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Quantum capacity of a deformed bosonic dephasing channel
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In this paper, using the notion of nonlinear coherent states, we define a deformed bosonic dephas-
ing channel modelling the impact of a Kerr medium on a quantum state, as it occurs, for instance,
in quantum communication based on optical fibers. We show that, in certain regimes, the Kerr
nonlinearity is able to compensate the dephasing. In addition, our studies reveal that the quantum
capacity of the deformed bosonic dephasing channel can be greater than that of the undeformed,
standard bosonic dephasing channel for certain nonlinearity parameters.

I. INTRODUCTION

One of the great aims of quantum information sci-
ence is to encode and process information coherently [I]
between several subsystems, a capability which enables
quantum algorithms to, for instance, factor large integers
[2 3], simulate complex physical dynamics [4], [5], or solve
unstructured search problems with proven speedups [6-
8]. In addition, information can be transmitted at high
speed using the concept of joint detection receivers [9-
12], with entanglement assistance [I3], or securely over
quantum channels [I4, [I5]. However, in practice, huge
practical challenges arise. Among these are the control
of non-linearities in the quantum devices [T6HI9] and the
omnipresent decoherence effects [20].

The classical theory of communications was developed
mostly in the context of linear channels with additive
noise, which was adequate for electromagnetic propaga-
tion through wires, cables and air within certain bound-
ary conditions, for example, on the power of the trans-
mitted signal. However, since the advent of optical fibers
as the backbone of the internet, we are also faced with a
non-linear propagation channel. These channels are nor-
mally described by a non-linear Schrédinger equation,
posing major challenges to our understanding. The dif-
ficulty is that the input—output relationship of an opti-
cal fiber channel is obtained by integrating a non-linear
partial differential equation and may not be represented
by an instantaneous non-linearity [2I]. For optical fiber
communication systems, nonlinear interactions have a
huge impact on the capacity [22]. While in theory a
large enough transmission power would enable the trans-
mission of an arbitrarily large number of bits per second
(depending mainly on the input power), the fiber non-
linearities put very practical limits on the transmission
power. The question to what degree quantum methods
could be used to overcome design limitations in such sys-
tems is not only open, but can be answered only based
on corresponding system models. In this domain, the
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work of Ref. [I9] is the first systematic analysis of the
fiber nonlinearity in this context. In that work [19], a
system model restricted to coherent-state input is de-
rived. This model clearly shows the decoherence of the
coherent-state input. Our model improves upon this ear-
lier work by modelling the impact of the Kerr medium
for arbitrary quantum states.

Decoherence by definition is a process in which a coher-
ent superposition state is reduced to an incoherent proba-
bilistic mixture of the states, i.e., 3°  cncy, [Yn)thm| —
> len|? [¥0n )tbn|. Preventing decoherence is one of the
biggest challenges in the quantum domain [23]. How-
ever, to properly protect against decoherence, the ways
in which it takes place need to be understood first. As a
simple model for decoherence we can consider a dynami-
cal process by which the inputs are mapped to an output
as follows,

> ench In)m| = Y e 200 n)(ml] (1)

In this model the decoherence parameter v > 0 is re-
lated to the strength of the decoherence. In the limit
v — o0, all off-diagonal components approach zero, while
the magnitude of the diagonal components are retained.
Such processes have been studied from several differ-
ent angles in quantum processing [23H27]. The above-
mentioned transition can be described for bosonic sys-
tems via the so-called bosonic dephasing channel [27H31]

poNy(p) =Y e minl,  (2)

n,m=0

in which p=3%_, . pm.n [m)n|. It is possible [27] to de-
rive the bosonic dephasing channel N, via an interaction
between system S and environment F as

N, =Tz |0 (p @ Joyo]) O] 3)

where p € T(Hg) is an initial state of the system and
|0) € Hpg is a fixed initial state of the environment.
The unitary operator U = exp [—ﬁ\ﬁde (l; + IA)T)} de-
fines the interaction between system and environment
and is composed of annihilation and creation operators a
and a' acting on the system Hilbert space and their cor-
responding counterparts b and b’ acting on the Hilbert
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space of the environment. Note that while this unitary is
generated by a cubic two-mode Hamiltonian, correspond-
ing to a non-linear, non-Gaussian mode transformation
and hence (after tracing out the environment E) a non-
Gaussian channel acting on mode S (the system), the
involved phase rotation of S enacted by U depends only
linearly on the environmental mode operators and the
free evolution of S is, as usual, quadratic in the system’s
mode operators (or, equivalently, linear in the system’s
energy).

However, the creation and annihilation operators are
derived from the Hamiltonian Hy = wi where # = afa
and thus a natural question to ask is how the channel
N, behaves when a different Hamiltonian is used in its
definition.

This question is the starting point of our work which
improves upon [27] by considering instead of the Hamil-
tonian HO the Kerr Hamiltonian, H A = wh + A2 /2,
where 71 is a number operator, and A defines the power of
the non-linearity. For convenience, we make a distinction
between the negative and positive values of the non-linear
parameter. We then decompose H, as H, WA = At A and
use these deformed annihilation- and creation operators
At and A to redefine the unitary interaction between sys-
tem and environment as

U = exp [—ﬁ\/jyfﬁjl (B + BT)} ) (4)

By using a calculus based on the treatment of non-linear
coherent states, we are able to derive an explicit expres-
sion resembling Eq. for this deformed dephasing chan-
nel. This approach allows us to study the impact of a
non-linear environment. Surprisingly, we observe that
the non-linearity A is able to compensate the dephasing
rate in the case of negative values of the non-linearity
parameter A. In addition, we indicate that the quantum
capacity of the deformed dephasing bosonic channel is
strictly decreasing as a function of .

Note that for the deformed channel in Eq. , the
“free” evolution of the system mode S now includes
a quadratic energy dependence and so the phase of
S evolves non-linearly with its photon number (which
nonetheless is preserved) and also non-linearly with the
environmental mode operators.

The paper is organized as follows. First, we define our
model in Section [[I, Then, we state our main results in
Section [Tl Finally, in Section[V]we present the methods
and details regarding the proof (of Section and we
give some further, numerical methods (Subsection
of our work.

II. DEFORMED QUANTUM DEPHASING
CHANNEL

Let us consider the Hamiltonian of an anharmonic os-
cillator

5 A
H=0ata + 55#&2, (5)

in which a' and @ are the creation and annihilation
bosonic operators, 7 = afa is a number operator and %,
the so-called anharmonicity, is related to the non-linear
susceptibility of the Kerr medium. The Hamiltonian
has been vastly applied to model different phenomena.
It can be mathematically considered as a description of a
position-dependent quantum oscillator [32]; it models an
oscillator confined in a finite or infinite well [33]; it de-
scribes a confined oscillator on a one-dimensional space
with constant curvature, i.e., circle and hyperbolic [34].
In addition, it models a Kerr medium [35] and a Trans-
mon gate [36].

We define deformed annihilation and creation opera-
tors as

A\ w) = af(R) = f(h+1)a, (6)

AT\ w) = f(p)al = alf(A + 1), (7)

in which w = Q — % and the deformation function is
given by

f(R)=/1+ 2. (8)

With this choice, we can rewrite the Hamiltonian
as

H=wAT (A w) A\, w). (9)

In what follows, we assume A and w to be arbitrary but
fixed, and for simplicity, we write A(A\,w) = A. Since
these deformed operators are assumed to dictate the be-
haviour both on system and environment, we equivalently
write B for the deformed annihilation operator on the en-
vironment. Now, similar to the definition of the dephas-
ing channel [24, [27], we can define a deformed quantum
dephasing channel.

Definition IT.1. Given A € R and v,w > 0 the deformed
quantum dephasing channel is defined as

Ny(p) :=Trp [U(p©6)U'] (10)
in which the unitary operator U is

U =exp|-iy7ATA(B+BY)| ec(For) (11)

where A and B are the deformed annihilation operators,
defined by Eq. (@, of the system and environment, re-
spectively.

III. RESULTS

Based on Definition we can provide as our main
result an analytic expression of the action of the dephas-
ing channel. Since we require the Hamiltonian to
have only non-negative energies (eigenvalues), the Hilbert
space representing the quantum system has be of finite
dimension if A < 0 holds. Therefore, our result is split
into the two different cases when A > 0 and when A < 0.
Then, we can write our main theorem as follows:
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FIG. 1. Density plot of functions K™ (7n, Tm; A) and KT (7n, Tm; A) as a function of parameters A and 7.

Theorem 1. Let p = 377 _|m)n| € S(F). Let p =
(v, A\,w). Then the deformed dephasing bosonic channel
is given by

No(p) = D KB b ) (ml (12)
n,m=0
in which K, .. has a different structure depending on A

as follows: if X > 0, we set 1, := ,/’yﬁ n(l—f—nﬁ), then
with v := 14 2w/A we have
(1 —tanh®7;5)" (1 — tanh® 7;}))"

K = — ) (13)
n [1 — tanh 7,7 tanh T;;]Q

If A\ =0, then
KE ,, = e 3m=m?, (14)
Lastly if A <0, then

P (1 + tan 7,,, tan 7,,)?”

mn = (1 + tan? 7,,,)” (1 + tan® 7,,)¥

(15)

in which v =14 2w/\.

Sketch of the Proof: We give a high-level sketch of the
proof here, for details, see Sec. We start out by cal-
culating the action of the channel according to Definition

MLI:

N, (p) = T [Up @ |0) (0] O] (16)
= >~ P Trp [UIm)(n| @ 0Y0] U]
= > P )] Te [|=i7m; A —i7; Al

in which we employed the fact that ATA(E+BT) is a sim-
ple tensor product over system and bath, and |—i7,,; )
denotes the associated coherent states. The calculation
of the partial trace over the environment is thus equiva-
lent to calculating the scalar products

be,m = (=1i7n; Al =iTm; A) (17)
of non-linear coherent states. The details of the proof are

the content of Sec. the technical lemmata are to be
found in Sec. [V |

Note that in the case of A > 0, the coefficient KP, p =
4,0, in which X is equal or grater than zero, approaches
zero exponentially when m # n, when v — oo, which
means the off-diagonal elements of the density matrix
map to zero in this channel, for v > 1; in other words, the
deformed dephasing bosonic channel with A > 0 causes
a decohecnce process to occur, while in the case A < 0,
as a periodic nature of the function K~, we are able to
suppress the decoherence process. Fig. [1] illustrates the
overlap of two non-linear coherent states, i.e., the relation
(L7), as a function of parameters X and v. Especially, in
the case A < 0, by adjusting the parameter A, the off-
diagonal elements can be preserved as well. It is therefore
interesting to investigate the properties of this channel
for the purpose of entanglement transmission and show
how to calculate its quantum capacity:

Definition ITI.1. The quantum capacity of the bosonic
dephasing channel is defined as

Q<N7) :ml?‘XJ([)vN’Y)v (18)

where

J(p, Ny) = SIN(p)) = SIN“(p)) (19)
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FIG. 2. The optimal von Neumann entropy versus v, for different values of A, for N = 1,2,3. and N = 4, in plots (a), (b), (c)

and (d), respectively.

and S(p) = —Tr[plog, p] is the von Neumann entropy
and the complementary channel N5 is given by
Ne(p) =Trs [U(p@6)UT]. (20)

We show in Lemma [I0] that the optimal input states
in the above definition are diagonal in the number state
basis.

Therefore, the maximization in the relations leads
to the maximization over a classical probability distribu-

tion:
(Sl

N
n=0

Q(N,) = max

DPn

for the following inputs which are given in a truncated
Hilbert space p = erjzo P, |n)¥n|, with the finite average
energy, i.e., Ziv:o P,e*(n) < E with
Al 2
5

ef(n) =n+ (22)

Note that for A < 0, we should also impose the following
condition, N < d = |2r]. We evaluate these capacities

numerically for N =1,--- 4.
For N =1, we consider the following input state:

Q= p1|n) (n] +p2 |n +m) (n+ m| (23)

where n, and m are arbitrary non-negative integers. Plot
(a)-Fig. [2] illustrates Q(N5), i.e., the relation (2I), as a
function of the dephasing parameter -y, for different val-
ues A. The plot indicates that for the linear environ-
ment, A = 0, and the Kerr medium, with A > 0, the
quantum capacity decreases by increasing the dephasing
parameter. Moreover, the quantum capacity for the Kerr
medium with A < 0 is greater than for the linear case and
for the Kerr medium with positive non-linearity. How-
ever, for every A < 0, the simulation results indicate that
the capacity is a periodic function of «, as illustrated in

Fig. 3

Theorem 2. Let p = |a) (o] ® |0) 5 (0], which |a) is a
coherent state, i.e.,

_ a2 2
0 = e o2 3 Uy (21)
n=0



Then, for A <0, we get

27
N, = el /c;mO‘L nXm|  (25)
! n,mZ:O

in which KC,, ,,, is given by the relation . For A =0,

we obtain

Sl n . xm
Ny =elof 37 emalnmm? 2 - [n){m| . (26)

|
—— n!m

Finally, for A > 0, we achieve

oo

P L oatatm
N, =e WX;OICW T kml - 2D)

in which K}, is given by the relation .

Proof. By inserting the relation into the definition
, we can directly obtain the result. |

IV. PROOF OF THEOREM [

We calculate the partial trace over the environment as

N, (p) = Trz: [Up @ [0) (0] U] (28)
= pmaTrp [Um)n| @ [0X0[UT], (29

where the sums can run from 0 to oo in case of A > 0,
or to a finite number d in case of A < 0, i.e., a finite
dimension d. The calculation of the partial trace in
relies on the following:

7 m) 10) = 3 (-iyma )t EEEL o) a0)
. (—ir, )k
_ m>z_:< ’”“iﬁB D 1oy (31)

where 7, = /7 (m| ATA|m) is defined explicitly in The-
orem We can thus define the deformed displacement
operator as

o0 [_m(B + ET)} *
D(up) = o
k

=0
= exp [fnu(B + ET)} ) (32)

to arrive at
U |m) [0) = [m) D(s/77m, p) |0} - (33)

This shows that
exp {—ﬁu(B—i—ET)} |0) is relevant to proving Theorem

calculation of quantities like

To compute matrix exponentials of the form
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FIG. 3. The optimal von Neumann entropy versus <, for
N =1,2,3. and N =4, with A = —2.

exp{—m(é + ET)}, we use the method derived in
Ref. [37] and the commutation relations . which
yield our Lemma [6] The deformed anmhllatlon and cre-
ation operators and the Hamiltonian H take the form
{A, Ky, AT} of a Holstein-Primakoff representation of a A-
deformed algebra. Note that in the special case in which
A = £2, it can be identified as a su(1,1) and a su(2)-
algebra, respectively.

For simplicity, we derive the Gaussian decomposition
of the displacement operators separately for the positive
and negative sign of .

1. The case A >0

Let us assume for a start that A = /z + yna and
B =+ yﬁIA) with generic parameters x,y to be ad-
justed later. Using Lemma [7] we can develop a more
explicit expression for the generalized coherent state. To
eventually arrive at an analytic expression for the action
of the channel N, we calculate partial traces by relying
on the following relation:

Ulm) @ [0) = m) @ exp [~ium (B + BN] [0)  (34)

in which we set pi,, == /7 (m| ATA|m) leading to pim, =
Vvam(z + y - m); thus, we obtain for the parameter ¢
in Lemma [7| ¢,,, := tanh (y'/?7,,) and via Lemma E the
relation

trg (U |m)(n| @ [0X0| UT)

= |m) (n| tr(e”m(B+B |0y (0] el (B+EDY - (35)
)
)

< (w+y /y ¢(w+y)/y> (

w
(=2
=

= |m) (n|emen

<n|cmcn(1—t tn)” (‘"”er)/, (

w
3
J

= |m



where
22ty Tty
Cm = cosh” —v (Vytm) = (1 — tanh®*(\/ypm)) ¥ (38)
tr = tanh(\/Ypm). (39)
Thus setting
Em = Y- ’Ym(x +y- m) (40)
we get the result
trp(U [m)n| @ [0)0| UT)
Tty
(1 — tanh? k,,)(1 — tanh® k,,)) ¥
= . 41
(1 — tanh K, tanh r,, ) (=+v)/y fm) (n]. (41)
We observe that a transformation z’ := 6z, 3’ = 0y,
v =673 with 0 > 0 yields
'ty _ zty
=g, (42)
ki = VY Ym(x +y'm) = k. (43)
By our convention, we have w := Q@ — A\/2, z = 1 and

A A
y = 5. This results in 7, = 1/ 35m(1 + 52).

2. The Case A <0

By using Lemma [} we can write:

Lemma 3. Let u € C and B = By, be as defined in @
Then it holds that

[2v]
\A|u/21n ¢o) 22 <<+ |;‘|> (21/) |k>

eH(B+BT) 0) =

(44)

where v := |\ —=1/2, () =T(z+1)/T(x —q+1) is
the falling factorial and |2v] is the floor function defined
by floor(z) = |z], i.e., the greatest integer less than or
equal to x.

Using Lemma [3] we can develop a more explicit ex-
pression for the generalized coherent state. To eventu-
ally arrive at an analytic expression for the action of the
channel NV, we calculate partial traces by relying on the
following:

Lemma 4. Let, for generic complex numbers x and fized
N states, ¢, be defined via

La]
m—Z\/ ko 1y

<¢xﬂ¢y> =

(45)

Then

(14+2z-y)*. (46)

Proof. Using the generalized binomial formula the above
sum can be turned into the result [? ]. ]

Using Lemma [3] and Lemma [d] we thus conclude that
Ulm) @ [0) = [m) @ exp (B + BN 10}, (47)

in which we set p,, := —i7,,; thus we obtain via Lemma

[Bl the relation

trp(U [m)n| @ |00 UT) =

= (L4 a23,) 7" (1 +y2) " (6, &) Im)n|  (48)
(1 + zmyn)®
ETEATTEATAC, o
with x,, := tan(7,,). Therefore for A < 0 we have
» (1 + tan 7, tan 7,,)?” (50)

mn = (1 +tan®7,,)” (1 + tan® 7,,)" "

V. METHODS
A. Properties of Deformed Algebra

Before we go into detailed calculations, we first derive
some important commutation relations in full generality,
which we summarize in the Lemma below.

Lemma 5. Let {|n)}2_, be a countable orthonormal ba-
sis of a Hilbert space, where d € N or d = oo. Let

A = ag(z,y) with §(x,y) = /o +yata where x > 0
and y > —x/d and a',a are the creation- and annihi-
lation operators satisfying a|n) = f|n —1), at|n) =
Vn+1|n+1) and [a,al] = 1. Define K, := [A, AT]/2
and v := ata. Then the following are true:

1. g(z,y) =20

2.a>0,b>—x/d implies [§(x,y),

9(a,b)] =
3. AYA = (z + y)n + yal2a?
4. [Ko, Al = —yA
5. Ko, AT] = yAl.

Lemma [5] allows us to prove further statements which
enter the proof of Theorem[I] The second tool we need is
the Gaussian decomposition of exp [BAT — ﬂ*A]7 which
is derived in the following Lemma:

Lemma 6. Let the operators /1, At and K, satisfy the
commutation relations

[A, AT] = 2K,, (51)
(Ko, 4] = -4 (52)
Ko, AT] = %AT. (53)



Then the Gaussian decomposition of the displacement op-
erator D(B,\) = exp [ﬁAT - ,B*A] is given by

D(B ) = PAT=B7A _ (AT G010 =CT A (54

(= g\/ztanh (\/§5|> ) (55)
Co = cosh™*/* <\/§|ﬂ|> : (56)

Via application of the Gaussian decomposition from
Lemma [6] a substantial part of the proof of Theorem [I]
can be reduced to the following Lemma:

Lemma 7. Let p € C and B = a(z1 + yn)'/2. Let
Ko :=[B, B]/2. Then

where

s oty N o)
e BB 10) = cosh 0 (/plul)) D VL )
k=0

where t = %tanh (y*/2|8]) and the symbol ()@ =
T'(x 4+ q)/T'(x) denotes the rising factorial.

Finally, Umbral calculus [39] is employed to calculate
sums of the following type:

Lemma 8. Let, for generic complex numbers x,y and a
real number «, vectors ¢ be defined via

> a)®)
o1 =3\ ek ). 57)
k=0 ’

(05, ¢y) = (1—z-y)~" (58)

With Lemmas [f] [6] [7] and [§] at hand we are ready for
the proof of Theorem

Then

1. Kraus Representation

The Kraus representation of the channel is given by
p = Ny (p), (59)
in which

No(p) =T [Up @ [0) (0] 0F
= ZKZPSKIT' (60)
1=0
Now by considering the fact that Y, °|l); ({] = I and

using the relation , we can obtain
Ki(A7) = e(lU[0)g

_ 2v m
= COS < B)

A
%taml (\/?AT/Q , (61)

and

Ki(AT) =g (llU0)g

B. Quantum Capacity

For the channel ,, the complementary channel N is
defined as

Ne(p) =Trs [U(p@6)UT]. (63)

By imposing the above-mentioned condition, i.e., at-
tributing a ground state to the environment, the com-
plementary channel is given by

N¢(p) = Trg [Pn,m [n) (m| ® |—iTn, /\i> <—iTm, /\iH
= an,n |*Z‘Tna )\i> <7Z‘Tna )\i| ) (64)

which is a mixture of deformed coherent states. Note
that by following the same method as in Ref. [? |, it
is possible to show that the complementary channel ./\f,‘;
is entanglement breaking. In fact, by considering the
following state

[0) =D N n)g, (65)

in which X is squeezing parameter, |n), and |n), are,
respectively, a state of the Hilbert space of a reference
state and a state of the environment. Therefore, we can
define the following channel:

(Ir @ N2 [0) (U] = 3" A" |n) (n] @ [—iT; X) (—iTa; Al

(66)

which is a mixture of product states and hence is a sepa-
rable state for any value of A, where N¢ is entanglement
breaking and N, is degradable. Therefore, the quantum
capacity of the bosonic dephasing channel is given by

QW,) = mgme(ﬁ,N:y). (67)

where
J(o.Ny) = SIN(D) — SIV*(3)  (69)
where S(p) = — Tr[plog, ] is the von Neumann entropy.

Lemma 9. The bosonic dephasing channel (@/ s a
phase-covariant channel.



Proof. Using the explicit definition of the deformation

function f(7) = /1 + £, we have
1 A 1 A
Ko=-[A, A= —n+-(1+—
0 2[ ) ] 2wn+ 2( + 2(4}), (69>

which is a function of number operator n. By defining
the unitary operator U as

Up = 500 0 e [0,2r), (70)

we see that Up is diagonal in the number state basis.
Then, using the explicit form 7 we see that the equa-
tion

N, (OopUf) = UsNo ()T (71)

has to hold. For the complementary channel, by using
the relation , we have

N (O9p0}) = T [ e Eo) K00 [y (o
® |—iTn, )\i> (—iTm, )\i| ]

= an,n ’_iTn; /\i> <_i7—n7 /\i’

=N*(p)

— DN ()T, (72)
in which, by using the relation (69), we define K [n) =
ko(n) |n), with ko(n) = %n + %(1 + ﬁ) [ ]

Lemma 10. The optimal input state to N, for the quan-
tum capacity (@ s diagonal in the associated basis.

Proof. As the von Neumann entropy is invariant under
unitary conjugation, and using the definition and
Lemma [J] we can easily define:

o = eﬁf(oaﬁe—moa (73)

in such way that we have
J(ﬁaN'v) = J(ﬁQvN’Y)' (74)
Since the deformed bosonic dephasing channel is degrad-

able, we can write

2w 27
OP ()] (o, Ny) < J(

0 0
in which, ¥4 = 260w/\, P(¥) is a probability density.
By considering a normalized constant distribution, i.e.,
P(9) = 1/2m, for both positive and negative values of A,
we obtain

27 [2v]
AIPD)pg =S fpun In) (], A <0,
n=0

dIP(9)p9, N, (75)

0
27

dIP(0)pg =D prn |n) (n], A > 0.
0 n=0

Therefore, the maximization in the relations leads
to the maximization over classical probability distribu-
tions:

d
QW) = max lS <Z Py |n) <n|>
n=0
d
- S <Z Py |70, ) <m,A|> 1 (76)
n=0

where d is respectively infinity and |2v], when A > 0 and
A < 0. Now, we constrain the input average energy, i.e.,
> o Paet(n) < E with

ef(n)=n=+ |2i|n2. (77)

Note that for A < 0, we should also impose the following
condition s < [2v].

C. Numerical Analysis

1. Numerical Analysis for N =1

For N = 1, we consider the following input state:
Q= pi|n) (n| +p2|n +m) (n+ml, (78)

where n and m are arbitrary non-negative integers. We
can diagonalize the complementary channel term

A _ P1 P1 K£7n+m
pQICfL,n+m b2 ’
(79)

where KT, is given by 1} for negative, zero and
positive value of parameter A, respectively. We can easily
find the eigenvalues:

1
)\ = —
q+(7, ) 5

1+ \/(p1 —p2)? + 4p1pleﬁ,n+m] .

2. Numerical Analysis for N = 2

We consider the following input state, for N = 2,

Q= pi[n) (n[ +pa|n+m) (n+m|
+psn+m+1) (n+m+l| (80)

where n, m and [ are arbitrary non-negative integers and
p1 + p2 + p3 = 1. The second term of the relation ,
can be written as

Air Ap Ags
A= Ay Ax Aos |, (81)
Az Asy Ass



where
Ay = pr,
Az =Ky m
Az =ik
Ay = poK 4
Az = pa
A = p2]CZ+m,n+m+l
Az1 =psKy i
Azz = Pk i ingm
Asz =p3

Hence, we are able to calculate the eigenvalues and then
the von Neumann entropy. Therefore, an optimization
method gives the capacity of the channel.

VI. CONCLUSION

We have shown how to model the impact of a Kerr
non-linearity on the evolution of an optical mode, for
instance, propagating in an optical fiber for quantum
communication applications, when the mode is subject
to a non-unitary, continuous-variable, bosonic dephasing
channel. This channel on its own is an important ex-
ample of a non-Gaussian channel for which the quantum
capacity and certain dependencies on the dephasing rate
were known already. In our analytical treatment, based
on the notion of nonlinear coherent states and deformed
annihilation and creation operators, the quantum capac-
ity is obtained even in the presence of a Kerr medium.

The resulting deformed bosonic dephasing channel hence
serves as an elegant and convenient way to describe the
overall non-unitary, non-Gaussian dynamics that origi-
nates from a unitary Kerr evolution combined with non-
unitary dephasing.

Our results show that the quantum capacity includ-
ing deformation can be greater than that for the unde-
formed, standard dephasing channel, i.e., the Kerr non-
linearity can compensate the dephasing to various ex-
tents. Crucially, for this effect to occur, the sign of the
Kerr non-linearity must be chosen appropriately which
is, in principle, possible by engineering or tailoring the
non-linearities as, for instance, occurring in a photonic
crystal [40] and so also in a hollow-core photonic crys-
tal fiber [4I]. As a next step, the inclusion of photon
loss would be of practical relevance [19] [31]. Ultimately,
an engineering of the interplay between deterministically
occurring non-linearities, such as the Kerr effect, and ran-
dom, non-deterministic noise channels, such as linear loss
and nonlinear dephasing, on the hardware level of the op-
tical channels could be supplemented with active bosonic
quantum error correction through codes adapted to the
overall error channel evolutions [31].

ACKNOWLEDGEMENT

Funding from the Federal Ministry of Education and
Research of Germany, project identification number:
16KISQ039 (SD) and the DFG Emmy-Noether program
under grant number NO 1129/2-1 (JN) as well as sup-
port of the Munich Center for Quantum Science and
Technology (MCQST) are acknowledged. PvL further
acknowledges support from the EU/BMBF via Quan-
tERA (project ShoQC) and from the BMBF in Germany
through QR.X.

[1] M. M. Wilde, Quantum information theory (Cambridge
University Press, 2013).

[2] P. W. Shor, in Proceedings 35th annual symposium
on foundations of computer science (IEEE, 1994) pp.
124-134.

[3] P. W. Shor, SIAM review 41, 303 (1999).

[4] S. Lloyd, Science 273, 1073 (1996).

[5] A. M. Childs, D. Maslov, Y. Nam, N. J. Ross, and Y. Su,
Proceedings of the National Academy of Sciences 115,
9456 (2018).

[6] L. K. Grover, in Proceedings of the twenty-eighth an-
nual ACM symposium on Theory of computing (1996)
pp. 212-219.

[7] L. K. Grover, Physical review letters 79, 325 (1997).

[8] G. Brassard, P. Hoyer, M. Mosca, and A. Tapp, Contem-
porary Mathematics 305, 53 (2002).

[9] S. Guha, Phys. Rev. Lett. 106, 240502 (2011).

[10] V. Giovannetti, R. Garcifa-Parén, N. Cerf, and A. Holevo,
Nature Photon 8, 796-800 (2014).

[11] J. Notzel and M. Rosati, Operating fiber networks in the
quantum limit (2022), larXiv:2201.12397| [quant-ph].

[12] Z. Amiri, B. A. Bash, and J. Notzel, Performance of
quantum preprocessing under phase noise (2022).

[13] J. Notzel and S. DiAdamo, in 2020 IEEE International
Symposium on Information Theory (ISIT) (2020) pp.
1955-1960.

[14] A. K. Ekert, in Quantum Measurements in Optics
(Springer, 1992) pp. 413-418.

[15] V. Scarani, H. Bechmann-Pasquinucci, N. J. Cerf, M.
Dusek, N. Lutkenhaus, and M. Peev, Reviews of modern
physics 81, 1301 (2009).

[16] D. Derickson, Fiber optic test and measurement/edited
by Dennis Derickson. Upper Saddle River (1998).

[17] K. H. Wanser, Electronics letters 28, 53 (1992).

[18] J. P. Gordon and L. F. Mollenauer, Phase noise in pho-
tonic communications systems using linear amplifiers,
Optics letters 15, 1351 (1990).

[19] L. Kunz, M. G. Paris, and K. Banaszek, Noisy propaga-
tion of coherent states in a lossy kerr medium, JOSA B
35, 214 (2018).

[20] M. Schlosshauer, Decoherence, the measurement prob-
lem, and interpretations of quantum mechanics, Reviews
of Modern physics 76, 1267 (2005).


http://arxiv.org/abs/2201.12397

[21] G. P. Agrawal, Fiber-optic communication systems (John
Wiley & Sons, 2021).

[22] P. Mitra and J. Stark, Nonlinear limits to the information
capacity of optical fibre communications, Nature 411,
1027-1030 (2001).

[23] M. A. Schlosshauer, Decoherence: and the quantum-to-
classical transition (Springer Science & Business Media,
2007).

[24] D. F. Walls and G. J. Milburn, Quantum optics (Springer
Science & Business Media, 2007).

[25] S. Dehdashti, A. Mahdifar, M. B. Harouni, and
R. Roknizadeh, Decoherence of spin-deformed bosonic
model, Annals of Physics 334, 321 (2013).

[26] S. Dehdashti, M. B. Harouni, B. Mirza, and H. Chen, De-
coherence speed limit in the spin-deformed boson model,
Physical Review A 91, 022116 (2015).

[27] A. Arqand, L. Memarzadeh, and S. Mancini, Quantum
capacity of a bosonic dephasing channel, Physical Review
A 102, 042413 (2020).

[28] S. D. Bartlett, T. Rudolph, and R. W. Spekkens, Refer-
ence frames, superselection rules, and quantum informa-
tion, Reviews of Modern Physics 79, 555 (2007).

[29] L.-z. Jiang and X.-y. Chen, Evaluating the quantum ca-
pacity of bosonic dephasing channel, in Quantum and
Nonlinear Optics, Vol. 7846 (SPIE, 2010) pp. 244-249.

[30] M. Fanizza, M. Rosati, M. Skotiniotis, J. Calsamiglia,
and V. Giovannetti, Squeezing-enhanced communication
without a phase reference, Quantum 5, 608 (2021).

[31] P. Leviant, Q. Xu, L. Jiang, and S. Rosenblum, Quan-
tum capacity and codes for the bosonic loss-dephasing
channel, arXiv preprint arXiv:2205.00341 (2022).

[32] J. F. Carinena, M. F. Ranada, and M. Santander,
A quantum exactly solvable non-linear oscillator with
quasi-harmonic behaviour, Annals of Physics 322, 434
(2007).

[33] S. Dehdashti, A. Mahdifar, and R. Roknizadeh, Coherent
state of a-deformed Weyl-Heisenberg algebra, Interna-
tional Journal of Geometric Methods in Modern Physics
10, 1350014 (2013).

[34] J. Carinena, M. Ranada, and M. Santander, Quantiza-
tion of a nonlinear oscillator as a model of the harmonic
oscillator on spaces of constant curvature: One-and two-
dimensional systems, Physics of Atomic Nuclei 71, 836
(2008).

[35] M. O. Scully and M. S. Zubairy, Quantum optics (1999).

[36] J. J. Garcia-Ripoll, A. Ruiz-Chamorro, and E. Tor-
rontegui, Quantum control of frequencytunable trans-
mon superconducting qubits, Physical Review Applied
14, 044035 (2020).

[37] M. Ban, Decomposition formulas for su(1,1) and su(2)
lie algebras and their applications in quantum optics,
JOSA B 10, 1347 (1993).

[38] S. Licciardi and G. Dattoli, Guide to the umbral calculus:
A different mathematical language.

[39] F. A. Costabile, Modern Umbral Calculus: An Elemen-
tary Introduction with Applications to Linear Interpola-
tion and Operator Approximation Theory, Vol. 72 (Wal-
ter de Gruyter GmbH & Co KG, 2019).

[40] Y. Zeng, Z. Tang, X. Wang, X. Chen, X. Fu, S. Huang,
Y. Zou, and R. Peng, Reversing the sign of the effective
nonlinear coefficient of a nearly isotropic kerr photonic
crystal via the local-field effect, Opt. Mater. Express 8,
2256 (2018).

10

[41] J. C. Travers, W. Chang, J. Nold, N. Y. Joly, and P. S.
J. Russell, Ultrafast nonlinear optics in gasfilled hollow-
core photonic crystal fibers, J. Opt. Soc. Am. B 28, A1l
(2011).

Appendix A: Proof of Lemmata

Proof of Lemma[5 the first property follows since §(z,y)
is diagonal in the basis {|n)}¢_, for every choice of pa-
rameters x,y, and by explicit inspection of the respective
values of the diagonal entries.

The second property follows again since §(x,y) is diago-
nal in the basis basis {|n)}4_, for every choice of param-
eters z, y.

The third property is proven as follows. First, it holds

At = /x4 yataal (A1)

Aln) =/ (z +y) + yataa |n) Vn. (A2)
Therefore we get

A= ag(e,y) = gz +y,y)a (A3)

AT = gz, y)al = a'g(x +y,y). (A4)

Equipped with equations (A3)) and (A4) we can show
that

ATA = (z +y)ata + ya?a?. (A5)
To show the fourth property we first calculate Ko ex-

plicitly, starting out with the term AA" which evaluates
to

AAT = 4y + (z + 3y)ata + yal2a®. (A6)
Therefore it holds

(A, AT = 2 4+ y + 29ata (A7)

= g(x +y,2y)* (A8)

Since Ko = [A, A1]/2 it then follows that

9(z,y)(9(x —y,2y)* — 9(z +y,2y)%) (A9

(Ko, A] = )
g(z,y)(x —y + 2yn — (z 4+ y + 2yn)) (A10)
)
)

NI |

= —yaj(z,y) (All
— A (A12

where we used g(x + y,y)a = ag(z,y) repeatedly. Like-
wise, we have

(Ko, AT] = y AT (A13)
]

Proof of Lemmal[@ Let us consider operator F(t), with
parameter ¢ defined by

F(t) = elBAT+8" At (G OAT InlGo(®)]Ko o0~ (D4 A 14)


http://arxiv.org/abs/2205.00341

where (4 (t) and ((t) are c-number functions of param-
eter t to be determined under the following conditions:
¢+(0) = 0 and ¢p(0) = 1. Once (x(t) and (o(t) are
determined, {1+ and (y are given by (4 (1) and (y(1), re-
spectively.

Now we have

= [BAT + B*A] F
= AR
(mat S0 g
Co
TS+ OAT G MKo geC- (DA

= L ATF
Co
T

+ eI/ —9¢, Ko +

oF (A15)

e eInlCo()]Ko ¢ (A

(A16)

c&——gﬁ>

SFURIE

Hence, three coupling differential equations are derived,
ie, [? ]:

Mgl /246~ dCf _ g

(A18)
d “Aln d¢—
& Co o —Al Co]/2<+% =0 (A19)
& 3 /\ﬁdCo el /2 MR dC-
- 2%, di +e T =03 (A20)

The simple calculations gives the differential equation:

d A
a@ + 55*@ =4 (A21)
which leads to the following:
2 A
+ = \/g\/:tanh lt\/;ﬁ'} (A22)
_ o |2 \/X
=e \/:tanh lt 3 18] (A23)

in which g =

we write

|Ble’®. Now by using the equation (A18)),

Co = cosh ™/ lt\/gml .

Now, by considering ¢ = 1 in the relations (A23]) and
(A24]), the desire result are obtained. [ ]

(A24)

Note that Baker-Hausdorfl lemma and the communi-
cation relations - can be used to achieve the fol-
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lowing relations:

€g+(t)ATKO€C—(t)A =Ky — %§+AT(A25)

oS+ (OAT JInfGo (D)Ko g oInl¢o(8)]Ko ¢~ (A _ CO—,\/z

x [ A—2¢ Ko+ C* 21T AT ) (A26)

used to obtain the relations and -, respec-
tively.

Further note that in the case of A < 0, by using the
fact that coshiz = cosa: and smh wc = jsinx, we can
rewrite the relations (A23) and as followmg

\/;\/; Iﬁ] (A27)
e

Co = cost/N lt IAIW]

Proof of Lemma[] According to Lemma [6] we have

(A28)
and

(A29)

emin(B+BY) ) — (¢AT InCoRo—CxA |0 (A30)
oCAT oIn(Go) (z+y) 0 (A31)
= M 3 AN ) (A32)
k=0
oo Sk
= (@) 3™ LA 0y (A33)

>
Il
o

Since AT k) = /(k + 1)(x +y(k +

e—in(B+B") 10y = n(Co) (z+y) Z gk,/k!H%l(wHy) 1K)

1)) |k 4+ 1), we have

(A34)

aty\ @
( ) k). (A35)

C(w-ﬂl) Z

Since by definition (see equation (55)) we have ( =

Tty V2 tanh(y/ylul) and ¢ = cosh /Y (\/glu|), the
result follows. u

Proof of Lemma[8 Using the Umbral calculus [38] [39]
the above sum can be lead to the result. |

Appendix B: Probability Distributions for
Optimization Cases

We illustrate optimal values of p,,, as shown in Fig. [4]
for N = 1,2, 3, from top to bottom, for different values of
the parameter A, i.e., A = —0.1,0,0.1, from left to right,
respectively.
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FIG. 4. Optimal value of p, for n = 0,1,---,, N versus ~; plots (a)-(c) demonstrate p, for different values of A, i.e.,
A = —0.1,0,0.1 and N = 1, respectively; plots (d)-(f) demonstrate p, for the same value of A and N = 2 respectively;
plots (g)-(i) demonstrate p,, for the same value of A and N = 3, respectively
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