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Abstract

We prove that the degree 4 sum-of-squares (SOS) relaxation of the clique number of the Paley
graph on a prime number p of vertices has value at least Q(p'/3). This is in contrast to the widely
believed conjecture that the actual clique number of the Paley graph is O(polylog(p)). Our result
may be viewed as a derandomization of that of Deshpande and Montanari (2015), who showed
the same lower bound (up to polylog(p) terms) with high probability for the Erdés-Rényi random
graph on p vertices, whose clique number is with high probability O(log(p)). We also show
that our lower bound is optimal for the Feige-Krauthgamer construction of pseudomoments,
derandomizing an argument of Kelner. Finally, we present numerical experiments indicating
that the value of the degree 4 SOS relaxation of the Paley graph may scale as O(p'/2~¢) for some
e > 0, and give a matrix norm calculation indicating that the pseudocalibration construction for
SOS lower bounds for random graphs will not immediately transfer to the Paley graph. Taken
together, our results suggest that degree 4 SOS may break the “,/p barrier” for upper bounds
on the clique number of Paley graphs, but prove that it can at best improve the exponent from
1/2 to 1/3.
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1 Introduction

1.1 Maximum and Planted Clique Problems in Random Graphs

For a graph G, we denote by w(G) the number of vertices in the largest cligue or complete subgraph
in G. Computing w(G) is a classical NP-hard problem in combinatorial optimization, which is
moreover hard to approximate within any polynomial factor n'=¢ for ¢ > 0 [Kar72, [Has96]. Aside
from this worst-case hardness, an average-case setting of computing w(G) was proposed by Karp
[Kar76]. In this setting, the input graph is an Erdés-Rényi (ER) random graph G on n vertices,
where each edge is present independently with probability % We denote this by distribution by
G ~G(n, %) It is known that (see, e.g., [Bol01l Section 11.1]), with high probability,

w(G) € [(2—o(1))logyn, (2 + o(1)) logy n] . (1)

In [Kar76], Karp showed that a simple greedy algorithm with high probability finds a clique of
size roughly logy n, and asked whether a polynomial-time algorithm can with high probability find
a clique of size (1 + €)logn for any constant € > 0. The problem remains open, but, perhaps
surprisingly, evidence has accumulated that such an algorithm does not exist [Jer92, [GZ19].

A natural related problem is that of algorithmically bounding the size of the largest clique in
G, outputting a number that is always an upper bound on w(G). For example, under G ~ G(n, %),
a simple algorithm based on the maximum degree can produce a O(y/nlogn) bound [Kuc9).
Spectral algorithms operating on the eigenvalues of the adjacency matrix of G can improve this
to O(y/n) (for instance, using Haemers’ generalization to irregular graphs of Hoffman’s classical
spectral bound on the clique number [Hae95]).

The question of algorithmically bounding the clique number is also related to the problem of
hypothesis testing between G ~ G(n, %) and G drawn from another distribution where a typical G
contains a planted clique of size much larger than 2log, n, since if we have an algorithm that always
produces a valid bound on w(G) and this bound is typically small for G ~ G(n, 3), then we can use
its output to detect the planting of a sufficiently large clique. The above then shows that we may
detect the presence of a clique of size Cy/n for sufficiently large C; [AKS98| moreover showed that
an efficient spectral algorithm can even recover the vertex set of a planted clique of this sizeE]

A long line of work considered whether using convex relaxations of w(G) that produce bounds
that are in general stronger than spectral bounds can break this “\/n barrier” for G ~ G(n, %), with
a particular focus on semidefinite programming (SDP) relaxations. [Juh82] showed that Lovész’s
¥ function [Lov79] also has value Q(y/n); [FKO00|] later considered further aspects of using the
function for detecting and recovering planted cliques. [FKO03|] showed the same Q(y/n) lower bound
for any constant level of the Lovasz-Schrijver hierarchy of SDPs, of which the ¥ function is merely
the first and weakest. The stronger sum-of-squares (SOS) hierarchy of relaxations proved harder
to analyze. The pioneering but flawed analysis of [MW13] was fixed by [MPW15], albeit at the
cost of falling short of an (y/n) lower bound. Many subsequent works, first on the degree 4 SOS
relaxation [DM15, RS15L [HKP15] and culminating in the development of the pseudocalibration
technique for larger degrees [BHKT19], ultimately established an Q(n!/2=°(1)) lower bound for any
constant degree of the SOS hierarchyE]

!Observe that, while a brute force search can both detect and recover a planted clique of any size (2 + ¢) log, n,
this brute force search does not run in polynomial time.

2The SOS hierarchy consists of a sequence of SDPs producing smaller and smaller upper bounds on w(G), indexed
by an even number called the degree. See Section for a precise definition.



All of these results apply, as we have mentioned, to the average case of computing the clique
number over G ~ G(n, %) Some recent literature has revisited other average-case SOS lower
bounds and identified deterministic instances over which the same quality of lower bound holds
(see in particular the work of [DFHT20, HL22], derandomizing the result of [Gri0l] on refuting
3-XORSAT instances)ﬂ In this paper, we initiate the study of the same question for the clique
problem, by derandomizing the SOS lower bound of [DM15] for the degree 4 SOS relaxation of
w(G) with G ~ G(n, ). The deterministic graphs that achieve this derandomization are the Paley
graphs, whose clique number is a question of independent interest in number theory. We first review
some background on the Paley graphs, and then describe our results.

1.2 Paley Graphs, Pseudorandomness, and Derandomization

The Paley graphs are an infinite family of graphs that exhibit certain pseudorandom properties,
behaving in some regards similarly to a typical G ~ G(n, %) They are defined on vertex sets
identified with finite fields I, of order ¢ =1 (mod 4), where edges connect pairs of elements of Fy
whose differences are quadratic residues. We denote the Paley graph on F,; by Gg; the reader may
see Section for a more precise definition.

Many quantities that may be computed from Paley graphs are the same as those of typical
graphs drawn from G(q, %) In the simplest instance, Paley graphs are regular of degree qg—l,
roughly the average degree of the corresponding random graph. [CGWS89] showed that the same
holds for the number of occurrences of any subgraph of constant size, for the first eigenvalue being
asymptotically 2, and the second eigenvalue being o(q%+€ ) for any ¢ > 0.

How far can we take this analogy? It is natural to ask for subgraph counts of graphs of size
growing slowly with ¢, and the clique number is just such a question: under G ~ G(q, %) we have
Elw(G)] ~ 2logy g, and we might expect the same for w(Gy).

However, the clique number of Paley graphs is not well understood. Let us review what is
currently known. Hoffman’s spectral bound [Hof70), [Hae95] implies the upper bound

w(Gy) < V3. (2)

In fact, this is easy to derive by elementary combinatorial means (see, e.g., [Yip22]) and for this
reason is sometimes called the trivial upper bound on w(Gy). This is tight for ¢ = p?* an even
power of a prime, as F 57 may be realized as a subfield of F, all of whose elements are quadratic
residues in this case [BDRSS].

However, for odd prime powers, and even the simplest case ¢ = p a prime, the clique number
is believed to be much lower. The upper bound on the diagonal Ramsey number established by
[ES35] implies that

o(Gy) 2 (5 +o0)) 1. 3)

By a number-theoretic analysis of the least quadratic non-residue modulo p, [GRI0] improved this,
showing that for infinitely many primes p,

w(Gp) > log plogloglog p. (4)

3Here we are interested in quantitative lower bounds showing large integrality gaps, rather than arbitrarily small
integrality gaps—deterministic explicit examples giving the latter for high degrees of SOS have been shown before
for several problems in works such as [Gri01l, [Lau03].



Moreover, conditional on the Generalized Riemann Hypothesis, the logloglogp term may be im-
proved to loglogp [Mon7l, Theorem 13.5]E|

On the other hand, the best known upper bound [HP21, [DBSW2I] improves only by a constant
factor on the spectral bound ,

VI —T+1 P
w(Gy) < g~ (5)

In contrast to this state-of-the-art bound, w(G)) is widely believed to actually scale at most
polylogarithmically with p based on computations of w(G)) for small p. We express this in the
following conjecture; see [She86, BMR13| [Yip22, [KM23] as well as our Figure

Conjecture 1.1. For some C, K >0 and all p=1 (mod 4) prime, w(G,) < C(logp)X.

Numerical evidence suggests that we might in fact expect to be able to take K = 2, as discussed
by [BMR13, [KM23] and illustrated in our Figure

Moreover, these graphs are believed to be good constructions for lower bounds on the diagonal
Ramsey numbers R(k, k). For example, the Paley graph of order 17 is the unique largest graph that
contains neither a clique of size 4 nor an independent set of size 4, which shows that R(4,4) = 18
[EPS81]. The current best known bound R(6,6) > 102 is established by the Paley graph of order
101, which contains neither a clique of size 6 nor an independent set of size 6 [Rad11].

Because of this application among others, it is a long-standing open problem in additive com-
binatorics and number theory to improve the upper bound for clique numbers of Paley graphs of
prime orders, and in particular to break the “,/p barrier” and prove an upper bound scaling as
pl/27¢ for some ¢ > O Some recent work has begun to explore whether convex relaxations of
the clique number can lead to such improvements. For instance, [GLV09, [KM23] explored using a
hierarchy of SDPs producing bounds between that of the Lovasz-Schrijver hierarchy and the SOS
hierarchy for this purpose, and [MMP19] empirically found that a modification of the Lovéasz ¢
function SDP can recover and sometimes slightly improve on the best-known upper bound .

1.3 Our Contributions

Our main result contributes to both of the lines of work outlined above. On the one hand, it shows
(conditional on Conjecture that the Paley graph gives a derandomization of the SOS lower
bound of [DM15] for ER random graphs. On the other hand, it shows that a powerful convex
optimization approach to upper-bounding the clique number cannot be too effective when applied
to Gp.

Theorem 1.2. There is a constant ¢ > 0 such that the value of the degree 4 SOS relaxation of
the clique number SOS4(G), as defined in Section evaluated with G, the Paley graph on p
vertices for p any prime number with p =1 (mod 4), as defined in Section satisfies

S0S4(Gp) > ep'/3. (6)

41t is still possible to reconcile these results with the proposal that G)p behaves like a random graph, so long as we
adopt a more sophisticated random model than G(p, 5) [Mral7).
®For instance, this is mentioned as “probably a very hard problem” in the problem list [CLOT].




The main ingredients in our proof are new norm bounds for certain graph matrices (as appear in
the analysis of SOS relaxations for random graphs; see, e.g., [AMP16]) formed from Paley graphs
and certain character sum estimates for the Legendre symbol.

To elaborate on this result, we provide three further pieces of more detailed analysis. Note that
Theorem does not exclude the possibility that SOS4(Gp) = o(y/p). In Section [5, however, we
show that at least the lower bound construction we use to prove Theorem involving the simple
class of Feige-Krauthgamer pseudomoments (see Definition , cannot improve on the p'/3 scaling
of our lower bound.

On the other hand, in Section [} we present some numerical evidence that SOS4(Gp) ~ p" for
a constant n € (0, %), with value n =~ 0.4. As we discuss in Section |§|7 these results are similar to
earlier numerical studies of [GLV09], who consider a weaker class of SDPs than the SOS hierarchy,
and results of [KM23|, who consider the same weaker SDPs and extract a prediction of the power
scaling of their values with p from numerical results. We thus have reason to believe that our lower
bound cannot be improved all the way to a scaling of p'/2. Unfortunately, we have not found a
way to convert these numerical results into a proof of an improved bound on the clique number,
but we leave this as a tantalizing open problem for future work.

Finally, to accompany these empirical results, we provide some modest theoretical evidence
that the SOS hierarchy may break the /p barrier for upper bounds on w(Gp). The tight analysis
showing that E[SOS24(G)] = Q(n'/27°W) for G ~ G(n, ) and any constant d uses a construction
satisfying a property called pseudocalibration |BHK™19], whose analysis hinges on norm bounds for
the aforementioned graph matrices built from the adjacency matrix of G [AMPI6]. In Section
we show that some of these norm bounds fail for the Paley graph. Thus, the analysis of the
pseudocalibration construction for random graphs cannot be directly adapted to the case of Paley

graphsf]

2 Preliminaries and Proof Overview

2.1 Notations

Throughout the paper, p will denote a prime number, and ¢ a prime power ¢ = p*. The finite field
of order ¢ (unique up to isomorphism) is denoted by Fy, and its group of units by F qX. A nonzero
element y of I, is called a quadratic residue of Fy if y = 22 for some x € Fy, and a quadratic
nonresidue otherwise. We write (IFqX)2 for the set of quadratic residues. We will also freely identify
[, with Z/pZ, with representatives {0,1,...,p — 1}.

We write [n] := {1,2,...,n}. For a finite set X, we write 2% for the power set, and ()k() and
( é(k) to denote the sets of subsets of X with exactly k£ elements and at most k elements respectively.
We also use X(1) to denote the set of tuples of elements of X of length k& with all entries distinct.

When the discussion involves variables {x;};c7 indexed by Z, for a subset S C Z, we will use
2% to denote the monomial [, g ;.

We use 1 € R™ to denote the all-ones vector. We use I € R™*"™ to denote the identity matrix,
J € R™™ to denote the all-ones matrix, and 0 € R"™*" to denote the all-zeros matrix. The

5We note that the initial premise of pseudocalibration, which involves comparing a pair of “null” and “alternative”
random graph distributions, is not sensible to apply to the deterministic Paley graph. But, ultimately, the pseudo-
calibration argument yields a function mapping a graph to a matrix that one hopes will be feasible for a high-degree
SOS program, and one may simply substitute the Paley graph into this function and consider the result.



dimensions of these objects will be clear from context. For a real symmetric or Hermitian matrix
A, we use spec(A) to denote its spectrum, which we write in double braces {{--- }} to indicate that
the spectrum is a multiset. For matrices A, B € C™*" and C' € C™*™, we use Ao B € C" " to
denote the Hadamard product (entrywise product) of A and B, and A ® C' € C"*™ to denote
the Kronecker product (tensor product) of A and C.

For a graph G = (V, E), we use V(G) to denote its vertex set and E(G) to denote its edge set.
We use G to denote the complement of G. For vertices u,v € V(G), we use u ~¢g v to indicate
that v and v are adjacent in G and u «4g v to indicate that they are not adjacent. We will use
Ag to denote the {0,1} adjacency matrix of G, and Sg to denote the Seidel or {£1} adjacency
matrix. We drop the subscript G when the graph is clear from context. Conventionally, the Seidel
adjacency matrix is —1 on pairs of adjacent vertices, +1 on pairs of nonadjacent vertices, and 0 on
the diagonal. In this paper, we abuse this term to mean the matrix that is 1 on pairs of adjacent
vertices, —1 on pairs of nonadjacent vertices, and 0 on the diagonal, as this is more conveniently
written in terms of the Legendre symbol in the context of Paley graphs (see Section . It is easy
to see that the Ag and Sg are related by Sg = 2Ag — J + I. Lastly, we write K(G) for the set of
subsets of V(G) that form cliques in G.

_ We will use the standard asymptotic notations O(-),€2(-), ©(), and o(-). We will use O(-) and
Q(+) to additionally suppress polylogarithmic factors.

For a complex number z € C, we denote the complex conjugate of z as z. For a complex vector

or matrix Z, we will use Z* to denote the conjugate transpose of Z.

2.2 Problem Setup

Let us now specify in full detail the SOS relaxations SOSs4 of the clique number, and the Paley
graphs G).

2.2.1 Sum-Of-Squares Relaxations of the Clique Number

Let G be a graph of order n. The clique number w(G) of G is equal to the value of the following

polynomial optimization program:

maximize » oy () Ti
w(G) = ¢ subject to z? =x; for all i € V(G), . (7)
zix; =0 for all 4,5 € V(G) with ¢ # j and i g j
It is easy to see that the feasible solutions of the program above are in one-to-one correspondence
with the indicator vectors of the cliques in G. Before we introduce the SOS relaxations of the clique
number, let us first define the pseudoexpectation operators over which the SOS relaxations optimize.

Definition 2.1 (Pseudoexpectation). We say E : Rlzy, ... ,Zpl<2d — R is a degree 2d pseudo-
expectation with respect to polynomial constraints {fi(xz) = 0}¢, {g;(z) > 0};’-:1 if the following
properties hold:

o E is linear.
o E[1] =1.

° E[fl(x)p(x)] =0, for all p(z) € Rlxy,...,zy] such that deg(fip) < 2d, for all1 <i < a.



o Elp(z)?] >0, for all p(x) € Rz1, ..., Tn]<a-
° INE[gj(x)p(:z)Q] >0, for all p(z) € Rlzq,...,zy,] such that deg(gij) <2d, for all1 < j <b.

In the case of the maximum clique program , the polynomial constraints are generated by the
Boolean constraints 22 —z; = 0 for i € V(G) and the clique constraints z;2; = 0 for i, j € V(G) with
i # j and i ¢ j,. For convenience, let us identify the vertex set V(G) with [n] where n = [V (G)].
Then, the degree 2d SOS relaxation of the polynomial optimization program written in terms
of pseudoexpectations is

(maximize Y7, E[z;]
subject to E : R[z1, ..., %n]<2q¢ — R linear,
E1] =1,
E[(z? — z;)p(x)] = 0 for all i € [n], deg(p) < 2d — 2,
[z;z;p(z)] = 0 for all ¢ ¢ j,deg(p) < 2d — 2,
E[p(z)2] > 0 for all deg(p) < d.

S0S24(G) =

To see that this is indeed a relaxation of the clique program , observe that for any probability
measure [ : 2l 5 R20 supported on the cliques of the graph G, the corresponding expectation
operator [, is a pseudoexpectation of any degree.

For every monomial z° for S € ( <[7;]d), IE[:US | is called the pseudomoment of S of the correspond-

ing pseudoexpectation E. By linearity, every pseudoexpectation of degree 2d is uniquely determined

by its pseudomoments of degree at most 2d, i.e., by the set {E[z°] : S C [n],|S| < 2d}. We may
[n]Y  ([n]

therefore encode the pseudoexpectation in the pseudomoment matriz M € Rs(yglfl) (<) with entries

Mgr = E[z%z7]. 9)

This is especially convenient since the positivity of E on squared polynomials is equivalent to
positive semidefiniteness of M. We can then rewrite the above program in the form of an SDP:

maximize Y1, My (5
subject to M € R(gﬂ]l)x([gi)
SOS24(G) = Mgo =1, . (10)
Mg 1 depends only on SUT,
Mg 1 =0 whenever SUT ¢ K(G),
M = 0.

We will not verify in detail the equivalence of and ; the reader may consult [Lau09] for an
overview of this pseudomoment matrix framework, or the papers [DMT5] [RST5, [HKPT5, BHK™19)
on SOS relaxations of w(G) for further details.

Remark 2.2 (Pseudomoment matrix compression). We note that the row and column of M indexed
by any S ¢ K(G) is forced by the constraints to be identically zero. These entries do not affect the
positivity of M and do not play a role in the objective function, so we may just as well take M to
be indexed by cliques of size at most d rather than arbitrary subsets of vertices.



In the special case 2d = 2, the SDP in takes the form

(maximize Y .,y )
subject to y € R™,Y € R,
B Yii =y for all i € [n],
S08,(G) = Y;;=0foralli,j € [n] withi#jandixgy, [° (11)
1 yT]
M = > 0.
[y Y|~ ),

One can show (see [GL8127, GL17]) that the program above is equivalent to the Lovdsz 9 function
of the complement graph G, a well-known upper bound on w(G) due to [Lov79]:

S0Sy(G) = ¥(G). (12)

This SDP enjoys many special properties, some of which we will mention below; the reader may
consult the above references for further information.

On the other hand, once the degree increases to 2d = 4, the resulting SDP is not as well
understood. This SDP, which we study in the remainder of the paper, takes the form

n 0,1 \
i=1""a

subject to M"™°¢ € RED*) for r,c € {0,1,2},
Mg’; depends only on SUT),
SOS4(G) = Mg(ép = 0 whenever SUT ¢ K(G), : (13)
’ 1 MO,l M0’2
M = M170 Ml’l M1’2 =0
\ M2’0 M2,1 M2’2

( maximize Y

2.2.2 Paley Graphs

We now give the definition and some useful basic properties of the Paley graphs.

Definition 2.3 (Paley graph). Let ¢ = p* be a prime power such that ¢ = 1 (mod 4). The Paley
graph G, of order q then has vertex set V(G,) :=F, and edge set

B(G,) = {{a,b} e (Izq) ca—be (F;)2}. (14)

The condition ¢ =1 (mod 4) ensures that —1 is a square in Fy. As a result, a — b € (F;)? if and
only if b —a € (F))?, so the edge set is well-defined.

Proposition 2.4 (Regularity). For any prime power ¢ =1 (mod 4), the Paley graph Gy is strongly

reqular with parameters (q, q;21, %, q;—l), i.e., it is reqular of degree qg—l, every pair of adjacent
vertices share % common neighbors, and every pair of non-adjacent vertices share qZ—l common

neighbors.

Proposition 2.5 (Spectrum). For any prime power ¢ = 1 (mod 4), the spectrum of the {0,1}
adjacency matriz Ag, of G is

spec(Ag,) = {{q_l,_H\/@,...,_H*/&,_l_\@ _1_\/5}}, (15)

2 2 2 2 2

q=1 4 q=1 4
5 times 5 times

8



and the spectrum of the Seidel or {+1} adjacency matriz Sg, of G4 is

spoc(S,) = { {0,y VB i v |} (16)

1. 1 .
5= times I5= times

Proposition 2.6 (Automorphisms). For any prime p =1 (mod 4), the automorphism group of G,
is the set of maps f : F, = F, given by f(x) = ax+b for any a € (]F;)2 and b € Fp,. In particular,
G, 1is both vertexz- and edge-transitive.

We will study the SOS relaxations of the clique number of Paley graphs, SOS24(G,). Recall
that the degree 2 SOS relaxation of the clique number of the Paley graph G is equal to the Lovasz

theta function of its complement, SOS2(Gy) = J(Gq). Since Gy is self-complementary (under

the automorphism x — gz for g a multiplicative generator of Fy), ¥(G,) = J(G,). Since Gy is
vertex-transitive, by Lovasz’s result in [Lov79],

D(G)I(Gy) = [V(Gy)l =g, (17)
whereby combining our observations shows that

SOS,(Gy) = /7. (18)

This is the same as the upper bound of the clique number given by Hoffman’s spectral bound.
Thus, degree 2 SOS does not improve on the spectral bound, and degree 4 SOS, which we begin to
analyze with Theorem [1.2] is the first more interesting degree.

2.3 Proof Overview

To prove Theorem [1.2] we will construct a feasible pseudomoment matrix M for the program
that has objective value Q(pl/ 3). We will consider the following type of pseudomoments,
which we call Feige-Krauthgamer (FK) pseudomoments, first studied by Feige and Krauthgamer
[FKO03] to prove lower bounds on Lovész-Schrijver relaxations for the maximum independent set
of random graphs (sometimes these are called MPW pseudomoments after their use by the later
paper [MPW15]).

Definition 2.7 (Feige-Krauthgamer pseudomoments). Consider the degree 2d SOS relazation of
the clique number of a graph G. We say the pseudomoments of a degree 2d pseudoexpectation E
are Feige-Krauthgamer (FK) pseudomoments if there exists a sequence 1 = ag, a1, a2, ..., a9q € R
such that

E

Bl = {a|5| if S € K(Q) (i-e., if S is a clique in G) (19)

0 otherwise.

We note that FK pseudomoments automatically satisfy all conditions on a pseudoexpectation other
than positivity.

The line of work beginning with [MWI3] sought to use FK pseudomoments to prove lower
bounds on SOS relaxations of w(G) for random graphs GE While eventually in [HKPT5, BHK™19]

"Some works, wanting to study an SOS relaxation that included the “exact” constraint >0 @i = k for some k,
adjusted the FK pseudomoments to satisfy the consequences of this constraint (see, e.g., [HKP15| [Pan21]). We do
not take this route here.



it was found that FK pseudomoments could not prove optimal Q(y/n) lower bounds, earlier works
still proved polynomial Q(n") lower bounds with < % using FK pseudomoments, which are simpler
to define and to work with than the alternatives developed later. In particular, our analysis will
closely follow that of [DM15], who used FK pseudomoments to prove that SOS4(G) = Q(ni) with
high probability for G ~ G(n, %) [HKP15] later showed that, up to polylogarithmic factors, this is
optimal over any choice of FK pseudomoments for the degree 4 relaxation.

Remark 2.8 (Partial symmetry). By vertex transitivity and edge transitivity of Paley graphs
(Proposition , there always erists an optimal degree 4 pseudoexpectation giving all E[z;] the
same value and all E[z;x;] with i ~ j in G, the same value, regardless of whether E is given by FK
pseudomoments or not. This strong symmetry of course fails to hold for ER random graphs.

Recall that in the degree 4 SOS program , we write the pseudomoment matrix M in the
block form

1 MO,I MO’2
M= Mgy M- M|, (20)
M270 M2’1 M2,2

We will follow the strategy of [DMI5] to successively check the Schur complement conditions for
positive semidefiniteness of M. Namely, we will rely on the following fact.

Proposition 2.9. Let

.
M= [g BO] c R(a+0)x (a+b) (21)

be a real symmetric matriz written in block form, with A € R**% and C € R?™®. If A = 0 and
C — BA7'BT =0, then M = 0. We call the matriz C — BA~'BT the Schur complement of the
block A in M.

The outline of our proof of Theorem is then as follows, in which we set appropriate values
for aq, ao, a3, and a4 to produce a feasible pseudoexpectation achieving the lower bound claimed
in the result.

1. First Schur complement: To show M > 0, it suffices to show that the Schur complement
of the top left 1 x 1 block (containing just the scalar 1) in M,

Ml’l M1’2 Ml,O
N = [MQJ M2,2:| - [Mz,o] [Mo’l MO’QL (22)

is positive semidefinite. We again write N in the block form

Nl,l N1’2
N = |:N271 N272:| ’ (23)

where N7 := M%) — MM for all i,j € {1,2}.

2. Filling in zero rows and columns: The N%/ will have those rows and columns indexed
by pairs {7, j} that are not edges of G, identically equal to zero (see Remark [2.2]). To make
use of the formalism of graph matrices commonly used in the analysis of pseudomoments for
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SOS lower bounds, we fill in these rows and columns with a natural extension of the non-zero
entries of the N/ to get modified matrices

Hl,l H1,2
H = |:H2’1 H2,2:| ) (24)

where N equals H with some rows and columns set to zero. In particular, if H > 0, then
N = 0 as well.

3. Second Schur complement: To show H > 0, it suffices to show that H1! = 0, and that
the Schur complement of H! in H,

H272 _ HQ’I(HLI)_IHLQ, (25)
is positive semidefinite.

4. Analysis of H"': Under the FK pseudomoments, M10M%! is a constant multiple of the
all-ones matrix J. The matrix Hb! = Nb = ML — pEOA701 is then a linear combination of
the simultaneously diagonalizable matrices I, J, and Ag,, and its spectrum can be computed
from that of AGP. Thus, we obtain conditions on «; and «as that ensure that H%! > 0.

5. Graph matrices and subspace decomposition: To prove H>? — H>'(HM)~1HY2 - 0,
we will first write H>2? and H>!(H'')~!H'?2 each as a sum of graph matrices. Then, we will
use an idea from [MPWI15, [DMI15] of separating the contributions of graph matrices along
three subspaces of R(Ff ), which correspond to the decomposition of this space, viewed as a
representation of S, under the action o({a,b}) = {c(a),o(b)}, into irreducible subrepresenta-
tions. The remaining norm bounds will constitute the bulk of the proof, and it is in proving
these that we will need to substitute for the probabilistic analysis of [DM15, [AMP16] more

number-theoretic arguments about character sums, which are given in Section

3 Proof of Theorem [1.2|

We restate Theorem in more detailed terms of the FK pseudomoments that we will construct.

Theorem 3.1. There exists a constant ¢ > 0 so that, setting ay = cp_2/3,a2 = 4a%,a3 = 804?,

and oy 1= 51204, the FK pseudomoments defined by these parameters give a feasible solution to the
degree 4 SOS relaxation of the clique number of the Paley graphs G\, for all sufficiently large

p.
Theorem [L.2] follows, since the above gives, for all sufficiently large p,
SOS4(Gp) > p- ep~ 2P = ep'/3. (26)

To remind the reader of the notations we set in the previous section, the pseudomoment matrix

in the degree 4 SOS relaxation is denoted

1 MO,l M0’2
M = Ml,O Ml,l M1’2
MZ’O M2’1 M2’2

; (27)

11



and we take this to be given by the FK pseudomoments proposed in Theorem [3.I] Recall that
F F
Mre e REPXCE) for all r,c € {0,1,2}. We will use

Nl,l Nl,?
N = |:N2,1 N2,2:| <28)

to denote the Schur complement of the top left 1 x 1 block in M.

3.1 Filling Zero Rows and Columns

As mentioned before, we will fill in the zero rows and columns of N in order to make use of graph
matrices. In this section, we define the matrix

Hl,l H172
H = |:H2,1 H2,2:| (29)

that will achieve this filling.

Definition 3.2. We write 1 : (H;”) — {0, 1} for the function with 15(S) =1 if S is a clique in G,
and 1;(S) = 0 otherwise.

We now expand the N®*® matrices in terms of this indicator function.

Proposition 3.3. Under the FK pseudomoments proposed in Theorem [3.1], the matriz N can be
written as

(30)

1,1 1,2
N = [N N ] ’

N2,1 N2,2
F
2

where Nb1 € RFp>Fp N1.2 ¢ }R]FPX(IFZP),]\TZ’1 — N12T e Rl p)XFP,NQ’2 e RI*(T) have entries

11 o —af ifa=0>b,
Nob = {aglg({a, b}) —a? ifa#b, (31)
12 _ (a2 —ara) 15({b,c}) if a € {b, c}, (32)
afbel ) agls({a,b,c}) — aranla({b,c})  if a & {b,c},
(az — a3)12({a, b}) if {a,b} = {c,d},
NE2 ey = § 031s({a,b} U{e,d}) — a3La({a,0)1a({e,d})  if [{a.b} N {cd}| =1,  (33)
asl4({a,b,c,d}) — a%lg({a, b})12({c,d}) if {a,b} N{c,d} = @.

Per Remark rows and columns indexed by pairs are identically zero in any of these matrices
for all pairs that are not edges in Gy,

Next, we define matrices H®*® based on the N*® by replacing the clique indicator functions
with “bipartite” versions of those indicator functions, that only depend on the presence of edges
between two subsets of vertices.

Definition 3.4. We write 1,, : (;) X (]FT”) — {0,1} for the function with

1 ifv~g,w forallve L\ R,we R\ L,

0 otherwise.

lZ,T(La R) = {

12



LUR

In other words, 1,,(L, R) =1 if and only if all pairs of vertices in ( 2 ) that don’t belong simul-

taneously to L or R are connected in G,.

Now we are ready to state what matrix H is: it is given by blocks H! € RF»xF» L2 ¢
RF”X(%), g2 = 127 and H?? € R(?)*(7) having entries

—a? if g =b
P , T (35)
alii({a},{b}) —af ifa#b
- it a e {b
oo = Yot o o (36)
Y a31172({a}, {ba C}) — o if a g {b7 C}
g — a3 if {a,b} = {c,d}
HE% oay = asleo({a,b}, {e,d}) —ad  if [{a,b}n{c,d} =1 (37)

aslas({a, b}, {c,d}) —a if {a,b} N{c,d} =@

It is easy to see that proving positive semidefiniteness for H also proves N is positive semidefi-
nite, due to the following observation.

Proposition 3.5. Up to permutation of rows and columns, N is the direct sum of the principal
submatriz of H indexed by singletons and the edges of G, with a zero matriz.

The proof is simply that, for |L|,[R| <2, we have 1|, g (L U R) = 1| g/(L, R) so long as L is an
edge if |L| = 2 and R is an edge if |R| = 2.

3.2 Second Schur Complement Bounds

Next, the goal is to prove under the same setting of Theorem that H > 0. To do this, we take
another Schur complement, which we analyze below.

We will use Qg = I%J € R¥*F» to denote the orthogonal projection matrix to the constant
vector, and Q1 = I — Qg to denote the projection matrix to the orthogonal complement.

Proposition 3.6. Under the FK pseudomoments specified by «q,as, as,ay in Theorem for
any constant € > 0, the matriz HY' satisfies

p—1

= <a1 + az —paZ{) Qo+ (1—¢g)u@i >0 (38)

for all sufficiently large primes p.

Proof. Under the FK pseudomoments specified by ai,as, as,aq, we may express the following
blocks of the pseudomoment matrix M as

MO =1, (39)
Ml = a1l + OQAGP. (40)

We note that H'! = N1 as this matrix is not affected by the filling of zero rows and columns, so
we have

Hl,l — Nl’l — Ml’l . Ml’OMO’l
= Oéll + OZQAGP — Oz%J. (41)

13



Note that the matrices I,J, and Ag, are simultaneously diagonalizable, and the 3 eigenspaces
of Ag, are the common eigenspaces. Let Up,U;, and Uz be the projection matrices to the 3

. . . -1 -1 —1- .
eigenspaces of Ag, corresponding to eigenvalues %, ;‘/ﬁ, and T‘/ﬁ. In particular, Uy = Qg

is the projection matrix to the span of constant vectors. Then,

HY = aq1 + OzzAGp — a%J

1 1+ 11—
= <041 +2 5 02 —p@%> Uy + <a1 + 2\/ﬁa2> Uy + (041 + 2\/]5&2) Us

—1
= (an+ 25 an = pod ) U + (a1 = ofan) (7 - Uo) (42)
where we used a1 = @(p_g) and \/p-ag = @(p_%) in the last inequality. Replacing Uy by Qg and
I — Uy by @1 shows the desired result. O

So, if moreover we can show H*2? — H?'(H1)~1H%2 = (0, we can conclude the positive semidef-
initeness of H. Our last simplification before proceeding to the main technical analysis is to remove
the (H1)~! term above. Fix some constant ¢ > 0 for all future discussions, say ¢ := 5. Then,

—1

for all sufficiently large primes p, so

_ p—1
(Hl’l) 1 < <a1+ 5 oq—pa%)

1
Qo+ ((1—2)ar) ™" @, (44)

and substituting this into the term appearing in the inequality we need to show,

—1
<041+p 5 (e%) —pa%)

1
H2,1(H1,1)—1H1,2 < H2! Qo+ ((1— s)al)_l O HY2. (45)

Note that the column sum (row sum) of H?! is the same across each column (nonzero row indexed by
edges of Paley graphs) due to the partial symmetry of Paley graphs. As a result, 1 is an eigenvector
of H>'HY? and H*'QoH"? = PyH*'H"“2P,, where we use Py = ﬁj S R(Igp)x(%) to denote
the orthogonal projection matrix to the constant vector. Moreover, since 1 is an eigenvector of
H?1HY2 (I — Py))H*'HY2Py = 0. We therefore have

H2,1
2

—1
<041 + B 10é2 — pﬁ) Qo+ ((1—e)ar)™! Q1] a'?

— H2,1
2

p—1 -
<<a1 + Qs —pa?> —((1- 6)@1)_1> Qo+ ((1—e)an) ' T| H?

-1 ! _ _
= ((al 42 52— pa%> —((1=¢)ay) 1) PoH*'HY2Py + (1 —€)on) ' H>'H'?

-1 -t _
- (al +2 502 — pa§> PyH* HY Py + (1 —e)on) ' (I — P)H*'HYY (I — By).  (46)
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Thus, to show H>? = H>'(HY')~"'H'2 holds for all sufficiently large primes p, it is sufficient to
prove the following proposition:

Proposition 3.7. Under the FK pseudomoments specified by a1, as, as, oy in Theorem for
any constant € > 0,

—1 -1
H272 > (oq + P 5 a9 —pa%) P0H2’1H1’2P0
+((1—8)ar) ' (I = R)H>' H"*(I - Py) (47)

holds for all sufficiently large primes p.

3.3 Ribbons and Graph Matrices

To organize the remaining calculation, now let us review the construction of graph matrices that has
played a role in many SOS lower bound analyses in previous literature. We will use the following
definitions as appeared in the work of [JPR™22].

Definition 3.8 (Ribbon). A ribbon on a ground setV is a tuple R = (V(R), E(R), Ar, Br), where
(V(R), E(R)) is a graph, and Ar,Br CV(R) C V.

Definition 3.9 (Matrix for a Ribbon). Let G € RY*V be a real symmetric matriz whose off-
diagonal entries are £1 and whose diagonal entries are zero. For R = (V(R), E(R), Ar, Br) a on

14 A%
V', the corresponding matriz Mqg(R) € R(‘AR|)X(‘BR|) has rows and colummns indexed by the subsets
of V' of sizes |Agr| and |Bg|, respectively. The entries of Ma(R) is given by

o G if I = A dJ=DB
0 otherwise

In other words, there is only one nonzero entry of Ma(R), and it is located at the row and the
column corresponding to Ar and Bg.

Definition 3.10 (Isomorphisms Between Ribbons). Two ribbons R, S are isomorphic, or have
the same shape, if there is a bijection f : V(R) — V(S) which is a graph isomorphism between
(V(R), E(R)) and (V(S), E(S)) and also a bijection from Ar to As and from Bpr to Bg.

If we ignore the labels on the vertices of a ribbon, what remains is the shape of the ribbon.

Definition 3.11 (Shape). A shape is an equivalence class of ribbons of the same shape. FEach
shape has associated with it a representative 3 = (V (), E(B), Ag, Bg).

Definition 3.12 (Embedding of a Shape). Given a shape B on V and an injective function f :
V(B) =V, we let f(B) be the ribbon by labeling the vertices V() in the natural way.

Definition 3.13 (Graph Matrix). Let G € RY*V be a real symmetric matriz whose off-diagonal
entries are +£1 and whose diagonal entries are zero. For a shape 8 on'V, the graph matriz Mg (3) €

Vv v
R(‘Aﬁ‘)x(‘Bﬂ') is defined as the sum of all ribbon matrices over ribbons with shape (:

Me(B) = > Mg (R). (49)

R ribbon of shape 8
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Definition 3.14 (Automorphism of a Shape). For a shape B, Aut(B) is the group of bijection
from V(B) to itself such that Ag and Bg are fized as sets and the map is a graph automorphism of

(V(B8), E(B))-

It is easy to see that if we sum over ribbon matrices of all ribbons obtained from injective
labelings of /3, we obtain the graph matrix Mg(/3) multiplied by | Aut(/)|. Thus,

MeB)= S MR =—— S Ma(f(B). (50)

R ribbon of shape 3 ‘ Aut(ﬁ)’ f:V(B)—V injective

Definition 3.15 (Transpose). Given a ribbon R or shape [, we define its transpose by swapping
the two parts Ag and Br (resp. Ag and Bg). Observe that this transposes the matriz for the
ribbon/shape.

Definition 3.16 (Trivial Shape). A shape 3 is trivial if V(B) = Ag = Bg and E(f) = @. Observe
that the graph matriz for a trivial shape [ is the identity matriz of dimension specified by |V (3)].

3.4 Graph Matrix Decomposition

Definition 3.17 (Legendre Symbol). Let F), be the finite field of order p. The Legendre symbol is
defined as
0 if a =0 (mod p),
x(a) = xp(a) :=141 if a is a quadratic residue in Fp, (51)
—1  if a is a quadratic nonresidue in IF).

When the underlying finite field F), is fixed and clear from context, we will omit the subscript p.

Remark 3.18. Recall that all the primes p in our discussion are congruent to 1 modulo 4. This
ensures that x(—1) = 1, and thus x(a) = x(—a) for any a € F),.

Proposition 3.19. We have 1,,(L, R) = m [wp e\ ryxmr)(1+x(a=b)) for all £,r >0,
Le (), and Re (°r).

Proof. The result follows from observing that, for a,b € F,, distinct, 3(1+ x(a —b)) is the indicator
of the edge {a, b} existing in the Paley graph. O

In the following few equations, let us write S for the Seidel adjacency matrix of G), so that
Sap = Xx(a —b). By substituting the indicator functions 1,, in the definition of H using Proposi-
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tion [3.19] and expanding the products, we have
( a9 — Oé%

(5 —a3) + FSha

(% - O‘%) + %(Sa,c + Sa,d + Sb,c + Sb,d

7722 B
{avb}v{cvd} B +Sa,CSa7d + Sb7CSb,d + Sa,ch,c
+S54,d5.d + Sa,cS.d + Sa,dSh,c
+Sa,cSa,dSb,c + Sb,dSa,dSb,c
+S5a,654,d5,d4 + Sa,eSb,c5,d
+Sa,cSa,dSb,ch,d)
and
(H* H') (0.0} 4e.0)
2.1 1,2
=D Hiy iy
i€F,

2
22 — ara)? + (p — 2)((arap)? + F — 219293)

o3 ajaQ
+(F — ) Zieurp\{a,b}(sa,i + Spi + Sa,iSb.:)

(a2 — araz)? — 2(ag — ajan)aas + (p — 3)(ara2)?
2
+(a2*a21a2)a3 - (p - 3) oe1a22a3 + (p o 3)%
-l-i(araiaz)a?’ (SapSb,d + Sa.dSvd + Sap + Sad + 25.4)

_}_(aig _ ool
8 2
(0%

) ZiE]Fp\{a,b,d} Sai

()é2
+5 2ier,\{abd} (O6,i9di + Sa,iSh,iSd,i)

(g — aqag)as — 4(ag — ajaz)agas
+(p— 4)(a1a2)? — (p — 4)219%8 1 (p — 4)%
1 (0270002)05 (G 4 S, 4+ She + Sha)
le2m102)0s (g G i+ Sp.eSha+ SacShe + SadSha)
+ (61% — ML) D ier\fabedt (Sai + O + Sei + Sa
+8S4,iSh,i + Sc,iSdi)

+854,iSb,iS¢i + Sa,iSh,iSd,i
+S54,i5¢,i54,i + Sb,i5¢,iSd i
+54,i5,i5¢,i5d.)

17

2
16 2ick\ {aped) (SaiSei + SaiSai + SbiSei + SpiSa

if {a,b} = {c,d},

if a =cand b # d,

if {a,b} N {c,d} = 2.

if {a,b} = {c,d},

if a =cand b # d,

2
+(5 — 2F*) Eieu?p\{a,b,d}(sb,i + Sai + Sa,iSi + Sa,iSai)

if {a,b} N{c,d} = @.



We now express this as a sum of graph matrices. We present all the matrices required for this
decomposition in Table[I] Using the notations for graph matrices defined above and in the table,
we can write the matrix H%? and the matrix H>'H"? as a weighted sum of these matrices, as
follows:

22 — (a — oz%)[—f— <% _ az) 7301 4 %T?),l,l 4 (% _ az) 740,1

16
+ = (T4,1,1+T421+T422+T423+T431+T441) (54)
a2 ajasa
H2,1H1,2: I:Q(a2_a1a2)2+(p_2) <(O&10€2)2+43— 1 22 3):| I
2
Qz 1003 3,1,1 3,2,1
9 _ _ - = = U77 U7’
+(4 : )( BGEEE)

« 100 Oér2
+ [(042 —aan) (az — 3ar0n + ;) +(p—3) <(a1a2)2 - = 22 S 83” 7301

( a2 — 041042)0‘3 (T3,2,1 47322 4 o3l L 312 T3,1,3)

_l’_

a1a2a3> U47171

+

a3
8
<O[§ a1a2a3> (U4,172 + U4,1,3 4 U472,1 + U4,2,2) 4 &g (U4,2,3 + U4’3’1)
8 8
@3\2| 14,01
+ |(a2 — anaz)(ag — donaz) + (p — 4) <a1a2 — Z) T
(

a9 — 061042)a3 T4’1’1 + (062 - 061042)043 (T4’271 + T47272)

4
+ 0‘7% _ a1a03 (U5,1,1 1+ UsL2 4 sl +U5,2,2)
16 4
4 ?é (U5,2,3 L UBsl a2 U5,4,1) . (55)

3.5 Graph Matrix Norm Bounds
Now we analyze the norms of the graph matrices defined above in order to prove Proposition

Remark 3.20. Previous work of [AMP16] established the typical norm of graph matrices when the
underlying matriz G is the Seidel adjacency matriz of an ER random graph from G(n, %), where
the quantities that characterize the norm bounds are the sizes of the minimum verter separators of
the shapes. In this work, using different techniques, we prove graph matriz norm bounds when the
underlying matriz is the Seidel adjacency matrixz of the Paley graph G,,.

Recall that we defined Py = e )J € R( 7)*(7) to denote the orthogonal projection matrix to
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Graph Matrix  Shape Entry Formula Gp Bound §(p, %) Bound
1 ! B
3,2,1 AV 1/2 1/2
T{a,b},{a,c} . \\ Sa,bsb,c P / D /
| f B
3,2,2 3 1/2 1/2
T{azb}7{avc} N \\ Sa”CSb7C p / p /
A f&{ . B
3,1,1 AV 1/2 1/2
e tac) o She pY/ pY/
O‘\—Q\‘
RN
3,1,2 Ol
Tiaby fac) / \ Sab p p
: o)
RN
3,1,3 O
Tia b} fac) \ Sa.c p p
© R
A o B
3,0,1 N
Tia b} fasch o1 p p
O o
\ ’ \\\ B
Tabh e | g o SaeSa,dScShd p*/ p
\ ¢ \\\ B
4 ; E; |
T{(fl;i{c,d} VAN Sa,CSa,dSb,c+Sa,cSa,dSb,d+ p p

Sa,e5,¢5b,d + Sa,aS,cSb.d
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Graph Matrix  Shape Entry Formula Gp Bound §(p, %) Bound
\ ‘ "\\ B
7421 LN § g g g 3/2 3/2
{a,b},{c,d} Lo a,ca,d T Ob,cOb.d P P
o/ o/
\ ‘ "\\ B
T?(fl;;{c,d} ‘ ; Sa,c,c + Sa,dS.d p3/2 p3/2
\\O//‘
e /O\\\ B
T3 L 8,.Shd+ SaaS
{a,b},{c,d} v a,cb,d T Oa,dOb,c p P
O——\p/,/
o /O\\\ B
Tfiéi (o} 0 Suc+ Sad+ Sve+ Sha p3/? P32
0] 0]
o o\‘B
4,0,1 ‘ ) )
Tiab) feay 1 P p
] 0]
1 P B
3,2,1 O o
Urobt {ab} > > ig{aby Sa,iSh,i 1 pl/2
. B
3,1,1 N A ‘
U{a,b},{mb} O\\O zz‘é{a,b} Sa,i + Sb,i 1 p!/?
e lih
4,3,1
U{a,b},{a,c} Zie{a,b,c} Sa»isbaiscﬂ' p3/2 p
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Graph Matrix  Shape Entry Formula Gp Bound §(p, %) Bound
4,21 AN
U{a,b},{a,c} O/I\\ Zi&{a,b,c} Sa»isb7i p p3/2
|
4,22
U{a,b},{a,c} Zig{a,b,c} Sa»iSCﬂ' p p3/2
0]
| O
4,2,3 VN
Ut fac) o Xig{abie) SbiSe p p
O/O\\\\9>
A
4,1,1 . 3/2
Utab} {aic) D ig{abe} Saii p p®/
O
| o .
41,2 y _ 3/2
U{a,b},{a,c} N Zi%{a,b,c} Sbvl p p /
Q/O N
| o
4,1,3 TN ) 3/2
U{a,b},{a,c} N zi%{a,b,c} SCJ p p /
o O\\\o/
U N T SuiShiSeiSai PP 2
{a,b} {c,d} Lo i¢{ab,c,d} PaiRbi ciddi P p
U3t NG S S .S, .S .+ 2 2
{a,b},{c,d} L i¢{a,b,c,d} Pa,i9b,iPci p p
0,

a,i0b,i0d,i
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Graph Matrix  Shape Entry Formula Gp Bound §(p, %) Bound

5,3,2 | ’ ; 2 2
Ula b} fedy | \< C Zigfabedy SaideiSait P P
0 Sb,iS¢,iSdi

5,2,1 ; A
U{a,b}r{cvd} | > }\ ‘] Zig{avbvcvd} Sa’isb’i p2 p5/2

PPN
52,2 ‘ A
Ula b} {e.d} . < D ig{abedy Seiddi P’ p?

U3 \//O Zz‘%{a,b,c,d} Sa,iSc,i + p2 p2

{a,b}{c,d} ‘
0 o/ SaiSai + Sp,iSeci + SpiSai
~ B
5,1,1 | o 2
Ulab} {e.d} | ™ L Liglabeay Sai + 5 p p*?
o ‘o,
5 - B
5,1,2 ‘ o
U{a,b},{c,d} b / } Eig{a,b,c,d} Se,i + Sai p? p*/?
0 0,

Table 1: We present the graph matrices that we consider in Sections and 4] for the proof of
Theorem all defined on the Seidel adjacency matrix S of G,. For each matrix, we give its
name, the associated shape (see Definition , and the formula for the entries of the matrix.
Some matrices are only non-zero on index sets satisfying certain equalities; in this case, for the sake
of brevity, we indicate this “pattern” in the first column, and do not include the requisite indicator
function in the third column. We also give the norm bound we prove in Section and the norm
bound for the same graph matrix evaluated on an ER random graph that follows from [AMP16]. In
these bounds we give only the order of growth; our bounds should be viewed as having an implicit
O(+), and the bounds of [AMP16] as having an implicit O(-)
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Fp
2

the constant vector. Following the strategies in [DMI5], we define the following subspaces of R(%).

Vo = {v eR(D) v =vpy, Vi g} (i 57} € (1&;,)} (56)

2
Vo = (Vo D Vl)l. (58)

p F
Vi = {v eR(?) :3ue R¥? s.t. (1,u) = 0 and vy = wi +uj, Vi, g} € ( p)} (57)

In words, Vj is the span of constant vectors, Vo & V; is the span of vectors v whose entries vy;
can be decomposed to a sum of u; + u; for some u € RF», and Vs is the orthogonal complement
of Vo @ V. Furthermore, let P; and P, be the orthogonal projection matrices to the subspaces
V1, and Vs respectively. Note that this is consistent with the previously defined Py, which is the

orthogonal projection matrix to the span of constant vectors Vy.

In the analysis of ER graphs, these subspaces appear because they are the decomposition of ]R(sz )
into irreducible subrepresentations under the action of S,, with respect to which the expectation
of an FK pseudomoment matrix is invariant. This invariance does not hold for our deterministic
FK pseudomoment matrix, but we will see that the same decomposition is still useful.

We will use the following norm bounds for the graph matrices defined earlier. We defer the

proofs of these statements to Section

Proposition 3.21. || T%%'|| = O(,/p) for i € {1,2}.
Proposition 3.22. |T3V!|| = O(,/p).

Proposition 3.23. ||[T%1%|| = O(p) fori € {2,3}.
Proposition 3.24. T3%! = 2(p — 2)Py + (p — 4) P, — 2Ps.
Proposition 3.25. ||[T%3!|| = O(p).

Proposition 3.26. | T4%7|| = O(p*/?) for (i,5) € {(2,1),(2,2),(1,1)}. Moreover, all of |T**' Py,
|22, BT, and [T Pyl are O(yp).

Proposition 3.27. | T423| = O(p).

Proposition 3.28. T40! = &=20=8)p, _ (), _3)p 4+ P,

Proposition 3.29. ||[U3%!|| = O(1) fori e {1,2}.

Proposition 3.30. |[U*31| = O(p3/?).

Proposition 3.31. ||[U*7| = O(p) fori € {1,2} and j € {1,2,3}.

Proposition 3.32. ||[U%*!|| = O(p?).

Proposition 3.33. ||[U>%!|| = O(p?) fori e {1,2}.

Proposition 3.34. ||[U%%I|| = O(p?) fori € {1,2} and j € {1,2,3}, where j # 3 ifi = 1.

Theorem 3.35. |T4%1|| = O(p°/*).
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Of these statements, Theorem [3.35] is by far the subtlest—unlike the other terms, where fairly
straightforward arguments work, for T7%%! it turns out that a naive bound is insufficient, and
we must more carefully account for character sum cancellations. Our bound is adequate for our
purposes, but we believe it is not tight; see Remark for further discussion. We note also
that the bounds we prove are generally incomparable to those for random graphs following from
[AMP16]: for some graph matrices we expect a comparable norm bound but cannot prove one due
to technical obstacles, while for other graph matrices the Paley graph exhibits stronger cancellations
than a random graph and we can show a stronger norm bound. We compare the respective bounds
in Table [ Moreover, as we show in Section [7] there is an example of a graph matrix for which
the norm when evaluated on the Paley graph is actually asymptotically larger than the norm when
evaluated on a random graph; however, this example does not figure in our analysis.

3.6 Final Steps

Finally, putting all the graph matrix norm bounds together, we prove Proposition which will
conclude the proof of Theorem as we have discussed earlier.

Proof of Proposition[3.7. The statements in this proof will hold for all sufficiently large primes p.
To show H?? = (a1 + 25 e — pa?) P PoH2 Y HY2 Py + (1 — €)an) "Y1 — Po)H>'HY(I — Py),
we have to show

Y S PR (T PR

-1 -1 a2 oo
— <a1 + p 5 (%) —pa%) P()( [2(042 — a1a2)2 + (p — 2) ((a1a2)2 + Zg _ A 22 3>:| I

2
+ [(az — ajay) (az —3aiag + %) +(—3) ((a1a2)2 - alo;w?’ + Oé?’)] 7301

o 2
+ |:(012 —ajaz)(ag —darag) + (p — 4) <a1a2 _ 13) ] T4,0,1)P0

- ((1 - 8)0&1)_1 (I - Po)( |:2(042 — 041042)2 + (p — 2) <(a1a2)2 + Cf — OQO;M5>:| I

[0 100 O(2
+ [(az — ajaz) (0@ —3aiag + ?3) +(p—3) ((041042)2 - = 22 S ;)] T30

+ [(0@ — ara)(as — darag) + (p — 4) (oqozz - ?)Q] T““) (I - Py) ; M, (59)

where M is the sum of the remaining graph matrices of shapes having at least one edge among
those appearing in the expressions and . Note that Vg, Vi, Vs are eigenspaces of the left
hand side, with eigenvalues

407 +2(p — 2)(4a}) + @_2)2@_3)

407 + (p — 4)(4a}) — (p — 3)(320 — 16a7) — O(pai) = (1 —o(1))4pat, (61)
402 — 8a3 + (32af — 16af) — O(a3) = (1 — o(1))4a? (62)

(3207 — 16a7) — 2p*a; — O(p*af) = (1 — o(1))6p*ay, (60)
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respectively.
It is then sufficient to show

3p%at 0 0], [IRBMP|| |PoMPi|| |PoMP|
0  2paf 0 | = ||PAMB| [[PAMPL]| |PIMPyf| . (63)
0 0 207 |PM By [|[PeM Py || PoM P

Using the graph matrix norm bounds above, we have for any i € {0,1,2} and j € {0, 1,2} with
(,7) # (2,2) that

1P M Pyl = O(p*2ad), (64)
and for the remaining case

IP2M Py = O(p*ai), (65)

so we only need to prove that the following matrix is positive semidefinite:

3p2af — O(pg/Zoz%) —O(p3/20/11) _O(p3/20/11)
—0(p*2af)  2pat - O(p*2al)  —O@*af) |. (66)
—-O(p**af) —0(p*Pat) 207 - O(p*af)

When oy = ¢ - p~2/3 for a sufficiently small constant ¢, we have
207 — O(pai) = Q(ad). (67)

Taking the Schur complement with respect to the bottom right block 2a2 — O(p?a3}), it is sufficient
to prove that the following matrix is positive-semidefinite

3p%al — O(p?2ad) — O g(pS/:?i‘)Q) —Op¥2ad) — O ((pg’/j?i*)z)
~0@2at) — 0 (W2DT) T gpat — O(p2ad) — 0 (W)
_ 31720/1L - g(gga?) —?’O(pga%) . ] 7 (68)
—0(p°a})  2paj — O(p°ey)
which is diagonally dominant under our choice of «. O

With Proposition proved, we have finished proving Theorem

4 Proofs of Graph Matrix Norm Bounds

4.1 Tools from Number Theory

Before we start proving the graph matrix norm bounds we need, we first set up some basic number
theoretic notations and results that we will use in the following proofs.

Definition 4.1 (Character). A character 6 of a group G is a homomorphism 0 : G — C*, i.e., a
function satisfying 6(ab) = 6(a)0(b) for all a,b, € G.
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It is easy to check that if 6 is a character then so is its conjugate 0(g) := 0(g).

Proposition 4.2. Let 01,05 be distinct characters of a group G. Then, 01 and 05 are orthogonal
with respect to the inner product

(01, 02) = |§; S 61(9)8a(0). (69)

geG

Remark 4.3. For a field F, we usually say a multiplicative character ¢ of F to mean a character
¢ : F* — C* of the multiplicative group F* of F, and an additive character v of F to mean a
character ¢ : F — C* of the additive group of F. As a convention, we extend the definition of
a multiplicative character ¢ to all of F by setting ¢(0) = 0. We remark that this convention is
consistent with the definition of Legendre symbol, which is a multiplicative character of ).

As before, x = x; denotes the Legendre symbol for F,. We will also use ¢, : F, = C to denote
the following generator of the additive characters of IF,:

e, (x) = exp (i:%) . (70)

Much of analytic number theory is concerned with establishing bounds on character sums, sums
over finite fields or subsets thereof of characters subject to various transformations of their inputs.
Usually, the best such estimates establish cancellations in a character sum that are comparable to
the cancellations that would occur if the values of a character were random. The following classical
result is one of the main bounds of this kind.

Theorem 4.4 (Weil’s bound, Chapter 11 of [IK21]). Let f € F,[t] be a polynomial of degree d.
Suppose that f cannot be represented as f(t) =1 - g(t)* for r € F, and g € Fp[t]. Then,

S x(f@)| < dyp. (71)

z€elf,

We note that if we believe this character sum to behave like a sum of random =1 signs, we indeed
should expect the sum to be of order O(,/p).

We next give some simple algebraic properties of the Legendre symbol. These may be viewed
as special cases of Theorem where we may obtain more precise evaluations of character sums.

Proposition 4.5. For any a € ),

> xla—x)=0. (72)

z€lFp

Proof. This follows from the fact that exactly half of the elements of I\ are quadratic residues. [

Proposition 4.6. For any a,b € [y,

> xla—a)x(b—=z)=-1+1{a=b}p. (73)
z€lF),

In terms of the Seidel adjacency matriz,

S&, =pl—J. (74)
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Proof. The case a = b is immediate. Otherwise, applying the change of variables z <— (b —a)z +a

gives
Zx(a—a:)x(b—x)—z z(r +1))
z€lF, z€lf,
=Y x@x(z+1)
xEF;
= x(l+a7h
z€Fy
= Z x(1+x)
z€Fy
~1+ Tt
z€Fp
= -1, (75)
as claimed. O

We will also need to make use of some more sophisticated families of character sums.
Definition 4.7 (Gauss sum). For ¢ a multiplicative character, the associated Gauss sum is
= > d(@)ep(x). (76)
z€el,

The following expresses that the Gauss sum computes the additive Fourier transform of a
multiplicative character.

Proposition 4.8. For ¢ a multiplicative character and a € I,
Z (b) 1) > #(b)ep(ad) (77)
belFy, belF,

Proof. The additive Fourier transform of the character ¢ extended to F, by ¢(0) = 0 is a function
on additive characters ¢ (z) = ep(tx), given when t # 0 by

> d(b)ep(th) = Y ¢t "b)ep(b) = G()o(t). (78)
beF, beF,

The result then follows by Fourier inversion. O

Proposition 4.9 (Section 6.4 and Proposition 8.2.2 of [IR90]). For any non-trivial multiplicative
character ¢, |G(¢)| = \/p. Moreover, when p =1 (mod 4), G(x) = /p

Definition 4.10 (Kloosterman sum). For k > 2 and a € F, we define the Kloosterman sum

Ky(a) :== Z ep(x1 + -+ xp). (79)
xhuquGFg
T1Tp=a

We also write K(a) := Ka(a).
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Proposition 4.11 (Equation 14.7 of [CI00]). For a € F;,
> x(@® = Dep(2ax) = K(a?). (80)

z€lF),

Proposition 4.12 ([Liu02]). For any non-trivial multiplicative character ¢,

Z¢>

Proposition 4.13 (Lemma 2.1 of [LZZ18]). For any s,t > 1 and k > 2, there is an absolute
constant Cy s+ > 0 such that, for any non-trivial multiplicative character ¢,

< 2p*/2. (81)

Zﬁf) )k (0)*Kpo(a) | < Cpsp( - DEF0FD/2, (82)

Proposition 4.14 (Corollary 3.2 of [FKM15]). Let k > 2 be even, t > 1, and let a1, ...,a; € F)
have some a; occur an odd number of times. Then, for an absolute constant Cy; > 0,

> Ki(arz) -+ Ki(apz)| < CpplE=DTD/2, (83)

4.2 Tools from Linear Algebra

We will also repeatedly use the following simple but powerful bound on matrix norms, which applies
effectively to sparse matrices with entries of small magnitude.

Proposition 4.15 (Asymmetric Gershgorin bound). Let X € R™*™. Then,

X1 < qufz; | X (I]ﬂjfz; !Xz‘j\>- (84)
j= i=

Proof. Recall that the co-norm of a matrix is defined as
HX V]l

[[0]]oo

[ Xloo =

and it is simple to verify the alternative definition

- miaxz | Xl (85)
Thus our claim says that || X|| < /|| X||oo||X " ||co- We have || X|| = \/Amax(XXT). By the Ger-

shgorin circle theorem, Apax (XX ") < [|[ XX T||oo. Since the co-norm on matrices is induced as an
operator norm by the > vector norm, it is submultiplicative, whereby | XX ||oo < | X [lool|X " |/o,
and the result follows. O

We will use this result in the following simpler form.

Corollary 4.1. Let X € R™*", and suppose that | X;;| < C for alli,j and that X has at most K
non-zero entries in each row and each column. Then, | X| < KC.
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4.3 Direct Bounds
Two of our bounds, for graph matrices with no edges, amount to counting arguments.

Proof of Proposition[3.2]} Consider T = T3%! + 2I. By easy computations, we see that 1 is an
eigenvector of T with eigenvalue 2(p — 1), and V; is an eigenspace of T" with eigenvalue p — 2.

Moreover, for any vector u € R(¥ ), we have

(Twggy = Y, g+ D, Wik} + 2ug)

k1€Fp\{i,j} ko€Fp\{i,j}
= D Ut D Uk
k1€F\{j} ka€Fp\{i}
€ Vo V. (86)
Thus, we conclude T3%! + 21 = 2(p — 1)Py + (p — 2) P1, and the claim follows. O

Proof of Proposition[3.28 Note that we have the combinatorial identity
1=1{{a,b} = {c,d}} + 1{|{a, b} N {c,d}| = 1} + 1{{a,b} N {c,d} = &},
so J =1+ T3% 4 7401 By Proposition we then have
T4,O,l =J—-71— T3,0,1

_ (g) Py (Po+ P+ P2) = (2p = 2)Py+ (p— 9P, — 2P)

- (1’_2)2@_3)130 —(p—3)P + P (87)

as claimed. O

We next address the proofs that need no character sum calculations and can be treated with
only linear algebra.

Proof of Proposition[3.23. T*'? is the product of a diagonal matrix with absolute value of each
entry bounded by 1 with 7301 Thus, |72 < |T%%Y = O(p), and similarly, ||T7313| =
O(p). O

Proof of Proposition [3.23. T*! is a submatrix of the sum of the four matrices I, ® Sg,, Sa, ® I,
P(I, ® S¢,), and (I, ® Si;,)PT, for P a suitable permutation matrix (which swaps the indices in
a pair (a,b) € [p]?). Therefore, |T*1| < 4||Sq, || = O(/p)- O

Proof of Proposition[3.21, T3*! is the product of a diagonal matrix with absolute value of each
entry bounded by 1 with 7%t Thus, |T%%!| < T3] = O(y/p), and similarly, | T%%?| =
O(yp). :
Proof of Proposition[3.27. We may write T423 = T423 4 A, where T423 oceurs as a submatrix
®2 ®2 . . . . L.
of S¢ + P(SGP) for a suitable permutation matrix P (as in the pro~of of Proposition D and A
has [Agr| < 1 and has Agr # 0 only when SNT # @. Then, ||T%%3| < 2\\5%5” = O(p), and
|A]| = O(p) by Corollary O
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Next, we give the proofs that require only the basic character sum facts given in Propositions [£.5]
and Recall that in the next two proofs we have ¢ € {1,2}.

Proof of Proposition [3.34. By the above observations, all entries of any of the U%%J have absolute
value O(1) (specifically, absolute value at most 4). Thus, [|[Ub/|| < |UY || = O(p?). O

Proof of Proposition[3.31. As above, all entries of any of the U%%J have absolute value O(1). More-
over, U4%J is a direct sum of several matrices each of whose dimension is at most p. Thus, ||[U4%7]|
is at most the norm of any of these summands, which, again by bounding by the Frobenius norm,

is O(p). O
Proof of Proposition[3.29 As above, all entries of any of the U%%! have absolute value O(1). More-
over, U%"! is a diagonal matrix, so ||[U%%!|| = O(1). O

Proof of Proposition [3.30, Note that there are O(p) nonzero entries in each row or column of U431,
as each entry is nonzero only when the index pairs intersect in 1 element. Moreover, the entry

U{Afzﬁ {asc} has absolute value

> x(a—i)x(b—i)x(c—i)| = O(vp) (88)

1€Fp\{a,b,c}

by Theorem By Corollary we then find |[U%3|| = O(p*/?). O

4.4 Quadratic Rewriting Bound

We now move on to an estimate for which we use Proposition in a slightly more sophisticated
way, to control the powers of modified versions of graph matrices.

Proof of Proposition[3.39 First, note that

> xla—ixb—ix(c—ix(d—i) =Y x(a—i)x(b—i)x(c—i)x(d—i),  (89)

1€Fp\{a,b,c,d} i€F),

since x(0) = 0. Next, we may write U>*! = US4 + A, where

ﬁffgi{c,d} = x(a—i)x(b—i)x(c—1i)x(d— i) (90)

i€y

without the constraint that {a,b} N {c,d} = &, and A is a suitable correction with Ay, 4y rcay 7 0
only when {a,b} N {c,d} # @. We have Ag, 1 a5 = —(p — 2), and the non-zero off-diagonal
entries of A are of magnitude O(1) by Proposition Thus, [|A]l = O(p) by Corollary SO
[T>4H] = [T + O(p).

Now, note that U®*! is a submatrix of the rectangular matrix X € R(F)
indexed by pairs (a,b) € F2 with a # b (recall that we denote this set (F))2)) and columns indexed

2 :
@*Fp having rows
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by arbitrary pairs (c,d) € F}%, where the entries of X for any pair are given again by the formula

(90). In particular, |U541|| < ||X||. Now, we have, for any (a,b), (c,d) € (Fp)2),

XX Dappean = > xla—i)x®b—i)x(G—i)x(k—i)x(F — Ox(k — O)x(c—)x(d— )

i,k LEFy

= Z x(a —i)x(b—1i)x(c—£)x(d—£)(=1+1{i = £} p)* (by Proposition
i0EFy

= (p* —2p) Y _ xla—i)x(b—i)x(c—i)x(d—i)

i€,

+ [ Yo xta—ix =i | [ D xle—0x(d—10)

i€Fp (€T,
and, since we have a # b and ¢ # d,

= (p* = 20) X(ap) (c.a) + 1. (91)

Taking norms and using the triangle inequality, we find || X||? < (p? — 2p)|| X || + p?, or || X||? — (p* —
2p)|| X || —p? < 0. In other words, || X|| must lie between the two real roots of the quadratic equation
t2 — (p? — 2p)t — p? = 0. Solving the equation shows that both roots are O(p?), so || X|| = O(p?).
Thus ||U>*!|| = O(p?), completing the proof. O

4.5 Subspace-Specific Bounds

We now give one proof where we must analyze the restrictions of matrices to the subspaces V;.

Proof of Proposition[3.26. We only prove the claim for 742!, The two other claims are proved
analogously.

First, we show [|[T421|| = O(p%/2). We may write T4%! = A + B, where A, B are submatrices
of A, B € RF**F2 defined by

Alap)(e,d) = X(a —c)x(a —d) (92)
Bap),(e,d) = X(b—¢)x(b— a). (93)
Note that AAT = (Sép)o2 ® J, and BB" = J, ® (Sép)‘ﬁ. Recall that X°? denotes the entry-
wise square of the matrix X, which is a submatrix of X®2, Then, ||[AAT| = H(Sép)OZHHJpH <

((vp)?)?p = p?, so ||A]| < p*?. Similarly, ||B|]| < p*2. We therefore conclude [T+ <
1Al + 1Bl = O(p*/?). _ .
Next, we show ||[T%%!P,| = O(,/p). Consider T = T**! + T, where T has entries

~ a—c)xla— —c — if {a c
Trony o) = { ff( )x(a—d) +x(b—c)x(b—d) ’ }algmc ﬁ i gf (94)

The resulting matrix then has Ty, ) (c,qy = X(a — ¢)x(a — d) + x(b — d)x(b — d).
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F
For any v € R( 2p), we have

(170) .,y = (e = xla— )+ x(b = (b~ D)o

{e.d}

—Z a—c)x(a—d v{cd}+z (b—=c)x(b— d)vicay

{c,d} {e.d}

€ Vo @ V. (95)

So, P,TT =0, and T2 P, = —T'P,. To bound ||T**! P, ||, we bound || T||. Similarly to the previous
argument, we may embed T into a larger matrix 7”7 with indices being unordered pairs (Fp)(2), and
then write T/ = A’ + B’ + C' + D' as a sum of 4 matrices, such that A’T A’ B'T B’ . C'TC',D'" D’
are submatrices of (I, ® Sg,)? or (Sg, ®I,)?, from which we conclude IT| < 1Tl < |A]| + 1Bl +

Il + 1I1D')| < 4ll(Ip © S, )2I1M? = 4((vP)*)? = O(/p)- Thus, [T**' Pl < |T]| = O(yp). O

4.6 Trace Power Method Bounds

We next give two proofs that apply the trace power method, in the style of [AMP16], to graph
matrix norms.

Proof of Proposition [3.25. We may write 743! = A+ B+ C+ D+ A, where A,B,C,D, A are
submatrices of A, B, C D, A€ RF>*F} defined by

A(ap)(ed) = X(a = c)x(a — d)x(b—c) (96)
Bap),(c.a) = x(a —c)x(a — d)x(b —d) (97)
Clap),(edy = X(a—c)x(b—c)x(b—d) (98)
D(a,p),(c,ay = X(a = d)x(b—c)x(b—d) (99)
Agap),(ed) = (—x(a —c)x(a — d)x(b—c)

—x(a—c)x(a—d)x(b—d)

—x(a—=¢c)x(b—c)x(b—d)

= x(a = d)x(b—c)x(b—d)) L{|{a,b,c,d}| < 4}. (100)

First, note that ||A|| < O(p) by Corollary as there are only O(p) nonzero entries in each row
or column and each nonzero entry is O(1).
Next, we consider tr((A' A)*), which can be written as

Y xlar —e)x(ar —di)x(br = er)x(ar — e2)x(ar — dz)x(by — ¢2) -+

ai,...,ap €Fp

b1,...,bi,€Fp
c1,...,c€Fp
dy,...,dp€Fp

k
= Y I x(ee—coxtar—copr) | D xb—co)x(d—cepa) | | D xlary —d)x(ae—d) |,

ay,...,a€Fp =1 belr, delFp
c1,...,ck€Fp

(101)
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with index arithmetic performed modulo k. By Proposition , ifi=74,>, x(z—i)x(z—j) =p—1,
and if 1 # j, >~ x(x —i)x(x — j) = —1. For a fixed sequence of ay,c1,...,ax,c, let ny == #{¢ :
ag—1 = ag} and ng := #{€ : ¢y = c11}. Note that ny, ny take valuesin {0,1,...,k—3,k—2,k}. The
contribution of such a sequence to the sum is O(p™'*"2). The number of sequences ay, c1, ..., ak, Cx
with these values of ny and ns is at most (fl) (:Z)p%_”l_”Qpl{”lzk}+l{”2:k}. Thus, the trace above

can be bounded by

tI‘((ATA)k) S Z ( k > ( k >p2kn1n2p1{n1=k}+l{n2=k}pn1+n2

n n
ni,n2 1 2

< (k_ _ 1)222kp2k + 2(k, _ 1)2k‘p2k5+1 +p2k’+2

~

< pH(K22%F 4 k2Fp + p?). (102)

Taking k = O(logp), we get ||ATA| < tr((ATA)¥)V/* < O(p?), and so ||A|| = O(p). By symmetric
arguments, we also get || B||, ||C||, ||D|| = O(p). Combining these results, we find

1T < AL+ 1B + IOl + DI + | All = O(p), (103)
as claimed. n

Proof of Proposition|5.35 By symmetry, it suffices to prove the claim for U 53’1. o
First, we show ||U>>!| = O(p?). We may write U>>! = A + B + A, where A, B, A are
submatrices of A4, B, A € RF »*F3 defined by

Aty fed) = Y Xla—i)x(b—i)x(c—1i) (104)
i€F,
Blap)(ca) = »_ x(a —i)x(b—1i)x(d i) (105)
ieF,
Napieny = — 3 <x(a (b — i)x(e — i) + x(a— i)x(b — i)x(d — >) (106)
i€{a,b,c,d}

Since each entry of A is O(1), by Corollary |A| = O(p?). For A, we consider tr ((AT A)¥),
which can be written as

Z x(c1 —i1)x(ar —i1)x (b1 — i1)x(ar — j1)x (b1 — j1)x(c2 — j1) - - -

ay,...,ap€Fp

517...,bk€]}.7p
Cl,...,CkGFp
dl,---7dk€Fp
il,..‘,’ikGFp
J1yJk€Fp
k
= > T[22 xta—ioxta—go) | { D x(b—iox(d—jo))
i1, yin€Fp £=1 \ a€F, beF,
J1yeees jker
Z x(c = je-1)x(c —ir)) (107)
celFp
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As in the previous proof, we use Proposition [£.6] For a sequence iy, ji1, ..., ik, jk, we define ny =
#{l 9, = ji} and ng = #{l : j;_1 = i;}. Note that ny, ng take values in {0,1,...,k—1, k} and more-
over n1+ng # 2k—1. The contribution of such a sequence to the sum is O(p?1+"2). The number of

sequences i1, ji, .. ., ik, jr With these values of ny and no is at most (Tfl) (:Q)p%_"l_”Qpl{"ﬁm:?k}.

Thus,

tr((ATA)k> g pk Z <k> ( k )ka—n1—ngpl{n1+n2:2k}p2n1+n2

n1 n2
ni,n2
5 pkk222kp3k _|_pkp3k+1
S (2% +p). (108)
Taking k = O(logp), we get ||ATA|| < tr ((ATA)k)l/k < O(p*), and ||A|| = O(p?). By a symmetric
argument, we also have || B|| = O(p?). We then conclude

[T < Al + 1Bl + Al = 0%, (109)

as claimed. n

4.7 Delicate Estimates: Proof of Theorem [3.35]

Finally, we analyze the most complicated graph matrix whose norm we need to control, the matrix
T441

4.7.1 Spectral Decomposition from Block-Circulant Form

In order to prove a norm bound for 7%%! we define another matrix 7441 ¢ RED@*Fr)2) and
utilize its automorphism group. This matrix is defined in the following way:

74,4,1 o441
Tawyea) = Tiasygear (110)

In other words, the entries of T can be looked up from T4%! by converting the indices from ordered
pairs to sets. Up to a permutation of rows and columns,

Fopialg |l 11 (111)
11
so ||T+41|| = 2||T**!||. Moreover, T has a natural group of automorphisms induced by the structure

of IF,,, which is defined below:

Definition 4.16. The affine group I' of the finite field F), is the group of all invertible affine
transformations from Fy, to Fp, ice., I':=={z —ix+j:i € Fy,je F,}. The group multiplication
s given by composition.

It is easy to check that I' of I}, is indeed a group of automorphisms of T, acting on the indices
by g((a,b)) = (g(a), g(b)) for (a,b) € (Fp)2) and g € . Recall that the the entries of T**! are

T ey = X((a =)@ = d)(b—¢)(b — d)), (112)
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T4%41 are likewise

Ty ey = X((a =) (a=d)(b— o) (b - d)), (113)

so the entries of

and we may verify that I' is an automorphism group of T by checking that, for any i € F); and
j e,
~4,4,1 ) N N SNy )
T jibt ) Gictjidts) = x((ia —ic)(ia — id)(ib — ic)(ib — id))
= x((a = ¢)(a = d)(b—e)(b— d))x(i)*
=x((a—c)(a—d)(b—c)(b—d))
~4,4,1
= Tab)(cay (114)
We observe in particular that this group acts transitively on the index set (Fj)). Using
representation theory, it was shown by [Lov7h, Bab79] that the spectrum of a matrix with a
transitive automorphism group can be expressed using the irreducible representations (and their
characters) of the automorphism group. We will make use of this observation, but we give a
self-contained proof for our special case without resorting to representation theory.

Definition 4.17. A real symmetric matrizc M € R¥M js said to be block-circulant if its rows
and columns can be permuted such that it can be written in the block form

r B B pB®@  pgld-1)7
-1 g p1 B2

M= |B@» BE-H pO g3 (115)
i B.(l) B.(2) B.(3) B.(O) |

where B ¢ Rxn for0<i<d-1.

The use of this definition is that the computation of the spectrum of a block-circulant matrix
may be condensed in the following way.

Proposition 4.18. Suppose M is block-circulant with block structure as in (L15). Then, the
spectrum of M is the disjoint union of the spectra of d smaller n x n Hermitian matrices S™) taken
over ¢ all additive characters of Z/dZ, where the matrices SW) are defined as

SW =N "y (i) BD, (116)

Proof. First, note that S) are all Hermitian, since 9(—i) = ¢(i) and B(~9 = BD" Let u e Cn
be an eigenvector of S*) with eigenvalue . Define w(®) = (1 = (0),9(1),...,¢(d —1))T € C*%
Then, consider the vector v = w®) ®u € C¥™. The ith block of length n of the vector Mv, starting
counting from ¢ = 0, is

U
—_
U
—_

$()BYu = 1) (4) ' P(§)BDu = (i) SWu = X - v(i)u, (117)

<
Il

o
<
Il

o
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which is A multiplied by the ith block of length n of v. Thus, v is indeed an eigenvector of M with
eigenvalue .

Moreover, the w(¥) are mutually orthogonal by the orthogonality of characters, and it follows
that the spectrum of M is the disjoint union of the spectra of the S(®#). O

Proposition 4.19. Let M € RE)@*E)@) pe ¢ real symmetric matriz. Suppose the affine group
I' of ¥, is a group of automorphisms of M, where the action of an element g € I' on the index
set (Fp) (o) is given by the natural one: g((a,b)) = (g(a), g(b)). Then, M is block-circulant with the
form

r B B pB@  BKE-2)]
B-2) g gl B3

M= |B®3 B@-2 pO = BE-4 7 (118)
i B‘(l) B@) B.(3) B'(O) |

where the set of indices of the ith partition of the rows and the columns consists of the set of pairs
{(hla,hi(a+ 1)) :a € Fp} C (IE‘p)(Q) in which h € F\ is a multiplicative generator of F\. Let S)
be as in Proposition[{.18 Then, the following also hold:

1. The matrices S all have the all-ones vector 1 as an eigenvector.

2. The matrices Q1S Q1 have the same sets of eigenvalues, where Qq is the orthogonal projec-
tion to the orthogonal complement of 1 (as in our earlier notation). In other words, the S)
have a common set of eigenvalues except for the eigenvalues corresponding to the all-ones
etgenvector.

Proof. To show M is block-circulant with the prescribed index partition as in the statement of the
proposition, we only need to check

M pia,hi(a+1)),(hibghi (541)) = M(hit1a,hi+1 (a+1)),(h3+15,h5+1 (b41)) (119)

which follows from I' being a group of automorphisms of M and (z — hx) € I.
Next, we check that 1 is an eigenvector of each S(*). We have

(BY1), = Z M hia,ni(as1)),(hibhi (b41)) = Z M (i (a—b),hi (a—b41)),(0,h?) (120)
beF, beF,

by automorphism invariance of M, and clearly the final quantity does not depend on a. Thus, 1 is
an eigenvector of each B(® (though with eigenvalue depending on ), and the claim follows as each
S(®) is a linear combination of the B,

It remains to show that the remaining eigenvalues of S(*) do not depend on ¢. Consider the
collection of vectors v; = (e,(0),ep(t),...,ep((p—1)t))" where 0 < ¢t < p — 1. By orthogonality of
characters, the v, form an orthogonal basis of CFr. We first consider how each B acts on this
basis. We have

(BDvi)a =3 Bljen(bt)
beF,

= Z Mg a41),(hib,hi(b41))€p(bE)
beF,
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and, changing variables b < b + ah ™% and using the automorphism group I" of M, we get,

— Z M(aﬂ‘i‘l)a(hib—l-a,hi(b+1)+a)6p ((b + ahfi)t)
belF,

= ZM(O,l),(hib,h’i(b+1))€p(bt) ep (ah™'t)
beF,

= 'Yt@ (Vh-it)as
where () = per, M(0,1),(hibhi(b+1))€p(bt). Therefore,

B(l) ’Yt( )Uh it

(121)

(122)

Now let 19 be the trivial character of Z/(p — 1)Z, i.e., (i) = 1 for i € Z/(p — 1)Z. Then,
Zp > B Let u be an eigenvector of S(“°) with eigenvalue A and with (u,1) = 0. Write
u in the basis vy, u = tho civg. We have ¢g = 0 as vg = 1. Recall that h € IF'; is a generator of

[F, so we may alternatively write

Since the eigenvalue corresponding to u is A, we have

p—2
A E Cpilpi = AU
i=0

S(%)

2

B(l Z CpiUpi

p

I
IO
Ld
¥

no

NG
hiVpi Uh—i+i

and, changing variables 7 <— —i 4 j, we get,

and thus, since the v; form a basis,
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Now, for ¢ # 1o another additive character, consider the vector u(¥) := Z?:_oz (—1)cpivyi. We
have

p—2 p—2
SOu ="y (i) BDY " pp(—j)epivp
i=0 Jj=0

p—2p-2
= Z Z P(i — J)ChJB( )"UhJ
§=0 i=0
where, using (122)), we get
p—2p—2 )
=330 - e Doy
j=0 i=0

and, changing variables 7 <— —i 4 j, we get,

_ D(=i)eniny o
7=0 =0
p—2 p—2
+
=) (=) Zchﬂ;(ﬂ ) vy
i=0 j=0
and finally, using ([125]), we get
p—2
= Z PY(—i)cpivy:
i=0
= ¥, (126)
Thus, u(*) is an eigenvector of S(*) of the same eigenvalue A, and the result follows. O

4.7.2 Character Sum Estimates

When we apply the machinery developed above to T , we will be left with smaller matrices ) e
CF»*Fr with entries in terms of y whose norm we need to bound. We now prove the character sum
bounds we will need in order to do this.

Theorem 4.20. Let T € RE;E have entries

Tij=), X((iff — )iz =G+ )G+ Dz =)+ Dz — (G + 1))>' (127)

z€F,

Then, ||T|| = O(p°/*).
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Remark 4.21. As we will see, it is the 5/4 exponent in this result that yields the same in Theo-
remeT T4 A naive argument here can easily show a bound of O(p%), which gives the same
bound for TH*1, but this is not enough for proving our main theorem. While the 5/4 exponent is
sufficient for our main theorem, we believe that this is not tight. We conjecture based on numerical
experiments that the right magnitude of || T**'| is ©(p), and the optimal constant for the linear
term s 1, 1.e.,

lim sup 1\|T4’4’1H =1. (128)

p—oo P
Proof. We start by achieving a factorization of the matrix 7. Note that we may write
Tj= Y x(a(a—1)b(b—1))1{ib— (i + 1)a — j = 0}
a,bel),

— LS ata— 1b(b = 1)ep(a(ib— (i + 1)a— )

a,bxel,
and, changing variables a < (a + 1)/2 and b < (b + 1)/2, we find, writing 2 for the multiplicative
inverse of 2 modulo p,
1 _ _
== > X((@=1)* 1))y (z (2i(b+1) = 2(i + 1)(a+ 1) — j))

a,b,x€l,

=15 e (o2 ) [ 30 1@ - D@+ 1)) | |3 07 - ey

= a€F, a€F,
:;:EZF:% (m’(—Z—j))K((iw)Z)K((izlx>2>. (129)

Thus, there is a unitary matrix U € C™*™ given by a row and column permutation of the discrete
Fourier transform matrix such that T = p~1/2T(M U where the entries of T are given by

1 9. . .
TV = K (%%) K ((i +1)%?). (130)
Next, consider the slightly adjusted matrix 72 € R"*" with entries
2 9. . :
T = K (%) K ((i + 1)%). (131)

Letting S € RP*(P+1)/2 he the submatrix of T® indexed by columns for which j is a quadratic
residue (including zero), we have that 70 is a submatrix of [1 1] ® S (indeed, it is exactly this
matrix with one column removed). Thus, we may bound

ITO) < it 1@ 81 = ValIS]| < V2IT®). (132)

We may then bound the norm of our original 1" as

|w%jﬂw
< 2@
2

P
= |T@Te
p
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and now, applying the Gershgorin circle theorem,
max T(2
p aEIE‘p Z | |

— max Z Z K (a®7) K ((a+1)*7) K (be) K ((b+ 1)233)

a€F
p P beF, |zeF,

Now, by Proposition so long as some element among a?, (a + 1), 0%, (b+ 1)? € F, occurs an
odd number of times, the inner sum is O(p®/?). Unconditionally, the inner sum is always O(p?®). For
any particular a, there are at most 5 values of b (the two solutions of either b* = a2 or b? = (a+1)?,
or the one solution of b> = (b + 1)?) for which all elements occur an even number of times, so we
find

2
=" +00")
—0(°2). (133)
Thus, ||T|| = O(p°/4), as claimed. O

Theorem 4.22. For any multiplicative character ¢ of F,

Y x@@+ D@ —y)((@+1)—y)o(y)| = | D x@@+Dyly+ 1)z —y)| <2p. (134)

z,y€lfp z,y€lfy

This result follows directly from prior work on character sum estimates, but we fill in the details
below for the sake of completeness. The case of ¢ = y was treated by [CI00], who conjectured that
the same should hold for all ¢. This conjecture is implicitly proved in the result of [Liu02] that we
cite in Proposition [£.12]

Proof. We first treat one special case: for ¢ the trivial character, we have
2
> x(@(z + Dyly + 1) (ZX x(z+1 ) =(-1)=1 (135)
z,y€lfp

Thus, let us assume ¢ is not trivial.
We begin with some manipulations similar to those in Section 14 of [CI00]. First, changing
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variables x < (z — 1)/2 and y < (y — 1)/2, we have

> x(@(z+Dyly + 1) — y)

z,y€lfp

B | y?—1 Yy—x

S () () ()

=(4) Y x(a® — Dx(y* — Dg(2(y — x))

@y
= ¢(—4)G]()¢) Z X(a;2 — 1)X(y2 — l)a(a)ep(Za(a: —v)) (by Proposition
a,xr,y
2
=309 5 50) | x(e? — ey(20a)
= G0 o 212 L

= ¢(—4)T Z ¢(a)K (a”)?, (by Proposition

and applying Proposition and using that |G(¢)| = \/p gives the result. O

4.7.3 Final Steps

Proof of Theorem [3.35, Since T is invariant under the action of the affine group I', by Proposi-
tion we have
spec(T) = |_| spec(S¥), (136)

where the disjoint union ranges over the additive characters of Z/(p — 1)Z, S®¥) = S0~ 4 (i) B
B are the blocks of T with entries given by

BY) = x((a—h'b)(a+1—h'b)(a — hi(b+1))(a+ 1 — b+ 1)), (137)

)

and h € F is fixed to be a generator of F,. To show IT| =0 (p%>, it is sufficient to show the

same bound for the norms of the smaller matrices S®).

By Proposition the all-1 vector 1 is an eigenvector for all S, and @S Q; has a
common set of p — 1 eigenvalues. By Theorem the eigenvalues of () corresponding to 1 are
at most

p—2
>0 Se| =20 Do wi)Bg,

z€F,, z€F, i=0

=1> Zx )(1 = h'a)(=h'(z + 1))(1 = h'(z + 1)))e(h’)

z€lF, i=0

=) x(@@+ 1)1 - z2)(1 - 2(z + 1)))$(2)

T€Fp 2Ty
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and, changing variables z < 1/y, we have,

=12 > xa@+ D@ -y (@+1) -y)o ' (y)

IEpreFX

=133 x@@+ D@ -y +1) - )" ()

z€lFp yelp
<2 (138)

in absolute value, so [|QoS¥)Qq|| < 2p for all ). By Theorem we have

1Q1S™ Q| = Q1S Qu |l = O™/, (139)
as the entries of S(*0) are
p—2 '
st =30,
=0
=> X((z —hiy)(z+1-hy)(z—hiy+1)(z+1-h(y+1))
i=0
=Y x@-z2)(@+1-zy)(e—2y+1)(@+1-2(y+1)))
ZEFX
= Lygo-iy+ > x(@—zp)(@+1-zy)(z—2y+1)(=+1-2y+1))), (140)
z€F,

which differ from the entries of the matrix in Theorem [4.20] by at most 1. .
In conclusion, [V < max{]|QoS*Qoll, [@1S¥Q1l} = O(p1), ||IT|| = O(p1), and we conclude
|44 = O(pt). —~

5 Optimality Over Feige-Krauthgamer Pseudomoments

In this section, we show that our lower bound is optimal over those achievable by FK pseudomo-
ments. To be precise, let us define a new SDP corresponding to this restricted type of pseudomo-
ment, a variant of :

(maximize > ., Mg’j
subject to M"°¢ € RED <) for r,c € {0,1,2},

MECT depends only on SUT,

FK,(G) = Mg =0 whenever SUT ¢ K(G), ' (141)
Mg depends only on |SUT| when SUT € K(G),

’ 1 MO 02

M= | M0 it a2 s o

L A{Qﬂ A{ZJ A{ZQ J
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Since the conditions of this SDP are more restrictive than those of SOS4(G), we always have
SOS4(G) > FK4(G). (142)

Our proof strategy has been to show that FK4(G) is large. However, the following result, the main
one of this section, shows a limitation to this approach.

Theorem 5.1. Ouer primes p =1 (mod 4), FK4(G,) = O(p'/3).

Note that the proof of our main result Theorem already showed that FK4(G,) 2 pl/3, so it
suffices to show a matching upper bound.

Following the corresponding argument from the literature on ER graphs, attributed to Kelner
and described in detail in [HKP15], we prove this by contradiction. Namely, we show that if
the value of FK4(G)) is too large, then the positive semidefiniteness constraint would have to be
violated.

In our assumption for the sake of contradiction, we will only consicller FK pseudomoments
specified by a1, ag, as, ay that achieve an objective value of at least ¢ - p3, for some large ¢ > 0.
Note also that under the FK pseudomoments, the value of the program is pay, so this amounts
to a lower bound on «j. Under this assumption, we first establish some preliminary propositions
relating the «;.

5.1 Pseudomoment Comparison Bounds

Let us first define a few vectors and matrices that will be useful for the proof.

Definition 5.2. Let E be a degree 4 pseudoexpectation that is feasible for the program (13|). We
define vectors v© v v@ e RF» and matrices AQ, AV AR ¢ RF»¥Fo  gnd BO) B BER ¢
RIGE X {SIEp 5 follows:

v = Elza), (143)
o) = Efwoza). (144)
2
U(SQ) =K Z i | xal, (145)
icFy
AL = Elzamy), (146)
Ag}g = E[xoxaazb], (147)
2
Aa?g ) Z i | zaxp |, (148)
i€Fy
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i T
o |1 (0)
BO) = SO A0 | (149)
y |Blzg) w7
B — v[u?] | (150)
[~ 2
4 , @7
B® = E{(Zz%x’” U (151)
e) A®)

Proposition 5.3. A® =0 and B") = 0 for each i € {0,1,2}.
Proof. Since A® is a principal submatrix of B(® for each i, it suffices to consider the B B
is a principal submatrix of the pseudomoment matrix of E. For the other two cases, let v =

(Vg, 00, - - -, Vp_1) € RIZHFo Write w = (vg, ..., v,_1) € RF?. We then have
v"BWy = E [2g(vy + (w,2))?] = E [23(vg + (w,))?] >0, (152)

where we have used that E is non-negative on squares and respects the Boolean constraint x% = x0.
Similarly,

v ' B@y=E Z 22 | (vg + (w,z))?| >0, (153)
i€k,

completing the proof. O

Proposition 5.4. For all p, for any pseudoexpectation E for the program with FK pseudomo-
ments, the following hold:

> Ewonz] =2 g (154)
ieF,\{0,1}
~ —2)(p—3 -5
Z Elxozixiz;] = <(p;)(2p) + O(p3/2)) oy + i 108 (155)
1,7€Fp\{0,1}
~ -1
Z E[xoxz] = o1+ (p 5 )OéQ (156)
i€F,
~ 3(p—1 —1 -5
Z E[xga:ixj] = o1 + (p2 )ag + (p );p )Oég. (157)
ijeF,

Proof. These claims can all be shown using elementary counting arguments and Weil’s bound (our
Theorem . We only prove the first two claims.

The first sum is equal to ag times the number of triangles in G, containing the edge {0,1}. The
latter equals %, which is the number of common neighbors of 0 and 1, and indeed of any pair of
adjacent vertices, in G, (see Proposition .

In the second sum, the terms with ¢ = j make a contribution of > ;g \ 10,1} Elzozz;] = %ag,
the value of the first sum. The terms with ¢ # j, using Weil’s bound, make a contribution of
(2=2e=3) 4 O(p3))as. O
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Proposition 5.5. Consider an infinite sequence of primes p and FK pseudomoments for each such
p satisfying pay > ep'/3 for some ¢ > 0 (i.e., that a collection of FK pseudomoments achieve an

objective value of order Q(p1/3)). Then, over this sequence,

az = Q(ad),

(158)

(159)

(160

)
)
(162)
)

Proof. Since BWO) = 0, for the Schur complement with respect to the upper left 1 x 1 block we also

have A©) — ¢©),0) " > 0. Thus,

0< <A<o> EHONONS J>
= Z IE["L‘al'b] _E[l‘a]ﬁé[l‘b]
a,belf),
_ 1)

— poy + P21

2 2
2 Qg — P Qy,

and rearranging this we find

. 1 . .
Here, since pa; > ¢- p3 by assumption, we may continue

2 af (1 - o(1))

Also, rearranging differently, we have

1 1
a1§a1+a220(a2
P 2y
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We carry out a similar calculation for B(:

0< <A(1> o U(l)v<1>ﬂj>

~ 1 ~ ~
= Z Elzozqxy) — =——E[xozq]E[xoxs)
a,beF,, Elzg
3(p—1 ~1)(p-5 1 —1 \?
= a1+ (p )ag—I—wag—— a1+p (o)
2 8 aq 2
p=1  (p=1p-5  (p-17%a3
5 a9 + 3 a3 1 oL ( 67)
Rearranging,
_ 2
ag > 2 1)%<1 2 >
p—5 ag (p—1Dae
and, since a; = o(paz),
2(p — 1) a3
> 2= Das )
p—95 o
o2
=Q(-2). 168
() (168)

Rearranging differently as before, we also find ag = O (3—20@,) = o(pa).
Finally, for B®), let us write s(z) := >_icF, Ti- We then have

0<({A® — ! 0(2)’0(2)T,J
- E[s(z)?]

=S (E[s(x)2xaxb}—~ ! E[s(x)%a]ﬁ[s(x)%b]>

a,belFy, E[S(x)Q]

2

plp—1)= p ~ 2
= 5 E[zoz1s(z)?] — ;oaler—% (E[:I:os(x)z])

2

F E 2
poq—i—p—% (IE (20 + 2z0s(2) + zos(2) D

=2p(p — 1)@2 + 2?(10—1;(2?—5)ag + <p(p - 1)(176; 2)(p—3) n O(p7/2)> »

pp—1)(p—5) p? (

— 1~ 2
_ p(p2 )E [4330951 + dxoz8(z) + xoxls@)z] -

-1
a1+(p—1)a2+p ag +

+ 2 8

a3 — —
8 pa1+p(p2 l)ag
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Since a; = o(paz2) and o = o(pas), rearranging we have

64(1 — o(1)) 2(1—0(1)) (p—1)2(p—5)2 5 5p(p—1)(p—>5)
w= plp—1)(p—2)(p—-3) ( Qs 64 o3 — 3 az —2p(p — 1)a2>
_2(p-D(p—5)° aj(l (1))

and rearranging differently gives ag = O (g—ioq) = o(pay), completing the proof. O

Proposition 5.6. Under the same assumptions as Proposition

s = O (;;f“) (171)
a5 = O (;ﬁ()@) (172)
=0 <;}3a3> (173)

Proof. For t € F,, define the vector v; = (e,(0), ep(t), ep(2t), ..., ep((p — 1)t))T € CFr. Define the
matrix V € CF»*Fr a5

V= Z VU

teF \(Fp )2
p, 1. b
= 7]— —_ — _
ol 37 =55
= 0. (174)
Then, we have
0< (A", V)
~ 1 . —b
= Z E[zq2p) <§1{a =b} — VP QX(G )>
a,belF,
p(p—1) plp—1)1+p
_ _ 1
9 aq 9 9 aQ, ( 75)
and rearranging this gives
2
< 1
ag >~ 1+\/}3a17 ( 76)
so ag = O (p_l/Qal).
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Similarly,

0< (AW V)
~ 1+ -x(a—»b
— abZG]F E[zozaxp] (gl{a =b} — vP 2X )>
L o s )
a,b€Fp:a#b
_ ;%1&1 L —41)2042 _(+ \/132)(;0 — 1)(%2 1+ \/13)(1916— Dp— 5)@3’ (177)
which gives
16 p—1 (p— 1)
B AP -D0-5) < 2 M ‘”)

Since, by Proposition a1 = o(pag), we further have

16 (0~ (1 + (1)
T e )

so ag =0 (p_l/Qag).

Finally, we have

0<(A® V)

= Z E {(sz) xaxb] (]2)1{a:b}_ 1+\/Z7-2X(a—b)>

a,beF,, i€Fy

= Z <I~E[a:a]+2 Z Elz,z) + Z E[xax,:c]]> p%l

a€lFy, 1€Fp\{a} i,j€Fp\{a}

_ Z (4E[ma:{:b] +4 Z E[xw??b%‘] + Z E[%sz%‘xj]) L+p-x(a—0b)

2
a,beF,:azb i€Fp\{a,b} i,j€F,\{a,b}
=8 — S, (179)

where we write

Sy = Z (E[ma] +2 Z Elz,z] + Z E[xamzxj]) %, (180)

ackF, i€Fp\{a} 1,j€Fp\{a}

~ - _ 1 x(a—b

Sy i= Z (4E[xamb] +4 Z Elzqxpz;] + Z E[‘raxbxiéﬂj]) + /P 2X<a )
a,bEFp:aztb i€F,\{a,b} i€\ {a,b}

(181)
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From the automorphism group of Gy, (see Proposition [2.6|), we notice that the value of the terms
in S does not depend on a € F,,. So, we may write S; as

slzp(p;l) Elwo] +2 Y Elzozil+ Y Elzowizj]

i€F,\{0} i,j€F,\{0}
—1 —1)2 —1)2%(p-5 —1)2
_ p(p2 )O[ﬁp(p2 ) o+ <p(p 1)6(29 )a3+p(p4 ) a2>

By Proposition we have a; = o(p?a3) and as = o(pas), so the main contribution in S; comes
from the ag term:

p(p —1)*(p — 5)

= (1+ o(1) P

ag. (182)

Similarly, we notice that each term in the sum of Sy vanishes when {a,b} is not an edge in G,
and when {a, b} is an edge in G, does not depend on a and b. So, we may write Sy as

-1 ~ ~ ~ 1+/p
i€Fp\{0,1} i,j€Fp\{0,1}
1+ —1 -5 —2)(p—3 =9
= ( \/ﬁip(p ) <4a2 + 4pTOég + ((p;;}?) + O(p3/2)> ay + P 1 a3>

By Proposition we have ag = o(p?a4) and a3 = o(pay), so the main contribution in Sy comes
from the oy term:

(1+vpplp—1)(p—2)(p—3)

= (1 +el) 128 4. (183)
Combining (L79), (182)), and (183), we have
0< S — S,
(14 0(1))22= 11)2(19 =5 0y — (14 01)) L VP)P(p —1;)3(19 —2w-3)
— 0 (p'as3) — <p9/2a4) , (180

so ay = O(p'/2a3), completing the proof. ]

5.2 Preliminary Character Sum Estimates

Before proceeding to the proof of Theorem we also establish some character sum bounds that
we will need.

Definition 5.7. Let u € R@p) be the vector defined by
ugi gy = x(@3)(x (@ — ) + 1). (185)
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Proposition 5.8. For any p =1 (mod 4),

[ull? = O(p?) (186)
I(Po + Prull* = O(1). (187)

Proof. Since each uy; j; = O(1), we immediately have |ul|? = O(p?).
Recall that Py + P; is the orthogonal projection to the subspace

(FP) F . I,
Vo@ Vi =qweR\2) w5y = v; + v; for some v € R™ and for all {i,j} € 5 . (188)
Suppose ((Po + P1)u)y; ;4 = vi +v; for some v € RF». Then,

v = arg min Z (ugijy — (vi + uj))Q, (189)
o e(?)

By taking derivatives with respect to each v; to write the first-order optimality conditions for v,
we find that, for all ¢ € IF),

0= (uug —vi—v)

J€Fp\{i}
= Z Ugigy — Z vj — (p — 2)v;. (190)
JEFp\{i} JEFp

Adding these over all ¢ € F,,, we find

Z o — Zier ZjGFp\{i} Wiy p
;= —

7 (191)
i, 2p — 2 2p — 2
and substituting this into each individual condition, we solve for v; and find
_ ZjEFP\{i} Ug 53 — ZjeIFp Uj
7 p o 2
X(@) (=1 = x(4) + 35
_XOC1—x@) + 2
p—2
In particular, v; = O(1/p), and thus ||(Py + P)ul|*> = g (vi + v;)? = O(1). O
Proposition 5.9. For the graph matrices T"7"* as defined in Table 1], we have
w* T3y = O(p?) (193)
w Ty, = O(p?) (194)
W T2y = O(p°?) (195)
w20 = O(p°/?) (196)
Ty = 0(p°?) (197)



Proof. We may bound

(0,0) 4(0,1) (0)
b 1H“ } (198)

*d, 1,

‘u T Mu! < [a(O) a(l)] [5(170)
where o) = |[M®uy|| and b)) = [|[MOTHIMO)|| and MO = Py + P, and M) = P,. By
Propositions and we have

OW*?) O@**)] [0(1)
x4, 1,1
‘u T u‘ < [O(l) O(p)] [O(p3/2) O<p1/2)
= 0™, (199)
as claimed. The other claims follow similarly using the other norm bounds on graph matrices from

Section 0O

Proposition 5.10. For all p =1 (mod 4),

Ty = Y x(abed)x(a — b)x(a— ¢)x(a— d)x(b — )x(b — d)x(c — d)

{a.b} {c.dre("P)
{a,b}n{c,d}=2

= O(p®). (200)

Proof. We start by noting that the constraint to {a,b} N {c,d} = @ is superfluous. Summing over
all 4-tuples a, b, c,d € F; only incurs an overcounting factor of 4, so we may rewrite

> x(abed)x(a—Db)x(a —c)x(a — d)x(b—c)x(b—d)x(c —d)

{a,b} {c.dre("P):
{a,b}n{c,d}=2

= % > x(abed)x(a — b)x(a — c)x(a — d)x(b— e)x(b— d)x(c — d)
a,b,c,dElF;f
= ;%1 > x(abe)x(a—b)x(a—c)x(b—e)x(a— )x(b— x(c— 1)
a,b7ceF;,<
N p%l Y xla =yt = e x0T = e x(a T = Dx(b Tt = Dx(e - 1)
a,b,CEFIf

and, changing variables toz =a ' — 1,y =b"!' — 1, and z = ¢! — 1, we have
_r-d > x(wyR)x(z —y)x(y — 2)x(z — )
4
z,y,2€Fp\{—1}

_p-t > x(@yz)x(z —y)x(y — 2)x(z — )
z,y,2€Fp

-3 Y xyx@-yxy+x(z+ 1))
z,yeF\{—1}
) p%l(sl - (201)
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where we denote

Sii= Y x(zyz)x(z —y)x(y — 2)x(z — @), (202)
x,y,2€Fp
Sp:=3 > x(@y)x(z—y)xy+x(z+1). (203)
2 yeFp\(~1)

We immediately have Sy = O(p?), so it suffices to show the same bound for S;.
We will use the Gauss sum identity

1

x(x) = 7 anF:p x(a)ep (az), (204)

which follows from combining Propositions and and noting that we have x(—1) = 1 since
p =1 (mod 4). Using this, we may rewrite Si:

Si= > xlzyz)x(z —y)x(y - 2)x(z — z)

z,y,2€F,
RGP NCHNCS
x y z
z,y,2€F )
=(p-1) Y, x(U-z)x(1-y)x(1-2)
:c,y,zEIF;f
xyz*l
= Z Z (abc)ep (1 —x)a+ (1 —y)b+ (1 — z)c)
xy,2€F) @ ,b,c€Fp
zyz:l
= (p—1)p 32 Z x(abc)ey(a + b+ c) Z ep (—ax — by — cz)
a,b,celfp x,y,2€F)

ryz=1
= (p—1)p~** Y x(abo)ey(a+ b+ c)Kz(abe)

a,b,celFp
— -1 S M @Es@) S eplatbro)
deFy abe=d
= P> x(d) | Ks(d) (205)
deFy
By Proposition we find |S1| = O(p?), and the result follows. O

5.3 Proof of Theorem [5.1]

Proof of Theorem[5.1 Let us write k = k(p) := FK4(G,), and let a1, as, ag, as be the FK pseudo-
moments that achieve this value. Suppose for the sake of contradiction that FK4(Gp) > cp'/3 for
a large constant ¢ > 0 to be specified later. Since k = pay, ag = k/p > ep2/3.

52



In the following computation, without specifying otherwise, by summing over {a,b} we mean
the summation over all 2-element subsets {a,b} € (FQ”). Let C be a constant that we will specify
later. Following the proof strategy of [HKP15], we evaluate the following pseudoexpectation using
Proposition

2

0<E||Ckzo - Z x(ab)xqzy

{a,b}
2
= C?k*Elxg) — 2CK> Z x(ab)E[zoz,z) + E Z x(ab)zqzp
{a,b} {a,b}
2
k (p—1(p—5) =
— 2148 92 E u ) 2
C*k ) Ck 16 as + Z x(ab)zqxy, (206)
{a,b}
Expanding the last term, we get
2
E Z x(ab)xqxy
{a,b}
= Z Elzqzs) + Z x(abed)E[zozyzenq) + Z x(abed)E[zqzpe14) (207)
{a,b} {a,b},{c,d} {a,b},{c,d}
{a,b}n{c,d}|=1 {a,b}n{c,d}=2
Observe that the first term evaluates to 22 4_1)042. Now, recall the vector u € R(gp ) defined earlier

by ug = x(i5)(x(7 — j) + 1). We may write the second and third terms as quadratic forms
involving the graph matrices defined earlier, evaluated at u. For the second term, we have

Z X(ade)E[wamb-Tcl‘d]

{a,b},{c,d}:
[{a,b}n{c,d}|=1

= Z X(Qch)INE[a:axbxc]

{a,b},{a,c};
b#c
= Z X(a2bc) (x(a—=0)+1)(x(a —86) + 1) (x(b—c)+ 1)@3
{a,b},{a,c};
b#c
(6
= §3 Z (x(b—c¢) +1)-x(ab)(x(a—0b) +1)-x(ac)(x(a —c)+ 1)
{a,b},{a,c}:
b#c
— %u*(T?”l’l T30y, -
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and for the third term,

Z X(abcd)ﬁ[xaxbxcxd]

{a,b}{c,d}:
{a,b}n{c,d}=2

H{Lj}E({a’b’C’d})(X(i - .7) + 1)

= Z X (abed) 2 ay
{a,b},{c,d}: 64
{a,b}{c,d}=2

- % > ( 11 (x(i =) +1)) -x(ab)(x(a—b) +1) - x(cd)(x(c — d) + 1)
(4,5)

{a,b}.{c,d}: )e{ab} x{c,d}
{a,b}{c,d}=2
_ Qg *(T4 4 1 T4,3,1 + T4,2,1 + T4,2,2 + T4,2,3 + T4,1,1 + T4,0,1)u. (209)

T 64
Using Propositions and and the graph matrix norm bounds in Section we have

Y x(abed)Elzazprea] g%(u*T3’0’1u—|—HT3’1’1HHuH2)

{a,b}{c,d}:
[{a,b}n{c,d}|=1

ag

=5 (06" +0(yD)O ("))
_0 <p5/2a3> 7 (210)

and

Z X(abcd)ﬁ[xaa:bxcxd]

{a,b} {c,d}:
{a,b}n{c,d}=2

<22
64

ADfull? + w (O 4 T2 22 4 T T4,4,1)U>

_ 5/2
- (0 )+ 00" + %))
=0(p (211)
So, combining these, we have
2
~ —1
E (z x(ab)zaznb) ] = p(p4 o +0 <p5/2a3) +O(pay). (212)
{a,b}

By Proposition O(p°?asz + pPas) = O(p?az), so

2
E |:(Z X(ab)xaxb>
{a.b}

= O(p*as). (213)




Thus, substituting into our initial calculation,

5
— D(p —
0< 02’; - 201@2WQ3 + O(pas). (214)

2 2 2
By Proposition az = (%> = (Z%) Let C1, Cs be the implied constants in ag = 2 (%)

«aq

~ 2
and E x(ab)zqxy = O(p?az). We then have
{a,b}

5 _ _ 2
0< CQE . 2001/6‘2 (p 1)(]7 5) poy + CQPQOQ
16 k
2k5 2 2
<C . CChkp*al + Copas, (215)

where Cf is a constant depending on Cj. Note that C, Cy do not depend on c.
Consider the ratio

02%5 + Cop®ar
CClkp3a3
C ko1 Cy, 1 1
= a . pj . ;% + CC{ . % . an

(216)

Note that if this ratio is less than 1, then the expression above 02%5 — CClkp3a3 + Cap®as is less
than 0.
2
Recall ag = Q(a?) = Q (’;—2) by Proposition Therefore, by choosing C' to be a sufficiently

small constant,

c ¥ 1 C Kk pt 1
.. == .. )< 2 21
cy opt o O pt O<k4>_4 (217)

On the other hand, since k > ¢p!'/3 for some constant ¢ by assumption, choosing ¢ large enough we
have

Ccég 'k:lp | ol - ccég 0(35) = i' (218)
Therefore, under a sufficiently small constant C, we derive a contradiction
2
0<E||Ckaz— Z x(ab)zqxy, < 0. (219)

{a,b}

We conclude that the value of the degree 4 SOS on Paley graphs G, restricted to FK pseudomoments
is FK4(Gp) = O(p'/3). O
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Figure 1: For primes 5 < p < 250, we present the value of SOS4(G,) and the value of FK4(G))
(where the semidefinite program is restricted to optimize over only FK pseudomoments). We fit
power models ap® to the data and plot the results as well.

— 0.238 (log p)?

20

10 A

T T T T T T T
0 2500 5000 7500 10000 12500 15000 17500

Figure 2: For primes 5 < p < 16741, we present computations of the true clique number w(G))
(taken from [SheS86] and its online supplementary materials). We fit a model a(logp)? to the data
and plot the results as well.
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6 Numerical Experiments

Given our results in Theorems and it is natural to ask whether a better lower bound
technique than working with FK pseudomoments might prove an optimal lower bound of the form
SOS4(G)p) = Q(p'/?). In Figure 1, we present some surprising numerical results suggesting that this
is not the case. Namely, in addition to the true values of w(G)), we plot the values of SOS4(G,)
(the “full SDP”) and of FK4(G)) (the “FK pseudomoment SDP”) on a log-log plot, and fit lines
to these results[]

These results for FK4(G)p) confirm the statement of Theorem [5.1], with an estimated scaling of
FK4(G)p) ~ p*323, close to our result showing that FK4(G,) ~ p'/3. For SOS4(G)), the results still
indicate a scaling below p'/2, estimated at SOS4(Gp) ~ p%3%_ Based on these results, it seems
reasonable to conjecture that SOS,(G,) = O(p'/?7¢) for some £ > 0. We note that this prediction
is compatible with that of [KM23], who, based experiments solving a weaker SDP than degree 4
SOS as proposed by [GLV09], experimentally found that SOS4(G)) < p%4%.

Unfortunately, the size of these SDPs prevents us from exceeding roughly p ~ 250, so we cannot
be very confident in our scaling estimates. However, we believe that better understanding whether
degree 4 (or higher) SOS can break the “,/p barrier” is an important question for future study.

7 General Graph Matrix Norm Bounds Do Not Derandomize

In this section, we give a simple example of a graph matrix for which the norm bound of [AMP16]
for ER graphs fails to hold for Paley graphs. Since the bound of [AMP16] is a crucial ingredient
in the proof of the Q(p'/?) SOS lower bound of [BHKT19], we take this as some evidence that a
sufficiently high degree of SOS can prove a bound of the form w(G)) < O(p'/?7¢). In particular,
this gives some theoretical evidence for the numerical observations in the previous section.

Let S € R™™ be a symmetric matrix with diagonal equal to zero and off-diagonal entries in
{£1}, the Seidel adjacency matrix of some graph. We consider the “diamond-shaped” graph matrix
M = M(S) formed from S, whose entries are

M:cy = 1{x # y} § Sa,a:Sa,ySb,be,y7 (220)
a,be(n]
ab

where we note that we do not need to include the constraints a,b ¢ {z,y} since these are automat-
ically enacted by having S, , = 0 for all a. See Figure |3 for the corresponding shape.
For any such S and x # y, we have

Mmy = Z Sa,xsa,y Z Sb,beJJ
a belp\{a}

= E :Sa#l?‘s’a,y((SZ)x,y - Sa,xSa,y)
a
2\2 2 : 2 2
= (S )Z‘,y - Sa,xsa7y

= (8%)iy — (0 —2). (221)

8These SDPs are solved using the Mosek solver through the CVXPY interface for Python.
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Figure 3: We illustrate the graph matrix used as an example in Section [7]

That is, M is the matrix (S?)°2 — (p — 2)11" with the diagonal zeroed out, where o denotes the
entrywise power of matrices.

When S is the Seidel adjacency matrix of the Paley graph, we have S2 = pI — 11" by Proposi-
tion Thus in this case we have M (S) = (p—3)I—(p—3)11", and thus |[M| = (p—1)(p—3) ~ p>.

On the other hand, when S is the Seidel adjacency matrix of a random ER graph on p vertices,
then the results of [AMP16] show that, since the shape of M has minimum vertex separator of size
1, with high probability, ||M| < O(p*/?). Thus, the Paley graph adjacency matrix fails to satisfy
this basic graphical matrix bound.

We may understand this intuitively as follows: in the random case, (52)°? is a random matrix
whose entries have mean and standard deviation both on the scale of p. Subtracting p11T from
this matrix centers the entries, so the bound of [AMP16] says that the norm of S behaves like a
p X p random matrix with i.i.d. entries of size p. However, for the Paley graph adjacency matrix,
the exact quadratic equation satisfied by S means that these fluctuations are no longer present,
making the norm larger.
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