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Divergent stiffness of one-dimensional growing interfaces
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When a spatially localized stress is applied to a growing one-dimensional interface, the interface
deforms. This deformation is described by the effective surface tension representing the stiffness of
the interface. We present that the stiffness exhibits divergent behavior in the large system size limit
for a growing interface with thermal noise, which has never been observed for equilibrium interfaces.
Furthermore, by connecting the effective surface tension with a space-time correlation function, we
elucidate the mechanism that anomalous dynamical fluctuations lead to divergent stiffness.

Introduction.— The statistical behavior of many-
interacting elements out of equilibrium has attracted at-
tention for a wide range of systems [1-3]. A remarkable
feature of such systems is that the standard relations in
equilibrium systems no longer hold. For example, phase
order in two dimensions is not observed for equilibrium
systems at finite temperatures [4, 5], while it emerges
for active matters [6] or sheared systems [7]. The par-
ticular nature of out-of-equilibrium systems is not lim-
ited to phase transition problems. The phenomenon we
study in this Letter is the singular response against a
perturbation.

In studying response properties of equilibrium sys-
tems, the fluctuation response relation is useful. That is,
the static response against a perturbation is connected
to static fluctuation properties in the system without
perturbation. As a result of this relation, the response
is found to be finite except for phase transition points
because static fluctuations are normal in general. In
contrast, the static response against a perturbation im-
posed to a non-equilibrium steady state is not deter-
mined by static fluctuation properties. Although several
expressions of the static response for out-of-equilibrium
systems have been proposed [8-13] and experimentally
studied [14-16] for the last two decades, the most primi-
tive method is to consider the time evolution of the per-
turbation [17-19]. This means that the dynamic proper-
ties of fluctuations influence the static response if there
is no special property such as a detailed balance con-
dition. Therefore, a singular response behavior can be
observed without tuning system conditions.

To demonstrate the singular response of many inter-
acting elements out of equilibrium, we specifically study
a one-dimensional interface, whose height is defined in
0 < 2 < L. The interface deforms when a localized
stress is applied. For equilibrium interfaces [20], which
do not grow but fluctuate in an equilibrium environ-
ment, their mean profile in the linear response regime
is expressed by a quadratic function of x, where its cur-
vature is determined by the surface tension k. Now, let
us consider growing interfaces [21]. We can numerically
confirm that the deformation against the weak local-
ized stress is still described by a quadratic function of .
In this case, the curvature of the interface is character-
ized by the effective surface tension keg. We then find
that keg diverges as L — oo. In other words, growing

interfaces exhibit divergent stiffness.

We attempt to explore the mechanism of the diver-
gent stiffness by formulating a fluctuation-response rela-
tion. This problem is reminiscent of the standard linear
response theory around an equilibrium state. For exam-
ple, when considering heat conduction for a Hamiltonian
system in contact with two heat baths with tempera-
tures 71 and 15, To — T} is treated as a perturbation
[22]. In this case, the linear response formula is the
Green-Kubo formula, which expresses the conductivity
in terms of the time integration of the current corre-
lation function at equilibrium [19]. Similarly to heat
conduction, we expect that the effective surface tension
Keff can be expressed as the time integration of a cer-
tain time correlation function. In this Letter, we derive
such a formula using a generalized fluctuation theorem
associated with the excess entropy production.

Based on the response formula, we study the diver-
gent stiffness. As is known, some low-dimensional sys-
tems exhibit an anomaly in the large-distance and long-
time properties of the time correlation function [22]. In
such systems, the decay rate of a time correlation func-
tion is so small that its time integration is not bounded
in the large system size limit [22-24]. By combining this
property with the response formula, the mechanism of
the divergent stiffness is understood. We emphasize that
the method we propose in this Letter can be applied to
other spatially extended systems out-of-equilibrium.

Setup.— The one-dimensional interface defined in
0 <z < L is investigated. The height of the interface
at time ¢ is expressed by h(x,t), which is collectively
denoted by h = (h(z)):_,. For simplicity, the periodic
boundary condition h(0,t) = h(L,t) is assumed. An ex-
ternal stress epey(z) is imposed on the interface, where
the total force € [ pex(z)dx is set to zero to avoid the
additional drift of the interface. We first study an equi-
librium interface. The free energy of the interface is
assumed to be

FE(E)E/Ode 5@k~ epeslwh(a)] (1)

where k represents the surface tension. The fluctua-
tion properties are described by the following stochastic
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FIG. 1. Time-averaged patterns in steady state under the
external stress with e/ = 0.01. The system size is L = 16.
The curvature of the growing interface (vo = 5, triangular-
orange symbol) is smaller than that of the equilibrium inter-
face (vop = 0, round-blue symbol). The symbols are joined
by lines for visual aid.

~10Fc(h) 2T
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where ~ is the dissipation constant; T is the temper-
ature of the bath with the Boltzmann constant set to
unity; £ is the Gaussian white noise satisfying

(Ela, )@, 1) = 6(x — 2")o(t — 1) (3)

Thus, it is immediately confirmed that the expectation
of the interface shape under the external stress is given
by

model [20]:

k03 (h(x))eq + epex(a) = 0, (4)

where ()¢ denotes the expectation in the equilibrium
state of the system with the external stress epex(z). For

simplicity, focus is placed on the case where pex(z) =
d(z) — 1/L. By solving (4) [25], we obtain
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Now, let us consider a growing interface described by

o W e LOF() 2T
8th =9 + 9 (8zh) ~ Sh + ~ fa (6)

as a generalization of (2), where vy > 0 is the prop-
agation velocity of the flat interface. When e = 0, (6)
is equivalent to the Kardar-Parisi-Zhang (KPZ) equa-
tion [21], which qualitatively reproduces the dynamics
of growing interfaces, such as interfaces in liquid-crystal
turbulence [26], slow-combustion fronts in paper [27],
and fronts of growing bacterial colony [28]. Because in-
terfaces appear at almost all scales of interest in science
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FIG. 2. System size dependence of the curve for vo = 5 in
Fig.1. The patterns of L = 8,16, 32, and 64 are shown from
bottom to top. The symbols are joined by lines for visual
aid. Although the equilibrium (vg = 0) interface does not
depend on L, the growing interface becomes stiffer for larger
L.

[2, 29], the KPZ equation has been extensively investi-
gated through numerical [1, 30, 31, 33-36], theoretical
[2, 3740, 42, 43], and even mathematical [44-51] ap-
proaches. The system given by (6) is interpreted as a
perturbed KPZ equation.

Numerical observation.— Let (h(z) — h(0))s, be the
expectation of h(z) — h(0) with respect to the steady
state of (6). As an illustration, first, we numerically in-
vestigate (h(x) — h(0))s, for the specific parameter val-
ues Kk =T =~ =1 and vg = 5. Throughout this study,
the numerical simulations were conducted using a spa-
tially discretized model with a space interval Az = 0.5
[1, 25]. More precisely, we define a discrete model and
check system size dependence to judge whether it gives
a systematic approximation of the KPZ equation. The
shapes of the growing interfaces shown in Fig. 2 are
fitted to the following form:

L\? r?
<x 2) 1

which is the generalization of (5) with the replacement
of k by Kegt, where € is assumed to be sufficiently small.
The fitting parameter kg is interpreted as the effective
surface tension characterizing the stiffness of the grow-
ing interface. We conjecture that (7) is valid in the limit
€ — 0 because the linear response for the noiseless case
is expressed as a quadratic function [25]. Fig. 1 shows
that keg is greater than k. Furthermore, as shown in
Fig. 2, ke increases for a larger system size L.

Now, two issues naturally arise. The first issue
is quantifying the L dependence of keg. From the
viewpoint of numerical calculation, however, it be-
comes harder to accurately observe a slight shift of
(h(z) — h(0))S, caused by the external stress for larger
systems. The second issue is to investigate the mecha-
nism of the L dependence. Both issues can be resolved
by formulating a fluctuation-response relation for the

e €
S5 2LKeg

(h(z) = n(0)) . (7
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FIG. 3. Comparison of the left-hand side and the right-
hand side of (13). The former is estimated by the direct
calculation of the response for ¢ > 0, while the latter is
calculated in the system with ¢ = 0. The round-blue and
triangular-orange symbols represent the data for vg = 0 (L =
2,4,8,16) and vo = 5 (L = 2,4,8,16), respectively. These
symbols should be on the dotted line if the left and right-
hand sides of (13) are equal.

system under investigation, where kg is expressed by
dynamical properties of fluctuations in a system without
the external stress. . .
Response formula.— Let [h] be a trajectory (h(t))7_g-
We consider any quantity A([h]) satisfying A([h+¢]) =
A([h]), where ¢ is a constant function in z. For such

A([R]), we define A* as A*([h]) = A([h]*) with [h]* =
(h(T —t))7_y, which represents the time-reversal of [h].
For equilibrium cases vg = 0, the detailed balance condi-

tion (A)¢, = (A*)¢, holds for any ¢, and the stationary
distribution is given by
€ 1 €
Peq(h) = — exp(=BF<(h)) (8)

with 3 = T~!. This also leads to (4).

For growing interfaces with vy > 0, the detailed bal-
ance condition does not hold. The extent of the viola-
tion is expressed by the entropy production

o= ;/0 dt /OL dr @) (vo+ L@.072),  (9)

which is the work done by the non-conservative force
divided by the temperature. Using this thermodynamic
entropy production, we arrive at the standard fluctua-
tion theorem [25]

I v —ond
(A)y = (A7), (10)
where ()fr denotes the ensemble average over noise re-
alizations and the initial conditions sampled from the
stationary distribution with vg = 0. This relation holds
for a wide range of driven systems in contact with a heat

bath [52-55]. However, (S.46) is not useful to obtain the
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FIG. 4. System size dependence of kes. The symbols are
the numerical results for L = 16, 32,64, 128,256, and 512
for vo = 0.2,0.5,1,3, and 5 from left to right (difference in
symbols represents the difference in vg). kes maintains the
same value as  for L < Lo and diverges as (L/Lo)*/?
L> L.

for

linear response property around the state with vy # 0
and € = 0.

Here, we notice another time-reversal transformation
[h] — [R]T = (~h(r — t))7_o such that (A)2, = (A7)
holds for AT([h]) = A([h]!) [23, 25]. However, this time-
reversal symmetry is violated for interfaces under the
external stress € > 0. Then, following the standard
procedure for the fluctuation theorem [55], we calculate
the ratio of path probabilities of [A] and [h]" and take
the logarithm of the result to obtain

T L 2
. €k 0*h(xz,t)
= —— dt dT pex(x) ————, 11
7 ’yT/O /0 ? Pex(2) 0%z (11)

which characterizes the violation of the symmetry asso-

ciated with the time-reversal transformation [h] — [h].
Indeed, we can show a generalized fluctuation theorem

Ay = (afe™),, (12)
where ()frl denotes the ensemble average over the noise
realizations and initial conditions sampled from the sta-
tionary distribution without the external stress. Note
that & is not the thermodynamic entropy production,
but interpreted as an excess entropy production that
appears only when the external stress is imposed [56].

Here, we set A = h(xz,7) — h(0,7), substitute it into
(S.50), take the limit 7 — oo, and expand the right-
hand side of (S.50) in e. Noting that (A)tjrj goes to
(h(z) — h(0))S,, we obtain [25]

ss?

R R () N T o) —
with

C(x,t) = (9.h(x,0)8,7(0,1))2, . (14)



This relation is interpreted as the fluctuation-response
relation of the system under investigation. (13) is un-
derstood from the fluctuation-dissipation theorem for
classical stochastic processes [57-59]. However, to our
best knowledge, an explicit formula connecting the re-
sponse to an external perturbation has never been pro-
posed to date. We numerically check the validity of (13)
for small systems with L = 2,4, 8, and 16. In Fig. 3, the
left-hand side of (13) is plotted against the right-hand
side of (13) at @ = L/2 for both cases of vg = 0 and
vo = 5. The result confirms that (13) holds.

Divergent stiffness.— As explained above, the numer-
ical calculation of kg defined by (7) is not easy to carry
out for large systems. Thus, using the response formula
(13), we study the stiffness of the growing interface.
Specifically, from (7) and (13), we obtain

e [ o(Le) - ctoe] }‘1(.15)

By dimensional analysis, we find that kg /k is expressed
as a function of L/Ly with

(K3

Ly = —, 16

0 Ty2v3 (16)

where ¢ is a numerical constant corresponding to the

dimensionless length characterizing the cross-over [25].

In other words, the following equation is obtained using

a scaling function f whose form has not been determined
yet:

— .

First, we notice that keg — k as Ly — 00, because vy —
0 refers to the equilibrium limit. To find the functional
form of f, the right-hand side of (15) is numerically
calculated for several values of L and vg for fixed k =
T =~ = 1. The numerical results are plotted in Fig. 4,
such that the following equation holds for L > Lg:

1/2
Keff = K (i)) , (18)

as indicated by the dotted line in Fig. 4. Here, the
value of ¢ is numerically estimated as ¢ = 60. It is
found that the data points for L > 16 are on one curve,
which determines the form of the scaling function f.
Note that those for L < 8, which are not shown in Fig.
4, deviate from the curve [25]. This means that the
discretized equation used for the numerical calculation
is no longer a good approximation of the KPZ equation
when L < 8. From Fig. 4, it is concluded that Ly with
¢ ~ 60 provides the cross-over length from the normal
response to the singular response, where the stiffness
ke shows the divergence as a function of L/Lg, which
is the main result of this Letter.

The divergent stiffness comes from a dynamical sin-
gularity of the correlation function C(z,t), as suggested

in the formula expressed by (15). The relation is ex-

plained in detail. Let é(k,t) be the Fourier transform
of C(z,t). By dimensional analysis, we have

° . ~T k3
dt C(k,t) = 5P| =—5— 1
|Tacwn - e (25e). 09

where the prefactor is the equilibrium form and the non-
equilibrium correction is expressed in terms of a dimen-
sionless scaling function ®. Now, let us consider the
case L — oo with fixed vg # 0. As is known, C(k,t)
has the scaling form g(k®t) in the limit L — oo, where
the dynamical exponent z is given by z = 3/2 [21, 23].
Assuming that the scaling part of C(k,t) is dominant
for the evaluation of kg, we substitute the scaling form
into the left-hand side of (19). We then obtain [25]

3 3\ 1/2
(I)<kli ):c<|k|,‘€ ) 7 (20)
T2} T2}

where the numerical constant c is calculated as ¢ = 2.43
by the analysis of an exactly solvable stochastic model
[2]. For finite but large L cases, it is assumed that (20)
holds with the replacement of k by k, = 27n/L, where
n is an integer satisfying —n. < n < n.. The cutoff
integer n. is given by n. = L/(2Az). We then calculate
[25)

/ Tt [C(L)2,1) — C(0,1)]
0

16¢2 1/2 T 1/2nc/2 1
=—VvL — —. (21
\/><87r3 ) <m;8> Z (2n —1)3/2 (21)

n=1

By substituting (21) into (15), xeg = #(L/LE*)/? holds

with L&t = (%3 /(T?v3), where the numerical con-
Eest

stant is given as
2
ne/2
32c)? 1
e = 1329 —5 | - 22
(2m)3 ; (2n — 1)3/2 (22)

Therefore, the divergent stiffness arises from the singu-
larity expressed by (20). The v/I dependence of r.g cor-
responds to the k%2 dependence of [, dt C(k,t). The
cross-over length L observed in the numerical simula-
tions is predictable by considering the asymptotic form
of [ dt C(k,t). Indeed, the value ¢ ~ 60 obtained by
the numerical simulations is consistent with (22). For
example, (¢ = 62.5 for n. = 128. When investigating
infinitely large systems, the limit n., — oo should be
taken. In this case, £°* approaches 69.52 [25].

Concluding remarks.— In this Letter, the response
formula (15) expressing the effective surface tension is
formulated in terms of the time correlation function
C(z,t) of Oyh(x,t). Then, it is shown that the divergent
stiffness comes from the dynamical singularity expressed
by (20).



The stochastic dynamics of the interface can be ob-
served in a much wider context [60]. Keeping the uni-
versality in mind, we study the KPZ equation

Oih = %(&Ch)Q +v02h + V2D¢ (23)

defined in 0 < & < L, where the standard parameters v,
D, and X are introduced . By adding a localized force,
Vegt instead of Keg can be operationally defined through
(7). Our formula (16) with replacements k/y — v,
vg — A, and T'/y — D can be used to estimate v, D, and
A when there exists a phenomenon that may be effec-
tively described by the KPZ equation. Specifically, one

can estimate v3/(DA?) by observing cross-over length
of veg. From the fluctuation spectrum of d,h, D/v is
determined. The parameter A is determined from the
average propagation velocity. These three data lead to
v, D, and ). For example, putting oil on boundaries of
an interface in combustion of paper [27], we can study a
response property. Since the system is described by the
model in this Letter, the parameter values of the KPZ
equation will be determined by using the method above.
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Supplemental Material:
Divergent stiffness of a growing interface

Mutsumi Minoguchi and Shin-ichi Sasa

Throughout the supplemental material, we set v = k/v, D =T /v, A = vg, and € = ¢/. The equation we
study is then expressed as

Oih = vO?h + %(amh)2 + V2DE + € pox (), (S.1)

which is a forced KPZ equation with the most standard notation. The noise £ = £(x,t) satisfies

(€(z,t)) =0, (S.2)
(€(z,1)€(y, 5)) = 6(x —y)o(t — s). (S.3)

We particularly focus on the case
Pesl) = 6(2) — 7. (S.4)

and the periodic boundary condition is assumed for 0 < z < L.

The organization of the supplemental material is as follows. First, we summarize the basic issues of the
equation we study. Then, in Sec. II, we derive the formulas presented in the main text. In Sec. III, we show
some numerical results supporting arguments in the main text.

I. BASIC ISSUES
A. Dimensional analysis

A solution of (S.1) with a parameter set (v, D, \, L,€) is connected to another solution of (S.1) with a
different parameter set (v/, D', N, L’ &) by some scaling transformations. We explicitly confirm this fact,
which is useful to derive a general expression of the effective surface tension.

First, we introduce coordinate transformations

T = .7, (S.5a)
t=aut’, (S.5b)

where o, > 0 and a; > 0 are scaling factors. Accordingly, 0 < 2’ < L' with L' = L/«a,. We also define
W(z',t') by

h(z,t) = aph/(2',t") (S.6)

with a new scaling factor v, > 0. Finally, we introduce £'(2’,t") that satisfies

(€', t)) =0, S.7)
(@ )y, s) =" =yt =) (5.8)

This is explicitly written as
&, 1) = 020y %€ (@), (8.9)

By substituting these relations into (S.1) with (S.4), we obtain

oh' = ava *vdi W + v lan = (3 W2+ a0 1/2 o, '"V2D¢ + avay oy e <5(:L'/)[1/> (S.10)



From this expression, we define a new set of parameters (v/, D', X', €) by

e (S.11a)
_ AN
atozIQah§ =5 (S.11b)
a; %00 V2D = V2D, (S.11c)
avagtap =¥, (S.11d)
so that (S.10) becomes
N 1
oph' = vV'OE N + 5(835/11’)2 +V2D'¢ + & (6(1’) - D) : (S5.12)
By solving (S.11), we find
3
o r”Q ) (S.13a)
DTy
5
= 2 S.13b
a T2D7‘§7 ( )
ap = r—y, (S.13c¢)
T
re = 2D (S.13d)
Ty

where r, = v/V/, ry = A/N, rp = D/D’, and r; = €/¢. That is, by appropriately choosing o, at, and oy,
for (S.1), we obtain a different model with v/, D', and A\’ whose values are specified.

B. Discrete model

In numerical simulations of (S.1), we define a discrete field h;(t) = h(iAz,t) with 0 < i < N, where Ax is
a numerical parameter, NAz = L, and hg = hy. Throughout this study, we fix Az = 0.5.
For later convenience, we also define

hip1(t) — hi(?)

ui(t) Az ’

(S.14)

which represents a discrete field corresponding to u(x,t) = 9,h(x,t). The rule of discretization is that h; is
defined on i-site and u; is defined on the bond connecting i + 1-site and i-site. This clearly represents the
conservation law and the symmetry which is described below in this and the next sections. We then study
the following discrete model of (S.1) [1]:

dh; U —Uim1 A, o 9 ~ \/ﬁ
= - ~ - N y y . . P . .1
dt v Ax + 6 (U’L + U1 + uzfl) + € Dexi + A:L’g’“ (S 5)

where ¢;(t) is Gaussian white noise that satisfies (£;(¢)) = 0 and (&;(¢)&;(t')) = 0;;0(t —t'). € pexi is a discrete
form of the external stress epex (). Note that v, A, and D are the parameters introduced at the beginning of
Supplemental Material. It can be seen that (S.15) leads to (S.1) in the limit Az — 0.

We express (ug, -+ ,un—1) as u collectively. The stationary distribution of w for e = 0 is then calculated
as

v x N/2 v
= ("p2)  ew l—w (A

More precisely, the non-linear term in (S.15) is chosen so that (S.16) holds [1]. See (S.28) for the argument.
We used the Heun method to solve (S.15) numerically, and we confirmed that the numerical estimation of
(u?) is equal to the theoretical value within 1% error for At = 0.01.

(S.16)




Here, we note that (S.15) is rewritten as the continuity equation

du;  Jit1— Ji
vy e Jr Nl
dt Az 0, (8.17)

where the current field is given as

A 2 Uy — U1 - /2D
Ji = 76 ('U,Z + UjUi—1 +u1’_1) - I/Tx — € Pexi — Fxél (818)

The trajectory (u(t))7_, is collectively denoted by [u]. Let P(Ju]|u(0)) be the probability density of trajectory
[u] provided that w(0) is given. From the Gaussian nature of &;, we first have

Az [T (A P = Uis ?
P([ul[u(0)) = N exp [—4;/0 dtz<6 (uf—i—uiui1+U?1)+VUA;H+€pexi+ji> . (5.19)

=1

where the periodic boundary conditions have been used in the derivation. The time integration is evaluated
as the mid-point discretization and N is the normalization constant which depends on the time interval At
in the time integration.

C. Time-reversal symmetry

We define the following two types of time-reversal transformation for any trajectory [u]: [u]* = (u(r7—t))7_,

and [u]' = (—u(r —t))]_o. Associated with them, we have the two relations respectively. The first relation
is

P([u]"|u(r))

BT, = exp(=o{w) exp( 3P (h(r)) = A (h(0)) (5.20)

with
oth) = |t S8R GEG (6 s 1) (s21)

and
F(h) =5 Y (Aa) | Ju? = pexihi] (5.22)

Here, in the calculation of (S.20), we have used

dFe(h(t)) < dh; dF<(h)
dt B — dt  Oh '

(S.23)

When A = 0, (S.20) implies the detailed balance condition with respect to the equilibrium distribution
proportional to exp[—SF¢(h)].
The second relation is
P([u]'] — u(r))

P(u]][u(0) = exp(—a([u])) exp <2D Zuf(T)Aac ) ; U?(O)Am> (S.24)

with

()=~ [t et — i) (525)
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We have derived (S.24) by substituting [u]" into [u] in (S.19) and calculating the left-hand side of (S.24). In
this calculation, we have used

2 . .
Z By (uf) = “Ar Z(UiJiJrl — U;ij;) (5.26)
2 .
= Ar Z(Uz — Ui—1)Ji, (S.27)
and
Z (uf + wivim1 +uiy) (up —uim1) = 0. (S.28)

i

When € = 0, (S.24) implies the detailed balance condition with respect to the distribution proportional to
exp[—v/(2D) Y, u?Az]. This provides the proof of (S.16). Note that v/(2D) Y, u? Az is equal to SF°(h).

II. DERIVATION OF FORMULAS
A. Derivation of (5)

For equilibrium cases (S.1) with A = 0, the expectation of h(x) under the external stress is determined by

v )y (5(@ _ ;) - % (he, =0, (5.29)
Since 9; (h(x))g, = €/(Lv) for x # 0 and (h(z))s, = (h(L — x))g,, we have
~ 2 2
()l = o [(m -3) - Z] (O, (5.30)
Thus,
¢ 22
(h(z) — h(0))eq = 57— l(z - §> _ Z] . ($.31)
By setting @ = L/2, we also have
(h(L/2) ~ h(O0))ey = — . (8.32)

B. Non-linear response

In the main text, we conjecture the linear response form (7) for small e. We here discuss this form from
the nonlinear response form for the noiseless case.
The steady-state profile of u(z) = d,h(x) under the external stress is determined by

o Oou X o 1
which is obtained from (S.1) with d;u = 0. Equation (S.33) yields

B _ y%‘ e (5(1:) - 1) (S.34)
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with a constant B. Solving this equation for x # 0, we have

w(z) = ug tanh (AQ“VO (ac - 5)) (S.35)

2(B +¢)
VA

Next, integrating (S.34) in the region [0, ] and [L — §, L], and taking the limit 6 — 0, we obtain

with

ul = (S.36)

v(u(0+) —u(L-)) +é=0. (S.37)
Combining it with (S.35), we have

Ay, L .
2vug tanh (2; (—2>) + €

which determines ug and B from (S.36). The integration of (S.35) in z gives

Wz, 1) = 27” log [cosh (A;‘VO (a: 5»} +h <§t) (5.39)

This is the non-linear response form for the noiseless case.

0, (S.38)

Now, we discuss the relation between (S.39) and (7) in the main text. In the linear response regime of the
limit € — 0, from (S.38), we find

.
u§ = <7 + 0. (S.40)

Recalling (S.36), we also have B = O(&?). Therefore, the profile in the linear response regime is given by

(S.41)
which leads to

h(z) — h(0) = ﬁ

(S.42)

This is equivalent to (5) in the main text. That is, even for growing interfaces, the linear response form is
expressed as the right-hand side of (5) if noise effects are ignored. Since it is reasonably expected that the
parameter v is renormalized as veg by noise effects, we conjecture (7) for growing interfaces.

C. Derivation of (10) and (11)

In this section, we study the discrete model defined in Sec. 1B. We first note that h is not uniquely
determined from wu, because an additive constant of h is arbitrary for given w. Nevertheless, if a quantity
A(h) satisfies A(h 4+ c1) = A(h) for any ¢, where 1 = (1,1,

, 1), we can uniquely express A in terms of u.
We thus write A([u]), which we study in this section.
We first define

Y = [ Dl Al P(ufu(0) P (u(0),

(S.43)
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which represents the ensemble average of A over noise realizations and initial conditions sampled from the
equilibrium distribution with A = 0. Using (S.20), we obtain

P(u]"[u(r))

(A); = /D[U}A([U]*) P ([ul[u(0)) P([u][u(0) Py (u(t = 7)) (S.44)
= /D[U]A([u]*)exp(—a([U]))P([U]IU(O))Péq(U(t =0)) (S.45)
— (A7) (S.46)

where A*([u]) = A(Ju]*). This is the standard form of the fluctuation theorem, and o corresponds to the
thermodynamic entropy production in the system we study.
Since we have the second relation (S.24) associated with time-reversal transformation, we further define

Ay = [ Dl AP (afu(0) P2 ul0)), (5.47)

which represents the ensemble average of A over noise realizations and initial conditions sampled from the
stationary distribution with e = 0. Using (S.24), we obtain

Pl - u(r) o ut = r
Ay = [ Ptuaul) 2 P u0) P e = ) (549

/D ") exp (=6 ([u]))P([u][u(0)) P (u(t = 0)) (5.49)
— (e

where Af([u]) = A([u]"). This fluctuation theorem is not standard, since & does not correspond to the
thermodynamic entropy. Instead, & is interpreted as the excess entropy production that characterizes the
extent of the violation of time-reversal symmetry in the KPZ equation.

i’ (5.50)

D. Derivation of (13)

Setting A = w;(7) and substituting pex; = dio/Ax — 1/L into (S.50), we have

<uz(7)>tlrl - <_ui(0) e I 4t (o t)>u (8:51)
Then we expand it in € and take the limit 7 — co. Noting that
Tll>ngo <u2(7—)>3r1 - <u’b>ss ’ (852)
we obtain
0% = ~ Pz [t )t~ unaa (1) + OE) (8.53)
_ ve = ) 0o ) 0 2
gz |t (e O, = (wOuw)?) + OE) (5.54)

Therefore, the response formula is derived as

1—1
0% = Y Aw () (S.55)
=0

i-1 - .o
2o |t (G ), — s u(®)?) + o) (3.56)

oo

=5 [ (1m0~ o)) + 06 557
=2 [ () - o) + O (5:58)
0
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where C;(t) = (ui(O)uo(t»gs. Taking the limit Az — 0, we have
(h(z) — h(0)), = %g /Ooo dt (C(z,t) — C(0,t)) + O(e?) (S.59)
with C(x,t) = (u(z,0)u(0,t))..
E. Derivation of (17)

We cousider veg/v for the model (S.1). We choose ay, oy, and oy, such that v/ = D’ = X = 1. We then
have v is given as a function of L', which is simply written as

%H:f<i)7 (5.60)

where ¢ is a numerical constant characterizing the dimensionless crossover length. Since veg/v = Vg, we

obtain
Veff o L - D)\zL
l/f(&%>f<£y;). (S.61)

Thus, setting
Ly =(0— S.62
0 D)\2 ) ( )
we obtain the formula (17) in the main text.
F. Estimation of ¢ in (20)
We define the space-time Fourier transform of C(x,t) as
~ el o .
C(k,w) E/ dﬂc/ dt e'*z e O, t). (S.63)
— 00 — 0o
We then have

C(k,0), (S.64)

N |

/OOO dt C(k,t) =

because C’(k‘, t) = C’(k, —t). Here, Prahofer and Spohn showed that
C(k,0) = 9.72216k /2 (S.65)

for an exactly solvable stochastic model that corresponds to the KPZ equation with D/v =1 and A = 1/2
[3]. From (19) and (20) in the main text, we write

00 D\ /2
5 — il —3/2
; dt C(k,t)=c <1/)\2> k , (S.66)
which becomes
/ dt C(k,t) = 2ck™53/? (S.67)
0

for the system with D/v = 1 and A = 1/2. Comparing this expression and (S.64) with (S.65), we obtain
c = 2.43054.
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FIG. S.1. n. dependence of ¢ expressed by (S.73). The
solid line shows the range of values we used in our nu-

merical calculations. large nc.

G. Derivation of (21)

We first consider the Fourier expansion

/ dt C(z,t)
0

ZC —iknx

n_—nc

FIG. S.2. Asymptotic behavior of ¢ converging to {o
given in (S.74). The relation foo — £ = 80710_1/2 holds for

(.68)

with k, = 27n/L, where the cut-off number n. is given by L/(2Az). From (S.66), we may set

—3/2
n

1/2
C,=c ( /\2> k
for sufficiently large L. We then find

/OOO dt {c <§t> _ C(O,t)}

HEARDS (1" =15

VA2
n=-—ng
4c

L

L

(=)

Substituting this result into the formula (15) in the main text, we obtain the form

£ 1/2 nc/2 1
2% — (2n— 1)3/2°

where Lg is calculated as

with

(.69)

(.70)

(S.71)

(8.72)

(S.73)
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against the strength of the external stress for system sizes function of L. vg = 5. This shows the divergent behavior
L =2,4,8,16,32, and 64, from bottom to top. vo = 5. Kot = 0.665v/L.

The symbols show the numerical results and they are

fitted to a quadratic function fo = ¢1é+c2€ (solid lines).

This gives the estimation of the dimensionless cross-over length ¢ defined by (16) and (18) in the main text.

In Fig. S.1, we plot £ for n.. In the range we studied in numerical simulations, the theoretical estimation
of ¢ is consistent with the numerically obtained value ¢ ~ 60. If we study the case that L — oo, £ should be
evaluated in the limit n. — co. This value, which is denoted by /., is calculated as

~ (32¢)? miio" 1\
boo = (277)3 <Z 3 Z (2n)g>

n=1 nz n=1

_ <(3227T)>j (1 _ 21%>2C @ (S.74)
~ 69.52.

Note that the convergence is slow and Fig. S.2 shows that

loo — U(ne) = \/“:TC (S.75)

for large n., where A = 80.

III. SUPPLEMENTAL DATA
A. Measurement of the response

In Fig. 3 of the main text, we display the numerical data of (h(L/2) — h(0)), /é. Here, we explain the
method for numerically evaluating it. In Fig. S.3, we show (h(0) — h(L/2)):, for several values of € ranged
from 0.002 to 0.01 for systems with sizes L = 2,4,8,16,32, and 64. For each L, we fit the data points by
a quadratic function fo(€) = ¢1& + c2€? by the least-square method. This linear coefficient c; is given as
(h(L/2) — h(0))S, /€ in Fig. 3 of the main text.

Using the coefficient ¢; and (7) in the main text, we have

L
Reff — 8701 (876)

Then, we display kg as a function of L in Fig. S.4. This graph already shows the v/L behavior of keg.
However, it is hard to study larger systems than L = 64 by this method.
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B. Dpynamical-scaling exponent

It has been known that the dynamical exponent z is equal to 3/2 for the KPZ equation. We directly
confirm this fact by numerical simulations. Concretely, we study the height width

W(L,1) = /{(h = (1))?) (8.77)

for the initial condition h(z,0) = 0. In Fig. S.5, we plot W/L'/? against ¢t/L3/? for system sizes L =
64, 256,1024, and 4096 with v = D = 1 and A = 5 fixed. It is found that all the data are on the same
universal curve. The scaling function observed in the simulation is consistent with known results.

We note that the same procedure does not yield a clear curve for the numerical simulations of the system
with A = 1, as shown in Fig. S.6. This is interpreted as a finite time effect. Concretely, in the early stage
t < tp, the growth of W is described by the linear (equilibrium) dynamics with A = 0, while the non-linear
growth effect becomes dominant for the late stage ¢t > tg. The cross-over time t;, was numerically obtained
[4-6] as

to ~ 2520° D72\ (S.78)

We conjecture that the cross-over time #( is related to the cross-over length L¢ in our study.

C. Finite mesh effect for ks (L)

Since we fix Ax = 0.5 in the discrete model, the model with small I may not provide a good approximation
of the KPZ equation. In order to study this aspect more quantitatively, in Fig. S.7, we plot kg against
L > 2 with vy = 5 fixed. It shows that keg is almost proportional to v/L for L > 4. However, when we plot
Keft for several values of vy in Fig. S.8, we find that the data for L = 2,4, and 8 are not on the one universal
curve. This means that the discrete model with Az = 0.5 is not a good approximation of the KPZ equation
with L = 2,4, and 8. More quantitatively, we notice that the cut-off number n. = L/(2Az) characterizes
the cross-over length as shown in (S.73) and Fig. S.1. This means that the system with smaller n. shows
a shorter cross-over length, which makes the data points shift to the right side. Therefore, the data for the
systems with small L are obviously contaminated by discretization effects and thus deviate from the universal
curve determined in the larger systems. For this reason, we employ the data for L > 16 in the main text.
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ket for the same system sizes as Fig. S.7

and with vg = 0.2,0.5,1,3, and 5 (difference in symbols
represents the difference in vo). Lo is given by (S.72)
with ¢ ~ 60 in this figure. The symbols for the small
system sizes L = 2,4, and 8 are not in the universal
curve.
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