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Abstract

Algebraic quantum field theory, or AQFT for short, is a rigorous analysis
of the structure of relativistic quantum mechanics. It is formulated in
terms of a net of operator algebras indexed by regions of a Lorentzian
manifold. In several cases the mentioned net is represented by a family of
von Neumann algebras, concretely, type III factors. Local quantum field
logic arises as a logical system that captures the propositional structure
encoded in the algebras of the net. In this framework, this work con-
tributes to the solution of a family of open problems, emerged since the
30s, about the characterization of those logical systems which can be iden-
tified with the lattice of projectors arising from the Murray-von Neumann
classification of factors. More precisely, based on physical requirements
formally described in AQFT, an equational theory able to characterize
the type III condition in a factor is provided. This equational system
motivates the study of a variety of algebras having an underlying ortho-
modular lattice structure. A Hilbert style calculus, algebraizable in the
mentioned variety, is also introduced and a corresponding completeness
theorem is established.
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Introduction

Quantum field theory (QFT) is a set of tools that combines three areas of the
modern physic: quantum theory, field theory and relativity. This theory under-
lies elementary particle physics and supplies essentials tools to other branches
of the theoretical physics, such as condensed matter physics, statistical mechan-
ics, astrophysics etc. Although quantum field theories have been developed and
used for more than 70 years, a generally accepted rigorous description of the
structure of these theories has not yet been established. With the aim to es-
tablish a consistent mathematical framework for the treatment of QFT, several
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axiomatic frameworks were formulated since the mid-fifties. One of these is
known as Algebraic quantum field theory (AQFT). Its origin lies in a seminal
work of Haag and Kastler dating back to the early 1960s [II]. On this picture, a
collection of observables is assigned to each open region of the Lorentzian space-
time. These observables correspond to physical quantities that can be measured
by experiments causally confined to that region. The collection of observables
comes equipped with an intrinsic operator algebra structure. AQFT exists in
two versions: the original Haag-Kastler formalism [I1] based on C*-algebras
and the Haag-Araki formalism [I], I2] which uses von Neumann algebras. Here
we adopt the second model mentioned above. Formally, the Haag-Araki model
is based on a family {N(O)}o, called net of local observable algebras over the
spacetime, where O is an open bounded region of a Lorentzian manifold and
N(0O) is a type III factor in the Murray-von Neumann classification of factors
[22, 27, 28, 29] [36]. Each algebra A(O) mathematically represents the set of
physical properties in the region O of the spacetime. In this framework the aim
of this work is to develop a logical system describing the propositional structure
arising from the algebras of the net.

As is widely known, the elementary propositional structure associated to
each algebra N'(O) is encoded in the orthomodular lattice P(N(O)) defined by
its projectors, each one of them, representing a true/false assertion related to a
physical property in the region O. However, the only orthomodularity condition
on P(N(0)) is not enough to distinguish the most important formal requirement
of the algebras of the net, namely, the type III factor condition in the Murray-
von Neumann classification. Local quantum field logic, or LQF-logic for short,
is an expansion of the orthomodular logic that captures the type III factor
condition of the algebras of the net. More precisely, this logical system is based
on a necessary and sufficient condition formulated by a set of equations on an
expanded language of the variety of orthomodular lattices that, when imposed
on the projector lattice of a von Neumann factor, implies that this is a type III
factor. In this perspective, this work attempts to contribute to the solution of
a family of open questions emerged since the 30’s about whether it might be
possible to establish lattice theoretical conditions in order to characterize each
factor of the Murray-von Neumann classification [5] [15] [16].

The paper is structured as follows. Section [I] contains generalities on univer-
sal algebra and lattice theory. Some technical results about operations expand-
ing the orthomodular structure are also given. In Section [2] an outline about
operator algebras is provided. Moreover, useful facts linking elements of the
Murray-von Neumann dimension theory and von Neumann lattices are estab-
lished. Section B provides a detailed motivation of the LQF-logic. In order
to do this the physical framework underlying AQFT is briefly described. In
Section M] the action of the partial isometries on the lattice of projectors of a
type III factor is studied. This allows us to transplant the Murray-von Neu-
mann equivalence of type I11 factors in the language of the lattice of projectors.
Furthermore, partial isometries define a natural expansion of the language of
the orthomdular lattices in which, a set of equations characterizing the type III
factor, is formulated. Based on this equational theory, in Section [ a variety of



algebras, called LQF-algebras, is introduced and studied. Via LQ F-algebras,
alternative proofs of the crucial characteristics regarding to the non atomicity
and non modularity of the type III factors are given. Section[6lis devoted to the
study of the congruences and filters in LQF-algebras. Finaly, in Section [7 a
Hilbert style calculus for LFQ-logic is introduced and a completeness theorem
for this calculus is also established.

1 Basic Notions

We first recall from [7] some notion of universal algebra that plays an important
role along this article. Let 7 be a type of algebras. We denote by Term.(X)
the absolutely free algebra of type 7 built from the denumerable set of variables
X = {#z1,x2,...}. Each element of Term.(X) is referred to as a 7-term. We
denote by Comp(t) the complexity of the term ¢. An equation of type T is
an expression of the form ¢ = s where t,s € Term,(X). For t € Term,(X)
we usually write ¢(z1,...,z,) to indicate that the variables occurring in t are
among Ti,...,Tn,. A wvariety is a class of algebras of the same type defined
by a set of equations. Let 4 be a variety of algebras of type 7. In this case,
Term,(X) is also denoted by Term4(X) and each element of Term,(X) is
indistinctly referred to as a 7-term, A-term or simply term when there is no
confusion. A A-homomorphism is a T-operation preserving map between two
algebras of A. If A € A then we denote by 14 the identity .A-homomorphism
on A. If B be a subclass of A then we denote by V(B) the subvariety of A
generated by the class B, i.e. V(B) is the smallest subvariety of A containing
B. Let A € A. Each term t(z1,...,2,) in Term,(X) canonically defines an
n-ary operation on A denoted by t4. If ai,...,a, € A then we denote by
t4(a1,...,a,) the result of the application of the term operation ¢4 to the
elements ai,...,a,. A wvaluation in the algebra A is a function of the form
v: X — A. By induction on Comp(t) any valuation v in A can be uniquely
extended to an A-homomorphism v : Term,(X) — A, that is, v(t(t1,...,tn)) =
tA(v(ty),...,v(ty)) for t1, ... t, € Term,(X). Thus, valuations are identified
with A-homomorphisms from the absolutely free algebra. If t,s € Term.(X),
A E t = s means that for each valuation v in A, v(t) = v(s) and A =t = s
means that for each A € A, A=t =s.

For each algebra A € A, we denote by Con(A) the congruence lattice of
A, the diagonal congruence is denoted by A4 and the largest congruence A2
is denoted by V4. A congruence 6 is called factor congruence iff there is a
congruence 6* on A such that, 0 A 0* = Ay, 0V 0" = V4 and 0 permutes with
0*. In this case the pair (6,6%) is called a pair of factor congruences on A and
we can prove that A =2 A/0 x A/0*. The algebra A is directly indecomposable iff
A is not isomorphic to a product of two non trivial algebras or, equivalently, if
A4,V 4 are the only factor congruences in A. If A is a variety then we denote by
DI(A) the class of directly indecomposable algebras of A. An algebra A has the
congruence extension property (CEP) iff for each subalgebra B and 6 € Con(B)
there is a ¢ € Con(A) such that § = ¢ A2. A variety A satisfies CEP iff every



algebra in V has the CEP.

The variety A is said to be congruence distributive iff for each A € A,
Con(A) is a distributive lattice. If for each A € A the congruences of Con(A)
are permutable then we said that A is a congruence permutable variety. The
variety A is arithmetical iff it is both congruence distributive and congruence
permutable variety.

Let A be an algebra. We say that A is subdirect product of a family of (4;)icr
of algebras if there exists an embedding f : A — [[,.; A; such that 7; f : A— A;
is a surjective homomorphism for each ¢ € I where 7; is the ¢th-projection onto
A;. The algebra A is subdirectly irreducible iff it is trivial or there is a minimum
congruence in Con(A) — Ay. We denote by SZ(A) the class of subdirectly
irreducible algebras of the variety A. It is clear that a subdirectly irreducible
algebra is directly indecomposable. Then, for each variety A, we have that

SZ(A) C DI(A). (1)

An important result by Birkhoff is the following subdirect representation
theorem.

Theorem 1.1 [7, Theorem 8.6] Let A be a variety. Then every algebra A € A
is a subdirect product of subdirectly irreducible algebras of A. O

Let us notice that, by the above theorem and Eq.(), in each variety A the
class SZ(A) and the class DZ(.A) rule the valid equations in A. That is, for any
pair of terms t, s € Term 4(X) we have that

At=s it DI(A)t=s iff SI(A) E=t=s. (2)

An algebra A is said to be simple iff Con(A) = {A 4,V a}. The class of simple
algebras in the variety A is denoted by Sim(.A). The algebra A is semisimple iff
A is a subdirect product of simple algebras. A variety A is semisimple iff each
algebra of A is semisimple. A discriminator term for the algebra A is a term

t(z,y, z) such that
tA(.’II,y,Z):{I, 157&%
z, T=4y.

A variety A is a discriminator variety iff there exists a subclass of algebras IC
with a common discriminator term ¢(z,y, z) such that A = V(K).

Theorem 1.2 [7, Theorem 9.4] Let K be a class of algebras of type T and
t(z,y,2) be a common discriminator T-term for the class K. If we consider the
generated variety A = V(K) then

1. A is an arithmetical semisimple variety.

2. DI(A) = ST(A) = Sim(A).



Now we recall from [I9] and [26] some notion about orthomodular lattices.
A lattice with involution [I§] is an algebra (L,V,A,—) such that (L,V,A) is a
lattice and — is a unary operation on L that fulfills the following conditions:
-z = x and —(z Vy) = -x A ~y. An orthomodular lattice is an algebra
(L,A,V,—,0,1) of type (2,2,1,0,0) that satisfies the following conditions:

1. (L,A,V,—,0,1) is a bounded lattice with involution,
2. x AN—x =0,
B.zV(zA(zVy)) =zVy. (orthomodular law)

We denote by OML the variety of orthomodular lattices. Upon defining the
OML-term tRs as
tRs = (tAs)V (—tA-s) (3)

an important characterization of the equations in OML is given by:
OMLEt=s iff OMLELtRs=1. (4)

Therefore we can safely assume that all OM L-equations are of the form t =1,
where t € Termoamc(X).

Remark 1.3 It is clear that the equational characterization given in Eq.( ) is
satisfied for each variety A admitting terms of the language that define, on each
A € A, operations V, A, =, 0,1 such that (A,V,A,—,0,1) is an orthomodular
lattice.

Let L be an orthomodular lattice. An element a € L is an atom iff a # 0
but x < a implies, z = 0 or x = a. Dually, the notion of coatom is established.
Let us notice that a is an atom iff —a is a coatom. Two elements a,b in L
are orthogonal (noted alb) iff a < —b. For each a € L let us consider the
interval [0,a] = {x € L : 0 < x < a} and the unary operation on [0, a] given by
—¢& = —x A a. As one can readly realize, the structure

[0,alz = {[0,al, A, V, 74,0, ) (5)
is an orthomodular lattice. Let a € L. Then the mapping p, : L — L given by
al2) = a A (~a V 2) (6)

is called the Sasaki projection onto [0, a]. In [I9, p. 156] it is proved that
x=pg(z) iff z<a. (7)

For elements a,b € L we said that a commutes with b, in symbols aCb, iff
a = (aVb)A(aV-b). Tt is not very hard to see that aCb iff bC'a. We also note that
aCb, -aCb, aC—b, ~aC—b are equivalent conditions in an orthomodular lattices.



Boolean algebras are orthomodular lattices satisfying the distributive law
A (yVz) = (xAy)V(zAz). We denote by 2 the Boolean algebra of two elements.
Let L be an orthomodular lattice. Given a,b,c in L, we write: (a,b,c)D iff
(avb)Ae=(anc)V (bAc); (a,b,e)D* iff (aAb)Ve=(aVe)A(bVe)and
(a,b,c)T iff (a,b,c)D, (a,b,c)D* hold for all permutations of a, b, c. An element
z of L is called central iff for all elements a,b € L we have (a,b, 2)T. We denote
by Z(L) the set of all central elements of L and it is called the center of L.

Proposition 1.4 Let L be an orthomodular lattice. Then we have:
1. Z(L) is a Boolean sublattice of L [26, Theorem 4.15].
2. z€ Z(L) iff for each a € L, a = (a A z)V (aA—z) |26l Lemma 29.9].
O

Let L be an orthomodular lattice and a € L. One can define the central
cover of a, as

e(a) = /\{z €Z(L):a<z} (8)

if such infimum exists. By straightforward calculation we can see that

eq(a) = —e(—a) = \/{z €Z(L):z<a}. 9)

if such supremum exists. This element is called the dual central cover of a. For
example, if L is a complete orthomodular then e(a) and eq(a) exist for each
a € L. Moreover, they are central elements of L [26, Lemma 29.16].

Proposition 1.5 Let L be an orthomodular lattice and z € Z(L). Then:

1. The binary relation 0, on L defined by a@,b iff aNz = bAz is a congruence
of L.

2. The function f, : L/0, — [0, 2]y such that f.([a];) = a Az is a OML-

isomorphism.

3. L is OML-isomorphic to L]0, x L/0-, i.e., (0,,0-.) is a pair of factor
congruences on L.

4. The map z — 0 is a lattice isomorphism between Z(L) and the Boolean
subalgebra of Conomc (L) of factor congruences.

5. L is directly indecomposable iff Z(L) = {0,1}.
O

For a proof of Proposition we refer to [0, §4]. Let us notice that the
above proposition say that in an orthomodular lattice there exists a one to one
correspondence between its central elements and the factor congruences. In
other words, the presence of non trivial central elements in an orthomodular
lattice determines each possible decomposition of the lattice in a direct product
of two orthomodular lattices.



Proposition 1.6 Let L be a directly indecomposable orthomodular lattice. Then

the operation
0, =0,
’LU()(I) = {

1, otherwise.

is the unique operation on L that satisfies the following conditions:

wo(0) =0, (10)
X < wo(X), (11)
Y = (Y Awo(X)) V(Y Awp(X)™h). (12)

Proof: ~ We first note that wq satisfy Eq.([I0), Eq.(II) and Eq.(I2). Let v
be an operation on L satisfying the mentioned equations. Combining Eq.(I2),
Proposition[[.42 and Proposition 55 we can see that Imag(v) C Z(P(N)) =
{0,1%}. Then, by Eq.(T), v(z) = 1 iff = # 0. Hence v = wy.
O
Let L be an orthomodular lattice. For elements a,b € L we say that a is a
complement of biff aVb=1and a Ab=0.

Proposition 1.7 [19, Proposition 6]. Let L be an orthomodular lattice and
a € L. Then the complements of a are precisely the elements of the image of
the following operation

Loz coz) = (zA=(zAa)) V-(zVa). (13)

Let L be an orthomodular lattice and a,b € L. We say that a and b are
perspective and we write a ~, b iff they have a common complement, i.e. if
there exists ¢ € L such that aVe=1=bVcandaAc=0=bAc.

Proposition 1.8 Let L be an orthomodular lattice and a,b € L. Then the
following statement are equivalent:

1. There exists x € L such thataVx =bVx andaNx =bAx.

2. an~pb.

Proof:  If we assume that a Vax =bVx and a Ax = b Ax then, by Proposition
L1 co(z) = (@ A-(zAa))Va(zVa)=(xA-(xAD)V(zVDd) =cp(z)is a
common complement of a and b. The other direction is immediate.

O

Proposition 1.9 Let L be an orthomodular lattice and a,b € L such that a ~,
b. Then,

1. For each z € Z(L), a Nz ~p b A z.

2. If z€ Z(L) and z < a then z < b.



3. eq(a) = eq(b) whenever such elements exist in L.

Proof:  Let us assume that a ~, bin L.

1) Let ¢ € L be a common complement of @ and b and z € C(L). Note that
(anz)Ae =0 = an(cAz) and (aAz)Ve = (aVe)A(zVe) = (2Ve) = (bVe)A(zVe).
Then, by Proposition[[.8 a A z ~, b A z.

2) By item 1 we have that z ~, b A z because z = a A z. Since z is a central
element then, necessarily, -z is the common complement of z and b A z. Thus,
1==zV({OAz)=-zVband z=2A1=2zA(-2Vb)=2zAb. Hence z <h.

3) By item 1 we have that eq(a) = a A eq(a) ~p b A eq(a). Since eq(a) €
Z(L) then —eq4(a) is the common complement of eq(a) and b A eq(a). Thus,
bAeg(a) € Z(L) and b Aeg(a) = eq(b Aeq(a)) = eq(d) A eq(a). In this way,
1 = =eq(a) V (ea(d) A eq(a)) = —eq(a) V eq(b) proving that eq(a) < eq(d).
Similarly we can prove that e;(b) < eq(a). Hence, eq(a) = eq(b).

O

Let L be an orthomodular lattice and a,b € L. We say that (a,b) is a
modular pair, in symbols (a,b)M, iff for every < b, (xVa)Ab =z V (a AD).
By substituting & with z A b, (a,b)M is equivalent to the following equation:

(xAD)V (anb) = ((xAD)Va)Ab. (14)

The lattice L is called modular iff (a,b)M holds for all elements a and b of L.
In other words, L is modular iff it satisfies Eq.([[4). We can show that if a_Lb
then (a,b)M holds. This property motivated Kaplansky to introduce the name
“orthomodular” as an abbreviation for “orthogonal pairs are modular”. In order
to characterize the modularity we introduce the following lattice known as Ns.

tVz=yVz
T
z
Y
TNz=yNz

Proposition 1.10 Let L be an orthomodular lattice. Then the following state-
ments are equivalent:

1. L is non modular.
2. There exists v,y € L such that x <y and x ~, y.
3. N5 is a sublattice L.

Proof: 1 <= 2) Immediate. 1 <= 3) See [10, §2, Theorem 2.
O
The technical results provided by the following two propositions turn out to
be useful in the rest of the paper.



Proposition 1.11 Let L be an orthomodular lattice, a € L such that a # 0
and let us consider a function w : [0,a]p, — L. Then the following statement
are equivalent:

1. w(pe(—x)) = ~w(z A a).

2. For each x € [0,a], w(—qx) = ~w(x) i.e. w preserves relatives comple-
ments related to a.

Proof: 1 = 2) Let us suppose that x < a. Since —a < -z then we have that
—~w(z) = ~w(x Aa) =w(pe(—-x)) =wlaA (maV -x)) =wlaA-x) =w(-.z).
2 = 1) Let x € L. Since x Aa € [0,a] then ~w(z A a) = w(—q(x Aa)) =
w(a A=(xAa))=wlaA (-aV-x)) =w((-x)).
O

Proposition 1.12 Let L be an orthomodular lattice and a € L such that a # 0.
Suppose that there exist two unary order preserving operations wg and w} on L
such that wow) =1idr and wiw, = ptq. Then,

1. wi: L —[0,a]r is an order isomorphism.
2. The restriction wq [[0,q),— L is an order isomorphism.
3. wila)=a iffa=1.

Proof: 1) We first prove that Imag(w}) = [0,a]. Let z € L. Then w’(z) =
wi (wew} () = (wiwe)w}(x) = pa(wi(z)) € [0,a]. Let y € [0,a].. By Eq.(@)
and by hypothesis we have that y = p.(y) = wiw,(y) and then, w,(y) is a
preimage of y by w¥. Thus, Imag(w}) = [0, a]. Let x,y € L and let us assume
that w¥(x) = wk(y). Then, by hypothesis, 2 = wow’(z) = wawi(y) = v.
Therefore, w} is injective. Since w) is an order preserving map, by the above
conditions, w} : L — [0, a]r is an order isomorphism.

2) If x # y in [0,a]r then, by hypothesis, wiw,(z) = po(z) = ¢ # y =
ta(y) = wiw,(y). Thus, by item 1, we(x) # wy(y). Therefore, the restriction
Wy [[0,q], is an injective map. Let y € L. If 2 = w}(y) then w,(z) = wow}(y) =
y. Thus w, is a surjective map. Since w, is an order preserving map, by the
above conditions, the restriction wq [g,q), — L is an order isomorphism.

3) Let us suppose that w’(a) = a. Then a = waw}(a) = wy(a) and, by item
2, a = 1. For the converse, if we suppose that a = 1 then, by item 1, wi(1) = 1.

O

2 Murray-von Neumann dimension theory and
von Neumann lattices

In this section we study some general properties about the lattice of projectors
of a von Neumann algebra arising from the Murray-von Neumann classification



of factors. In order to do this we first summarize some basic notions about the
Murray-von Neumann dimension theory.

Let ‘H be a Hilbert space with inner product (-,-) and norm | -|. Two
elements x,y are said to be orthogonal iff (x,y) = 0 which can be written as
xly. For a set X C H the orthogonal complement of X is given by

Xt ={yeH :VeecX, (z,y9)=0}

Two subspaces X, Y are orthogonal, in symbols X 1Y, iff X C Y+ (equivalently
XL CY). If X,Y are subspaces of H then the sum of X and Y is given by
the subspace X +Y = {x+y : 2z € X,y € Y}. In particular, H is said to
be the direct sum of X and YV iff H = X +Y and X NY = {0}. In this case
we write H = X @Y. Let us remark that H = X @ Y iff any a € H has a
unique decomposition a = a, + a, where a, € X and a,, € Y. The following
proposition provides well known results on Hilbert spaces (see [I3] §12]).

Proposition 2.1 Let ‘H be a Hilbert space and X,Y subspaces of H. Then,

1. X+ is a closed subspace of H.
2. If X is closed then H = X & X+,

3. If X and Y are closed and X 1Y then X +Y is the closed subspace of H
generated by X UY .

d

An indexed subset {e;}; of H is said to be orthonormal iff, ||e;|| = 1 for all ¢
and e; Le; for all ¢ # j. The space H is separable iff it has a countable basis, i.e.,
there exists a denumerable orthonormal set {e;}$2; such that for each x € H,

o0
z =3t eies.
From here on, we confine ourselves to separable Hilbert spaces.

A linear operator L : H — H, or operator for short, is said to be bounded
i sup, < {I L(z)[|} < co. If (ei)ier is a basis of H where I C N then the
trace of L is defined as tr(L) = >, ;(L(e;),e;). We can prove that the trace
of L is independent of the choice of basis. The kernel of L is defined as the set
Ker(L) = {x € H : L(x) = 0}. Let us remark that Ker(L) and the image of
L, denoted by I'mag(L), are subspaces of H. The set of all bounded operators
on H is denoted by B(#). The identity operator on H is denoted by 1 and
immediately follows that it is a bounded operator. For each operator L € B(H)
we denote by L* the adjoint of L i.e., the unique operator in B(#) such that
(L(x),y) = (x, L*(y)) for each x,y € H.

The relationship between I'mag(L) and Ker(L*) is given by the following
proposition.

Proposition 2.2 Let L € B(H). Then,

10



1. Ker(L) = Imag*-(L*).
2. Ker*(L) = Imag(L*) i.e. the closure of Imag(L*).
(]

Remark 2.3 Combining Proposition 2] and Proposition we see that for
each L € B(H), Ker(L) and Ker*(L) are closed subspaces of H.

The set B(H) can be endowed with a linear space structure over C by consid-
ering the sum operation (L + M)(z) = L(x) + M (z) and a product by complex
scalars defined by (AL)(z) = AL(x). In B(H) we can also define the product
operation L - M given by the composition (L - M)(z) = L(M(x)). For the sake
of simplicity the product operation L - M is written LM.

An operator P on H is an orthogonal projection or simply a projector iff
P = P* = P?. Note that if P is a projector on H, then I'mag(P) is a closed
subspace of H. Reciprocally, if ' is a closed subspace of H then there exists a
projector Pg such that I'mag(Pg) = E and Ker(Pg) = E+. In this way, for
each closed subspace F of H we denote by Pg the projector onto E. Thus, the
concepts of closed subspace and projector are interchangeable and, by the usual
abuse of language, the identification

E =~ Pg (15)

will be used along this article.
We denote by P(H) the set of all closed projectors on H. We also remark
that P(H) C B(H). It is well known that the structure

(P(H),V, A, 0,15) (16)

where PxV Py = Pxvy being X VY the smallest closed subspace of H containing
X and Y, Px A Py = Pxny, 0 2 {0} and 13 = H, is a complete orthomodular
lattice. These kind of structures are called Hilbert lattices.

Proposition 2.4 [13] §28] Let H be a Hilbert space and Px, Py two projectors.
Then, Px+ Py is a projector iff X LY. If this condition is satisfied then Pxvy =
Px + Py

O

In [32] Sasaki noticed that for two closed subspaces E, X of H the orthogonal
projection of X to the subspace E i.e., Pg(X), can be expressed without the
use of the inner product, more precisely, by using only the lattice operations
and orthocomplements of a Hilbert lattice. Formally, taking into account the
Sasaki projection introduced in Eq.(@), we have that

Pp(X)=up(X)=EA(E*+VX). (17)

Thus, in a Hilbert lattice the Sasaki projection ug exactly encodes the action
of the orthogonal projector Pg that projects onto the subspace E.

11



Let W be an operator in B(#). Then W is said to be unitary iff W*W =
WW* = 14. The operator W is an isometry iff |W(x)|| = ||z|| for every x € H.
Let us notice that unitary operators are isometries.

Proposition 2.5 Let W € B(H) be an isometry and X be a closed subspace of
H. Then W(X) is a closed subspace of H.

Proof: ~ We shall prove that W(X) contains all its accumulation points. Let
(W(:vn))neN be a sequence in W(X) which is convergent to y € H. Since
(W(:Cn))n N is a Cauchy sequence and W preserves distances we have that
|xn — zm|| = |W(zn) — W(am)|| — 0 whenever n,m — co. Therefore, (2, )nen
is a Cauchy sequence in X and z,, converges to x € H because H is complete.
Note that x € X because X is closed. Then, by the continuity of W, we have
that W(z) = W(lim,— 00 ) = limpy_0o W(zy) = y. Hence y € W(X) and
W(X) is a closed subspace of H.
O
An operator W in B(H) is a partial isometry iff the restriction W [ et (1
is an isometry. There are many familiar examples of partial isometries: every
isometry is one and every projection is one also. Partial isometries have been
intensively studied since the early stages of the theory of operator on Hilbert
spaces. In particular, they form the cornerstone of the dimension theory of von
Neumann algebras. One of the earliest results in operator theory is the following
characterization of partial isometries.

Theorem 2.6 [30, §2.2.8] Let W € B(#H). Then the following statements are
equivalent,

1. W is a partial isometry,

WW* =P

Imag(W)’

W*W =P N
Ker(W)

WW*W =W,
W WW* = W*,

S & o

W* is a partial isometry.
O

Let H be a Hilbert space. A *-subalgebra of B(H) is a linear subspace N of
B(H) closed by the operations - and *. In particular N is said to be unital iff
the identity operator 13 € N. Let N’ C B(H). The commutant of N is the set

N' ={X €B(H):VT €N, XT =TX}.

In particular N7 = (M) is called the bicommutant of N.

12



Definition 2.7 Let H be a Hilbert space. A von Neumann algebra is a unital
s«-subalgebra N of B(H) such that N/ = N.

Let N/ C B(H) be a von Neumann algebra. We denote by P(N) the set of
all projectors in N i.e. P(N) =N NP(H). An important fact is that P(N)
generates N in the sense that P(N)” = N. If A € N then we define the left
annihilator of A as the set

Anng(A) = {S € N : SA =0}. (18)

Proposition 2.8 Let N C B(H) be a von Neumann algebra and A € N'. Then
there ezists a unique A’ € P(N) such that

Annp(A) =NA" ={NA": N e N'}.
Proof:  See [26] Definition 37.3 and Remark 37.15]. O

Proposition 2.9 [14, §D, p.72] Let N' C B(H) be a von Neumann algebra.
Then, P(N) is complete orthomodular lattice with respect to the lattice opera-
tions inherited from P(H). O

If N C B(H) is a von Neumann algebra then the orthomodular structure
related to P(N) is called von Neumann lattice. By the above proposition we
can also identify the projectors of P(N') with the respective closed subspaces of
H.

A crucial relation between projectors in operator theory is the notion of
unitary equivalence. Two projectors P and @ in a von Neumann algebra N C
B(H) are said to be unitary equivalent iff there exists an unitary operator W € N
such that Q@ = WPW™*.

Theorem 2.10 [9, Theorem 1]. Let N'C B(H) be a von Neumann algebra and
P.Q € P(N). Then P and Q are unitary equivalent iff P ~, Q in the lattice
PN).

O

The above theorem allows us to see the notion of perspectivity as a lattice
order representation for the notion of unitary equivalence between projectors of
a von Neumann algebra.

Let N' C B(#) be a von Neumann algebra. The center of N is defined as
the set Z(N) = N NAN'. Note that Z(N) is a commutative von Neumann sub
algebra of A/. The algebra A is called factor iff its center is trivial, that is,
Z(N) ={Al: X € C}. An example of a factor is B(H) for any separable Hilbert
space H.

The notion of factor is closely related to the directly decomposability of the
lattice P(N). Indeed: Let us notice that each von Neumann algebra A has an
underlying ring structure, more precisely, it is a Baer*-ring [26, Remark 37.15].
Then, A is a factor iff the central idempotent elements of the underlying ring
structure of A/ are {0,1%} which is equivalent to Z(P(N)) = 2. Thus, by
Proposition [[L5F5, we can establish the following result.

13



Proposition 2.11 Let N' C B(H) be a von Neumann algebra. Then the fol-
lowing statements are equivalent:

1. N is a factor.
2. P(N) is a directly indecomposable lattice i.e. Z(P(N)) = 2.

O

Let N/ C B(H) be a von Neumann algebra. Two projectors P, Q € P(N) are
said to be Murray-von Neumann equivalent iff there exists a partial isometry
W € N such that WW* = P and W*W = Q. If P and @ are Murray-von

Neumann equivalent then we write P ~ Q.

Proposition 2.12 Let NV C B(H) be a von Neumann algebra and P,Q € P(N).
If P ~, Q then P ~ Q.

Proof:  Let us suppose that P ~, . By Proposition there exists a
unitary operator U € N such that Q = UPU*. If we define W = UP then
WW*W = UP(UP)*UP = UPP*U*UP = UPP(U*U)P = UPP1yP =
UP = W. Thus, by Proposition 2.6-4, W is a partial isometry. We also note
that W* = (UP)* = PU* = (U*QU)U* = U*Q. Hence WW* = Q, W*W = P
and P ~ Q.

O

The relation ~ defines an equivalence on P(N') and the description of the
quotient P(N)/~ is known as the dimension theory for N'. We write P < @,
and say that P is Murray-von Neumann sub-equivalent to @) if there exists a
partial isometry W € A such that WW* = P and W*W < Q. The projector
P is said to be finite iff, whenever P ~ @ and Q =< P then P = ). Otherwise
P is said to be infinite.

If N = B(H) then it is immediate to see that two projections are equivalent
iff their image have the same dimension. Thus, the ordering in P(H)/. is
isomorphic to {0, 1,...,n} if dim(#H) = n and isomorphic to the ordinal number
NU {oo} if H is a infinite separable dimensional Hilbert space. Hence, the idea
of equivalence of projectors via partial isometries represents an abstract notion
of dimension for an arbitrary factor an the first result confirming this is the
following theorem whose proof can be found in [27].

Proposition 2.13 Let N C B(H) be a factor. Then (P(N)/~, =) is a totally
ordered set. O

Let us notice that the order < is defined through the ring structure of a
factor. Thus, two factors can not be isomorphic if the orderings of the corre-
sponding quotient /., are different.

Proposition 2.14 [9, Lemma 4] Let N' C B(H) be a factor and P,Q, R € P(N)
such that Q ~ P < Q and P < R < Q. Then P and Q are perspective in
[0,QV Rlp(n)- O

14



The Murray-von Neumann classification of factors consists in determining
the order type of P(N)/~ for a factor . In order to do this, the following
notion of dimension function introduced in [27, Definition 8.2.1] plays a crucial
role.

Definition 2.15 Let N C B(H) be a von Neumann algebra. A function of the
form D : P(N) — [0, 00] is called dimension function if it satisfies the following
requirements:

1. D(P)=0iff P =0,
2. P~ Qiff D(P) = D(Q),
3. if PLQ then D(P + Q) = D(P) + D(Q).

Theorem 2.16 [27, Theorem VII| Let N' C B(H) be a factor. Then there exists
a dimension function D : P(N) — [0,00] uniquely determined up to positive
constant multiple. Further, Imag(D) falls into exactly one of four possible cases,
depending on which of the following sets is the range of some scaling of D.

Type I,,: Imag(D) ={0,1...n}.
Type Io: Imag(D) ={0,1...}.
Type I1;: Imag(D) = [0,1].
Type I1: Imag(D) = [0, c0].
Type III: Imag(D) = {0, 00}.
]

The above theorem implies that if A" C B(H) is a factor then (P(N)/~, <)
is order isomorphic to the image of the uniquely determined dimension function
D : P(N) — [0,00]. In this way all von Neumann factor were found to belong
to the classes type I or type II or type III. The following proposition, sometime
referred as Borchers condition [4] [§], provides a crucial characterization of type
IIT factors.

Proposition 2.17 Let N C B(H) be a factor such that N # Z(N') and D :
P(N) — [0,00] be the dimension function. Then the following statement are
equivalent,

1. N is a type III factor.
2. For all P, P EP(N)— {O}, P~ P;.
3. For each P € P(N') — {0}, P ~ 1. (Borchers condition)

d
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Proposition 2.18 Let N' C B(H) be a factor and Px,Py € P(N) —{0,1y4}
such that X CY. Then

1. D(Py) = D(Px) 4+ D(Px.ny)-
2. IfPX ~p Py and X # Y then D(Px) = D(Py) = D(l’;.[) = OQ.

Proof: 1) By the orthomodular law Y = XV(X+NY)and X L(X*+NY). Thus,
by Proposition 2.4 Py = Pxy(x+tny) = Px + Px1,y. Hence, by condition 3
in Definition [ZT5, we have that D(Py) = D(Px) + D(Pxiny)-

2) By Proposition 212 we have that D(Px) = D(Py) because X ~, Y. Let
us suppose that D(Py) < co. Thus, by item 1, we have that

D(Py) = D(Px)+ D(Pxipy) = D(Py)+ D(Px1ay)

and consequently, D(Px1,y) = 0. Then, by Condition 1 in Definition 2.15]
X1tNY = X+ AY = {0}. Let us notice that X NY = =y X is the complement
of X in the interval lattice [0,Y]pn) = [0, Py]pn). Since X V -y X =Y and
X <Y then X+ NY = =y X # 0 which is a contradiction. Hence, D(Py) =
D(Px) = oo and, by item 1, D(1y) = D(Py + Py.) = D(Py) + D(Py.) =
00+ D(PyL) = oc.

(]

3 DMotivating LQ)F-logic: Logics from Murray-
von Neumann dimension theory and related
open questions

In order to motivate our logical system we first need to introduce a brief descrip-
tion of the AQFT whose formalism is supported by two theories: the algebraic
approach to quantum mechanics and general relativity.

On one side, the standard operator algebra formulation of quantum me-
chanics, or algebraic quantum mechanics for short, starts with the concept of
separable complex Hilbert space. This formalism was described in a kind of pos-
tulates by J. von Neumann in his celebrated 1932 book [34]. In this approach we
can understand quantum mechanics as a theory whose primitive concepts are
quantum system, states, observables and measurement subject to the following
basic interpretations:

e To every quantum system, we associate a complex separable Hilbert space
‘H called the state space of the system.

Intuitively speaking, a physical system consists of a region of spacetime and
all the entities contained within it.

e The state of the system is completely specified by a density operator p on
H, that is, a self-adjoint (p = p*), positive ((—, p(—)) > 0) and unit-trace
(T'r(p) = 1) operator.
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The state of a quantum system encodes all of the physical information that
we know about the system. Traditional quantum mechanics distinguishes be-
tween pure states and mixed states. If our knowledge of the state of the system
is complete we say that the system is in a pure state. This special case is repre-
sented by a density operator degenerates to a projector on a closed 1-dimensional
subspace of H. Thus, a pure state is equally well characterized by a unit vec-
tor which defines this 1-dimensional subspace. Otherwise, if our knowledge of
the state is incomplete but the statistical ensemble associated to the system is
known, we say that the system is in a mized state.

e The observables of a quantum system are represented by self-adjoint op-
erators on the space H.

Intuitively, an observable represents a physical property A as energy, posi-
tion, momentum, etc. If A is represented by the self-adjoint operator A then
the eigenvalues of A are real numbers representing all the possible values of the
physical property A.

There are other postulates, involving measurement process and time evolu-
tion of a quantum system, that we do not mention because they do not play
any role in the logical systems treated here.

Let us notice that a projector is a self-adjoint operator having only the two
eigenvalues 0 and 1. Along these lines, von Neumann proposed a correspondence
between projectors and logical propositions in his 1932 book [34]. We refer to
such propositions as quantum propositions or g-propositions for short. In order
to clarify this concept, let us consider the spectral decomposition of a self-adjoint
operator A representing an observable A i.e.

A=Y "a;P,, D Py, =1y (19)

where (a;); are the eigenvalues of A and (P,,); is the family of projectors over the
respective eigenspaces. In this way, each projector P,, represents the proposition
“the value of the observable A is a;”. Thus, by the spectral decomposition, each
observable can be decomposed into elementary true/false propositions. We can
also analyze under which conditions these kind of propositions are true or false.
Indeed: Let us consider an arbitrary state of the system represented by a density
operator p. In this case we only know that, in the state p, the measurement of
A will yield one of the values a;, but we don’t know which one. Then, for each
projector P,, of the spectral decomposition, mentioned in Eq.([Id), the number
in the real interval [0, 1] given by the trace Tr(pP,,) represents the probability
that the proposition “the value of the observable A is a;” is true in the state p.
In the particular case where Tr(pP,,) = 1, for example when p = P,,, we can
regard the proposition “the value of the observable A is a;” as true in the state
p. But, if Tr(pP,,) =0, as is the case of p = Pali, a measurement of .4 will never
provide result a;. In this case we can consider the proposition “the value of the
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observable A is a;” as a false proposition in the state p. Therefore, projectors
correspond to true/false propositions but they are not organized in a Boolean
structure. For example, the distributivity condition between projectors fails. In
this way, the successive work in logic related to quantum systems, developed
by Birkhoff and von Neumann in their seminal article in 1936 [3], substituted
Boolean algebras with the lattice of closed subspaces of a Hilbert space, or
Hilbert lattice, for encoding the structure of g-propositions. This structure was
successively named quantum logic.

Soon after the publication of von Neumann book in 1932, his interest in
ergodic theory, group representations and quantum mechanics contributed sig-
nificantly to von Neumann realization that a theory of operator algebras was the
next important stage in the development of quantum mechanics [33]. Operator
algebras can trace its origin to the appearing of the four “Rings of Operators”
papers of F. J. Murray and J. von Neumann, where the first one [27] appeared
in 1936. Those operator algebras, originally known as rings of operators or
W*-algebras, were later renamed von Neumann algebras by J. Dixmier and J.
Dieudonné. That was when the orthomodular lattice theory grew out of the
theory of von Neumann algebras as a general framework to include all pro-
jection lattices of these algebras. More precisely, the Murray-von Neumann
classification of factors suggests that the projector lattices of each factor can be
quite different from one on another giving rise to a wide family of lattices whose
common characteristic is the orthomodularity. Indeed:

Type I, and type I, factors always correspond to the whole algebra of
bounded operators on a separable Hilbert space. This is the case usually consid-
ered for describing quantum systems with a state space having finite or infinite
dimension, respectively. The standard model of type I factor is the algebra
B(H) where P(B(H)) = P(H). Thus, the logic associated to this factor is the
usual Birkhoff and von Neumann quantum logic. If Dim(H) = n then P(B(H))
is an atomic modular orthomodular lattice. Differently, if Dim(H) = oo then
P(B(H)) loses the modularity [2, §10.3.8].

Type II; and type Il factors play an important role in non-relativistic
statistical quantum mechanics. The projector lattice of a I1; factor is a modular
orthomodular lattice and it has no atoms. While, the projector lattice of a type
I1, factor is non modular orthomodular lattice and it has no atoms too.

Type I11I factors was the most mysterious case, however, they became rel-
evant in relativistic quantum field theories. At the beginning, von Neumann
regarded the type II] factors as a kind of pathological class of operator alge-
bras. Indeed, it took four years after the discovery of the classification of factors,
in 1936, to construct the first example of type III factor [36]. Moreover, it was
only in the mid of the sixties that the existence of a continuous number of non
isomorphic type III factors was proven [31I]. The projector lattice of a type
11T factor is a non modular orthomodular lattice and it has no atoms. In the
next section Proposition [£.9] provides an alternative proof of these lattice order
properties about type I11 factors.

The other theory which AQFT is based on is the theory of relativity. In
general relativity, the space of events is represented by a Lorentzian manifold,
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i.e. a pair (M, g) where M is a smooth (n+ 1)-dimensional manifold and g is a
Lorentzian tensor metric, that is, g associates to each point p € M the following
inner product g,(—,—) on the tangent space T,M: chosen a basis {eg...e,}
in T,M and z,y € TyM, gp(z,y) = —2%° + >°I_ | 2y’ where (2V...2") and
(y°...y") are the components of x, y with respect to the chosen basis. For each
x € T, M the tensor metric defines the following classification:

spacelike iff g,(z,z) >
x is < null iff gp(z,x) (20)

0
timelike  iff g,(z,x) < 0.

The causal cone at p € M is defined as Cp, = {z € TyM : gp(z,z) < 0}. A
causal curve is a smooth curve 7 : I — M such that for each s € I, §(s) € Cyy)-
An important principle of general relativity states that observers can move only
on causal curves. Let O be an open bounded region in M and z € M. We said
that x lies in the causal cone of O, denoted by C(O), iff there exists p € O and
a causal curve 7 : [0, 1] — M such that v(0) = p and v(1) = z. The causal com-
plement of the open bounded region O is defined as O¢ = M ~ C(O). We say
that an open bounded region O, is spacelike separated from the open bounded
region O iff O; C O5. In general relativity events happening at spacelike sep-
arated regions cannot influence each other. A space time or timelike oriented
Lorentzian manifold is a 3-tuple (M, g, t) such that (M, g) is a Lorentzian man-
ifold and t is a smooth vectorial field on M i.e., p — t(p) € T, M, such that
gp(t(p), t(p)) < 0. The vector field t determines a time orientation on M. More
precisely, if v : I — M is a causal curve then we say that ~ is future directed
(resp. past directed) provided for each s € I, g, (t(v(s)),¥(s)) > 0 (resp.

g'y(s)(t(/y(s))v 7(8)) < 0)

These geometrical notions on relativity and the basic concepts of the alge-
braic formulation of quantum mechanics introduced above allow us to briefly
describe the Haag-Araki formalism of AQFT and a related logical systems.

Let M be a spacetime represented by a Lorentzian manifold, R(M) be the
set of open bounded region and H be a separable Hilbert space. The basic
object of the Haag-Araki model for AQFT is a net of von Neumann algebras,
called net of observables over the spacetime M defined as

R(M) >0 — N(O)

where N(O) C B(H) is a Type III factor and the following basic conditions
are satisfied

If O; C Oy then N (O;1) C N (O3). (Isotony)
If O; C Of then N (0O1) CN(02)". (Locality)

Let us remark that there are other conditions imposed on the net of observ-
ables [12] 22, [I7] that we do not mention because they do not play any role in
the argument treated here.
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Each factor N (O) is called local observable algebra of the net and it represents
the observables in the region O of the spacetime. In this perspective, projectors
in P (N (O)) represent g-propositions related to O. A state of the netis a density
operator of the von Neumann algebra generated by Joegnaq) N (O) € B(H).

The role of type III factors in the net of observables turns out to be a
consequence of general physical requirements compatible with the relativity. For
example, one of these is the fact that measurements of observables happening in
space-like separated regions are not allowed to influence each other. The next
proposition formally expresses the mentioned physical requirement.

Proposition 3.1 Let R(M) 5 O — N(O) be a net of observables in a Hilbert
space H, p be a state of the net and P be a projector of the local algebra N (O).
Then there exists a state p, of the net such that

1. tr(p,P)=1.

2. If O C Of and A is a selfadjoint operator in N(O1) then tr(p,A) =
tr(pA).

Proof: ~ Let p be a state of the net and P be a projector in the local alge-
bra N'(O). Since N (O) is a type III factor then, by Proposition 2173, there
exists a partial isometry W € N(O) such that WW* = 14 and W*W = P.
Let us define p, = W*pW. We first show that p, is a density operator. In-
deed: By a straightforward calculations we can see that p: = p,. In order
to prove that p, is positive, let us consider x € H and, by Proposition 2.1]
the orthogonal decomposition x = x,, +z _, where z,, € Ker(W) andz , €
Ker(W)*. Since W*pW (x_ ) € ker(W)* and W is an isometry over ker(W)*
then we have that (z,p,(z)) = (z, W*pW(z)) = (z , ,W*pW(z  )) +0 =
W, ), WWpW(z ) =W, ) pW(z,  )). Thus we also have that
(z,pp(2)) = W(x,, ),pW(x ,)) > 0 since p is a positive operator. Note
that p, is a unit-trace operator because tr(p,) = tr(W*pW) = tr(WW*p) =
tr(p) = 1. Hence, p, is a density operator.
Now we prove that tr(p, P) = 1. Indeed:

tr(p,P) = tr(W*'pWP)=tr(PW*pW)=tr(WWW*pW) =
tr(W*pW) = tr(p,) = 1.

Let us suppose that O C Of and A is a selfadjoint operator in A (O1). Note

that WA = AW since, by the postulate of locality in the net of observables,

A belongs to the commutant of N(O). Thus, Tr(p,A) = Tr(W*pWA) =
Tr(W*pAW) = Tr(WW*pA) = Tr(pA). Hence our claim.

O

As we have seen in the above proof, the type III factor condition imposed

to each algebra A(O) implies that every projector P € N'(Q) can be written as

W*W = P where W € N(O) is a partial isometry. Consequently, if p is a state

of the net then the transformation p — p, = W*pW change the state p into

the eigenstate p, of P by the local operation W without disturbing the causal
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complement of the region we are dealing with. This is precisely the motivation
of the type III factor in order to show that the relativity is not violated. For
more details regarding the role of type III factors in quantum field theory we
refer to [38].

Proposition[Bd]also provides an interesting insight into the local character of
the logic of g-propositions related to each region O of the Lorentzian spacetime.
Indeed: Let us consider a g-proposition, represented by the projector P € N (O).
Since every state p of the net can be changed into an eigenstate p, of P via a
local operation, the g-proposition P can be evaluated as true in the state p,
i.e., tr(pp, P) = 1 without affecting the truth values of the g-propositions of the
spacelike separated regions of O. In other words, the type III condition of each
algebra of the net defines a local logical system such that in spacelike separated
regions of the spacetime the respective notions of truth are independent each
other. In this way, the goal of the LQF-logic is to capture the type III factor
condition of the local observable algebras.

In the aim to develop a such logical system, unavoidably, we deal with a
family of open questions related to the problem of characterizing those logical
systems which can be identified with the lattice of projections of factors of the
Murray-von Neumann classification. Indeed: Since the beginning of the Murray-
von Neumann classification, in the 30’s, it has been noticed that each factor of
the classification is associated to a particular kind of von Neumann lattice. The
subject aroused great interest among the logical community giving rise to the
study of logical structures emerging from the factors of the classification. At
first, von Neumann introduced the concept of continuous geometry in the mid
of the thirties as a lattice theoretical generalization of the projective geome-
try. More precisely, continuous geometries define a subclass of modular lattices.
These basic results were published in [37] after his death from his Princeton
lecture notes during 1935-1937. In this work it was shown that in a directly
indecomposable continuous geometry the quotient by the perspectivity relation
~p univocally defines a notion of dimension function onto the real interval [0, 1].

Remark 3.2 It is interesting to note that in a factor A” C B(#) the relations
~ and ~, coincide whenever 1y is a finite element [9, 20]. Moreover, the
condition of the finiteness of 14 it can be equivalently formulated in equational
terms through the equation of modularity (see Eq.(I4)). Thus, the modularity
imposed to the lattice of projectors of the factor A forcing it to be either a type
I,, factor or a type II; factor (see [2, §10.3.8] for more detail). In this way, the
notion of continuous geometries provides a natural common framework for type
I,, and 11, factors.

From the remark above, naturally arises the question whether it might be
possible to establish lattice theoretical conditions in order to characterize each
factor of the Murray-von Neumann classification [21] 24]. In this way and in
separated works Loomis [23] and Maeda [25], assuming the existence of a partic-
ular equivalence relation on an orthomodular lattice, derived several properties
related to the Murray-von Neumann dimension theory in a purely algebraic way.
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This kind of structure is known as dimension lattices. Although the dimension
lattices theory provides a general theoretical framework for von Neumann lat-
tices, from a logical algebraic point of view, to establish an equational theory
able to capture the Murray-von Neumann dimension equivalence remains an
undone tasks of orthomodular lattice theory. The great difficult in order to deal
with this problem is that, in general, we can not transplant the Murray-von
Neumann equivalence to a lattice since it involves elements of the theory of
operators on Hilbert spaces. However, as we will see in the next section, this is
possible to do for the special case of type III factors. Therefore, and in a similar
way as is mentioned in Remark B.2] LQ F-logic will be based on an equational
system that, when imposed on the projector lattice of a factor it determines
univocally the type III factor condition. This result will be proved in Theorem
4100 In this way, the logical system studied here, that describes the propo-
sitional structure of the local observable algebras in the Haag-Araki model of
AQFT, is closely related to the question about whether it might be possible to
establish lattice theoretical conditions in order to characterize the factors of the
Murray-von Neumann classification.

4 An equational characterization for the type
11T factor

In this section we establish a set of equations able to capture, in a purely
algebraic way, the dimension function and the Murray-von Neumann equivalence
of a type III factor. More precisely, the mentioned equational system, imposed
to a von Neumann lattice, univocally determines the type I11 factor. In order
to do this, we first need to establish a representation of the dimension function
into the projector lattice of a type 111 factor.

Definition 4.1 Let N' C B(H) be a type III factor. Then we define the
internal dimension function as the unary operation wg : P(N) — {0, 14} such
that

0, X=0,

1y, otherwise.

’wo(X) = {

The following proposition can be easily proved.

Proposition 4.2 Let N C B(H) be a type 111 factor, D : P(N) — {0,000} be
the dimension function and wg be the internal dimension function. Then

1. wo(X)=04ff D(X) =
X ~Y iff wo(X) = wo(Y),

wo(X VY) =wo(X) Vw(Y),
(

™o o

wo (wo(X)) = wo(X),

22



5. ’LUQ(X /\’wo(Y)) = ’LUQ(X) /\’LUQ(Y),
(I

Remark 4.3 Let us notice that items 1 and 2 in the above proposition show
that wy exactly describes the dimension function and the Murray-von Neu-
mann equivalence within the ordered structure of the projectors of a type I11
factor. Furthermore, if we consider the category whose objects are the von
Neumann lattices of the type I1I factors expanded by the internal dimension
function and whose arrows are internal dimension function preserving OML-
homomorphisms, then it is equivalent to the category of von Neumann lattices
of type II1I factors whose arrows are the following commutative triangles

In other words, the preservation of the internal dimension function is equivalent
to the preservation of the Murray-von Neumann equivalence through OM/L-
homomorphisms between von Neumann lattices of type I11 factors.

Proposition 4.4 Let W € B(H) be a partial isometry. Then the following
statements are equivalent:

1. WW* = 14.
2. The restriction W [ ger1(w) defines an isometry onto H.
3. W* defines a surjective isometry of the form W* : H — Kert(W).

Proof: 1 = 2) Since W is a partial isometry we only need to prove that
W Ikert(w) 18 a surjective map. Let y € H. Then, by hypothesis, y =
WW*(y) = W(x) where + = W*(y). By Proposition 2] and Remark 2.3

x can be decomposed as & = ¥, ., + T, Where z, . € Ker(W)
and x, , - € Kert(W). Then, y = W(z) = W(z,, ., + xkeTL(W)) =
W(IKCT(W))_FW(I,CWL(W)) = O+W(xk”L(W)) = W(kaTL(W))' Thus, w [KerJ-(W)

is a surjective map.

2 = 3) By hypothesis we have that Imag(W) = H. Then, by Propo-
sition Z2H, Ker(W*) = Imag-(W**) = Imag-(W) = H* = {0} ie., W*
is injective. Therefore, W* is an isometry on H and, by Proposition 2.5
Imag(W*) is a closed subspace of H. Then, by Proposition 22}2, Imag(W*) =
Imag(W+*) = Kert(W). In this way W* defines a surjective isometry of the
form W* : H — Kert(W).

3 = 1) By hypothesis Ker(W*) = {0}. Thus, by Proposition [Z2}1,
Imag-(W) = Imagt(W**) = Ker(W*) = {0} and then Imag(W) = H.
Hence, by Theorem 2.6-2, WW* = P =Py = 14.

Imag(W)

d
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Proposition 4.5 Let W € B(H) be a partial isometry such that WW* = 14.
Then for each P, € P(H)

1. W(X) and W*(X) are closed subspaces of H.
2. W*P, is a partial isometry.
3. P,

W (X)

— WP, W.

Proof: 1) We first prove that W (X) is a closed subset. Since Ker(W) is a
closed subspace of H, by Proposition 2112, H = Ker(W) @ Ker-(W). Then

each z € X can be written as © =, + 2, wherez, ., € Ker(W)

and x € Kert(W). Let us notice that

Kerl (W)

KerLt (W) - {xKeTJ- (W)

eH:zeX}=P

Kerd (W)

(X)

is a closed subspace of Kert(W) and W(X) = W(XK”L(W)). Consequently,
by Proposition [4}2, W (X) is a closed subspace of H. By Proposition .4}3
and Proposition [Z5] immediately follows that W*(X) is also a closed subspace
of H.

2) By Proposition 43, W* is an isometry onto Kert(W) and therefore
Ker(W*) = {0}. Thus, Ker(W*P,) = Ker(P,) = X*. Consequently,
W*P, rKeTJ_(W*PX): W*P, |x= W?* |x is an isometry too. In this way
W*P, is a partial isometry.

3) By item 2 W*P, is a partial isometry. Then, by Proposition [Z6}2,
P ) = leag(w*px) =W*P, (W*P,)* =W*P, P, W =W*P, W.

w

O

Proposition 4.6 Let N C B(H) be a von Neumann algebra and W € N be a
partial isometry such that WW* = 13,. Then for each P, € P(N)

P eN and P eN.

W*(X) W(X)

Proof: By Proposition [L3}3 it is immediate to see that P,,. ., € N. In order
to prove that P, ., € N, let us consider the left annihilator of the operator

WP, in the algebra N\, that is,
Annp(WP,) ={S e N :S(WP,) = 0}.

By Proposition there exists unique projector (WP,) € P(N) such that
Anng (WP, ) = N(WP,)'. We shall prove that (WPy)" =P, . . Indeed:

Let NP . € NP , and 2z € H. Then (NP )(WP,)(z) =
(NPW(X)L)(y) where y = (WP, )(x) € W(X). Thus P oor (y) = 0 and
(NPW(X)L)(WPX)({E) = 0. It proves that ./\/PW(X)L C Anng(WP,). For the

other inclusion let us consider S € Anngr(W Py ). In this way S [wx)= 0. By
Proposition 5, W (X) is a closed subspace of H and then, for each x € H we

can decompose T as T = Ty, + T where x e W(X) and = €

wW(x)L+ W(X) w(x)L+
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W(X). Thus, S(x) = S(wy ) + S(@
and then S = SP e NP It proves that Anng(WPx) C NP

w(x)L w(x)L " o w(x)L”*
Hence, P ', = (WPx)' € P(N) and, by Proposition 24, P, , = ly —
P e P(N).

w(x)+

woor) =0+, ) =5P . ()

O

Let us notice that Proposition suggests that each partial isometry W in

a von Neumann algebra N/ C B(H) satisfying WW* = 14 defines, in a natural
way, two operations on the lattice P(N) given by

PWN)> P, — P and P(N)> P, +—— P

W (X) w*(X) "

For the sake of simplicity and in order to study these operations will be more
convenient to work with closed subspaces rather than projectors. Then, by
considering the usual identification P, = X for elements of P(N) the following
definition formally introduce the above operations.

Definition 4.7 Let N' C B(H) be a von Neumann algebra and W € N be a
partial isometry such that WW* = 14. By denoting Z = Ker (W) we define
the pair of Borchers operations associated to W as the operations {wz, w3} on

P(N) given by

PWN)3 Py 2 X —wz(X)=W(X) =P, (21)
PWN)2 Py =X = wy(X)=W"(X)=P,. (22)

Proposition 4.8 Let N C B(H) be a von Neumann algebra and W € N be a
partial isometry such that WW* = 13, and Z = Ker~(W). Then, the Borchers
operations wz and wy associated to W satisfy the following:

1. wz(wy(X)) = X and wy(wz(X)) = p, (X).

2. wy defines an order preserving operation on P(N) such that the restriction
wz 1(0,21p 8 @ OML-isomorphism onto P(N).

3. wy is a OML-isomorphism of the form wy : P(N') — [0, Z]p(n).

Proof: 1) They follow by the condition WW™* = 14 and by Proposition [2.6+3
respectively.

2) We first note that wy is an order preserving operation on P(N). Then,
by Proposition [LT2}2, the restriction wz [[9,2), v I8 an order isomorphism onto
P(N). We have to prove that wy preserves orthogonal complements i.e., for
cach X € [0, Zpn), wz(—,X) = wz(X)*. Indeed: Let y € wz(—,X). Then
there exists z € =, X = X1 N Z such that y = W(x). Let y; € wz(X). Then
there exists 1 € X such that y; = W(x1). Let us notice that (z,z1) = 0 and
x,11 € Z = Kert(W). Thus, by Proposition 412, (y,y1) = (W (x), W (21)) =
(z,21) = 0. It proves that y Lwz(X) and consequently y € wz(X)+. Therefore,
wz(=,X) C wz(X)+. For the converse, let y € wz(X)L. Then, for each
z € X, we have that (y, W(z)) = 0. By Proposition 42 there exists x € Z
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such that y = W(x). Let us notice that 1 X because (z,z) = (W(z), W(z)) =
(y,W(z)) = 0 for each z € X. Thus, z € Xt NZ and y = W(z) € wz(X+ N
Z) = wz(=,X). Tt proves that wz(X)+ C wz(—,X). Hence, the restriction
Wy [[O,Z]p(m preserves orthogonal complements and then, wgz [[O,Z]p(m is a
OM L-isomorphism onto P (N).

3) Let us notice that w? defines an order preserving operation on P(N).
Then, by Proposition [LT2}, w, is an order isomorphisms onto [0, Z]p ). We
have to prove that w7 preserves orthogonal complements i.e., for each X €
PN), wy(X+) = =, wy(X). Indeed: We first note that wz (wj(X+)) = X+
because of item 1. We also note that w}(X) € [0, Z]p(n). Then, by item 2,
wz (—,wy (X)) = (wa*Z(X))L = X+, Thus, wz (wy(X4)) = wz (-, wy(X))
and , since the restriction wz [[0,z],,, 18 bijective, we have that wi(X+) =
—,w5(X). Hence w} preserves orthogonal complements and it is a OML-
isomorphism from P(N) onto [0, Z]p .

O

As we will see below, Proposition .8 provides a useful result in order to
establish an alternative proof of the well known properties of non-modularity
and non-atomicity of the lattice of projectors of a type III factor.

Proposition 4.9 Let N C B(H) be a type I factor. Then

1. If0<Y < X <1y thenY ~, X.
2. P(N) is a non modular lattice.

3. P(N) has no atoms.

Proof: 1) By Proposition 2I7+2, we have that X ~ Y < X. Moreover,
by Proposition .8, there exists a partial isometry defining an order isomor-
phism w%, : P(N) — [0,X]py. Therefore, wi . (X*) < X+ and, by
Proposition ZI7+2 again, we also have that ¥ =< w%.(X*). In this way
Y 2wk, (X*) < X+, Then, by Proposition 214 Y and X are perspective in
[0,X Vwh. (X)]p). Thus, by Proposition 8 Y ~, X.

2) Immediately follows from item 1.

3) Let Z € P(N) —{0,14}. By Proposition 217 there exists a partial
isometry W such that WW* = 14 and W*W = Pg.. Thus, by Proposition
M8 3, we have that 0 < w}(Z) < Z and, consequently, Z is not an atom. Hence
P(N) has no atoms.

O

The following theorem provides a purely lattice order characterization of
type III factors.

Theorem 4.10 Let N' C B(H) be factor. Then the following statements are
equivalent:

1. N is a a non trivial type III factor.
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2. P(N) admits two binary operations w(—, —) and w*(—, —) such that, upon
defining w,(X) = w(Z, X) and w}(X) = w*(Z, X), the following condi-
tions are satisfied:

m1l. wy(0) =0,

m2. X <wy(X),

ms. Y = (Y Awo(X)) V(Y Awe(X)4),
4. w,(X AY) <w,(X),

s wo(Z2) Nwi (X AY) <w}(X),
6. wy(Z) N Z = wi(Z) ANwi (Z)

= (wo(ZH)* Awis(2)) v (wo(Z4) A wo (w§(2) 1 2)),

m7. wi(Z)V Z=wi(Z)Vw:(Z) =wo(wi(Z)V Z),
ms. wo(Z) < w, (wi(X))RX,
9. wo(2) < wi (w, (X)) Ry, (X),

1110. wo (wi(1)) = wo (wg (1))

In this case wg is the internal dimension function on P(N) and wg satis-
fies the following conditions

w;(0) = 0. (23)
0< wg(lﬂ) < 1ly. (24)
wg(Z) is a common complement of {Z,w} (Z)} for Z #0,14.  (25)

Proof: 1 = 2) Let us suppose that N is a non trivial type III factor. Let
wp be the internal dimension function on P(AN). Then, by Proposition L8]
conditions 1111, 1112 and 1113 are satisfied. By the Borchers condition, mentioned
in Proposition 217, for each Z € P(N)—{0} there exists a partial isometry Wy
such that WzW; = 14 and W;Wz = P,, thereby defining a pair of Borchers
operations {wz,w%} on P(N) associated to Wz. By Proposition [4.8 w; and
w?, are order preserving operations such that

wz(wz(X)) =X, wz(wz(X)) = p, (X). (26)

In this way, by Proposition .83, for each Z € P(N) — {0, 14} we have that
0 <w}(Z) < Z and, by Proposition @91, w} (Z) ~,, Z. This allow us to define
an unary operation wg(—) on P(N) such that

wS(O) =0,
0< wS(lH) < 1y,

wg(Z) is a common complement of {Z, w} (Z)} for Z # 0, 14.
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In this way w satisfies Eq.(23), Eq.@4) and Eq.(25). Moreover, wo (wg(1)) =
wo (w(1)*) because w(1) # 0, 13. Thus, condition 11110 is also satisfied.

1114. Let us notice that wy is an order preserving map. Then, wo(X AY) <
wo(X). If Z # 0 then the partial isometry Wy preserves the inclusion of closed
subspaces. Thus, w, (X AY) < w,(X).

115, If Z = 0 then wo(0) Aw§(X AY) =0 < w§(X). Let us suppose that
Z # 0. Then W} preserves the inclusion of closed subspaces because it is also
a partial isometry. Thus, wo(Z) Aw} (X AY) =1y Awl (X AY) <w}(X).

1116. By straightforward calculation we can see that condition 1116 is satisfied
for Z € {0,14}. Let us suppose that 0 < Z < 1y. By definition of w§, wi(Z) is
a common complement of {Z, w} (Z)} and then, wi(Z)AZ = wi(Z)\w}, (Z) = 0.

Let also notice that 0 < Z+ < 13,. Then, (wo(ZL)l A wS(Z)) v (wo(Zl) A

wo (wi(Z) A Z)) = (0Awi(2)) V (1 Awo(wi(Z) A Z)) =0V (1 Awo(0)) = 0.
Thus 1116 is also satisfied in this case.

m7 If Z € {0,144} then, by straightforward calculation, 1117 is satisfied.
The case 0 < Z < 14 follows along the same lines as the proof of condition I116.

118, 1119. If Z = 0 then 1118 and 1119 are trivially satisfied. If Z # 0 then, by
Eq.@8), w, (w} (X))RX =1 and w} (w,(X))Ru,(X) = 1. Thus 1118 and 1119
are also satisfied in this case.

Finally, if we define the binary operations w(Z, X ) = wz(X) and w*(Z, X ) =
w3, (X) then our claim is established.

2 = 1) Let us suppose that P(N) admits two binary operations w(—, —)
and w*(—, —) such that, upon defining w, (X) = w(Z, X) and w} (X) = w*(Z, X),
conditions 1117 ... 1110 are satisfied. Since N is a factor, combining condi-
tions 111, 1112, 1113 and Proposition [LO wy(0) = 0 and wo(X) = 1y when-
ever X # 0. By condition II1/0 we have that 0 < w{(ly) < 1ly. Thus,
Eq.[24) is satisfied and A is a non trivial factor. By condition 1116 we have
that 0 = wi(0) A0 = w§ (0) Awg(0) = w§(0). Therefore, Eq.([23) is satisfied. Let
us suppose that 0 < Z < 1y. Then wy(Z) = wo(Z1) = 1 and, by condition II16,
wi(Z) N Z = wi(Z) Nwi (Z) = wo(wi(Z) N Z) € {0,1x}. I wi(Z) N Z = 1y
then Z = 14 which is a contradiction. Then,

wo(Z)NZ = wy(Z) Nwi,(Z) = 0. (27)

By condition 17, w§(Z)V Z = wi(Z)V wi(Z) = wo(wi(Z)V Z) € {0,15}. If
wy(Z)V Z =0 then Z = 0 which is a contradiction. Then,

wy(Z)V Z =wy(Z)Vw,(Z) = 1. (28)

Thus, by Eq.(217) and Eq.(28), w;(Z) is a common complement of {Z,w} (Z)}
whenever Z # 0, 13. Consequently, Eq.([250) is also satisfied.

By Theorem [Z.T6, there exists a dimension function D : P(N) — [0, o0
uniquely determined up to positive constant multiple. Then we shall prove that
for each Z € P(N') — {0, 14}, D(Z) = oo. Indeed:

Since Z # 0 we have that wo(Z) = 1. Then, by conditions 1118 and 1119,
w, (w} (X))RX =1 and w} (w,(X))Ruz(X) = 1 respectively. Therefore, by
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Eq.( ), we have that
w, (W5 (X)) = X and w(w, (X)) = pz(X). (29)

z

We also note that, by condition 1114 and 1115, w, and w}, are order preserving
maps in P(N). Thus, by Eq.[239) and Proposition [[L.T2] we have that

0<w,(Z)<Z<1. (30)

We also note that, by Eq.(217) and Eq.(28), w} (Z) ~, Z. Then, by Eq.(30) and
by Proposition 2182, we have that D(Z) = co. It proves that A is a type III
factor and wy is the internal dimension function.
O
Let us notice that conditions 1117 ... 11110 can be rephrased as an equational
system because P(N) is a lattice.

Proposition 4.11 Let N C B(H) be a type III factor and let us consider two
binary operations w(—, —) and w*(—,—) on P(N) satisfying the conditions 1111
... 1110 of the Theorem[{.10, Then,

1. wy(yANwo(Z)) =w Y ANwo(Z)) =w, (V) Awo(Z).

XAwg(Z)
2. wi (Y Nwo(Z)) = W o) (Y ANwo(Z)) = wi(Y) ANwo(Z).
Proof: 1) Let us suppose that Z = 0. Then, w, (Y A w(0)) = w, (0) = 0,
Wy oo (Y Awp(0)) = wo(Y A0) =0 and wy (Y) Awo(0) = w, (Y)AO =

Thus, the equations are satisfied in this case. Let us suppose that Z # 0. Then
Wy (y A wO(Z)) = Wy (Y A 1) = Wy (Y)’ Wy nwy(2) (Y A ’LU()(Z)) = Wx g (Y A 1) =
wy (Y)and wy (Y)Awo(Z) =w, (Y)A1=w, (Y). Thus the equations are also
satisfied in this case.

2) Let us suppose that Z = 0. Then, by Eq.[23) and Proposition [LT2}H,
wi (Y Awo(0)) = wi(0) =0, WY, oo (Y Awp(0)) = wi(0) = 0 and w? (V) A
wp(0) = 0. Thus, the equations are satisfied in this case. Let us suppose that
Z # 0. Then, wi (Y Awo(Z)) = wi (Y A1) = w (Y), w02 (Y Awo(Z)) =
Wi (Y AL =wk (V) and wi(Y) Awo(Z) = wi (V) Al = wk(Y). Thus the
equations are also satisfied in this case.

O

5 The algebraic model of L() F-logic

Let us consider a net of observables R(M) > O — N(O) over the spacetime
M. As we have already mentioned in Section Bl each local observable algebra
N (O) defines a local propositional system encoded in the von Neumann lattice
P(N(0)). Furthermore, as shown in Theorem [L.I0 a set of equation formu-
lated in an expanded language of P(N(0Q)) is able to capture the fundamental
requirement of the net of observables, namely, the type III factor condition of
each algebra of the net. Thus, we are led to the following extension of the
orthomodular structure that defines the algebraic model for the LQ F-logic.
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Definition 5.1 A LQF-algebra is an algebra (A, A, V,w,w*,—,0,1) of type
(2,2,2,2,1,0,0) such that, upon defining w, (z) = w(z,x) and w (x) = w*(z,x),
the following conditions are satisfied:

LQFO0. (A,A,V,=,0,1) is an orthomodular lattice,
LQF1. wy(0) =0,
LQF2. z < wo(x),
LQF3. y = (y A wo(@)) V (y A (),
LQF4. w.(z Ay) < w:(y),
LQF5. wo(2) Aws(z Ay) < wi(z),
LQF6. w(2) A2 = wj(2) A w?(2)
= (~wo(~2) Aw () Vv (wo(~2) Awo (wh(2) A 2) ).
LQF7. wj(2)
LQFS. wyo
LQF9. wo

LQF11. we(y Awo(2)) = Wanw,(z) (Y Awo(2)) = we(y) A wo(z),

*

(
(
(
LQFI0. w3 1)) = o (- 1)
(
(Y A wo(2)) = W] () (U A wo(2)) = wi(y) A wo(z).

LQF12. w

In the same way as in Theorem conditions LQFO ... LQF12 can be
rephrased as an equational system. Thus, the class of LQF-algebras defines
a variety of algebras that we denote by LOF. By a LQF-homomorphism we
mean a (A, V,w,w*, =, 0, 1)-preserving function between LQF-algebras.

Remark 5.2 Let us notice that LQF8 and LQF9 allow us to represent the
Borchers condition, that characterize the type III factor condition, in a purely
algebraic way.

Example 5.3 Let N/ C B(H) be a non trivial type I11 factor. From Theorem
4.10 and Proposition [£11] it immediately follows that the lattice of projector
P(N) defines a LQF-algebra.

Proposition 5.4 Let A be a LQF -algebra. Then

1 we(l) = 1.

I
=)

2. w§(0)
3. wo(x) € Z(A).
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4. If & <y then wy(x) < w,(y).
5. If z <1 and wo(z) =1 then 0 < wi(z) < z.

Proof: 1) It follows from LQF2. 2) If 2 = 0 then, by LQF1 and LQF12,
we have that w§(0) = wi(0 A we(0)) = wi(0) A we(0) = wi(0) A0 =0. 3) It
follows from LQF3 and Proposition [L4+2. 4) If 2 < y then, by LQF4, w,(z) =
wz(x Ay) < w,(y). 5) Let us suppose that z < 1 and wo(z) = 1. By LQF5
w} is an order preserving map and, by LQF8 and LQF9, w,w} = ids and
wiw, = p, respectively. Thus, by Proposition [[I21, w? : A — [0,2] is an
order isomorphism. Consequently, 0 < w}(z) < w}(1) = z because 0 < z < 1.
6) It follows from LQF7 and item 3.

([

Proposition 5.5 Let A be a LQF-algebra. Then, for each z € A, the relation
Owo(z) on A given by

(a,b) € Ouwy(z) if aNwo(z) =bAwo(z)
is a factor congruence and A/p, ., ;o [0,w0(2)]a-

Proof: ~ By Proposition 543 we have that wo(z) € Z(A). Then 0,,.) is a
factor O ML-congruence and, by Proposition [L3 A/g, ., ~ou. [0,wo(2)]a.
We have to prove that w(—,—) and w*(—, —) are compatible operations with
respect 0 0y, (»)- Indeed: Let us suppose that

a A wy(z) =bAwy(z).

In order to prove the compatibility of w let us notice that, by Axiom LFQI11,
for each x € A we have that
w(z,a) ANwo(z) = wy(a) ANwe(z) = we(a A wo(z)) = we (b Aw(z))
= w,(b) A wo(z) = w(x,b) Awo(z)
and
w(aa I) A wO(z) = wa(‘r) A wO(z) = Wanwy(z) (I A wo(Z))
= Wpnwo () (T A wo(2)) = wy(x) A wo(2)
= w(b,x) N wy(z).
The above equations then give immediately the compatibility of w with respect
to Hwo(z).
For the compatibility of w* let us notice that, by Axiom LFQ12, for each
x € A we have that
w*(x,a) ANwg(z) = wi(a) ANwo(z) = wi(a Awy(2)) = wi(bAwo(z))
=wi(b) Nwo(z) = w*(x,b) A wy(z)
and
w*(a,z) ANwo(2) = wi(z) Awe(z) = w:;/\wo(z)(x Awo(z))

= W) A 00 (2)) = W] () A wo (2)

=w*(b,z) A wo(z).
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The above equations then give immediately the compatibility of w* with respect
to Hwo(z).
Thus, the orthomodular lattice [0, wo(2)]a endowed with the operations

[vao(z)]A > (xvy) = w(xvy)/ewo(z) = w(x,y) A wO(Z)

[0, wo(2)]a 3 (z,9) = w*(z,¥) 0, ., = W (2,y) Awo(z)
is a LQF-algebra and A/y, ., ~;or [0,w0(2)]a.
(]

Proposition 5.6 Let A be a LQF-algebra. Then the following conditions are
equivalent:

1. A is directly indecomposable algebra.

2. wo(z) =114ff z#0.

3. For each z € A —{0,1}, wi(z) is a common complement of {w}(z),z}.
Z(A)={0,1}.

Proof: 1= 2)If A is directly indecomposable algebra then, by Proposition
B3 wo(z) € {0,1}. Thus, by Axiom LFQ1 and LQF2, we have that wo(z) =1
iff z # 0.

2= 3) Let z €¢ A—{0,1}. Then 0 < -z < 1 and, by hypothesis, wy(z) =
wp(—z) = 1. Therefore, by LFQ6, we have that

Wi(2) Az = wi(2) Awk(z) = (ﬂ A wg(z)) v (1 A wo (w(2) A z))
= wo(wg(2) A z) € {0,1}.
In this way wg(z) A z = 0; otherwise z = 1, which is a contradiction. Thus,
wy(2) Az =wj(z) ANwi(z) = 0. (31)
By hypothesis and LFQ7 we also have that w{(z) V z = w{(z) V wi(z) =

wo(wi(z) V z) € {0,1}. In this way wj(z) V z = 1; otherwise z = 0, which
is a contradiction. Thus,

wi(2) Vz=wj(z) Vwi(z) =1. (32)

Hence, by Eq.@1) and Eq.([32), w§(z) is a common complement of {z, wi(z)}.
3 = 4) Let us suppose that there exists z € Z(A) such that 0 < z < 1.
By hypothesis we have that w((z) is a common complement of {z,w}(z)}. Let
us notice that —z is the unique complement of z because z € Z(A). Therefore

w§(z) = -z and
z = wi(z). (33)

Next, let us observe that wg(z) = 1 then, by LFQ8 and LFQO9, wz( ) =
Lie., we(wi(z)) = o and w}(w.(z))Ru=(z) = 1 ie., wi(w.(z)

@) =
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respectively. Thus, by Proposition [LT2H, w¥(z) < z contradicting Eq.(33).
Hence, Z(A) = {0,1}.
4= 1)If Z(A) = {0,1} then A is directly indecomposable as orthomodular
lattice. Then A is directly indecomposable as LQ F-algebra.
O

Proposition 5.7 Let A be a LQF-algebra. Then:

1. A has no atoms.
2. Card(A) > .
3. A is a non modular lattice.

Proof: 1) We first prove that 1 € A is not an atom. Let us notice that
wg (1) € {0,1}; otherwise, by Proposition B.6+2, wo(wg (1)) # wo(—w§ (1)), that
contradicts LQF10. Thus, 0 < wg(1) < 1 and 1 cannot be an atom. In other
words A # {0,1}. Let a € A — {0, 1}.

First suppose that A is a directly indecomposable LQ F-algebra. By Propo-
sition[5.612, wo(a) = 1. Then, by Proposition[5.4}5, we have that 0 < w}(a) < a,
so a is not an atom.

For the general case, suppose that a is an atom. Let us consider a subdirect
representation f : A < [];c; A; in the variety LOQF. Since a > 0 and f is
injective then f(a) = (a;)ier > 0. Thus, there exists j € I such that a; =
m;f(a) > 0. Since A; is directly indecomposable algebra, a; is not an atom, so
there exists x; € A; such that

0 <z <ay. (34)

Since 7; f is a surjective LQF-homomorphism then there exists ©+ € A — {0}
such that m; f(x) = x;. Note that x £ a since we assumed that a is an atom.
Then we have to consider two possible cases:

If a < z then a; = 7;f(a) < 7 f(xr) = x; that contradicts Eq.([34)). Oth-
erwise, if @ is not comparable to x then, a A x = 0 since «a is an atom. Thus,
O=m;flaNz)=m;f(a) ANm;f(x) =a; Ax; = z; that also contradicts Eq.(34]).
Hence, A has no atoms.

2) It immediately follows from the above item.

3) First let us suppose that A is a directly indecomposable LQ F-algebra. By
item 1 there exists z € A such that 0 < z < 1 and then, by Proposition (.G}2,
wo(z) = 1. Therefore, by Proposition [1.45, we have that 0 < w}(z) < z. Fur-
thermore, by Proposition 83, w§(z) is a common complement of {w?(z), 2}
and, consequently, w}(z) ~, z. Hence, by Proposition [[T0}2, A is a non mod-
ular lattice.

For the general case let us suppose that A is a modular lattice. Let us
consider a subdirect representation f: A < [],.; 4; in the variety LQF. For
1 € I let us consider z; € A; such that 0 < z; < 1. Thus 0 < wi, (2) < z
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where w;(2;) is a common complement of {w}, (2), z;} because A; is a directly
indecomposable LQ F-algebra. From this it follows that

(w3, (zi) A zi) V (wg(2i) A 2zi) # ((wz (z:) A zi) Vg (zl)) A 2. (35)
By the subjectivity of m; f there exists z € A such that m; f(z) = 2z;. Moreover,

(wi(z) A z) V (wh(2) Az) = ((wi(z) A z) Vws(z)) Az since we assumed that A
is a modular lattice. Thus,

(W}, (2i) A zi) V (wp (20) A zi) = 7o f ((w V (wg(2) A 2))
mf( YA 2) \/wo( ))/\z)

(w5, () A zi) V wg (zl)) A z;

that contradicts Eq.([33]). Hence, A is a non modular lattice.
O

Remark 5.8 Combining Theorem and Proposition 5.7 we can observe that
the class of LQ F-algebras successfully captures the most remarkable properties
of the projector lattices of the type IIT factors mentioned in Section Bl

Proposition 5.9 Let A be a LQF-algebra. Then:
1. For each z € Z(A), wo(z) = 2
2. For each a € A, wo(a) = e(a) and ~wo(—a) = eq(a).

Proof: 1) Let A be a LQF-algebra and, by Theorem [[.1] let us consider a
subdirect representation f: A < [],.; A; in the variety LOF. Let z € Z(A).
We first claim that, for each i € I, m;f(z) € Z(A;). Indeed: Let a; € A;.
Since m;f is surjective then there exists a € A such that m;f(a) = a;. By
Proposition [[4}2 we have that a = (a A z) V (a A =2z) and therefore, a; =
mi(a) = (mi(a) Ami(2)) V (mi(a) Ami(—z)) = (a; Ami(2)) V (a; A —mi(z)). Thus,
again by Proposition [LA2, 7, f(z) € Z(A4;) as claimed. Since 4; is a directly
indecomposable LQ) F-algebras, so Z(A;) = 2, then f(z) = (2;)ier where z; € 2.
Thus, f(wo(2)) = wo(f(2)) = (wo(zi))ier = (zi)ier = £(2). Hence, 2 = wo()
because f is an injective map.

2) Let a € A and let us consider the set ZT(a) = {z
By LFQ2 and Proposition [£.4-3 we have that wo(a) € Z(a
Then, by Proposition (44 and item 1, wg(a) < wp(z) =
wo(a) = A\ Z'(a) = e(a). Finally, by Eq.(@), ~wo(—a) = eq(a

€ Z(A) : a < z}.
). Let z € Z(a).
z. It proves that
)-

O
Proposition 5.10 Let A be a LQF-algebra. Then,
1. eqleq(z)) = eq(x).

2. If x <y then eq(x) < eq(y).

34



3. eq(x ANy) = eq(z) Aeq(y).
4. eq(z1Rx2) N eq(y1Ry2) < w(zy,y1)Rw(za, y2).
5. eq(x1Rz2) A eq(yi Ry2) < w*(z1,y1)Rw* (22, y2).

Proof: 1) It immediately follows from Proposition [5.91

2) If © < y then eq(z) < y. Since eq(z) € Z(A) then, eq(z) < \/{z € Z(A):
z <y} = ea(y).

3) We first note that eq(z) A eq(y) € Z(A) and eq(z) Neq(y) < z Ay. Let
z € Z(A) such that 2 < x Ay < x,y. Then, by item 2 and Proposition (59},
z = eq(z) < eq(x),eq(y), so z < eq(x) A eq(y). Hence, eq(z) Aeqly) = V{z €
Z(A):z<zx Ay} =-eqlzNy).

4,5) Let us remark that the inequalities of these items can be equivalently
formulated by equations. Then, by Eq.([@), it is enough to study these in-
equalities in the class DZ(LQF). Let A be a directly indecomposable LQF-
algebra. By Proposition [543 and Proposition 5.6-4 we have that eq(x1 Rza) A
ea(y1Ry2) € Z(A) = {0,1}. Let us assume that eq(z1Rz2) A eq(y1Ry2) =
1. Then, by Eq.{@), 21 = z2 and y1 = y2 and so w(z1,y1) = w(z2,y2),
w*(z1, 1) = w*(x2, y2). Again by Eq.( ), we have that w(z1, y1)Rw(z2,y2) =1
and w*(x1,y;)Rw*(x2,y2) = 1. Hence our claim.

O

Proposition 5.11 Let A be a directly indecomposable LQF -algebra. Then the
term

t(x,y,2) = (3: A ﬂed(azRy)) v (z A ed(a:Ry))

is a discriminator term for A and LOF is a discriminator variety.

Proof:  Let A be a directly indecomposable LQ F-algebra. We first note that,
by Proposition 5.6, Z(A) = {0,1}. Moreover, by Proposition 59 eq(x) = 0 for
each x # 1. Let x,y, 2z € A. Suppose that x = y. Therefore, by Eq.{), xRy = 1
and then, eq(xRy) = 1. Thus t(z,y,z) = 2. Now let us suppose that = # y.
Therefore, by Eq.@), xRy < 1 and then eq(xRy) = 0. Thus t(z,y,2) = =.
Hence, ¢(x,y, ) is a discriminator term in A. Since DZ(LOF) generates LOF
it is a discriminator variety.
O
Combining Proposition 511l and Proposition .2 we can establish the follow-
ing result.

Proposition 5.12 LOF is an arithmetical semisimple variety. Therefore,

DI(LQF) = ST(LOF) = Sim(LQF).
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6 Filters and congruences in L) F-algebras

In this section we develop the filter theory for LQ F-algebras. In order to do this,
we first recall some basic results about filter theory for orthomodular lattices
and Boolean algebras. Let L be an orthomodular lattice. An increasing set in
L is a subset F' of L such that if a € F and a < x then x € F. An OM L-filter
(also called perspective filter [19]) in L is a subset F' C L satisfying the following
conditions:

1. F is an increasing set.
2. Ifa,be FthenaAbeF.
3. Ifac Fanda~,bthenbe F.

We denote by Filt,,,, (L) complete lattice of OM L-filters in L. A OML-
filter in L is called proper iff F' # L, or equivalently, iff 0 € F. A mazimal
OM L-filter is a proper OM L-filter maximal with respect to inclusion. In the
particular case in which L is a Boolean algebra the notion of filter, referred as
BA-filter, is characterized by the first two conditions above. If L is a Boolean
algebra then we denote by Filt, , (L) the complete lattice of BA-filter of L. It
is well known that a BA-filter F' in the Boolean algebra L is maximal iff, for
eachxe L,z € For—xePF.

Let L be an orthomodular lattice. If we denote by Con,,,,, (L) the congru-
ence lattice of L then the map

Cong,y(L)20—Fy={zeL:(x,1) €0} (36)

L) onto Filt,,,, (L) (see [19, §2

is a lattice order isomorphism from Con,,,, (

Theorem 6]) whose inverse is given by
Filt,,,, (L) > F0p = {(z,y) € L> : xRy € F}. (37)

Definition 6.1 Let A be a LQF-algebra. A LQF-filter in A is an OM L-filter
of A which is closed under ¢g.

Example 6.2 Let f : A — B be a LQF-homomorphism. Clearly Ker(f) =
{r e A: f(z) =1} is a OM L-filter which is closed under e,. Hence, Ker(f) is
a LQF-filter.

We denote by Filt, . (A) the set of all LQF-filters in the LQF-algebra A.
Recall that Filt, . (A) is a closure system, hence it is also a complete lattice
under the set inclusion. The notion of mazimal LQF-filter is defined in an
analogous way to the maximal OM L-filters. By Con,,.(A), we denote the
congruence lattice of A.

Proposition 6.3 Let A be a LQF-algebra. Then the maps 0 — Fy and F —
Op, defined in Eq.(30) and Eq.(37) respectively, are mutually inverse lattice

order isomorphisms between Conrqr(A) and Filt,,,.(A).
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Proof:  Let us suppose that § € Conpor(A). Since O is a OM L-congruence,
Fo={ze€L:(z,1) €fr}is OML-ilter. Let x € Fy, that is, (z,1) € 0. Since
0 is compatible with €4 then (eq(x),1) = (e4(z),€q(1)) € 0. Thus, eq4(x) € Fy
and Fy € FiltLQF(A).

For the converse, let us suppose that F' € Filt,,.(A). We first note that
0r is a OM L-congruence. Thus, we only need to look at the compatibility of
O with respect to the binary operations w and w*. Indeed: Let (z1,22) € Op
and (y1,y2) € Op, that is, z1Rxe € F and y1Rys € F respectively. Note
that eq(x1Rx2) € F and €4(y1Ry2) € F because F is closed by e4. Therefore,
ed(x1Rz2) A eq(y1 Ry2) € F because F is also closed under the infimum. Since
F is an increasing set, by Proposition 5104 and 5, we have that

eq(r1Rz2) A eq(y1Ry2) < w(z1,y1)Rw(xe,y2) € F,
eq(r1Rz2) A eq(y1Ry2) < w*(x1, y1)Rw* (x2,y2) € F.

It proves that (w(z1,y1), w(z2,y2)) € Op and (w*(z1,y1), w* (22, y2)) € Op, so
O is compatible with w and w*. Therefore, 0 € Conpgr(A).
Summarizing, by the above results, we have that

F e Filt A) iff 0p € Con A). (38)

LQF( LQF(

Since the maps F' — 0 and 6 — Fy are mutually inverse lattice-isomorphisms
between Con,,,,, (A) and Filt,,,,, (A) with respect to the OM L-reduct (4, V, A, —,0,1),
by Eq.(B8), we have that Filt A) and Con A) are lattice-order isomor-
phic.

LQF( LQF(

O
Let A be a LQF-algebraand M C A. Since Flilt A) is a complete lattice

we define the LQF -filter generated by M as

LQF(

LQF

Fron(M) =({F € Filt, ,,(A) : M C F}

that is, the smallest LQF-filter containing M. In particular, if M = {a} then
F, . (a) is called the principal filtyer associated to a.

LQF

Proposition 6.4 Let A be LQF-algebra, M C A and a € A. Then:

1. F,,,(M)={x€L:3xy...0p € M such that eq(x1 N...N2pn) < z}.

LQF
2. FLQF (CL) = [ed(a)v 1]'
3. F,,.(M) is a proper filter iff each finite subset {x1...x,} C M satisfies

LQF

ea(T1 N ... Axy) > 0.

Proof:  We first prove that My = {z € L : 3z1...2, € M such that e4(x1 A
... Nzp) <z} is a LQF-filter. Let us notice that My is an increasing set and,
by Proposition B.10H it is closed under eq. Then it remains to prove that M
is closed under A and closed under perspectivity. Indeed:
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To see that My is closed under A, let z,y € My. Then eg(z1 A... Axy) < 2
and eq(y1 A. .. Aym) <y where 21, ..., Zn,y1,...yn € M. Thus, by Proposition
BI03, eq(x1 Ao AT AY1, - - Yn) = €a(T1 A Azp) Aea(y1 Ao Aym) < Ay,
sox Ay € M.

To show that My is closed under perspectivity, let z € M i.e., there exists
{z1...2,} C M such that eq(z1 A... Azy) <z, and y € A such that z ~, y.
Then, by Proposition[[.O}2, e4(z1 A. . .Axy,) < y because eq(z1A. . .Axy,) € Z(A).
Thus y € My, so My is closed under perspectivity.

Therefore, My is a LQF-filter. Let us notice that M C M, and, for each
F € Filt,.(A) containing M, we have that My C F. Thus, My is the smallest
LQF-filter containing M i.e., My = F, . (M). This proves item 1. Item 2 and
item 3 are handled similarly.

O

Proposition 6.5 Let A be LQF -algebra and F be a LQF-filter. Then:
1. FNZ(A) € Filt, ,(Z(A)).

2. F=F,,.(FNZ(A)).
8. The map Filt,,(Z(A)) > G — F,,.(G) defines a lattice order isomor-

phism between Filt, ,(Z(A)) and Filt A).

LQF(
Proof: 1) Since F is a LQF-filter it follows that, F'N Z(A) is closed under A
and it is also an increasing set in Z(A). Thus F'N Z(A) € Filt,,(Z(A)).

2) Let us notice that F,,.(F N Z(A)) C F because F'N Z(A) C F. To
prove equality of these two sets, let * € F. Then, eq(x) € F N Z(A) and
eq(r) < x. Thus, x € F,,.(FNZ(A)) and FF C F,,.(F N Z(A)). Hence,
F=F, ,.(FNZ(A)).

3) We first note that G +— F,,.(G) is an order inclusion preserving map
and, by the above items, it is also surjective. Then we prove that the map
G — F,,.(G) is injective. Let G1,G2 € Filt,,(Z(A)) such that Gy # Gb.
Then, there exists z € Z(A) such that z € G; and 2z € G4. Let us suppose that
F,or(G1) = F, 4. (G2). Thenz € F,,.(G1)and z € F,,.(G2). By Proposition
641 there exists 21 ...z, € Go C Z(A) such that eg(z1 A ... A z,) < z. Note
that 21 A... Az, € G3 because G> is closed under A and, by Proposition 5103,
21N Az = eq(z1)A. . Neq(zn) = eqa(z1A. . .Azy) < z. Since G3 is an increasing
set then z € Gy which is a contradiction. Thus, F,,.(G1) # F,,,(G2) and the
map is injective. Hence, the map Filt,,(Z(A)) > G — F,,.(G) defines a

LQF
lattice order isomorphism between Filt, ,(Z(A)) and Filt,,.(A).

LQF

O
The above proposition shows that the filter theory of a LQF-algebra is
completely determined by the BA-filter theory of its center.

Proposition 6.6 Let A be LQF-algebra and F be a LQF-filter. Then the

following statement are equivalent

1. F is maximal.
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2. FNZ(A) is a mazimal BA-filter in Z(A).

3. For each x € A, x € F or —eq(z) € F.

Proof: 1 = 2) Let us assume that F' is maximal. Let z € Z(A) such that
2 g€ FNZ(A),ie z¢&F. Then, A= F,,.(F U{z}) because F' is maximal.
Therefore, 0 € F,,.(FU{z}) and, by Proposition[6.4+1, there exists z; ...z, €
F such that eq(xz1) A ... Aeq(zn) Az < 0 where eq(z1) ...eq(xn) € FNZ(A).
In this way, eq(x1) A ... Aeq(z,) < —z and -z € F because F is an increasing
set. Hence, -z € FNZ(A) and F N Z(A) is a maximal BA-filter in Z(A).

2 = 3) Let © € A such that + ¢ F. Then, e4(x) ¢ F N Z(A) and,
consequently, —eq(z) € F N Z(A) because F N Z(A) is a maximal BA-filter in
Z(A). Hence our claim.

3 = 1) Let us suppose that F' is not maximal. Then, there exists x € A
such that z ¢ I and F, . (F U {z}) is a proper LQF-filter. Thus, eq(v) €
F, . (FU{z}) and, by hypothesis, —eq4(z) € F C F, . (FU{z}). Consequently,

LQF LQF
F,,-(F U{z}) is not proper which is a contradiction. Hence, F' is maximal.

O
Proposition 6.7 LOF satisfies CEP.

Proof:  Let A be a LQF-algebra and let B be a sub LQF-algebra of A. For
each F € Filt,,,(B), let FA (F) be the LQF-filter of A generated by F.

LQF
Clearly F C BN FLAQ »(F). To prove equality of these two sets, let x € BN

FLAQF (F). By Proposition [6.4+ there exist x1,--- ,x, € F such that eg(x1 A
<+ Axy) < . Since z € B and F is an LQF-filter of B, hence upward closed,
it follows that = € F, so BN FLAQF (F) C F. Thus, LOF satisfies CEP.

O

7 A Hilbert style calculus for LOF

In this section we give a Hilbert-style presentation for LQ F-logic and we prove
strong completeness with respect to the variety LOF.

Let X be a denumerable set of variable. The language of the calculus is
given by the absolutely free algebra T'erm ., (X). In this case, valuations are
homomorphisms of the form v : Term,.,,.(X) = A where A € LOF. A term
t € Term,,,(X) is said to be a tautology iff for each valuation v, v(t) = 1.
In this framework we regard LQ F-terms as propositions and valid equations of
the form ¢ = 1 as tautologies. Each subset T' C Term,,.(X) is referred as a
theory. If v is a valuation then v(T') = 1 means that v(¢) = 1 for each ¢t € T.
Let t € Term,,,(X) and T be a theory. We use T =, t, read t is a semantic
consequence of T, in the case in which when v(T) = 1 then v(t) = 1 for each
valuation v. In order to establish a Hilbert style calculus for LOF let us again
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consider the following notation

we(s) for w(t,s),
wy(s) for w*(t,s),
tRs for (tAs)V(—tA-s),
eq(t) for —wp(—t).

Definition 7.1 The calculus (Term
ioms:

(X),F) is given by the following ax-

LOF

A0. (tVv —t)R1 and (¢t A —t)RO,
Al. tRt,
A2. =(tRs)V (—(sRr) V (tRr)),
A3. =(tRs) V (~tR-s),
A4, =(tRs)V ((EAT)R(s AT)),
A5. (tAs)R(s A,
A6. (LA (SAT)R((EAS)AT),
A7, (tA(tV s))Rt,
A8. (-t A)R((—t AE) A 8),

A9. tR——t,
A10. =(tV 8)R(—t A —s),
All. EV (mtA(EVS)R(EV s),
A12. (tRs)R(sRt),
A13. =(tRs) V (-t V s),
Al14. wy(0)RO,
A15. zR(x A wp(z)),
A16. yR((y Awo(x)) V (y A —wo(x))),

ALT. (wa(z A y) vV ws(y)) Rw.(y),
A18. ((wo(2) Aws (@ Ay)) v wiy)) Rws(y),
A19. (wg(2) A z)R(wi(2) Awi(z)),

A20. (w§(z) A z)R(ﬁwo(ﬁz) A wg(z)) \Y (wo(ﬁz) A wo (wg(2) A z)),
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A21. (wi(2) V 2)R(wj(2) Vwi(z)),
A22. (wj(2) V 2) Rwo (wi(2) V 2),

A23. wo(2)R (wo(2) A (s (w? (2)) Re) ),

A24. wy(2)R

/
S
o
—~
I3
~—
>
—~
g
*
—~
S
33
8
S~—
S—
!
=
©
8
S~—
S—
N—

A25. wo (wy (1)) Reo (w3 (1)),

(
A26. we(y A wo(2)) Rwgpw, () (Y A wo(2)),
A27. wy(y A ’LUQ(Z))R(wm(y) A wo (2))7

(

A28. w

A29. wi(y A wo () R(wi (y) A wol2)),

A30. —eq(tRs

A31. —eq(tRs

A32. —e4(tRs
(

A33. —€q

and the following inference rules:

t,~tV
’78, disjunctive syllogism (DS)
s
t tation (N)
—. necessitation
ea(t)

Let T be a theory in Term,,,(X). A proof from T is a sequence ti,...,t,
in Term,,.(X) such that each member is either an axiom or a member of
T or follows from some preceding member of the sequence using DS or N. If
t € Term,,.(X), T -t means that ¢ is provable from T, that is, ¢ is the last
element of a proof from T'. If T' = () then we use the notation I ¢ and in this case
we will say that ¢ is a theorem of the calculus (Term,,,(X),F). The theory
T is inconsistent if and only if T + t for each t € Term X); otherwise it is
consistent.

[JQ]:(

Proposition 7.2 1. Azioms of (Term,,,(X),F) are tautologies.

2. Lett,s € Term,,,(X) and v be a valuation such that v(t) = v(—tVs) = 1.
Then v(s) =1 i.e., DS preserves 1-valuations.
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3. Lett € Term,,,.(X) and v be a valuation such that v(t) = 1. Then
v(eq(t)) =1 i.e., N preserves 1-valuations.

Proof: 1) For axioms AO ... A13 we refer to [I9, §15]. Since axioms A14
... A29 are rephrased forms of the axioms of LQF-algebras, by Eq.(d), they
are tautologies. Lastly, by Proposition BI04 and 5, A30 ... A33 are also
tautologies,

2,3) Ifv(t) = v(—tVs) = 1 then v(s) = 0Vo(s) = w(t)Vu(s) = v(—tVs) = 1.
Thus, DS preserves 1-valuations. The preservation of 1-valuations across the
inference rule IV is immediate.

O

An immediate consequence of the last proposition is the following.

Theorem 7.3 [Soundness| Let T' be a theory in Term ., (X) andt € Term ., ,(X).
Then:
THt=T lZgQ]: t.

O

Proposition 7.4 Let T be a theory in Term
Then:

cor(X) andt,s,r € Term, o, (X).

~

Ftv—t,

F1,

T+FtRs =TVt sRt,

TkHtRs and T+HsRr — T+ tRr,
THtRs = TF —tR-s,

TrHtRs and THtANr = TkFsAT,
THtRs and THtVs — TkFsVr,
THtRs = TF w.(t)R wr(s),

© ® N S = e

(
THtRs = T+ w(r)Rws(r),

~
S

. THtRs = T+ wi(t)R wi(s),
11. THtRs = TF wi(r)R wi(r).

Proof: 1) It follows from Al and A13.
2)

(1) Ftv -t by item 1
(2) F (tV-t)R1 by A0
(3) F=((tv—t)R1)V (=(tV -t) V1) by A13

42



T+ (tRs)R(sRt)

T+ —((tRs)R(sRt)) V (—(tRs) V (sRt))
T+ (~(tRs) V (sRt))

5) T+ sRt

4) Tt easily follows from A2 and two application of the DS.

5) It follows from A3.
6)
1) THtRs
2) TEtAY

F=(tRs)V ((EAT)R(sAT))
4) TH(#AP)R(sAT)

)
)
3) T
) T
5) F=((tAP)R(sAT))V (m(EAT)V (SAT))

(
(
(
(
(
(

6) TEsAr
7) It follows by item 4, A9 and A10.

3) b —eq(tRs) V (w,(t)R wy(s))
T F wy(t)R wy(s)

by DS 2,3

by DS 4,1

by A12
by A13
by DS 2,2

by DS 1,4

by A4
by DS 1,2
by A13

by DS 5,4,2

by N 1
by A30

by DS 2,3

9,10,11) These items can be proved in an exact way as the item 8 by taking into

account axioms A31, A32, A32 respectively.

Proposition 7.5 Let T be a theory in Term
binary relation in Term ., (X) given by

LOF

t=,s iff TkHtRs.
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(X) and let us consider the



Then =, is an equivalence in Term .
operations on Lp(X) = Term,,.(X)/=,

[t Alsle = [t A sl
[t Vsl = [tV s,
w([t]y, [s]r) = [w(t; 8)],
w([t] [s]2) = [w* (¢ 8)]-

Then we have

(X). Moreover if we define the following

1. {Lr(X), A, V,w,w*,—,0,1) is a LQF-algebra.

2. THtif and only if [t], = 1.

Proof: ~ By Axiom Al and Proposition [[4}3 and 4, =, is an equivalence in

TermLQ]-_ (

X). We first prove that the operations (A, V,w,w*,—,0,1) are well

defined on L7 (X) i.e, they are compatible operations with respect to =,.. Let

us suppose that

Tl_thtQ and Tl—SlRSQ.

We prove that T F (t1 Ata)R(s1 A $2).

ﬁ(SlRSQ) V ((81 A\ tg)R(Sg A\ tg))
R(SQ A\ tg)

(tl N 81 R(tg A\ 82)

It proves that A is well defined on Lp(X).
easily show that — is well defined on Lp(X).

hypothesis

A4

by DS 1,2

hypothesis

A4

by DS 4,5

by 3,6, A5, Proposition [[4}4

By Proposition [[4t5 we can
Next, combining A10 with the

previous results it is easily seen that T F (t1 Vit2)R(s1V s2). Thus V is also well

defined on L (X).

We prove that T F w(ty, s1) Rw(tz, s2).
1) TF s1Rs
2) TFw(ty,s1)R w(ty, s2)

3

(1)
(2)
(3) T+ t1 Rty
(4)

4) TH w(tl, 82)R ’w(tg, 82)
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(5) T+ w(ty, Sl)Rw(tg, 52) by 3,5 and Proposition [[.4+4

It proves that w is well defined on L7 (X). Analogously, by using Proposition
[[4110 and 11, we can also prove that w* is well defined on Lr(X).

1) By straightforward calculation it can be seen that the reduct (L7 (X), A, V,—,0,1)
is an orthomodular lattice (for more details we refer to [19, §15, 1. Proposition]).
Since Axioms A14 ... A33 are the axioms of LQ)F-algebras rephrased in terms
of the secondary connective tRs, we have that (L (X),A,V,w,w*,—,0,1) is a
LQF-algebra.

2) Let us notice that [tR1], = [t|.R[1], = [t],. Thus, T I ¢ if and only if
T+ tRLiff [f], = 1.

O

Theorem 7.6 [Strong Completeness] Let t € Term,,,(X) and T be a theory
in Term,o(X). Then,
T ':LQ]-' t—= T+t

Proof: ~ If T is inconsistent, this result is trivial. Let us assume that T is
consistent and that T =ror t. Let us suppose that T does not prove t. If we
consider the valuation v : Term,,,(X) — L7(X) such that v(s) = [s], then,
by Proposition [[.52, [t],. # 1 which is a contradiction. Hence T F .

O

Corollary 7.7 (Compactness) Let t € Term,.,,.(X) and T be a theory in
Term,o.(X). Then, T \=ror t iff there exists a finite subset Ty C T such
that Ty 'ZLQf t.

Proof:  Let us suppose that T =rox t. Then, by Theorem [7.6, T F ¢ and we
can suppose that ¢1,---t,,,t is a proof of ¢ from T'. If we consider the finite set
To =T nN{t1, - -t,} then Ty F ¢ and, by Theorem [[.3] we have that Ty =roF t.
O
(X), k).

We can also establish a kind of deduction theorem for (Term, ,

Theorem 7.8 Let s,t € Term,,,(X) and T be a theory in Term,,,(X).
Then we have that:

TU{sttt iff TtE —eq(s)Vt.

Proof:  Let us suppose T'U {s} F t. Then, by Corollary [[7] there exists
t1...tp, € T such that (1 A ... Atp) As Eror t. Let v = t1 A ... Aty
Then r A s EporF t implies that (r A s) V —eq(s) Eror —eq(s) V t. Therefore,
rV —eq(s) Eror —eq(s) V¢ because for each valuation v, v(e4(s)) is a central
element and v(sV—eq(s)) = 1. Since r Eror rV-eq(s) then r Eror —eq(s) V.
Thus, T [=ror —eq(s) Vt and, by Theorem [T0] T F —eq(s) V t.

On the other hand, let us suppose that T+ —e4(s) V ¢t. Then, there exist
t1...t, € T such that, by defining r = t1A.. . Aty, 7 =roF —eq(s)Vt. Therefore,
we also have that r A eq(s) Eror ea(s) A (—eq(s) V t) and, consequently, r A
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ed(s) Eror ed(s) At because for each valuation v, v(eq(s) A (meq(s) V t)) =
v(eq(s) At). Since e4(s) At Eror t we have that

r A ed(s) 'ZLQf t. (39)

Let v be a valuation such that v(7T') = 1 and v(s) = 1. Then, v(r) = 1 and
v(eq(s)) = ea(v(s)) = eq(l) = 1. Thus, by Eq.(39), v(t) = 1 proving that
T U{s} Eror t. Hence, by Theorem [T.6, T'U {s} - t.

(]
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