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A variational method for studying the ground state of strongly interacting quantum many-body bosonic sys-
tems is presented. Our approach constructs a class of extensive variational non-Gaussian wavefunctions which
extend Gaussian states by means of nonlinear canonical transformations (NLCT) on the fields of the theory
under consideration. We illustrate this method with the one dimensional Bose-Hubbard model for which the
proposal presented here, provides a family of approximate ground states at arbitrarily large values of the inter-
action strength. We find that, for different values of the interaction, the non-Gaussian NLCT-trial states sensibly
improve the ground state energy estimation when the system is in the Mott phase.

I. INTRODUCTION

One of the major problems in many body physics is to un-
derstand the phenomena associated to strongly coupled sys-
tems. This includes a huge variety of effects ranging from
quark confinement to strongly correlated electron systems in
condensed matter physics. To do so, nonperturbative methods
are required. Many useful techniques such as path integral
approaches, large N expansions or numerical methods (such
as density matrix renormalization group or tensor networks)
have been developed to address these problems. While these
methods have successfully been applied to a broad range of
problems, the complexity of the theoretical proposals have ob-
scured the understanding of the physical phenomena. In this
sense, it is acknowledged that the use of variational methods
allow to tackle these problems to some extent in a relatively
simple way by means of variational wavefunctions. When it
comes to nonperturbative aspects, there are situations in which
the use of wavefunctionals exhibits clear advantages. For ex-
ample, path integral methods are especially suited to compute
quantities that have no perturbative contributions and can be
addressed through a saddle point approximation. Neverthe-
less, in case the observables of interest can receive both per-
turbative and nonperturbative contributions, the path integral
approach becomes more difficult [1].

Choosing appropriate variational wavefunctions for a
strongly interacting many body system is a challenging is-
sue [2]. Firstly, one has the problem of the generality of the
trial state. Namely, the trial state should be general enough
to capture the most salient physical features of the phenom-
ena. Due to the enormous size of the Hilbert space in a
many body system, it is very difficult to identify by mere in-
tuition the relevant features that have to be grasped by the
ansatz. Thus, a systematic method to build them would be
desirable. Secondly, one must face the problem of calculabil-
ity. Even possessing a reasonable and flexible ansatz for the
wavefunctional, one wants to evaluate expectation values of
operators/observables of interest in this state which, in gen-
eral, will be challenging. Given the very limited ability to
evaluate expectation values with non-Gaussian wavefunction-
als, the calculability requirement on the trial wave functional
has constrained the form of the trial wavefunctionals to Gaus-

sian states.

Gaussian states are given by the exponentials of quadratic
functionals of creation and annihilation operators of the fun-
damental fields of the theory under consideration. The expec-
tation values of physical observables can be efficiently com-
puted for these states [3], which obey Wick’s theorem, thus
allowing to express expectation values of arbitrary products
of mode operators in terms of products of pairs [4]. Gaus-
sian approximations as the Hartree—Fock—Bogoliubov one are
used to approximate the dynamics of interacting bosons [5, 6].
While Gaussian states represent the exact ground state in non-
interacting systems, they have some important limitations in
capturing phenomena related to interacting systems. There-
fore, it is interesting to extend those ansatze to non-Gaussian
generalizations. Given, however, the very limited ability to
evaluate expectation values with non-Gaussian wavefunction-
als, the calculability requirement on the trial wave functional
is typically restricted to the form of the trial wavefunctionals
to Gaussian states.

Finally, one must address the problem of the ultraviolet
modes. The main objective of a variational calculation in a
strongly interacting system is to obtain the correct configura-
tion for the low momentum modes of the field in the vacuum
wavefunctional. Due to the interaction between the high and
low momentum modes in an interacting system it is thus de-
sirable to have a method that yields variational parameters that
optimally integrate out the effects of high energy modes into
the low energy physics.

In this work, following the pioneering works [7-9] we
develop a class of variational non-Gaussian wavefunctions
which extend Gaussian states by means of nonlinear canon-
ical transformations (NLCT) on the fields of the theory under
consideration. The presented scheme is self-consistent and
requires no other assumptions than the choice of a NLCT-
variational manifold. These variational wavefunctions, has
been shown to possess strong entanglement between the mi-
croscopic degrees of freedom [10], while retaining most of
the calculability of Gaussian wavefunctions. There exist sev-
eral related methods, like the cluster expansion [ 1, 12], the
t-expansion [13], and the d-expansion [14], which, even go-
ing (slightly) beyond the Gaussian ansatz, they yield expec-
tation values that cannot be exactly calculated and have to be



approximated by additional series expansions.

We illustrate the NLCT method with the Bose-Hubbard
model in one dimension. Our approach provides a family of
approximate ground states at arbitrarily large values of the in-
teraction strength. Quantum interacting bosons in 1D provide
an exciting area where condensed matter, low-temperature,
and ultracold atomic converge. The Bose-Hubbard (BH)
model describes a system of interacting spinless bosons on
the lattice. This model provides a theoretical description of
interacting cold atoms in optical lattices [15, 16]. Besides,
some numerical solutions exist for the BH model, that allows
us to benchmark our non-Gaussian ansatze [15].

In line with our approach, in Ref. [17], authors built non-
Gaussian wavefunctions for many body systems in the lattice
using a set of unitary transformations on Gaussian states. The
nature of the transformation depends on the theory under con-
sideration. Its general form was inspired by canonical trans-
formations in condensed matter physics, such as the polaron
transformations in electron-phonon systems and flux attach-
ment in FQHE. While the construction in [17] may work for
mixed boson-fermion systems, it offers a very limited class
on purely non-Gaussian bosonic states. This is due to the
challenge posed by what we call the truncation problem for
bosons that will be discussed later in this paper.

In the context of high energy physics, NLCT-wavefunctions
have been recently used to build a nonperturbative version of
continuous entanglement renormalization tensor networks in
order to explore connections between tensor networks and the
AdS/CFT holographic correspondence [18-20]. The tensor
network circuit there, implements a series of scale-dependent
NLCT. It was shown that the leading contribution to the entan-
glement entropy, comes from the Gaussian part of the ansatz
and are always related to the leading area term in the holo-
graphic calculation. On the other hand, the subleading contri-
butions are given by the non-Gaussian part of the ansatz and
are related with quantum corrections to the holographic entan-
glement entropy.

The paper is structured as follows: A description of the
NLCT transformation method and some technical aspects, as
the calculation of expectation values, are presented in Section
II. In Section III we introduce the 1D Bose-Hubbard model
and briefly review the variational approach to its ground state
using Gaussian states (Gaussian Variational Approach, GVA).
In Section IV we detail the calculation of the energy expecta-
tion value for the BH Hamiltonian in a concrete NLCT-Non-
Gaussian state. We discuss on the suitability of this choice
of NLCT-state for the problem at hand and provide expres-
sions for the energy functional that will be subsequently opti-
mized. Section V details the optimization of the ground state
energy functional and the results where, our approximation to
the ground state of the 1D Bose-Hubbard model for arbitrarily
large values of the interaction strength, shows a sensible im-
provement on the estimation of the ground state energy with
respect to the Gaussian case, especially when the system is in
the Mott phase. We finish with a discussion on the results and
an outlook in Section VI.

II. NON GAUSSIAN VARIATIONAL ANSATZ

In a bosonic QFT on a lattice, let us consider a normalized
Gaussian variational wavefunctional

1
Y1) =Nexp (22b,§Ak,b,> , (1)
k,l

where the creation and annihilation operators for the bosonic
modes are denoted by bz and by respectively such that
[b;“bz,] = &, and Ay is a matrix depending on the varia-
tional parameters A. Then, extensive non-Gaussian trial wave-
functions can be non-perturbatively built as

(A, h))nG = U(h) [¥(A)) = exp(B(h)) [¥(A))c, (2)

with U(h) = exp(B(h)), and B(h)" = —B(h) an anti-
Hermitian non-quadratic operator (in terms of bz and by, ) that
non-perturbatively adds new variational parameters labelled
by & to those A defining |¥(1))g.

The exponential nature of U ensures the correct extensive
volume dependence of observables and specifically the total
energy of the system. As U is unitary, the normalization of
the state is not affected. It is straightforward to see that the ex-
pectation value of any operator O with |¥(A4,h))nc = [¥)nG
amounts to the calculation of a Gaussian expectation value for
the transformed operator O=utou,

(P|0|¥)nG = (P|0]¥)g . 3)

In principle, for bosonic systems, both in finite and infinite
lattices, any non-quadratic choice for B (%), while leading to
a non-Gaussian trial state, it induces an infinite commutator
expansion via the Hadamard’s lemma

) adp _ - (_l)l’l
O =M O_,;) _ [B,0], , €]
[3,0],=[B[B,---0]] . (5)
N——

ntimes

This spoils any possibility on having an ansatz with finite
calculability properties as any computation of an expectation
value, amounts to the evaluation of an infinite series of Gaus-
sian expectation values. This is what we call the truncation
problem. In fermionic systems in finite lattices, this basic
problem is alleviated by the anticonmuting nature of its oper-
ator algebra. Namely, for a non-quadratic fermionic operator
F(n),

exp[F(h)] , (6)

has only a finite number of terms in its formal power expan-
sion series or, equivalently, [F,0], = 0 at least for n > N,
with N the number of sites in the lattice. This of course
does not ensure that any further structure is needed in order to
find fermionic ansatze with nice calculability properties (see
[19] for examples in fermionic field theory), but it is worth to
mention that the truncation problem is especially ill-posed in
bosonic systems.



Remarkably, the method presented here, provides an ansatz
for bosonic systems that automatically implements a control-
lable truncation in Eq.(5). This reduces the calculation of ex-
pectation values of operators to a finite number of Gaussian
expectation values. The operator B consists of a product of
bosonic operators 7’s and @’s, which is given by

B= _5/ Rpgy g Top Pqy - - g Op,— g » )
p:iai}

with ¢ = % (bk+bik), = ﬁ (b_kfbik) in such a
way that [@, ] = i _p and m € N. We will denote these
operators from here in advance symbolically as B = w¢™.
Here, s is a variational parameter that tracks the deviation of
any observable from the Gaussian case. hp g, .. 4, 1S a varia-
tional function that must be optimized upon energy minimiza-
tion. It is symmetric w.r.t. exchange of ¢;’s and is constrained
to satisfy:

hpgiran =0, P=4di, (8
R gt rem X gy = 0

These conditions ensure that the commutator series (5)

J

terminates after the first nontrivial term. Namely, the con-
straints in (9) are the responsible for this truncation when the
Hadamard’s lemma is applied. The action of U on the canon-
ical field operators ¢y and 7 is given by

G =U U=y +5Ps, 9)
ﬁkEuTnkuan—sHk,

where @, I, are defined as the nonlinear field functions,

D = .hkm,---,qm Pg1 -+ P, 51%241 ’
qi (10)
Iy =m /q_hql’k,,,,,qm g, ¢q2¢qm6p,):qi :

Being U unitary, the canonical commutation relations (CCR)
still hold under the nonlinear transformation of the fields,
giving [§,,7,] = i8,_,. For this reason, the above trans-
formations are known as nonlinear canonical transformations
(NLCT).

Regarding observables, it is of particular interest to con-
sider n-point correlation functions <¢k1 P, > ~gG- Toevaluate
this, we use (9) and (10), to obtain

Ok O ) g = (B Ok, +5 [(Pry By B ) -+ (B Ok, P, )| (11)
+s2 [<¢k1¢k2¢k3"'¢k,,>+"'+<¢k1 ...q;kHcpkn>] g <<I>k1 ...cpkn> ,

where (---) refers to a an expectation value taken w.r.t. the
Gaussian state. That is to say, the calculability of the ansatz al-
lows us to compute the expectation value of observables such
as correlation functions in terms of a finite number of Gaus-
sian expectation values. In particular, the terms proportional
to s/ in the non-Gaussian n-point correlation function cor-
respond to (n+m(j— 1))-point Gaussian correlators, where
j=20,...,n and m is the power associated to the operator
B =mp™.

III. GAUSSIAN VARIATIONAL APPROACH TO THE BH
MODEL

The Bose-Hubbard model describes a system of interact-
ing spinless bosons on the lattice. It is a theoretical descrip-
tion in a wide variety of contexts such as interacting ultracold
atoms in optical lattices, *He in various confined geometries
and granular superconductors [21]. Its Hamiltonian in 1D is
given by:

U
Hgy = —t Z (b;rbj—l—bib;) + EZ(H,’(?’!Z’— 1)) —,UZI’Z,'.
<ij> G i
(12)
Here, < i,j > denotes nearest neighbours, [bi,b;] = §;j and
n; = bjb,- is the number operator. In the first term, the kinetic

(

energy, ¢ is the hopping amplitude. The second term stands for
the on-site interaction with repulsion strength U (> 0). For
convenience, we include the chemical potential, u.

The dynamics of the BH model is given by the interplay be-
tween boson tunneling (with amplitude ¢), and the repulsion
between two bosons on the same site (of energy U). At fixed
density, for small U /¢, the bosons can be considered as nearly
free, so at low temperatures 7 they condense into a superfluid
with macroscopic occupation of the zero momentum single-
particle state. In the opposite limit of large U /¢, the repulsion
between the bosons localizes them into a Mott insulator. The
Mott insulator is a state adiabatically connected to the product
state with one boson in each potential minimum of the lattice.
Interestingly, there is a second order quantum phase transition
between these states which occurs at a critical value of U /t.
This transition is driven by phase fluctuations and belongs to
the XY universality class. In addition, there is another univer-
sality class for the Mott transition. A transition that occurs by
changing the chemical potential (density), which is driven by
density fluctuations and belongs to the mean-field universality
class [15, 22].

Here we discuss the Gaussian varational ansatze (GVA) for
the BH model in D = 1. For that, it is convenient to write the



Hamiltonian in momentum space:
H= Zskb bk+2N Z bk+q | bkby (13)

where by = —= ¥, e *ib;, with [by,b},] = & and
/ l j k
27k
£k:—2tcos7—u, (14)

refers to the (non-interacting) dispersion relation with N the
number of lattice sites. The generalization to D > 1 is trivial.

The GVA is based on building a Gaussian variational trial
state given by

[¥(4:Bo))c =UglQ) , (15)

with |Q) being the trivial vacuum by |Q) = 0 and

D(Bo) 8(4) . (16)

Here S a squeezed operator and D a displacement operator
(which accounts for boson condensation in the broken sym-
metry phase) given by

Us =

S(1) = exp (;sz(b*kb,ib_kbk)> . a17)
k
D(Bo) =exp (ﬁo(bg —bo)) -

We note that 8(A) is particular case of Eq. (1) where Ay; is
diagonal in the mode basis with Ag; = Ay 6y,0. The unitary
transformation in (15) yields a canonical linear transformation
(Bogoliubov transformation) on the field operators given by

UgbL U = web) —vib_ + 8ioPo (18)

where 1y, = cosh(4;) and v, = sinh(A;) The GVA amounts to
finding the optimal variational parameters that minimize the
ground state energy, that is

&6 = min {€(po. 1) = (QUSHUGID)} . (19)

Bos Ak

with

€6(Po,A) = &g + Y &vi (20)
k
U
+ N [(Zukvk)z + 2(2\1,%)2 +4B022v,%
k k k
283 L o+ B
k

upon which a numerical minimization must be carried out. It
is, however, instructive to consider some previous analysis.
By setting A; = 0, we obtain a coherent state ansantz (S(1) =
1). In this case, the energy is minimized for |fy| equal to

Bo :==+/—&N/U, 2n

leading to the expectation value

&N
Egey = (BslH|Bg) = |ﬁ0| = 2U - (22
While the Gaussian ansatz (15) nicely captures some fea-
tures of the BH ground state in the superfluid phase. the (15)
wavefunction fails to capture the essential features of the Mott
insulating phase. At zero order in ¢/U in the Gutzwiller ap-
proximation [23], the Mott-phase wavefunction is given by

6‘0\[30‘ +

1
:IEW

which it is obviously a non-Gaussian state (ng is the number
of bosons on each site).

(b)), (23)

| lPMott

IV. NLCT-WAVEFUNCTIONS FOR THE THE
BOSE-HUBBARD MODEL

Given the discussion above, here we apply the NLCT de-
noted by B = m¢> to the BH model. Before entering into
many details, we discuss on the suitability of this choice for
the problem at hand.

The low energy physics in the vicinity of the critical point
between the superfluid and Mott insulator driven by the ratio
t/U is described by a quantum field theory with an emergent
Lorentz invariant structure [24]. In this low energy effective
theory, the speed of ‘light’, ¢, is given by the speed of sound in
the superfluid phase. In terms of the long-wavelength boson
annihilation operator y, the Euclidean time action for the field
theory is given by the quartic self-interacting scalar theory

S— / dtdx (oY P+ oy +wlyPHulyl) . (24)

where u is the coupling which tunes the system across the
quantum phase transition at some u = u.. For u > u,, which
corresponds to the Mott insulator, the field theory has a mass
gap and no symmetry is broken. The gapped particle and anti-
particle states associated with the field operator ¥ correspond
to the ‘particle’ and ‘hole’ excitations of the Mott insulator.
These can be used as a starting point for a quasiparticle theory
of the dynamics of the Mott insulator. The other phase with
u < u. corresponds to the superfluid where the global U(1)
symmetry of S is broken and a quasiclassical Gaussian theory
of the superfluid phase is possible.

This phase transition in the y* theory has been investigated
through NLCT. More concretely, the B = 7 ¢ has first been
used in [7-9],and lately in the context of continuous tensor
networks [18, 19] and holography [20]. It is thus sensible to
apply this transformation to our problem, by remarking that
the choice for different transformations must include a justifi-
cation for the regimes of the theory one is interested to study.
Furthermore, let us elaborate on the effect of the NLCT trans-
formation on wavefunctionals. In [8, 19] it is shown that U
generates a translation of the argument in the configuration
space of the theory that symbolically reads

Yol = Y6l —sP] = V5[ —sP], (25)



with @ = h¢?. In compact notation, writing Wg[9] =
exp[—4(¢ -G ' - ¢)], with G™! the Gaussian kernel defin-
ing the correlation matrix of Gaussian states, the above iden-
tity can be cast as

Frclo] =exp| - 3(0-50)- 6 (0-s®)| o

—ep[ 3067 0)-25(0 G @)
2 (@G -cp)}

from which one immediately infers that the new wavefunc-
tional has been enhanced with variational skewness and kur-
tosis terms (the term proportional to s and s> respectively)
that cannot be captured by a Gaussian ansatz. For esxample,
in [25], these terms have been characterized under different
regimes of the Bose-Hubbard model.

The bosonic field transformation (9) is explicitly given by

q)k = hkp][lz ¢p1 ¢pz X 6]£7p1+p27a (27)

e = —2hp kp, Tp, Pp, ¥ 6k7P1+P2 )

where a summation index convention is assumed. In order
to proceed it is convenient to provide an ansatz for the varia-
tional parameters £, 4, 4, that fulfills the truncation constraints
in (9). This can be easily achieved by taking the decomposi-
tion

=n(p)-¢(q1)-E(q2),

where it is imposed that 11(p) - {(p) = 0, i.e., the domains of
momenta, where 7 and § are different from zero have to be
disjoint, up to sets of measure zero. A suitable ansatz for n
and { is given by

n(p) =T((p/M1)?),

§lai) = [TC((A1/4)*) —T((A2/a1)%)] -
where Ay and A;, are variationally optimized, coupling de-
pendent momentum cutoffs and I'(x) = @(1 — |x|), with ® the

Heaviside step function.
With this, our objective is to compute

Eng = min {Exa(o Ah) = (PIUTHU¥)nG ) -
057

hp,ql g2 (28)

(29)

(30)

To facilitate the task we describe, below, the calculation of the
energy with the non-Gaussian ansatz on a term-by-term basis.

A. Kinetic Term.

For the kinetic term we obtain

ENG = Zsk (<b;£bk> + 57 <Bsz>> = ghin -‘rSZZSk <BZB,<>
k
(3D
where EKN = g7 + ¥, &7 and
1 1
By=—(Pp+illy), Bl=—(P_,—illy). (32
k \@( e+ illy) i 2( k k) (32)

After a lengthy albeit straightforward calculation the result
for the kinetic term can be written as

ENG = E6" +5 202+ &ox?) (33)
=e0(Bg+521) + Y &vi +25° 12,
k
where, defining G, = % exp (—24), x; are given by
X1 = Zho,p,p Gp ) (34)
p
2 Gy
X2:Z£P+‘I p+qqu Gy +8hpp+qu - 35
P
B. Interaction Term.
For the interaction term, we obtain
il il
<bk+rbl rbkbl> Vo <bk+rbl rbkbl> (36)
+S2{<B;€+r _rbkbl> <Bk_,’_rbT Bkb[>

<k+rbl ,kaz> <bk . erbl>
(bl B b8+ (5] b B8]

+s <BZ Bl BkB,> .

As it will be justified below, our calculations will be carried
out in such a way that s> > s* notwithstanding that a large
value of the interaction strength U can be taken. Due to this,
the 8}{,‘(3 will take the form

: : U
gt —¢eint 4 2 ﬁzmt, (37)
where
: U
€8 = u[(Cuw’ <2 +48 0% 69)
k k k
283 Y o+ B
k
and
Zine =Zo+ X1 Z1 + 27 2s. (39)

The explicit expressions for the X’s in terms of the variational
parameters are rather lengthy so we refer the reader to Ap-
pendix to find them.

C. Final expression

At this point, and following [8] it is convenient to write
the non-Gaussian energy density in terms of a different set of
variables. To this end, we note that after the transformation
792, (bx)ng = Bo+ 521 depends on several parameters of the



ansatz. We define a new parameter Y, = s, and, thus, one of
the original variables can be eliminated. The resulting energy
density is in general different from the Gaussian case and can
be written as

U
Eng =Eg +2S2)Q + 111380 + N |:S220 +sy.X; + 1[1322} .
(40)
From this last expression it is straightforward to find an opti-

mal s for a fixed value of Y, and optimized values of A; and
A by,

d U U
E(SNG C=4S){2+2ﬁSZO+ﬁ1[ICZ1=O, )
o (wpnE
222+ (U/2N)Zg)

Analogously, it is possible to find a set of equations for finding
the optimal values of the variational parameters A; and A; by

d
—¢ =0. 42
Iicrgrg v 2

In the case of the 2¢* theory these are a kind of Fredholm
integral equations [9] that can be solved numerically. In our
case the equations are rather involved so we use an alternative
numerical procedure to find the optimal values. This will be
described in the next section.

V. RESULTS

We carry out the optimization of the ground state energy
functional in (40) following the lines exposed in [7, 8, 19].
This consists in obtaining the variational parameters of the

J

U
Eng = 8GN+2s2a2Ma2 +b2M80+ N

where &g is the energy density of the Gaussian ansatz. In order
to get further insights, we use that, after optimizing the energy

J

ansatz in two consecutive steps. First, we optimize the Gaus-
sian ansatz to obtain the optimal 3y, A parameters. Once these
parameters are obtained, they are fixed in order to carry out
the optimization of the non-Gaussian parameters in a separate
fashion, that is,

81\/(;()”]’1) — EN(;()u;h) = 8(;(1)-%58()‘;/1), 43)
where 58(1;]1) = 58(1;)(,2) = §E&(A;A1, Ay). To further
simplify the process, we fix A, to its maximum allowed value
of 2w(N — 1) /N leaving the parameter A; (which can take val-
ues from 0 to 27t(N — 1) /N) as the only one parameter needed
to determine the ground state energy.

After carrying out the optimization procedure described
above, we note that the x’s and X’s in (40), directly depend
on the total number M of non-linearly modified modes ¢. In-
tuitively, this means that /. ,, , weighs how much a low energy
mode ¢ (with & < Ay) is modified by high energy modes ¢,
and ¢, (with Ay < p, g <Ay). According to our ansatz, a given
value, for instance, the optimal value of the variational param-
eter Ay, defines the total amount of the non-linearly modified
modes as M = (A /2m) N < N.

Following [26], such dependence can be written as

XN=aM®, To=coM®, (44)

Yi=c MM, Yr=coM"”,
where ay,co,c; and ¢ are slowly varying functions of #,U
and u. Given the definition of the independent parameter Y,
that is, a non Gaussian correction to the Gaussian conden-
sate, in terms of Y, it is sensible to assume that y, = bM 172,
That is to say, assuming that b is an O(1) constant, the non-
Gaussian correction to the condensate value is proportional to
M'/% in such a way that its correction to the energy density is
o< l//3 ~ M. Consequently, we obtain

[COSZMVO+bclsM71+1/2+bzczM72+l} , (45)

(

functional (40), a numerical analysis yields ap =y =0, 1 =
» =1, as,c1,cp <0and ¢y > 0 which leaves

U
ENGzEGN+2s2a2+b2M80+ﬁ cos2M+bc1le/2+b262M2 , (46)
_ UbC] 1/2
= — M'/“. 47
T T 8Nay 12U coM) “7)

Thus, defining z = A1 /2, in the limit where z < 1. i.e., for

(

M < N ,the optimal s can be written as

__U (ba __a
S=-ox (4@)\/1\71_ N\/M. (48)



This result implies that our truncated estimate of the ground
J

— =&+ 2x — bl — e+ —=
N G+ ap N + N o+2

More explicitly, for u > 0, the leading contributions to the
variation of the energy density estimation w.r.t. the Gaussian
case reads

i]—g:bzz[ewr%czz] <0, (50)
S ul(5)+ ()5 o

The last expression allows us to make some specific quan-
titative predictions for the behaviour of the ansatz at different
points of the phase diagram. For instance, for a fixed r /U < 1,
one might expect that

o0& 2 lea]
-~ bz [u U (52)

With Eq. (40), we compute the predictions of our ansatz
for the ground state energy density. The performance of our
method is tested by comparing this quantity with the ones ob-
tained through a Coherent state, a Gaussian state and DMRG
[27] (see Fig. 1). Both the energy densities obtained through a
coherent and a Gaussian state are higher than the DMRG one,
especially as one deeps into the MI phase. While, the Gaus-
sian variational family provides a consistent class to approxi-
mate the ground state of the Bose-Hubbard model in the super-
fluid phase, our non-Gaussian approach is capable of both, i)
providing a consistent non-perturbative (U-independent) trun-
cation of the bosonic operator growth under a non-Gaussian
transformation and ii) predicting a much better approxima-
tion to the ground state energy than previous methods. This
is quite manifest in the MI phase, where the energy estima-
tion improvement over the Gaussian ansatz is qualitatively ex-
plained by (52). Remarkably, the non-Gaussian ansatz perfor-
mance on the superfluid phase equals the one obtained by the
Gaussian ansatz, as far as the fraction of non-linearly modified
modes z ~ 0 in this phase.

We also show in Fig. 2 the energy density computed
through the NLCT-ansatz, for varying ¢/U with u fixed. The
numerical results show agreement with the qualitative predic-
tions yielded by (51) and with results in [25] where authors
employed a high-order perturbative expansion to characterize
the ground state of the Mott phase of the 1D Bose—Hubbard
model.

Results in Fig (1) and Fig (2) are shown for a total lattice
sites N = 32. We have numerically checked that the results
are similar for larger values of N (N = 128, N = 512). This
might be expected in terms of Eq. (51). There, the improve-
ment over the Gaussian prediction is given in terms of the ratio

state energy at order s is justified and can be written as

(49)
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Figure 1. Ground state energies with respect to [l. For N = 32 and
t = 1, we compare the performance of our approach with a Coherent
state and the Gaussian state for weak and strong interaction strengths
U =1 and U = 20 respectively. DMRG results were taken from
[27] where authors computed the energy density for finite systems
with open boundary conditions and then extrapolated to the thermo-
dynamic limit.
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Figure 2. Ground state energy with respect to t/U. For N =32,U =
20, 1 = 2, we compare the energy density predictions for the Bose-
Hubbard model for fixed y as a function of 7/U.

z=M/N. This is uniquely determined by a variational param-
eter A; which only depends on the point of the phase diagram
under consideration. In our simulations, in the Mott phase, A;
has been established to have an average value of 27t/5 which
implies that M ~ N/5. This fixes Wy, = b\/N/5|ny=32~ 3.0,
Ve = b\/N/5|n=128~ 6.0 and W, = b\/N/5|y=s12~ 12.0.
Here, we have used that b ~ O(1) parameter. Thus, numerical
results based on a construction of the wavefunction ansatz that
is fully non-perturbative, strongly suggests that our method
accurately approximates ground state energy per lattice site
across the critical point.



VI. DISCUSSION AND OUTLOOK

In this work, we have used a class of variational non-
Gaussian wavefunctions which extend Gaussian states by
means of NLCT. This technique was proposed as a variational
non-perturbative method to study phase transitions in QFT [7—

, 26] and has been recently developed for building controlled
settings to study the AdS/CFT holographic duality through
tensor networks [10, 18-20]. Here, the NLCT-wavefunction
method has been applied to the 1D-Bose-Hubbard model. We
obtain a family of approximate ground states for arbitrarily
large values of the interaction strength. Our results show that
a particular class of these states is able to sensibly improve the
ground state energy estimation when the system is in the Mott
phase [27].

We have used the ground state energy as a test-bed to
benchmark the validity of the NLCT approach. It has been
left as a future problem to address, to what extent the full non-
perturbative structure of the ground state of the BH model is
being captured by our concrete ansatz. This connects with
the question of choosing the most appropiate non-Gaussian
operator B = w¢". The study of connected correlation func-
tions, which can be systematically addressed through Eq. (11)
(see [19, 20]) might shed light on this. This amounts to quan-
tify the skewness and kurtosis [25] of the system in different
regimes and compare them with our ansatz. An additional
benchmark to test the NLCT-ansatz is the prediction of the
critical point (¢/U)|ci for the superfluid-Mott insulator tran-
sition. For this, it is necessary to perform the explicit eval-
uation of the s*-term in the ground state energy functional,
Eq. (40). This procedure has been used in the A ¢* theory
[8] (see reference [28] for a comparison with other methods
including tensor networks). For the BH model in particular,
a comparison with [29] and [30]) might further help to elu-
cidate to which extent our ansatz covers the non-perturbative
structure of the BH ground state.

Another interesting possibility offered by our method is
given by the translational effect on the wavefunctional argu-
ment exhibited in (25) and which has been partially explored
in [10, 20, 31]. Given the calculability bonanza shown by the
variational ansatze used in this paper, it is possible to com-

J

250 =T, (Z(ﬁk 1) — v — vk) +TY (ﬁk (@ — 1)) +T7, <7vkvq + (v + uqvk)) 0,

+ qu(? (9vkvq + (ugvg — ugv) + ukuq) + l'fk()q) (3vkvq — Upvg + ugug + vkuq) +Pka) (13vkvq + upug — uqvk)

Y= YW ugvg + 3Yp(q)vkvq +YPka) (10vkvq +vgVi — 8vug — 6ukvq)

(q) (k)

4%, — (4(ak 1) 4ukvk>

where we have introduced the shorthand notation

Yo = hiomnCly) YO crim,

(m) (m)> (A4)

= hler,l,m

pute the entanglement entropy of arbitrary regions in the BH
ground state by using the prescription for the ground state of
free theories. In free theories, the entanglement entropy is
fully determined by the two-point correlation functions. For
the interacting case, it is shown that non-Gaussian contribu-
tions to the entanglement entropy can be obtained through
a Gaussian prescription by replacing the Gaussian two point
functions by their non-Gaussian counterparts obtained by the
NLCT method [10].

Finally, it is worth to mention possible extensions of
the NLCT formalism to study out-of-equilibrium interacting
bosons. Specifically, it is interesting to understand how those
systems respond to quenches. Extending the NLCT-procedure
would allow us to study the spreading of correlations and en-
tanglement in the strongly interacting regime of the Bose-
Hubbard model [32, 33]. As the GVA possesses a well de-
fined time-dependent extension, we expect that the structure
of wavefunctions built from NLCT could help to establish a
well defined extension of the non-Gaussian ansatze treated
here in order to address these problems in the future.
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Appendix: Explicit form of ¥ terms

For notational convenience we denote ii;, = v% + u% and the
index summation Zk, P is assumed. With this, after a cumber-
some albeit straightforward calculation, we have,

(A.1)
(A2)
(A.3)
[
Ui = Almhl2+m,l,m ) F;n = A?rl//llz.,l—O—m,m (A.5)
Im Ir r r
F£ ) = hr,l+m,lhr,r+mm@£ ") ) F(lm) = hl+r,r,lhm,r+m,r(c(1m)
r(l r(l
F(Eni = hk+l,r,lhm,r+m,rc(,(n)) ) Fr(lm) = hl+r,r,lhr+m,r,m(cr(lm)



and

Ay =GIGy, Af'= G (A.6)
G
(im) _ V GGy, o G,
(Cr - Gr ’ (CZ]m)

[1] M. Moshe and J. Zinn-Justin, Quantum field theory in the large
n limit: A review, Physics Reports 385, 69 (2003).

[2] I.I. Kogan and A. Kovner, Variational approach to the qcd wave
functional: Dynamical mass generation and confinement, Phys-
ical Review D 52, 3719 (1995).

[3] J. Zinn-Justin, Quantum field theory and critical phenomena,
Int. Ser. Monogr. Phys. 92, 1 (1996).

[4] G. C. Wick, The evaluation of the collision matrix, Phys. Rev.
80, 268 (1950).

[5] F. Quijandria, U. Naether, D. Porras, J. J. Garcia-Ripoll, and
D. Zueco, The bose-hubbard model with squeezed dissipation,
Journal of Physics B: Atomic, Molecular and Optical Physics
48, 055302 (2015).

[6] U. Naether, F. Quijandria, J. J. Garcia-Ripoll, and D. Zueco,
Stationary discrete solitons in a driven dissipative bose-hubbard
chain, Phys. Rev. A 91, 033823 (2015).

[7] L. Polley and U. Ritschel, Second-order phase transition in
Ag24 with non-gaussian variational approximation, Physics
Letters B 221, 44 (1989).

[8] U. Ritschel, Improved effective potential by nonlinear canon-
ical transformations, Zeitschrift fiir Physik C Particles and
Fields 47, 457 (1990).

[9] R. Ibafiez-Meier, A. Mattingly, U. Ritschel, and P. M. Steven-
son, Variational calculations of the effective potential with non-
gaussian trial wave functionals, Physical Review D 45, 2893
(1992).

[10] J. J. Fernandez-Melgarejo and J. Molina-Vilaplana, Entangle-
ment entropy: Non-gaussian states and strong coupling, Journal
of High Energy Physics 2021, 106 (2021).

[11] C. S. Hsue, H. Kiimmel, and P. Ueberholz, Coupled clus-
ter description of field theories: Procedures and their appli-
cation to the vacuum sector in (1+1)-dimensional ${\ensure-
math{\phi}}f4}$ field theories, Physical Review D 32, 1435
(1985).

[12] D. Schiitte, Nonperturbative many-body techniques applied to
a yang-mills field theory, Physical Review D 31, 810 (1985).

[13] D. Horn and M. Weinstein, The $t$ expansion: A nonperturba-
tive analytic tool for hamiltonian systems, Physical Review D
30, 1256 (1984).

[14] C. M. Bender, K. A. Milton, M. Moshe, S. S. Pinsky, and
L. M. Simmons, Logarithmic approximations to polynomial la-
grangians, Physical Review Letters 58, 2615 (1987).

[15] M. A. Cazalilla, R. Citro, T. Giamarchi, E. Orignac, and
M. Rigol, One dimensional bosons: From condensed matter
systems to ultracold gases, Reviews of Modern Physics 83,
1405 (2011).

[16] K. V. Krutitsky, Ultracold bosons with short-range interaction
in regular optical lattices, Physics Reports Ultracold Bosons

with Short-Range Interaction in Regular Optical Lattices, 607,
1 (2016).

[17] T. Shi, E. Demler, and J. Ignacio Cirac, Variational study of
fermionic and bosonic systems with non-gaussian states: The-
ory and applications, Annals of Physics 390, 245 (2018).

[18] J. J. Fernindez-Melgarejo, J. Molina-Vilaplana, and
E. Torrente-Lujan, Entanglement renormalization for in-
teracting field theories, Physical Review D 100, 065025
(2019).

[19] J. Fernandez-Melgarejo and J. Molina-Vilaplana, Non-gaussian
entanglement renormalization for quantum fields, Journal of
High Energy Physics 2020, 149 (2020).

[20] J.]J. Fernandez-Melgarejo and J. Molina-Vilaplana, The large n
limit of icmera and holography, Journal of High Energy Physics
2022, 20 (2022).

[21] I Bloch, J. Dalibard, and W. Zwerger, Many-body physics with
ultracold gases, Reviews of Modern Physics 80, 885 (2008).

[22] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S. Fisher,
Boson localization and the superfluid-insulator transition, Phys-
ical Review B 40, 546 (1989).

[23] D. S. Rokhsar and B. G. Kotliar, Gutzwiller projection for
bosons, Physical Review B 44, 10328 (1991).

[24] S. Sachdev, Quantum phase transitions, second ed. ed. (Cam-
bridge University Press, Cambridge, 2011).

[25] B. Damski and J. Zakrzewski, Properties of the one-
dimensional bose—hubbard model from a high-order perturba-
tive expansion, New Journal of Physics 17, 125010 (2015).

[26] U. Ritschel, Instability of autonomous A3+14, Physics Letters
B 227,251 (1989).

[27] T. Guaita, L. Hackl, T. Shi, C. Hubig, E. Demler, and J. L.
Cirac, Gaussian time-dependent variational principle for the
bose-hubbard model, Physical Review B 100, 094529 (2019).

[28] A. Milsted, J. Haegeman, and T. J. Osborne, Matrix product
states and variational methods applied to critical quantum field
theory, Physical Review D 88, 085030 (2013).

[29] S. Ejima, H. Fehske, F. Gebhard, K. zu Minster, M. Knap,
E. Arrigoni, and W. von der Linden, Characterization of mott-
insulating and superfluid phases in the one-dimensional bose-
hubbard model, Physical Review A 85, 053644 (2012).

[30] J. Lindinger, A. Buchleitner, and A. Rodriguez, Many-body
multifractality throughout bosonic superfluid and mott insula-
tor phases, Physical Review Letters 122, 106603 (2019).

[31] Y. Chen, L. Hackl, R. Kunjwal, H. Moradi, Y. K. Yazdi, and
M. Zilhdo, Towards spacetime entanglement entropy for in-
teracting theories, Journal of High Energy Physics 2020, 114
(2020).

[32] A.M. Liuchli and C. Kollath, Spreading of correlations and en-
tanglement after a quench in the one-dimensional bose—hubbard


https://doi.org/10.1016/S0370-1573(03)00263-1
https://doi.org/10.1103/PhysRevD.52.3719
https://doi.org/10.1103/PhysRevD.52.3719
https://doi.org/10.1103/PhysRev.80.268
https://doi.org/10.1103/PhysRev.80.268
https://doi.org/10.1088/0953-4075/48/5/055302
https://doi.org/10.1088/0953-4075/48/5/055302
https://doi.org/10.1103/PhysRevA.91.033823
https://doi.org/10.1016/0370-2693(89)90189-5
https://doi.org/10.1016/0370-2693(89)90189-5
https://doi.org/10.1007/BF01565867
https://doi.org/10.1007/BF01565867
https://doi.org/10.1103/PhysRevD.45.2893
https://doi.org/10.1103/PhysRevD.45.2893
https://doi.org/10.1007/JHEP02(2021)106
https://doi.org/10.1007/JHEP02(2021)106
https://doi.org/10.1103/PhysRevD.32.1435
https://doi.org/10.1103/PhysRevD.32.1435
https://doi.org/10.1103/PhysRevD.31.810
https://doi.org/10.1103/PhysRevD.30.1256
https://doi.org/10.1103/PhysRevD.30.1256
https://doi.org/10.1103/PhysRevLett.58.2615
https://doi.org/10.1103/RevModPhys.83.1405
https://doi.org/10.1103/RevModPhys.83.1405
https://doi.org/10.1016/j.physrep.2015.10.004
https://doi.org/10.1016/j.physrep.2015.10.004
https://doi.org/10.1016/j.physrep.2015.10.004
https://doi.org/10.1016/j.aop.2017.11.014
https://doi.org/10.1103/PhysRevD.100.065025
https://doi.org/10.1103/PhysRevD.100.065025
https://doi.org/10.1007/JHEP07(2020)149
https://doi.org/10.1007/JHEP07(2020)149
https://doi.org/10.1007/JHEP04(2022)020
https://doi.org/10.1007/JHEP04(2022)020
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/PhysRevB.40.546
https://doi.org/10.1103/PhysRevB.40.546
https://doi.org/10.1103/PhysRevB.44.10328
https://doi.org/10.1088/1367-2630/17/12/125010
https://doi.org/10.1016/S0370-2693(89)80031-0
https://doi.org/10.1016/S0370-2693(89)80031-0
https://doi.org/10.1103/PhysRevB.100.094529
https://doi.org/10.1103/PhysRevD.88.085030
https://doi.org/10.1103/PhysRevA.85.053644
https://doi.org/10.1103/PhysRevLett.122.106603
https://doi.org/10.1007/JHEP11(2020)114
https://doi.org/10.1007/JHEP11(2020)114

10

model, Journal of Statistical Mechanics: Theory and Experi- and thermalization in a diffusive quantum many-body system,
ment 2008, PO5018 (2008). New Journal of Physics 19, 063001 (2017).
[33] A. Bohrdt, C. B. Mendl, M. Endres, and M. Knap, Scrambling


https://doi.org/10.1088/1742-5468/2008/05/P05018
https://doi.org/10.1088/1742-5468/2008/05/P05018
https://doi.org/10.1088/1367-2630/aa719b

	Non-Gaussian Variational Wavefunctions for Interacting Bosons on the Lattice
	Abstract
	I Introduction
	II Non Gaussian Variational Ansatz
	III Gaussian Variational Approach to the BH model
	IV NLCT-Wavefunctions for the the Bose-Hubbard model
	A Kinetic Term.
	B Interaction Term.
	C Final expression

	V Results
	VI Discussion and Outlook
	 Acknowledgements
	 Explicit form of  terms
	 References


