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Isolated quantum systems follow the unitary evolution, which guarantees the full many body state always keeps a constant entropy
as its initial one. In comparison, the local subsystems exhibit relaxation behavior and evolve towards certain steady states, which
is called the local relaxation. Here we consider the local dynamics of finite many body system with Ising interaction. In both
strong and weak coupling situations, the local observables exhibit similar relaxation behavior as the macroscopic thermodynamics;
due to the finite size effect, recurrence appears after a certain typical time. Especially, we find that the total correlation of this

system approximately exhibits a monotonic increasing envelope in both strong and weak coupling cases, which corresponds to

mech]

the irreversible entropy production in the standard macroscopic thermodynamics. Moreover, the possible maximum of such total
correlation calculated under proper constraints also coincides well with the exact result of time dependent evolution.
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H 1. Introduction

-‘(7‘? A macroscopic thermodynamic system always tends to re-
'8 lax to the thermal equilibrium state after a long enough time in
E spite of its initial state. However, it is also known that an iso-

. lated quantum system with a finite number of degrees of free-
“C dom (DoF) follows the unitary evolution. As a result, the full
many body system always keeps a constant entropy as its initial
state, which looks different from the above macroscopic relax-
—ation behavior, unless certain specific averaging approaches are
taken into consideration, e.g., based on time or random defect
configurations [1-7].

On the other hand, when focusing on the local parts of a
many body system, the local dynamics naturally manifests sim-
ilar relaxation behavior as the macroscopic thermodynamics.
Although the whole isolated system always follows the unitary
evolution and keeps a constant entropy, the dynamics of a local
site exhibits an oscillating decay behavior, which seems relax-
ing towards a certain steady state, thus this is called the local
relaxation [8—11]. For a finite system size, the local relaxation
would come across a “recurrence” after a typical time: the well
ordered oscillatory decay behavior suddenly appears “random”
[8-13]. With the increase of the system size, the recurrence
appears much later, thus it does not show up in practice.

But the entropy of each local system cannot indicate the ir-
reversible entropy production behavior either, since it increases
and decreases from time to time. In comparison, it is found that
the total correlation in the many body system [7, 14—18] could
manifest the irreversible entropy production similar as the stan-
dard thermodynamics [9, 18-22]. In this paper, we study the
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dynamical behavior of the total correlation during the local re-
laxation in an N-body system with Ising interactions. In both
strong and weak coupling regimes, which correspond to the
two phases of the Ising model with distinct physical properties
though, the system dynamics exhibits quite similar local relax-
ation and recurrence behaviors, except in the strong coupling
case the system dynamics contains more violent fluctuations.

Especially, it turns out the evolution of the total correlation
roughly exhibits a monotonic increasing behavior in both strong
and weak coupling cases, and approaches towards a steady
value during the local relaxation process, which is similar to the
irreversible entropy increase in the standard thermodynamics
[19-22]. Moreover, with the help of the Lagrangian multipli-
ers, we calculate the possible maximum of the total correlation
may achieve under proper constraints determined by the initial
state, and it turns out such correlation maximization coincides
quite well with the exact numerical result obtained from time
dependent evolution. In this sense, the correlational entropy
production well corresponds to the irreversible entropy produc-
tion in the standard thermodynamics. We also show that in most
common physical conditions, the correlational entropy produc-
tion could reduce to the standard entropy production based on
the thermal entropy dQ/T'.

The paper is arranged as follows. In Sec.2 we study the
dynamics of the Ising model. In Sec.3 we analyze the recur-
rence behavior in the local dynamics with different coupling
strengths. In Sec.4 we show the dynamics of the total correla-
tion in this system. In Sec. 5 we show the correlational entropy
production could reduce to the entropy production in the stan-
dard thermodynamics. The conclusion is drawn in Sec. 6.
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2. Dynamics in a many-body system with Ising interaction

Here we consider an isolated many body system, which con-
tains IV two-level systems (TLSs) with the periodic boundary
condition. The N TLSs interact with the near neighbors via the
Ising interaction, which is described by the Hamiltonian [23]:

N— 1w
Z 5 On 00 = Ho+ V. (1)

Here 6%-* are two Pauli matrices, and 67 := |e),,(e| — |g)n (g
6% = 6F + 6, with 6 := (6,)7 = |e)n(g|. Here |e)y,
|g)r are the excited and ground states of the n-th TLS. The on-
site energies (w > 0) of all the N sites are equal, and J is the
interaction strength.

By applying the Jordan-Wigner transform [23],
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the aboAveA Hamiltqnifm becomes a fermionic one, H =
Y wdid, + J(dhdn1 + df dnJr1 + hec. ) Further, un-
der the Fourier transform! d,, = >k Ck e~ i5Fkn /v/N, with
k=-1(N-1),...,0...,3(N — 1), the Hamiltonian (1) be-
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Then the system Hamiltonian can be diagonalized as H =
> k>0 Ek’%i’?k - Ek’)’—k:ﬁ_k, where 4, = cosfc¢p +
i sin Oy, éik is the Bogoliubov operator, and ¢, is the eigen
mode energy [23]
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Based on these results, now we could obtain the exact time-
dependent evolution of this isolated system. We consider that
the initial state of the system is |¥y) = |e, g,g,...), namely,
site-0 starts from the excited state |e)o, and all the other sites
start from the ground state |g),,. Here site-0 could be regarded
as an open “system”, while all the other (N — 1) TLSs build up
a finite “bath”.

By using the Jordan-Wigner transform (2), such an initial
state also can be rewritten as |¥) = d!_,|0), where |0) is

'Without loss of generality, we assume N is odd. Generally speaking, in the
thermodynamic limit N — oo, the thermodynamic properties of the system do
not depend on the parity of V.

the vacuum state of the fermion system. Then we obtain the
system state |%;) at an arbitrary time, which gives

W) = e~ gl |0) = Z aM (1) di |0), (5)
(N) 6_121“” 2 et | 2 —iept
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Here we call &%) (t) as a coherence function.

In principle now all the observable expectations can be cal-
culated from |@;). With the help of o) (t) and the Jordan-
Wigner transform (2), the excitation probability p, e(t) :=
(e]pn(t)|e)r of the reduced density state p,, of each site-n gives
(W] d},dy | W) =

Pre(t) = |2 (#)]2, (6)

and the total excitation of all the N sites is (Ny) =
Yon \@%N) (t)]. Besides, from Egs. (2, 5) it can be verified
that the non-diagonal terms of the density state ,,{e|p, (¢)|g)n
of each site always keep zero during the evolution [24].

Notice that, when the coupling strength is quite weak (J <
w), in the interaction picture of Hy = 2w >~ 62, the interaction
in the Hamiltonian (1) becomes

+ m;t A— —iwt A+ Twt
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where the oscillating terms with frequencies 2w are neglected
due to the rotating-wave approximation (RWA). Returning back
to the Schrodinger picture the Hamiltonian becomes

H= Z

This is also known as the quantum XX model [23], which guar-
antees the total excitation (Ny ~ > 67) is conserved, while the
original Ising model does not. Therefore, the behavior of the
system dynamics would be similar as the quantum XX model in
the weak coupling regime [9], while they would exhibit signifi-
cant differences when J is strong. Such a comparison could be
well seen in our numerical results below.
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3. The recurrence in the local dynamics

Now the full evolution of the N-body state is obtained ex-
actly [Eq. (5)]. Since the whole isolated system follows the uni-
tary evolution, if we do not consider the average over time or
random defect configurations, the full N-body state |¥;) would
always keep a pure state during the evolution. Namely, in-
deed |#;) is never approaching any canonical thermal state as
pm ~ exp(—H [kgT).

In contrast, if we focus on the states of each local site,
we would see the local dynamics exhibits similar behavior as
the relaxation in macroscopic thermodynamics [8, 9, 13]. In



Fig. 1(a, d), we show the evolution of the excitation probabil-
ity pn=o,c(t) of site-0 in both the strong and weak coupling
regimes. Before a certain typical time ¢t < t.. (the vertical
dashed red lines in Fig. 1), they both exhibits an oscillating de-
cay behavior, which is quite similar as the relaxation in macro-
scopic thermodynamics. Namely, within the observation time
t < trec, the population of site-0 (the “system”) seems relaxing
towards pg.. — 0 as its steady state.

But the decaying behavior suddenly changes around ¢ ~ ¢,
the excitation probability pg () shows a sudden increase and
then looks “random”. This was referred as a “recurrence” due to
the finite size effect [8, 13]. With the increase of the system size
N, the recurrence time ¢, also increases linearly [Fig. 1(b, f)].
When N — oo, the recurrence time would also be postponed
and approach infinity. Thus at a finite time ¢ < ¢, only the
irreversible relaxation behavior can be observed in practice [8,
13].

Besides, in the relaxation region before the recurrence ¢t <
trec, notice that the decaying profiles for different system size N
are almost same with each other [Fig. 1(b, f)]. That indicates,
once J, w are fixed, the relaxation speed of this system is also
fixed, which does not depend on the system size /N. For a larger
system size IV, the full diffusion over the whole many-body
system would cost more time.

It is worth noting that, such recurrences appear in both strong
and weak coupling regimes (Fig.1). In the weak coupling
regime J < w, the system does show a dynamics similar
as the XX model (8) as mentioned above [8, 9, 13]. In the
strong coupling regime, the system dynamics also exhibits lo-
cal relaxation and recurrence behaviors as the weak coupling
situation, but contains more high frequency oscillations. For
different parameter settings in both weak and strong regimes,
we find that the recurrence time can be evaluated as t.. =
N(J2 + 16w2)2 /2, which is estimated from t. ~ 27/d¢,
with de as the largest gap of the mode energies { } (appearing
around 27k /N ~ +m/2).

In Fig. 1(c, g) we show the evolution of the excitation prob-
abilities p, o(t) of all the N sites. In both strong and weak
coupling cases, we could clearly see a propagation process of
the site excitations along the chain. Starting from site-0, the lo-
cal excitations propagate along the two sides of the chain. For
a finite system size, such propagations would meet each other
at the periodic boundaries at n ~ +N/2, and then regathers
back to site-0 again. This is just why the system exhibits its
recurrence around ¢ >~ ¢, [see the demonstrations in Fig. 1(i)].
After the recurrence, the system dynamics is combined with the
regathered propagations together, thus appears more random.
This propagation picture well explains why the recurrences ap-
pear in both the strong and weak coupling cases.

Indeed such propagation and regathering behaviors happen
again and again, thus similar recurrence behavior could also
appear around t ~ qt.c, with ¢ = 1,2,3... The system dy-
namics appears more and more “random” after each recurrence,
and thus we call them hierarchy recurrences [9].

In Fig. 1(d, h) we show the evolution of the von Neumann
entropy of each site, i.e., S[pn] = —tr[p, In p,]. The entropy
of each site increases and decreases from time to time, and also
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Figure 1: (a, ) The population evolution of site-0 pg. e (t) = |<I>5N:41) )%
in the strong (w = 0.1J) and weak (w = 40.J) coupling regimes. (b, f) The
scaling behavior of pgc(t) = |<I>(()N>(t)|2 for different site numbers N. (c,
g) The evolution of the local excitations pn,c(t) of all the N sites. (d, h) The
evolution of the von Neumann entropy S[pr ()] of all the NV sites. All the site
numbers are set as N = 41 except (b, f). (i) Demonstration for the propagation
of the local excitations along the chain. Throughout this paper, we set J = 1 as
the energy unit, and all the evolutions are measured by the unitless time 7 = Jt.

exhibit a propagation pattern along the chain in both both the
strong and weak coupling situations. From this picture, we
could see as long as there exist similar propagations of the lo-
cal excitations, the local relaxations and such recurrences could
appear in spite of the interaction strength and type.

4. Production of the total correlation

Now we see the local observables well exhibit the relaxation
behaviors similar as the macroscopic thermodynamics, but the
entropy of each site increases and decreases from time to time,
which is different from the irreversible entropy production be-
havior in macroscopic thermodynamics. On the other hand, as
an isolated system, the entropy of the whole system state always
keeps the same as its initial state due to the the unitary evolu-
tion. Indeed, since the full N-body state here is not a canoni-
cal equilibrium state, the standard entropy production in macro-
scopic thermodynamics based on thermal entropy dS = dQ /T
cannot be applied here.

Notice that, in practical observations, the full N-body state
is usually not directly assessable for local measurements, and it
is the few-body observables that are directly measured [6, 22,
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Figure 2: The evolution of the total excitation <Nt) (a, d), and the total cor-
relation (b, c, e, f) in the weak (a-c, w = 40J) and strong (d-f, w = 0.1J)
coupling regimes. The site numbers are set as N = 41 in (a, b, d, e), while
N = 401 in (c, f). The dashed horizontal lines in (b, c, e, f) are the obtained
by the total correlation maximization (14). The solid horizontal lines in (a, d)
are Np ~ 0.9975 and Np ~ 0.75 respectively, which are the total excitations
calculated by Eq. (11).

25]. Thus, here we consider the total correlation in this system,
which is defined by [7, 14—18]

C[p] =Y Slpal — S[p)- ©)

Here S[p] is the von Neumann entropy of the full N-body
state p, which does not change during the unitary evolution,
and p,, are the reduced one-body states. This total correlation
was firstly introduced for classical systems based on the collec-
tive probability distributions and the Shannon entropy [14], and
the generalization for quantum systems by using density states
and the von Neumann entropy is straightforward [15-17]. C[p]
measures the total amount of all the correlations inside the N-
body state p [7, 14-18]. For N = 2, the total correlation (9)
just returns the mutual information in a two-body system, which
measures the amount of the bipartite correlation.

In Fig. 2(b, c, e, f), we show the time dependent evolution of
the total correlation in both weak and strong coupling regimes,
and they both exhibit an increasing behavior towards a steady
value. In the weak coupling case [Fig.2(b, c)], the behavior
of the total correlation is similar as the XX model [9]. In the

strong coupling case [Fig. 2(e, )], the total correlation also ex-
hibits an increasing envelope, but contains more violent oscil-
lations. Moreover, with the increase of the system size NV, the
increasing curve in both cases become more and more smooth
[Fig.2(c, f)]. These behaviors are quite similar with the irre-
versible entropy production in the standard macroscopic ther-
modynamics.

In this sense, we further consider where is the destination that
the total correlation is increasing towards. The possible maxi-
mum that C[p(¢)] may achieve can be obtained by the variation
approach under proper constraints [26].

Unlike the quantum XX model (8), here the total excita-
tion of all the IV site is not conserved and changes with time.
From the transformations (2, 4), the total excitation (Ny) =

. 1 -
<Nt> :N Z COS4 0, — (Z sin 0, cos Qk)Q €2zekt
k
— (isin Ok cos 0)” e~ >+ + sin ;. (10)

It turns out, in the weak coupling case [Fig.2(a)], the total
excitation exhibits quite small fluctuations with time around a
certain constant, which is consistent with the above discussions
about the reduction to the XX model by RWA. Thus, approxi-
mately the total excitation still could be treated as a variation
constraint.

When the Ising interaction is strong [Fig. 2(d)], the total exci-
tation exhibits significant fluctuations with time, which is quite
different from the XX model. But it is also worth noting that,
especially within the relaxation time ¢t < t../2, the total ex-
citation (N¢) seems converging towards a steady value, until a
recurrence happens because of the finite size effect. Indeed the
moment that the total excitation comes across its first recurrence
(~ trec/2) is just when the two-side propagations meet each
other at the periodic boundaries at n ~ +N/2 [see Fig. 1(i)].
In the thermodynamic limit N — oo, recurrences do not ap-
pear, and the total excitation (N;) is just relaxing to this steady
value irreversibly.

Therefore, such a converging value of the total excitation
(N¢) could be treated as an approximated constraint when we
estimate the possible maximum where the total correlation is
increasing towards. Further, since (N;) keeps oscillating around
a central value, this converging value can be estimated by the
long time average of Eq. (10), which eliminates all the rotating
terms, i.e., [27-29]
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In Fig.2(a, d) we see N, does give the central value that (Ny)
oscillates around [the horizontal solid lines].

In the thermodynamics limit N — oo, this central value be-



comes (J = J/w)
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Np(J) has a singular point at J = J/w = 1/2, and this is
just the critical point when discussing the ground state phase
transition of the quantum Ising model.

In this sense, we adopt (N;) ~ N; as an approximated con-
straint, and estimate the possible maximum of the total corre-
lation by variation. As mentioned below Eq.(6), the density
state p,, of each site keeps diagonal during the evolution, thus
its entropy is S[pn] = —Pn,e M Ppe —Png N DPn g [Pr g (e) is the
probability that site-n is in the ground (excited) state]. The full
N-body state keeps a pure one, whose entropy is zero. With
the help of Lagrangian multipliers, under the constraints (1)
Png + Pne = 1, (2) (Ny) = >, Pne = Np, the maximum
of the total correlation C = Y~ —pp cInpp e — prglnp, g is
calculated by taking variation of the functional

7| >1/2

|J|<1/2° (12)

F [{pn,c}v )\] ::( Z —Pnse lnpn,c — Pn,g lnpn,g)

n

F AR = pne) (13)

upon py, . and A.

To look for the extremum, 0F/0ppe =0 =1In(1 — p,e) —
In p,, ¢ — A indicates all p,, . should be equal to each other. Thus
the total correlation C[{py, }] achieves its possible maximum
when all the N sites take p,, e = Np/N. As a result, the corre-
lation maximization gives

cM) = _RyIn Nﬁ — (N =) In(1 — %). (14)
In the weak coupling regime [Fig. 2(b, c)] we see this corre-
lation maximum (the dashed horizontal lines) is quite close to
the time dependent result that the total correlation is increasing
towards. In the strong coupling regime [Fig.2(e, f)], though
containing heavy oscillations, the envelope of the total correla-
tion C(¢) also coincide well with the possible maximum CSHJZX)
To make a more precise comparison, here we consider the
coarse-grained total correlation, i.e.,

t+AL
/ ds C(s). (15)

t—At

~ 1

Namely, at time ¢, C(t) is a time average over a small period
2At in which many enough oscillations are included [22, 30].
In this sense C(t) gives the central line of the exact C(t) [the
thick blue line in Fig. 3(a)], which turns out to be a smoothly in-
creasing line. The maximum of C(t) appears around ¢ =~ tec /2,
and we compare this max{C(t)} with the possible maximum
Cﬁf;lx) . With the increase of the system size N, the relative error
between max{@(t)} and C[(n];]x) decreases [see Fig. 3(b)]. Thus,
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Figure 3: (a) Demonstration for the total correlation after coarse-graining (thick
blue line, w = 0.1J, N = 21). The dash-dotted line is the original total
correlation C(t) without coarse-graining. The dashed red line is the possible

correlation maximum Cr(n];i). (2) The relative error between C,(T,ng and the

maximum of the coarse-grained correlation max{C(t)} around ¢ ~ trec /2 for
different system sizes (/N = 51, 101, 201, 401, 801, 1601, w = 0.1J).

when the size N — oo, it is expectable that the coarse-grained
total correlation C‘(t) is just increasing towards CS]]ZX) as its des-
tination.

Therefore, here the behavior of the total correlation in this
system well manifests the irreversible entropy production in
the standard macroscopic thermodynamics. Remember that the
standard entropy production based on thermal entropy dS =
dQ/T cannot be applied for the nonequilibrium states here.

5. Reducing to entropy production in standard thermody-
namics

Now we show that, under proper physical conditions, the to-
tal correlation could reduce to the entropy production in the
standard thermodynamics.

In most open system problems, we consider an open system
interacting with a bath, and the bath is usually modeled as a
collection of many noninteracting DoFs H B = Zn f,,, which
is weakly coupled with the open system, and it is assumed that
the initial state of the bath is a canonical thermal state pg(0) ~
exp(—Hy /ksT). When the system-bath interaction strength is
negligibly small, since the bath is much larger than the open
system, the bath state pg(¢) would not change too much com-
paring with its initial one, thus In pg (¢) ~ In p5(0) + o[dps (¢)],
and the changing rate of the bath entropy can be approximately
obtained as [20, 21, 31, 32]

Sa(1) = —tr [An(6) 10 (0] = —te (1) In (1)
~ —tr[ps(t) In py (0)] = %%FIB). (16)

Notice that here the bath energy increase % (f[ s) 1s just equal
to the system energy loss —(), namely, the informational en-



tropy change S could reduce to the thermal entropy (up to a
minus sign), dSy = —dQ/T. On the other hand, under the
weak interactions, the different DoFs in the bath would not gen-
erate significant correlations during the evolution, thus approx-
imately the bath entropy is just the summation of the entropy
of each DoF, Sy(t) ~ > S[0sn(t)], Where g3, is the re-
duced density state of a certain DoF in the bath. Further, the
open system plus the bath as a whole isolated system follows
the unitary evolution, thus the entropy Sz of the full system
does not change with time. Thus, the changing rate of the total
correlation gives

d d d

1dQ
ZC= (S + S -

Ssp) =~ gSs “Ta >0, A7
which returns the irreversible entropy production in the stan-
dard thermodynamics [20-22]. In this sense, the second law
statement that the irreversible entropy keeps increasing could
be equivalently understood as the increase of total correlation in
this whole system [1, 20, 33-39]. If the correlation between the
different DoF inside the bath is significant, corrections should
be considered [40].

Another analogy with the standard thermodynamics is the
Boltzmann entropy increase in an isolated classical gas com-
posed of N particles with weak collisions. Since the full en-
semble state p(P, @) of the N-body system follows the Liou-
ville theorem, its Gibbs entropy [19, 22],

Salp(P, Q)] = — / d*Npd*N g pIn p, (18)

never changes with time. One the other hand, the dynamics
of the single particle probability distribution function (PDF)
0n(Pn,Xn) can be described by the Boltzmann equation. Ac-
cording to the Boltzmann H theorem [41], because of the
particle collisions the PDF g, (p,,x,) of each single par-
ticle always approaches the Maxwell-Boltzmann distribution
(~ exp[—E(pn, Xn)/ksT)) as the steady state, with its entropy
increasing monotonically. Notice that the single-particle PDF
0n(Pn,Xn) is a marginal distribution of the full ensemble state
p(}s, Q) which is obtained by averaging out all the other par-
ticles. In this case the total correlation of the N particle gas
is

C= Z SG[Q77,(pn7Xn)] - SG[p(ﬁa @)]7 (19)

which sums up the entropy of all the IV single particle PDF,
and Sg [p(ﬁ, Q)] always keeps a constant during the evolu-
tion. Therefore, it turns out the increase of the total corre-
lation 6C(t) is just equal to the total Boltzmann entropy in-
crease of the N particle gas. Therefore, the total correlation re-
duces to the entropy production in the standard thermodynam-
ics [19, 22, 42, 43].

In practice, usually it is the partial information (e.g., marginal
distribution, few-body observable expectations) that is directly
accessible to our observation. Indeed most macroscopic ther-
modynamic quantities are obtained only from such partial in-
formation like the one-body distribution, which exhibits irre-
versible behaviors. In practical measurements, the dynamics of

the full many body state is quite difficult to be measured di-
rectly. In this sense, the reversibility of microscopic dynamics
and the macroscopic irreversibility coincide with each other.

6. Conclusion

Here we consider the nonequilibrium dynamics in an isolated
N-body system with Ising interaction. During the unitary evo-
lution, without applying time average, the full N-body state
always keeps a constant entropy, and the entropy of each single
site increases and decreases from time to time. In comparison,
the dynamics of the local observables exhibit local relaxation
behavior, which is similar as the macroscopic thermodynamics.
Due to the finite system size, recurrences appears in the local
relaxations which roots from the superposition with the prop-
agation regathered back. The total correlation approximately
exhibits a monotonic increasing behavior, which is similar to
the irreversible entropy increase in the standard thermodynam-
ics. Even for the strong coupling situation where the total ex-
citation has violent fluctuations, the total excitation exhibits an
explicit converging behavior until the recurrence happens.We
also show that in most common physical conditions, the cor-
relational entropy production could reduce to the standard en-
tropy production based on the thermal entropy. In this sense,
the correlational entropy production is a well generalization for
the standard entropy production.
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