] ’2 -
-8 ol
. 2 . 2 . 2
L [Facosin]|" 1[I [Fan,sin]|"  [[Faoosin]|"|
S8 gl 8 &l 6ol
. 2
> 1—|H[F“’°°2’m” 95, (112)
8 ol 8

We can apply (54) here since we have shown that ©:[0] C Q"' occurs except on a §°-negligible
event. Similarly, except on a §3-negligible event, we have:

11 [Fa, 0 3in] |
fﬁl\/g(é/[é]) < %% + %5 i (113)
0

Equations (112) and (113), along with condition (iv) defining Q3! [;6; M| gives us condition (v)
defining Q%1636 ; M]. This concludes the proof of Proposition 7.10.

11.3 Proof of Proposition 7.11

We verify that the conditions defining the event 2:2 [o 505 M ] are also satisfied on the event Q3.1 [6 505 M ]
except on a &3-negligible event.
(i) Condition (i) defining Q2:'[0;6; M] is same as condition (i) defining Q%2[ e ;63 M].

(ii) From condition (ii) defining Q32[ e ;6035 M| we have

max
1<s<sq

J[Fa,m;s;(o,oo)“ <M-3.
Using Lemma 9.1 and assuming § is small enough we get that except on a §>-negligible event

max
1<s<sq

J[Fa,m;s;(o,k(é))H §M—3+5§M727

which is condition (ii) defining Q3:! [5 50 M]
59



(iii) From condition (iii) defining Q32| e ;05 M| we have
v¢|| [Fa,oo 3Sa s (0, OO)} <M-3.

Using Lemma 9.1 and assuming § is small enough we get that except on a §3-negligible event

ﬂ|,|[Fam;sa;(0,k(5))} §M73+5§Mfg,

which is condition (iii) defining Q3! [(5 505 M}
(iv) Condition (iv) defining Q3% [e ;6 ; M| implies condition (iv) defining Q3:'[6;6; M] when § is small
enough depending on M.

(v) For0<i<m,r, <j<m,0<r; <ry, 0<ry<r,, using condition (ii) defining C(§) and the
Chebyshev inequality we get

oo

Z Eititrs " Sltjtra
si4r1]-ma[ls) +ra)

1=C(8)+1 o
except on a §3-negligible event. Similarly using Proposition 6.7 and a Markov bound we get
o0

Z 771[1(1] '§l+j+r2 <5
1 Tallsi] - malls g+ 2]

o] [ns]

Z l&lJ.rier 'lnl-!-j < 57
1=C(0)+1 77(1[ 5.7] 'ﬂ-oz[ 5Z+T1]

) [ns] , [ns]

Z Miti Tty <5
1@y Malls i mall; ]

except on a ¢63-negligible event. Therefore condition (v) defining Q2153563 M] is implied by
condition (v) defining Q32 [ e ;63 M].

This concludes the proof of Proposition 7.11.

11.4 Proof of Theorem 7.12

Recall from (47) that Q(j) = liminfro QL'[6k3560,3M;]. From Propositions 7.9-7.11 we get the
following. For each j > 1, and large enough k (so that J; is small enough) ng[o 305 ;Mj} is 5,3;—
included in Q1[04 ;6; 5 M;] i.e., there exists an event &, such that

Q%20 30,3 M;] \ &, C QLN [0k30,5M;]
and P(Es, ) < O} for some constant C' > 0. From Definition 7.3 we get
Q5 [0k 5055 M;] € O%[0;] € Q.
Therefore, using the Borel-Cantelli Lemma and (46) we get
Q32[e30;5M;] C Q) C OL[0;] C Q.
Thus, it is enough to show that (Q32[e ;0 MJ’]);; exhausts Q™. To this end, we observe that the

random variables appearing in the definition of QgOQ[ e ;0 M } (Definition 7.8) have no mass at oc.

Also the random variable |H[Fam ;in] ‘2 / |§0|2, appearing in condition (ii), has no atom at 0. From
the definition of the event O [f] (Definition 6.1) it is clear that (©7Z [9]-]);11 exhausts 27!. Therefore,

(232 ;H;MJ'D;; exhausts Q7. Therefore, ((j));2, exhausts Q7. This concludes the proof of
Theorem 7.12.
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Appendix A: Reduction of D from a general domain to a disk

Here we show that in order to prove Theorems 3.1 and 3.2, it is enough to prove them when the domain D
is a disk. First we will show this in the context of Theorem 3.1. The proof in the context of Theorem 3.2
is essentially the same. So we will only present a rough sketch and point out the main differences.

Let us suppose that Theorem 3.1 holds in the case D is a disk. Consider D to be a bounded open set
in C whose boundary has zero Lebesgue measure. By the translation invariance of G, we assume that
the origin is in the interior of D. Let Dy be a disk centered at the origin containing the closure of D in
its interior.
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D; Dy \ D

Figure 1: The domain D is contained inside the disk Dgy. The point configuration T is a configuration

outside D, i.e., it is supported on D = (Do \ D) U Dg. The point configuration Yy is restriction of T
C

on Dyg.

Consider a point configuration T € (D). Let Yo := T NDS € 2(DL) be the restriction of T on
Dg. Consider the event Gog out = Y. Since the Ginibre ensemble is number-rigid (see Theorem B.1 for
reference), the point configuration Ty determines the number Ny of points of G inside Dy. From T
the number of points in Dy \ D is also determined. Thus we can determine the number N of points
inside D from 7.

By our assumption, Theorem 3.1 holds for Dy. Thus, the conditional distribution of the vector
consisting of points of G, inside Dy taken in uniform random order, given G ODE =Ty, is supported
on Dév 9. Moreover, this distribution has a density, say fo, with respect to the Lebesgue measure. This
density satisfies

mo(Yo)|A () < fo(0) < Mo(To)|A(C)[* (114)
for some measurable functions mg, My : 2 (D) — (0, 00). Let p( -3 Tout ) be the conditional distribution
of the vector consisting of the points of G, inside D taken in uniform random order, given G out = Y.

Then for all Borel subset A € DY we have
fo(¢M.¢P) ac (¢t
J (e ac(c)

/DN fo(g[”,gm) dﬁ(gm) ’

where ¢ 2l is a vector consisting of the points of T in Dy \ D, ¢ [1], ¢ I denotes the concatenated vector,

p(A;T) =

and the integrals are taken with respect to ¢ (I € DN The denominator is a measurable function of Y.
To get an upper bound of p( A;7T ), we use the upper bound of fy from (114). The quantity DMo(Yo) is
measurable with respect to T because T is the restriction of T on Dg. We can split the Vandermonde
term as

A6) = A(¢M) - AP T(cMse?).
The term A ( Q[Q] ) is measurable with respect to Y. The term F(Qm ;Q[Q] ) is bounded above by (QTO)NNO

where r( is the radius Dy, and it is bounded below by 8V where 6 is the gap between points in T and
the boundary of D. This gap is almost surely positive and measurable with respect to Y. Hence we get
that the ratio p(A;Y)/ fA|A(£[1] )|? dﬁ(gm) is bounded above and below by quantities measurable
with respect to Y. Then we get (11) by the Radon-Nikodym Theorem.

Now let us show that in the context of Theorem 3.2 it is enough to assume that D is a disk. As
mentioned before, we only point out the key differences. Suppose Theorem 3.2 is true when D is a disk.
Now consider D to be a bounded open set in C whose boundary has zero Lebesgue measure. By the
translation invariance of Z, o, we take the origin to be in the interior of D. Let Dy be a disk centered
at origin containing D in its interior. Consider the event Z, oo out = Y. Let Yo :== TN DE € 32(298) be
the restriction of Ty on DE. By Theorem D.1, the point configuration Y determines the number Ny,
and the power sums up to order ro, — 1 s = (s§0), ey s](fi)_l) of points inside Dy. Similarly, the point
configuration T determines the number N, and the power sums up to order ro,—1,say s = (S1,...,Sp,—1)
of the points inside D. Define

Y= {(glavgN) GDN

N
jzs-foralllg i <r,—1
ZQ j J )

i=1
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and

E(O) = {(Clv" '7§N0) € ’DéVU

N
Zd:sEm foralllgjgral}.
i=1
By the assumption that Theorem 3.2 is valid for Dy we get that the conditional distribution of the
vector of points inside Dy, given Z, o N Dg = T, lives on X9 and has a density with respect to the
Lebesgue measure on X9 say fo, which satisfies

2 2

mo(Yo)|A(C)]™ < fol) < Mo(To)|A(C)]

for some measurable functions mg, 9y : ?(Dg) — (0,00). The rest of the proof is same as in the context
of Theorem 3.1. The only difference is, instead DY we now have ¥, and instead of D(Z)V ° we have 20,

Appendix B: Ginibre Ensemble: Definition, Rigidity, Tolerance

Consider a n x n matrix M™ whose entries are i.i.d. standard complex Gaussian random variables. The
vector of its eigenvalues, in uniform random order, has a joint density with respect to the Lebesgue
measure on C" given by

n -1 n
p(21,. .y 2n) = (ﬂ'” H k!) -exp<—2|zk|2> . ‘A(zl,...,zn)f )
k=1 k=1

The set of eigenvalues of M, considered as a random point configuration, is called the n-dimensional
Ginibre ensemble. We denote it by G,,. Asn — oo, G,, converges in distribution to a point process called
the (infinite) Ginibre ensemble, denoted by Go,. Both G,, and G, are determinantal point processes.
Recall that a determinantal point process on the Euclidean space R? with kernel K and background
measure p is a point process on R? whose k-point intensity functions with respect to the measure p(*)
are given by

pr(1,..., o) = det[(K(xi’xj))lgi,jgk} )

n—1 (zw)k

The finite Ginibre ensemble G,, is a determinantal point process with kernel K, (z,w) = >7, SR

with respect to the background measure dvy(z) = %e*|z|2 dL, where £ denotes the Lebesgue measure
Nk

on C. The Ginibre ensemble G is a determinantal point process with kernel Koo (2, w) = Y7~ (ZZJ!)

with respect to the measure 7. We can define (G,,) and G on the same probability space such that
G — G a.s. We refer to [30] for a brief explanation. The following rigidity and tolerance properties
were established in [30].

Theorem B.1 (Rigidity of the Ginibre ensemble: Theorem 1.1 in [30]). Let D C C be a bounded open
set whose boundary has zero Lebesgue measure. For the Ginibre ensemble G, there is a measurable
function M : P (D) — NU{0} such that the number of points in Goo N'D is N(Gos N DB) a.s.

Theorem B.2 (Tolerance of the Ginibre ensemble: Theorem 1.2 in [30]). Let D C C be a bounded
open set whose boundary has zero Lebesgue measure. Let p( 535G N DC) be the conditional measure

of Goo ND given Gy, N DL where we identify Goo N'D with a vector in DR(CNDP) by taking the points
of Goo N D in uniform random order. Then the measure p( 3G N DB) and the Lebesgue measure on

DRGC=ND) e mutually absolutely continuous a.s.

Appendix C: Gaussian Analytic Function: Definition, Rigidity,
Tolerance

Let (&), be i.i.d. standard complex Gaussian random variables. The n-dimensional standard Gaussian
analytic function and the (infinite dimensional) standard Gaussian analytic function are

n o0

3 £
F.(z) = Z (k!)—kl/2'zk and Foo(z) = Z (k!)kl/Q 2 ’

k=0 k=0
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respectively. Both F,, and F, are Gaussian processes on C with covariance kernels given by

Ky (z,w) = Z (ZZ}') and K(z,w) = (ZZ}) ="
k=0 k=0

respectively. We denote the ensemble of roots of F, by Z., and the ensemble of roots of F,, by Z,.
As n — o0, Z, converges to Z,, a.s. The ensemble Z,, satisfies the following rigidity and tolerance
properties.

Theorem C.1 (Rigidity of the GAF-zero ensemble: Theorem 1.3 in [30]). For the GAF-zero ensemble
Z. we have:
(a) there is a measurable function M : 2(DE) — NU{0} such that the number of points in Zo ND is
N(Zs NDL) as.

(b) there is a measurable function Coy Q(DB) — C such that the sum of the points in Z, ND 1is
Cout (200 N DY) a.s.

Theorem C.2 (Tolerance of the GAF-zero ensemble: Theorem 1.4 in [30]). Consider the submanifold
z]mu,s = {(glvvgm) GDm|§l++§m:S}

where m = ‘)?(ZOO N DC), and s = Cout (ZOO N DC). Let p( 320N DC) be the measure on X, s which
is the conditional distribution of Zo., ND given Z NDC where we identify Z. N'D with a vector in D™
by taking the points in uniform random order. Then, the measure p( © 3200 N DB) and the Lebesgue
measure on X, s are mutually absolutely continuous a.s.

Appendix D: a-Gaussian Analytic Function: Definition, Rigidity

Let (&)pe be ii.d. standard complex Gaussian random variables. For a > 0, the n-dimensional o~
Gaussian analytic function and the (infinite dimensional) a-Gaussian analytic function are respectively

Fa,n(z) = Z (klé;fyﬂ 2 and Fa,oo(z) = Z (k'é;z‘p 2
k=0 k=0

These are Gaussian processes on C with covariance kernels given by

K, (z,w) = Z ((Z;U))a and K(z,w) = ];O

k=0

(zw)*
(kD)a

respectively. The ensemble of roots of F, , and F, o are denoted by Z,,, and Z, o respectively. As
n — 00, Z,,, converges to Z, ... almost surely. The ensemble Z, ., satisfies the following rigidity
property.

Theorem D.1 (Rigidity of the ensemble of roots of a-GAF: Theorem 2.1 in [24]). Let D C C be a
bounded open set whose boundary has zero Lebesgue measure.

(a) There exists a measurable function M : P(DC) — N U {0} such that the number of points of
Z00 N D is N(Z4,00 N DY) as.

(b) Let ro, =1+ LéJ There is a measurable function €4 ot : QZ(DB) — Cr>~! such that, if
m = Sﬁ(ZW)O N DC) and (C1,...,Gn) are the points of Z4.00 ND, then Cqo out (Zowo N DC) =
(815.++,8pa—1), where s; =" ¢ forall1 <j<r,—1.

Appendix E: Estimates for the finite Ginibre ensemble
Consider the finite Ginibre ensemble G,,. Let D C C be a bounded open set whose boundary has zero
Lebesgue measure. Consider 1 < m < mn and w € (DE)"_’”. The density with respect to the Lebesgue

measure on D™ of the conditional distribution of a vector consisting of the points of G,, N D taken in
uniform random order given that the points of G, N DU are the coordinates of w is given by

P (¢) =Clw) - |A(¢.w)|” -exp<2|§k|2> ,
k=1
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where C(w) is the appropriate normalizing constant. Recall the definition of Sy (n), Sa(n), Ss(n), and
X, as defined in Notation 5.2. We have the following results from [30].

Proposition E.1 (Bounding the fluctuation of conditional densities: Proposition 8.2 in [30]). Consider
positive integers n, m with n > m. Consider w € (DB)"_W such that the points given by the coordinates
of w are at least at a distance 0 > 0 from the boundary of D. Then for all ¢, g € D™ we have

s en(¢)

PPN T | = (o)

exp(mK5(D)9_1Xn) ,

A(¢)
}m

where K5(D) > 0 is a constant.

Proposition E.2 (Uniform L; bound of inverse power sums: Proposition 8.6 in [30]). There exist

constant Kg(D) > 0 such that for alln € N we have E[|S1(n)|] < K¢(D), E[|S2(n)|] < K¢(D), E[S3(n)] <
Kg(D).

Proposition E.3 (Convergence of the inverse power sums: Proposition 8.8 in [30]). There ezists random

variables S1, Sa2, S3, measurable with respect to Goo out, such that we have the following convergences in
probability S1(n) — S1, Sa(n) = Sa, S5(n) — Ss.

Appendix F: The Quasi-Gibbs property: Definition

Here we briefly recall the definition of Quasi-Gibbs property. For more details we refer to [47]. Let C
be a closed subset of R? such that the origin 0 is contained in C and C° = C. Denote by M the set of
all discrete measures on C with measure of every compact set finite. Consider the vague topology on M
making it a Polish space. For b > 0 let B(b) be the open ball in C of radius b around 0 i.e.,

B(b) = {x €| |x]| < b} .
Let M;j" be the set of measures in M which has m points in B(b) i.e.,
MY ={ve M|vBOb)=m}.
For a subset A C C, let my : M — M be the map given by
m(v)=v(AN:).

So this maps a measure in M to its restriction in A. For a bounded subset A C C and Borel measurable
functions ® : ¢ — RU {oo} and ¥ : C x C — R U {oo} with U(z,y) = U(y,z), let Hy ¥ : M — M be

the map given by
Hy ¥ (x) =Y @)+ Y U(wi,z))
xr;EA T;,r;EA
i<j

where x = ). 6,, € M.

A probability measure p on M is called a (P, ¥)-quasi Gibbs measure if there exists an increasing
sequence (b,);Z, of natural numbers and a set of measures {y", : 7 > 1,k > 1} on M such that the
following hold:

o0
(i) Foreachr,m € N, (M:’Ik)kfl and ;" := p(-NOMG?) satisty )’y < 'y for all k and limg 00 g7, =
wt weakly.

(ii) For all r,m,k € N and for p;"-a.e. v € M,
ot exp(fH;’;:)(X)) 1 [X € Mzﬂ Pe( dx)
< :u‘:?k,u( dX)

<C exp<f7{§}’b‘f)(x)) 1[x € Mp'| Be(dx) .

Here *Bc is the Poisson point process whose intensity measure is the Lebesgue measure on C, 1,7 ,
is the conditional distribution of my,)(v) given my(, yo(v) ie.,

firep (dx) = p (Tee,) (V) € dx | T, (V)

and C' is a constant depending on r, m, k, and g, e (V).
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Appendix G: Glossary of Notations

Here we list some commonly used symbols with hyperlinks to their definitions.

out

R 2R

o o
= =
&+

8

00,in

oo,out

3

n,in

RO PR PR R R

n,out
00

m
Qn

Goo,in

Goo,out

Section 2 on page 9.

Section 2 on page 9.

Section 2 on page 9.

Section 2 on page 9.

Definition 2.2 on page 10.

Definition 2.2 on page 10.

Definition 2.2 on page 10.

Notation 2.1 on page 10.

Notation 2.1 on page 10.

Notation 2.1 on page 10

Notation 2.2 on page 11.

Notation 2.2 on page 11.

Notation 2.2 on page 11.

Notation 2.3 on page 11.

Notation 2.4 on page 11.

Notation 2.4 on page 11.

Notation 2.4 on page 11.

Notation 2.4 on page 11.

Notation 2.4 on page 11.

Notation 2.4 on page 11.

Definition 2.5 on page 11.

Definition 2.5 on page 11.

Section 3.1 on page 13.

Section 3.1 on page 13.

Section 3.1 on page 13.

Notation 3.1 on page 13.

Notation 3.1 on page 13.

Section 3.1 on page 13 in the context of Ginibre ensemble;
Section 3.2 on page 13 in the context of a-GAF.

Section 3.1 on page 13 in the context of Ginibre ensemble;
Section 3.2 on page 13 in the context of a-GAF.

Notation 3.2 on page 14.

Section 3.2 on page 13.

Section 3.2 on page 13.

Section 3.2 on page 13.

Section 3.2 on page 13.

Section 3.2 on page 13.

Section 3.2 on page 13.

Section 5 on page 18.

Section 5.1 on page 19.

Section 5.1 on page 19.

Defined in Notation 5.1 on page 18.

Definition 5.1 on page 19 in the context of Ginibre ensemble;
Definition 6.1 on page 24 in the context of the a-GAF.

Notation 5.2 on page 19 in the context of the Ginibre ensemble;
Notation 6.3 on page 24 in the context of a-GAF.

Section 5.1.2 on page 21 in the context of the Ginibre ensemble;
Section 6.1 on page 22 in the context of the a-GAF.

Section 6.1 on page 22.
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Za,n

g[ P }
(‘5[- T }
D(-,-)

=

s =
T——i—r ?
ST TITE
e we v we .
:j

-e

-e

ztzzzz:zE

. e

3
S

Section 6.1 on page 22.

Defined in Notation 6.1 on page 22.
Defined in Notation 6.1 on page 22.
Defined in equation 38 on page 22.

Section 6.2 on page 23.

Section 6.2 on page 23.

Defined in Proposition 6.4 on page 24.
Defined in equation 42 on page 25.
Defined in equation 43 on page 25.
Defined in Notation 6.4 on page 25.
Equation 50 on page 31.

Equation 51 on page 31.

Notation 7.2 on page 31.

Notation 7.2 on page 31.

Definition 7.3 on page 33.
Definition 7.4 on page 33.
Definition 7.5 on page 33.
Proposition 7.4 on page 34.
Proposition 7.5 on page 34.
Proposition 7.6 on page 34.
Notation 7.4 on page 35.

Notation 7.4 on page 35.

Definition 7.6 on page 35.
Definition 7.7 on page 36.
Definition 7.8 on page 37.
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