
Prepared for submission to JCAP

Computing First-Passage Times
with the Functional
Renormalisation Group

G. Rigopoulos A. Wilkins

School of Maths, Stats & Physics,
Newcastle University,
Newcastle, UK

E-mail: gerasimos.rigopoulos@newcastle.ac.uk, a.wilkins3@newcastle.ac.uk

Abstract. We use Functional Renormalisation Group (FRG) techniques to analyse the be-
haviour of a spectator field, σ, during inflation that obeys an overdamped Langevin equation.
We briefly review how a derivative expansion of the FRG can be used to obtain Effective
Equations of Motion (EEOM) for the one- and two-point function and derive the EEOM
for the three-point function. We show how to compute quantities like the amplitude of the
power spectrum and the spectral tilt from the FRG. We do this explicitly for a potential
with multiple barriers and show that in general many different potentials will give identical
predictions for the spectral tilt suggesting that observations are agnostic to localised features
in the potential. Finally we use the EEOM to compute first-passage time (FPT) quantities
for the spectator field. The EEOM for the one- and two-point function are enough to accu-
rately predict the average time taken 〈N〉 to travel between two field values with a barrier
in between and the variation in that time δN 2. It can also accurately resolve the full PDF
for time taken ρ(N ), predicting the correct exponential tail. This suggests that an extension
of this analysis to the inflaton can correctly capture the exponential tail that is expected in
models producing Primordial Black Holes.
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1 Introduction

Stochastic Inflation [1–8] is the leading framework to describe the evolution of non-linear per-
turbations and their backreaction on the dynamics of the inflaton, φ. The basic idea is to split
inflationary perturbations into short- and long-wavelength components. The long-wavelength
perturbations can be treated as effectively classical greatly simplifying the analysis. The
initially short-wavelength quantum perturbations are stretched by the rapid inflationary ex-
pansion and can be consistently included as a classical random noise term on the dynamical
equations which is a well established approximation for the the behaviour of IR quantum
fields in inflationary spacetimes [9–14] – see [15, 16] however for how this picture breaks down
for too massive test fields and see [17] for next-to-next-to leading order corrections to the
standard stochastic framework. In this way it is clear that the stochastic framework can be
imagined as an Effective Field Theory (EFT) of the long-wavelength sector.

The stochastic nature of the dynamics means that the time taken (measured in e-folds)
for the inflaton to reach the end of inflation, corresponding to φe, is also a stochastic quantity,
denoted by N . The stochastic δN formalism [18–21] allows one to compute the coarse-grained
comoving curvature perturbation on uniform energy density time-slices Rcg through:

N − 〈N〉 = Rcg =
1

(2π)3/2

∫ kend

kin

d~kR~ke
i~k·~x (1.1)

which – as the name suggests – is just the usual comoving curvature perturbation coarse-
grained between scales kin, the scale that crossed the Hubble radius at initial time, and kend,
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the scale that crosses out the Hubble radius at final time. This reduces the problem of com-
puting curvature perturbations to the one of performing first-passage time (FPT) analysis on
the stochastic equations of motion to obtain the PDF for exit time ρ(N ). This formalism
is most useful when considering large perturbations that might collapse to form Primordial
Black Holes – see e.g. [22–25]. It is however very difficult to accurately resolve the tail
of ρ(N ) for all but the simplest potentials by direct numerical simulation as this is usually
prohibitively expensive – see [26, 27] for a treatment of this problem and [28] for a possible
workaround using importance sampling.1

In this work we present an alternative method for computing FPT quantities that utilises
an effective description of the stochastic dynamics developed in [30]. As a proof of concept we
will focus on a spectator scalar field σ that is present during inflation. This effective descrip-
tion captures the aggregate effect of fluctuations embodied in an effective action Γ[Σ(α)], a
functional of the average field value Σ(α) ≡ 〈σ(α)〉 where α is the number of e-folds. The
effective action can be thought of as an analogue to the statistical free energy and can be
derived from the partition function or generating functional via a Legendre transform. Once
obtained, the effective action can be used to compute n-point correlation functions of the
field values 〈σ(α1)σ(α2) . . . σ(αn)〉, characterising the system’s statistical properties. These
n-point functions will allow us to compute the entire ρ(N ) distribution. To obtain this effec-
tive action we will be coarse-graining the system in time such that we obtain e.g. an effective
potential that incorporates the quantum fluctuations on all timescales. To achieve this we
will use a technique known as the exact, or non-perturbative, or Functional Renormalisation
Group (FRG) [31, 32] as applied to Brownian motion [30, 33] – see [34] for a review and an
entry point to the literature on the FRG, [35] for a comprehensive overview of applications
as well as e.g. [36, 37] for more elementary introductions.

We begin in section 2 by reviewing the concept of a stochastic spectator in the early
universe and outline how this behaviour can be related to the path integral formulation
for stochastic behaviour [38–41] – see also [30] for a pedagogical overview. In section 3
we adapt the Effective Equations of Motion (EEOM) for the one- and two-point functions
developed in [30] to a spectator field and introduce the EEOM for the third central moment.
In section 4 we discuss how we can obtain cosmological observables like the power spectrum
and spectral tilt from FRG computed quantities. In section 5 we show how the FRG can
solve the FPT problem for a spectator field and can predict quantities such as 〈N〉 and δN 2

for two complicated potentials. We leave extending the analysis of section 5 beyond a normal
distribution to the appendix.

2 The Stochastic Spectator

The simplest models of inflation assume that it is driven by a single scalar field called the
inflaton, φ. However there is reason to suspect that other scalar fields would be present during
the inflationary period. For instance string theory predicts the presence of many extra light
moduli fields [42–44] and unless we are dealing with Higgs inflation – see e.g. [45] – we would
expect the Higgs field to be present also.

1While preparing this manuscript [29] appeared on the arXiv which claims to offer an alternative method
which is computationally cheap.
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To be concrete we introduce another scalar field σ evolving in a potential U(σ). Then
the first Friedmann equation reads:

3M2
pH

2 =
1

2
φ̇2 + V (φ) +

1

2
σ̇2 + U(σ) (2.1)

so that there are also contributions from the kinetic and potential energy of σ. We also obtain
a Klein-Gordon equation for σ:

σ̈ + 3Hσ̇ +
dU(σ)

dσ
= 0 (2.2)

If the energy scale of σ is comparable to φ – i.e. V (φ) ∼ U(σ) – then both fields are relevant
for the dynamics of inflation and we are in a multi-field inflation scenario. Inflation will then
proceed along a direction in the (φ, σ) field space – see [46] for an example of how to deal
with this in the stochastic inflation approach. In this paper we will consider the much more
straightforward scenario where U(σ) � V (φ) such that the full Friedmann equation (2.1) is
well described by the standard single-field Friedmann equation:

3M2
pH

2 =
1

2
φ̇2 + V (φ) (2.3)

and the field σ does not affect the inflationary dynamics. It is therefore referred to as a
spectator field.

Despite not directly affecting inflationary dynamics spectator fields can be very impor-
tant. In the curvaton scenario [47–53] the inflaton produces a subdominant contribution to
the primordial density perturbation and the spectator field is the main contribution to the
curvature perturbation hence the name. This is typically achieved by having the inflaton
decay into radiation before the curvaton decays so that there is a period where the curvaton
is the dominant contribution to the energy budget. In some cases this can even drive a short
second period of inflation – see [53] for a full breakdown of all the possible configurations. A
curvaton field could also be used as a means of measuring the duration of inflation [54]. Even
if the spectator field is not the dominant contribution to the curvature perturbation observed
in the CMB a spectator field could still form PBHs from field bubbles [55]. An inflationary
period also affects the dynamics of any spectator field and if this field becomes important
later on (e.g. the Higgs) it is useful to know how inflation sets the initial conditions for these
spectator fields after inflation is over.

2.1 Coarse-graining a spectator field

We can split the spectator into long, σ>, and short, σ<, wavelength modes and inflation
will force the short wavelength modes to backreact on the long wavelength modes. The key
difference as compared to the inflaton is that as this field is a pure spectator this backreaction
does not modify the geometry of the background spacetime. Assuming we are dealing with
overdamped motion (i.e. the slow-roll limit) it is straightforwardly shown – see e.g. the
original treatments [1, 8] – that the equation of motion for σ> is:

dσ>

dα
= − 1

3H2

∂U(σ>)

∂σ>

+ η(α) (2.4)

〈
η(α)η(α′)

〉
=

H2

4π2
δ(α− α′) (2.5)
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where we have setM2
p = 1. In principle the value of the Hubble parameter will vary with time

depending on the inflationary potential. We will choose the background inflationary potential
to be of the plateau type so that H is roughly constant and we can therefore assume that
the spectator field exists in an exact de Sitter background. While the noise term in (2.5) has
been computed in the massless limit, it has been shown recently [15, 16] how to modify the
noise appropriately for more massive spectator fields. We will assume here that the field is
sufficiently light such that (2.5) is a good approximation, in any case the procedure we outline
in this chapter is easily adapted to incorporate different values of the noise. To lighten the
notation we will drop the subscript on σ> going forward and σ can be assumed to refer to
the coarse-grained long-wavelength field. We now introduce a reference Hubble scale H0

2 to
define the dimensionless Hubble parameter Ĥ and in turn the other terms in equation (2.4):

H = H0Ĥ (2.6a)

σ =
H0

2π
σ̂ (2.6b)

U(σ) =
3Ĥ2H4

0

4π2
Û(σ̂) (2.6c)

η(α) =
H0

2π
η̂(α) (2.6d)

Notice that as the number of e-folds α is already dimensionless we do not need to rescale it.
Also worth commenting on is that the dimensionless potential Û depends on the dimensionless
Hubble parameter Ĥ. In the standard Brownian motion system the temperature of the
system determines the amplitude of the (thermal) fluctuations but the amount of damping is
determined by another parameter. In our case the friction coefficient and amplitude of the
noise are both determined by the same parameter H hence why our dimensionless potential
effectively depends on the temperature of the system. We will deal with this more when we
come to section 3. All this will give us the following dimensionless Langevin equation:

dσ̂

dα
= −∂Û(σ̂)

∂σ̂
+ η̂(α) (2.7)

〈
η̂(α)η̂(α′)

〉
= Ĥ2δ(α− α′) (2.8)

which we can readily identify with the thermal dimensionless Langevin equation from [30] by
making the transformation Ĥ2 → Υ. We will now drop the hat on σ for notational simplicity.

2.2 The Spectator Path Integral

This stochastic problem can be reformulated in terms of a path integral [38–41]. Modifying
the Brownian Path Integral [30] to be in terms of our new dimensionless parameters yields:

P(σf |σi) =

∫
DσDσ̃DcDc̄ exp [−SSpect(σ, σ̃, c̄, c)] (2.9a)

SSpect(σ, σ̃, c̄, c) =

∫
dα
[
Ĥ2

2
σ̃2 − iσ̃(∂ασ + Û,σ)− c̄

(
∂α + Û,σσ

)
c

]
(2.9b)

2Not to be confused with the value of the Hubble parameter today which is also often called H0.

– 4 –



where we have introduced the response field σ̃ to σ and the anticommuting variable c and c̄.
We can then in analogy with [30] make the following identifications:

σ(α) ≡ Ĥ ϕ(α) (2.10a)

Û(σ) ≡ Ĥ2W (ϕ) (2.10b)

σ̃ ≡ 1

Ĥ
(i∂αϕ− F̃ ) (2.10c)

c̄c ≡ iρ̄ρ (2.10d)

We can then say that the spectator action (2.9b) is equivalent to the action for Euclidean
Supersymmetric Quantum Mechanics:

SSpect[ϕ, F̃ , ρ̄, ρ] = [W (ϕf )−W (ϕi)] + SSUSY (2.11)

where

SSUSY [ϕ, F̃ , ρ̄, ρ] =

∫
dt

[
1

2
ϕ̇2 +

1

2
F̃ 2 + iF̃W,ϕ(ϕ)− iρ̄(∂t +W,ϕϕ(ϕ))ρ

]
(2.12)

up to a factor depending on the initial and final field values σi & σf ; these terms can be simply
taken outside the path integral as an exponential prefactor. In the SUSY action (2.12) ρ & ρ̄
are the fermionic fields and ϕ & F̃ are the bosonic fields [56]. As the dynamics of Brownian
motion and supersymmetry (SUSY) are essentially equivalent one can exploit the FRG flow
equations derived in [56] and apply them to a stochastic system [30]. We outline how to do
this in the context of a spectator field in the next section.

3 The Effective Equations of Motion for a Spectator Field

A standard formulation of classical mechanics involves the principle of least action. If one
considers the classical action S:

S =

∫
dt L(x, ẋ) (3.1)

where L(x, ẋ) is the Lagrangian, then one can obtain the equations of motion by taking the
variational derivative and setting it equal to zero:

δS
δx

= 0 (3.2)

The Effective Action (EA) Γ is so named because its definition makes it look like a classical
action but includes the effect of fluctuations that have been integrated out. Defining

eW[J ] =

∫
D~σ e−S[~σ]+

∫
dαJ ~σ (3.3)

where ~σ = [σ, σ̃, c̄, c] and J is a collection of external sources. The effective action Γ[~Σ] is
then defined as the Legendre transform of W[J ]:

Γ[~Σ] =

∫

α
J ~Σ−W[J ] (3.4)
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where
~Σ = 〈~σ〉 =

∫
D~σ ~σe−S[~σ]

∫
D~σ e−S[~σ]

. (3.5)

We then have

δΓ

δ~Σ
= J (3.6)

Therefore Γ, the central object of the FRG, leads to effective equations of motion that incor-
porate the aggregate effects of the effectively thermal, quantum fluctuations.

In [30] it was shown how to extend the variational principle used to obtain the classical
equations of motion from S to obtain effective equations of motion (EEOM) from Γ. With
this in mind you can obtain the EEOM for the average field value Σ by taking the appropriate
variational derivative of the EA:

δΓ

δΣ(α)
= 0 (3.7)

with no external sources. Before we can practically take variational derivatives of the EA we
need to first compute it using the Functional Renormalisation Group.

3.1 The Functional Renormalisation Group for Brownian Motion

In this subsection we will briefly review a particular formulation of the Renormalisation Group
known as the Functional Renormalisation Group (FRG) [31, 32] in the context of Brownian
motion [30, 33] . It has many advantages over the original Wilsonian treatment, the most
obvious is its ability to handle systems with strong couplings. As the name suggests, the FRG
uses functional methods to describe the computation correlation functions of the fields. This
is typically done through the use of generating functionals which in principle should contain
all relevant physical information about a theory.

In line with [30] we will focus on the derivative expansion which assumes that the EA
can be written in the same functional form as the classical action (2.9b) with the caveat that
some terms will now depend on the renormalisation scale κ. In this way we have introduced
a new object Γκ known as the Regulated Effective Action (REA) that depends on the param-
eter κ. The FRG integrates out fluctuations of increasing rarity until it recovers the full EA
Γ. In Fig. 1 we show how this procedure gives us the EEOM. If one starts with the Langevin
equation (2.7) in the bottom left, we say that this can be described by some classical action
(2.9b) which we identify the REA with at some cutoff scale κ = Λ ∼ 1/∆α. This cutoff
corresponds to fluctuations that occur over some timescale O(∆α), if one wanted to simulate
the Langevin equation (2.7) this is the timestep they should use in their numerical scheme.
The FRG then moves across the top line of Fig. 1 integrating out fluctuations that occur over
ever-increasing timescales until they are all integrated over and Γκ=0 is reached. One can then
use (3.7) to obtain the EEOM for the average position (3.17) bringing us to the bottom right
of Fig. 1. The flow equation (3.10) adapted from [30, 56] is shown at the bottom of Fig. 1 as
a straightforward way of moving between the Langevin equation (2.7) and the EEOM (3.17).
In this way it is clear that the effective potential is the result of incorporating the fluctuating
degrees of freedom hidden in the noise term η.
To obtain the effective potential one must consider a truncation of the derivative expansion.
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Γκ=Λ ≈ S Γκ=0 = ΓΓκ=Λ/b

Fluctuations O(∆α) Fluctuations O(b∆α) Fluctuations all timescales

∂ασ = − Ū
′
κ=Λ

3Ĥ2
+ η(α)

Langevin E.O.M.

∂αΣ = − Ū
′
κ=0

3Ĥ2

Effective E.O.M.

∫ b∆α

∆α

ΓκDη
∫ ∞

b∆α

ΓκDη

Spectator Flow Equation

Ūκ′ =

∫ κ′

Λ

3Ĥ4

4

1

κ+ ∂2
ΣΣŪκ(Σ)

dκ

Figure 1. A schematic diagram of how the FRG takes the Langevin equation for a spectator field
(2.7) and creates an effective theory that incorporates the effect of fluctuations. The integration over
η in the top line should be understand as integrating out all fluctuations whose wavelength in time –
i.e. how often they occur – lies between the two integration bounds.

The leading order and next-to-leading order truncations are the Local Potential Approxi-
mation (LPA) and Wavefunction Renormalisation (WFR). The LPA assumes that the only
object that changes as κ is varied is the potential (Ū → Ūκ), whereas WFR also modifies
the kinetic term in the action like so ∂αΣ→ ζ,Σ∂αΣ. Here ζ depends on κ and the subscript
with a comma indicates a partial derivative. We are justified in a derivative expansion as we
are dealing with overdamped motion where higher order time derivatives are slow-roll sup-
pressed. Therefore, in some sense, higher order terms in the derivative expansion correspond
to deviations from exact slow-roll that are induced by the stochastic fluctuations3. Noting
that the REA must match the classical action (2.9b) at κ = Λ the LPA form of the REA is:

Γκ[Σ, Σ̃, C̃, C] =

∫
dα
[
Ĥ2

2
Σ̃2 − iΣ̃(∂αΣ + Û ′κ)− C̄

(
∂α + Û ′′κ

)
C

]
(3.8)

where Ûκ=Λ = Û . The WFR functional form is more complicated and rather cumbersome.
For completeness we reproduce equation (94) of [30] here, such that the (on-shell)4 effective
action assuming WFR can be written as:

Γκ[Σ, C̄, C] =

∫
dα

1

2Ĥ2
ζ2
,Σ (∂αΣ)2 +

1

2Ĥ2

(
Û ′κ
ζ,Σ

)2

−C̄
(
ζ2
,Σ∂α + ζ,Σζ,ΣΣ∂αΣ− ζ,ΣΣ

Û ′κ
ζ,Σ

+ Û ′′κ

)
C (3.9)

Under the LPA and WFR assumptions the flow equations for Ūκ and ζ,Σ are:

∂κŪκ(Σ) =
3Ĥ4

4
· 1

κ+ ∂ΣΣŪκ(Σ)
(3.10)

∂κζ,Σ =
3Ĥ6

2
· P
ζ,Σ · D2

(3.11)

D ≡ Ū,ΣΣ + κ ζ2
,Σ, P ≡ 4ζ,ΣΣŪ,ΣΣΣ

D − (ζ,ΣΣζΣ),Σ −
3ζ2
,ΣŪ

2
,ΣΣΣ

4D2

(3.12)
3The authors thank the anonymous referee for identifying this link.
4Here this means that we integrated out the Σ̃ field for the sake of brevity.

– 7 –



Figure 2. How the potential Ûκ varies with renormalisation scale κ for the doublewell potential (left)
and the σ2 plus 2 bumps potential (right) at Ĥ2 = 2. The cutoff in both cases has been chosen so as
to correspond to a timestep of 0.01 i.e. Λ = 2π × 100.

where we have rescaled the potential like so:

Ū(Σ) = 3Ĥ2Û(Σ) (3.13)

and κ ∈ [0, 3Ĥ2Λ]. Equations (3.10) and (3.11) can be solved as outlined in [30] and we
will do so for a few different potentials. Namely the σ2 plus 2 bumps, the doublewell and
polynomial potentials:

σ2 + 2 bumps: Ū(σ) = σ2 +
3

2

{
exp

[
−(σ − 1)2

0.06

]
+ exp

[
−(σ + 1)2

0.06

]}
(3.14)

Doublewell: Ū(σ) = −σ2 +
σ4

4
(3.15)

Polynomial: Ū(σ) = σ +
σ2

2
+

2σ3

3
+
σ4

4
(3.16)

In Fig. 2 we plot how applying the LPA flow equation (3.10) modifies the potentials as κ→ 0
for the first two potentials of interest. We can see in both cases that as κ → 0 the barriers
disappear leaving a smooth, convex potential. For a more detailed analysis of the behaviour
of the flow equations on various potentials see [30].

3.2 One-point function

The one-point function is simply the behaviour of the average field value Σ(α) = 〈σ(α)〉.
The late time, equilibrium value Σeq is given by the minimum of the effective potential Ūκ=0.
Given that it can take many e-folds for the system to relax to the de Sitter equilibrium,
Peq = e−2Ū/3Ĥ4 , it is worth examining the non-equilibrium behaviour of the system at hand.
We can determine the evolution of the average field value Σ by a simple first order differential
equation [30]:

∂αΣ = −Ũ,Σ(Σ) (3.17)
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Figure 3. Evolution of the variance
〈
σ(α)2

〉
C

in a σ2 plus two bumps potential for Ĥ2 = 1.5 (left)
and the polynomial potential at Ĥ2 = 1 (right) as computed by direct numerical simulation and from
the FRG EEOM (3.25). The initial condition for both was a normal distribution with variance of 0.05
centred at σ = 3.

where we have introduced the effective dynamical potential Ũ defined by

Ũ,Σ(Σ) ≡





Ū,Σ(κ = 0,Σ)

3Ĥ2
, for LPA

Ū,Σ(κ = 0,Σ)

3Ĥ2ζ2
,Σ(κ = 0,Σ)

, for WFR
(3.18)

In [30] it was shown that the FRG can very accurately predict the evolution of the one-point
function both in and out of equilibrium.

3.3 Two-point function

In equilibrium the connected two point function is straightforwardly modified from [30] so
that the connected correlation function at equilibrium is

Coveq(σ(α1)σ(α2)) = Geq(α1, α2) =
3Ĥ4

2Ū,ΣΣ|
e−λ|α1−α2| (3.19)

Vareq(σ(α)) = Geq(α, α) =
3Ĥ4

2Ū,ΣΣ|
(3.20)

where λ is given by

λ2 ≡





Ū2
,ΣΣ|

9Ĥ4
, for LPA

Ū2
,ΣΣ|

9Ĥ4ζ4
,Σ|
, for WFR

(3.21)

and the vertical line means the quantity should be evaluated at κ = 0 and Σ = Σeq. Note
how the non-connected correlators follow the same behaviour:

〈σ(α1)σ(α2)〉eq = Geq(α1, α2) + 〈σ(α1)〉eq 〈σ(α2)〉eq (3.22)

⇒ 〈σ(α1)σ(α2)〉eq =
3Ĥ4

2Ū,ΣΣ|
e−λ|α1−α2| + Σ2

eq (3.23)
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If we rearrange (3.21) so that5 Ū,ΣΣ = 3Ĥ2λζ2
,Σ| and then restore (3.23) to the true physical

parameters we obtain:

〈σ(α1)σ(α2)〉eq =
H2

8π2λζ,Σ̂|
e−λ|α1−α2| + Σ2

eq (3.24)

If however we assume the system has not yet reached equilibrium then the variance and
covariance can be expressed more generally [30]:

〈σ(α)σ(α)〉C ≡ G(α, α) =
Ĥ2

2λP (α)
Ỹ1(α)Ỹ2(α) +

P (0)

P (α)

[
G00 −

Ĥ2

2λP (0)

]
Ỹ 2

2 (α)(3.25)

〈σ(α1)σ(α2)〉C ≡ G(α1, α2) = Gα1α1 Ỹ2(α) (3.26)

which is now written in terms of the dimensionless parameters. The functions Ỹ1(α), Ỹ2(α)
are the normalised solutions to:

f̈(α)− U(Σ(α))f(α) = 0 (3.27)

U(Σ) =





Ū2
,ΣΣ + Ū,ΣŪ,ΣΣΣ, for LPA

Ū2
,ΣΣ

ζ4
,Σ

+
Ū,ΣŪ,ΣΣΣ

ζ4
,Σ

− 4Ū,ΣŪ,ΣΣζ,ΣΣ

ζ5
,Σ

+
4Ū2

,Σζ
2
,ΣΣ

ζ6
,Σ

, for WFR
(3.28)

and P (α) = 1 or ζ2
Σ(Σ(α)) for LPA and WFR respectively. In [30] it was shown that the

FRG can very accurately predict the evolution of the two-point function both in and out of
equilibrium although generically not as well as it predicts the one-point function. In Fig. 3
we plot the evolution of the variance in a σ2 plus two bumps potential and the polynomial
potential as calculated by direct numerical simulation and the FRG. We have also included,
as a baseline comparison, the evolution in a bare σ2 potential and the Boltzmann potential
– see discussion around (5.10). As expected from [30], the FRG offers good agreement with
direct numerical simulation and is a dramatic improvement over alternative, naive estimates.

3.4 Three-point function

Only the FRG predictions for the one-point and connected two-point function were derived
in [30]. Here we will extend this analysis to the three point function by use of the formula –
see e.g. pages 381-382 [57]:

〈σaσbσc〉C =

∫
dudvdw

δ3Γ[Σ]

δΣuδΣvδΣw
GauGbvGcw (3.29)

5N.B. for LPA ζ2
,Σ is unity.
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where subscripts indicate the argument and Gab ≡ 〈σ(a)σ(b)〉C . The third functional deriva-
tive of the EA can be computed as:

δ3Γ[Σ]

δΣuδΣvδΣw
=

1

Ĥ2
[2ζ,Σζ,ΣΣ∂ww −W(Σ)] δ(w − u)δ(w − v) (3.30)

W(Σ) ≡ 3
Û,ΣΣÛ,ΣΣΣ

ζ2
,Σ

+
Û,ΣÛ,ΣΣΣΣ

ζ2
,Σ

− 6
Û2
,ΣΣζ,ΣΣ

ζ3
,Σ

−6
Û,ΣÛ,ΣΣΣζ,ΣΣ

ζ3
,Σ

− 9
Û,ΣÛ,ΣΣζ,ΣΣΣ

ζ3
,Σ

− 2
Û2
,Σζ,ΣΣΣΣ

ζ3
,Σ

+18
Û,ΣÛ,ΣΣζ

2
,ΣΣ

ζ4
,Σ

+ 9
Û2
,Σζ,ΣΣζ,ΣΣΣ

ζ4
,Σ

− 12
Û2
,Σζ

3
,ΣΣ

ζ5
,Σ

(3.31)

If we modify appropriately the initial conditions we can write the connected two point function
like so:

Gab = Θ(b− a)Gaa
G0b

G0a
(3.32)

which we can combine to give the following EEOM for the third central moment:

〈
σ3
α

〉
C

=

(
Gαα
G0α

)3 ∫ ∞

α
dα̃

{
6ζΣζΣΣ

Ĥ2

[
(G0α̃)2 ∂α̃α̃G0α̃ + 2G0α̃ (∂α̃G0α̃)2

]
− (G0α̃)3

Ĥ2
W(Σ(α̃))

}

(3.33)

The equilibrium limit is much simpler and assuming that α3 ≥ α2 ≥ α1 can be written as:

〈σ(α1)σ(α2)σ(α3)〉C =
〈
σ(α1)3

〉
C
e−λ(2α3−α2−α1) (3.34)

〈
σ(α1)3

〉
C

= −
〈
σ(α1)2

〉3

C

W(Σeq)

3λ
(3.35)

with the potential W evaluated at the equilibrium point Σeq. In Table 1 we write down the
FRG prediction for the equilibrium third central moment in the polynomial potential for a
few values of Ĥ2 and compare it to the value from the Boltzmann distribution. We can see
that there is reasonable agreement for Ĥ2 = 2, 1.5 with the LPA proving more accurate
than WFR. However as Ĥ2 is increased/decreased we find the agreement is poorer. For the
other two, symmetric, potentials the FRG predicts the correct zero value of the third central
moment.
In Fig. 4 we therefore plot the solution to the full EEOM (3.33) for the σ2 plus two bumps
potential (left plot) and doublewell (right plot) for favourable choices of Ĥ2 and compare to
direct numerical simulations. It is clear that the FRG can capture the qualitative evolution of
the third central moment reasonably well, however it is not very precise and we were unable
to improve the accuracy for different choices of initial conditions or Ĥ2. It would therefore
seem that we have reached the limit of reasonable accuracy that the current FRG procedure
can provide. It is possible that one needs to go to higher order in the derivative expansion
to get accurate results for the third central moment, or perhaps one should instead look at a
vertex expansion [32] of the FRG approach instead.
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Ĥ2 Boltz LPA WFR
5 0.3787 0.9480 0.7078
2 0.3778 0.3858 0.2932
1.5 0.3236 0.2510 0.1988
1 0.1547 0.08288 0.07868
0.5 0.005128 0.001287 0.001533

Table 1. The equilibrium third central moment
〈
σ(α1)3

〉
C

as calculated from the Boltzmann equi-
lbtium distribution Peq = e−2Ū/3Ĥ4

, the LPA and WFR (3.35) for the polynomial potential.

Figure 4. Evolution of the third central moment
〈
σ(α)3

〉
in a σ2 plus two bumps potential for

Ĥ2 = 1.5 (left) and the doublewell potential at Ĥ2 = 5 (right) as computed by direct numerical
simulation and from the FRG EEOM (3.33). The initial condition for both was a normal distribution
with variance of 0.05 centred at σ = 3.

4 Cosmological Observables

The correlators obtained via the stochastic dynamics are temporal and, by construction of the
stochastic theory, apply to successive times within a single Hubble patch. However, because
of de Sitter invariance [8] any correlator of a scalar observable O(σ) should only depend on
the de Sitter invariant quantity:

y = cosh (α1 − α2)− H2

2
exp (α1 + α2) |~r1 − ~r2|2 (4.1)

where ~r1 and ~r2 are comoving position vectors. One might therefore expect that purely spatial
correlators can be obtained from temporal ones by mapping the temporal interval to a spatial
one with the same value of |y|. In practise, this can be done via the correspondence

e(α1−α2) ↔ H2 exp (2α2) |~r1 − ~r2|2 (4.2)

where we assumed that α1−α2 > 1. It can be explicitly checked that this procedure gives the
correct spatial dependence of the correlators in the case of a massive free field to leading order
for large |y| � 1 - see e.g. [12, 58]. Furthermore, the diagrammatic correspondence on long
wavelengths between the stochastic theory and the full QFT with quartic self-interactions
shown in [13] suggests that this procedure would provide the correct spatial correlator in that
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case too. Here we will assume that this substitution can be done in general, as for example
used in [59] and write

〈σ(~x1, α)σ(~x2, α)〉 = 〈σ(α)σ(α+ 2 ln (|~x1 − ~x2|H))〉 (4.3)

where the right hand side is the temporal correlation function at spatial coincidence (~r1 = ~r2)
that can in principle be obtained through the stochastic approach i.e. equation (2.4). This is
valid at distances |~x1 − ~x2| � 1/H and ~x = a~r is the physical, non-comoving coordinate and
σ is now dimensionful. Equal-time correlation functions are often described by their power
spectrum:

Pσ(k) =
k3

2π2

∫
d3x e−i

~k·~x 〈σ(~x1, α)σ(~x2, α)〉 (4.4)

where here k is the Fourier transform of position and ~x = ~x1 − ~x2. The question now is how
the FRG can compute the RHS of (4.3) and therefore the power spectrum.

4.1 Power Spectrum from an equilibrium distribution

In equilibrium the FRG predicts that the two point function follows a simple exponential
decay (3.24) – for simplicity we assume a symmetric potential such that Σeq = 0. We can
substitute this into the RHS of (4.3) to obtain:

〈σ(~x1, α)σ(~x2, α)〉 =
H2

8π2λζ,Σ̂|
1

(|~x1 − ~x2|H)2λ
(4.5)

Which suggests a power law form:

〈σ(~x1, α)σ(~x2, α)〉 =
Aσ

(|~x1 − ~x2|H)nσ−1 (4.6)

Aσ =
H2

4π2

1

ζ,Σ̂| (nσ − 1)
(4.7)

nσ = 1 + 2λ (4.8)

Using the definition of the power spectrum (4.4) we obtain6

Pσ(k) = Aσ(nσ − 1)

(
k

H

)nσ−1

(4.10)

which suggests that Aσ and nσ are the amplitude of the power spectrum and the spectral tilt
respectively for σ. In terms of FRG quantities the power spectrum is given by:

Pσ(k) =
H2

4π2ζ,Σ̂|

(
k

H

)2λ

(4.11)

The parameter λ defined in (3.21) therefore take on a new interpretation, it tell us how
6It is worth noting that this simple form assumes that |nσ − 1| � 1 otherwise the power spectrum is more

generally given by:

Pσ(k) =
2

π
AσΓ [2− 2λ] sin (πλ)

(
k

H

)nσ−1

(4.9)
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Ĥ2 LPA WFR Sim Bare
5 0.7902 0.7874 0.7841 0.8
2 1.9916 1.8427 1.8703 2
1 6.4109 5.6368 5.3684 4
0.5 9.3241 9.2108 9.2849 8

Table 2. Value of the (shifted) spectral tilt nσ − 1 as computed by the LPA, WFR and by direct
numerical simulation for the σ2 plus bumps potential. Increasing Ĥ2 increases the strength of the
fluctuations. The simulation values were generated by averaging over 50,000 runs. In the final column
we have included, for comparison, what the prediction from the underlying harmonic potential would
be without the Gaussian bumps.

Figure 5. Various harmonic potentials U(σ) ∝ σ2 that give the same prediction for λ and therefore
the spectral tilt nσ as computed by direct simulation, the LPA and WFR for the σ2 plus bumps
potential – shown here by the dotted red line. The parameters for each subplot are: Ĥ2 = 5 (top
left), Ĥ2 = 2 (top right), Ĥ2 = 1 (bottom left) and Ĥ2 = 0.5 (bottom right).

accurately the FRG can predict the power spectrum of a spectator field σ. In [59, 60] the
stochastic spectral expansion is used to obtain the amplitude of the power spectrum and the
spectral tilt for a standard fourth order polynomial and doublewell potential. Here we will
use FRG techniques to compute the spectral tilt for the σ2 plus two bumps potential (3.14)
while varying Ĥ2.
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It is straightforward to solve the appropriate flow equations to obtain λ from the FRG
and then using (4.8) obtain the (shifted) spectral tilt nσ − 1. In Table 2 we compare these
computations to the result from direct numerical simulation as well as what the spectral tilt
would be for the simple underlying harmonic potential in the absence of Gaussian bumps.
In line with the results of [30] we can see good agreement using FRG techniques with WFR
offering improvement over the LPA result. As indicated by [30] our FRG results are more
accurate as Ĥ2 is increased which corresponds to the strength of the stochastic fluctuations
increasing. It is also clear that we are capturing non-trivial effects as the deviation from
the bare potential prediction is significant. However this does point to a degeneracy in our
results, and theoretical predictions for observations in general.

The values we obtained in Table 2 could have just as easily been obtained from a har-
monic potential with a suitably modified coefficient. In this way many different potentials can
give identical predictions for the spectral tilt. To make this point more transparent we plot in
Fig. 5 the harmonic potentials U(σ) ∝ σ2 that would reproduce the spectral tilt predictions
in Table 2 for the FRG methods and direct numerical simulation. We can see that at Ĥ2 = 5
that these harmonic potentials closely match the original Langevin potential which makes
sense from the results in Table 2. However as Ĥ2 decreases we can see that the deviations
becomes more significant so that it does not resemble the original Langevin potential at all.
In this way it is clear that one should be careful about making inferences about the potential
from values of the spectral tilt. At high Ĥ2 one could very easily add features like bumps
that would negligibly change the spectral tilt but make the potential look very different. At
lower Ĥ2, added features will modify the spectral tilt significantly, but would still match the
prediction from a suitably modified harmonic potential. At very low Ĥ2 however the equi-
librium distribution will be heavily contained near the equilibrium point and features further
away will again have little impact on the spectral tilt.

The values for the spectral tilt we show in Table 2 are too high to correspond to the
curvature perturbation so the potentials we consider here could not correspond to the cur-
vaton scenario. While the work done in section 4.1 has been done assuming an equilibrium
distribution, this procedure could easily be applied out of equilibrium. Section 3.3 yields
numerically the temporal two-point function and using equations (4.3) and (4.4) the power
spectrum can also be numerically obtained.

5 First-Passage Time prediction

The FRG naturally gives us a prediction for the evolution of Σ and the connected two point
function of the field G and we showed in section 4 how this can be turned into predictions for
cosmological observables such as the power spectrum. In this section we will instead examine
the FPT problem in line with our previous computations for the inflaton [24]. In particular
what we wish to know is the probability distribution, ρ(N ) for the number of e-folds it takes
to reach a field value σ2 given it was initially at σ1 at some initial time Ni which for simplicity
we identify with 0. For a spectator field σ that obeys the Langevin equation (2.7) we can
straightforwardly write down the Fokker-Planck (F-P) equation that the PDF P (σ, α) obeys:

∂P (σ, α)

∂α
= ∂σ(P (σ, t)∂σÛ) +

Ĥ2

2
∂σσP (σ, α) (5.1)
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The question now is how one can compute the solution to (5.1) using FRG techniques.

5.1 Normal Distribution

It is true that in general the solution to (5.1) is not a normal distribution, however we will
assume it is as the FRG is able to accurately predict the evolution of the average position
Σ(α) and the variance G(α) – now denoted with a single argument for notational brevity.
This gives us the following ansatz:

P (σ, α) =
1√

2πG(α)
exp

[
−1

2

(σ − Σ(α))2

G(α)

]
(5.2)

We now wish to compute the probability ρ(N ) that σ2 is reached between N and N + dN
e-folds. This can be related to (5.2) using [61]:

∫ ∞

N
ρ(α)dα =

∫ ∞

σ2

P (σ,N )dσ (5.3)

⇒ ρ(N ) = − ∂

∂N

∫ ∞

σ2

P (σ,N )dσ (5.4)

To see why this is the case consider that the LHS of (5.3) is simply the probability that it
takes longer than N e-folds for the field to reach σ2. This is equal to the probability that
the trajectory lasts longer than N , P ( trajectory > N ). The RHS is the area under the
F-P PDF above the exit point σ2 at the time N . Provided there is an absorbing boundary
condition at σ2 then this area is the fraction of trajectories that have not yet reached σ2 at
time N . This means that all of these trajectories will take longer than N to reach σ2 so this
area does indeed equal P ( trajectory > N ) so the LHS = RHS. If there is not an absorbing
boundary condition than the RHS will be larger than the LHS. This is because the RHS will
now include contributions from trajectories that have reached σ2 previously but are now at
σ > σ2 meaning we are no longer computing a true first-passage time quantity. Therefore
if one does not include an absorbing boundary condition, a computation of the RHS would
overestimate the number of trajectories that have yet to reach σ2 and the prediction for ρ(N )
would have a fatter tail than the true value. An absorbing boundary condition is naturally
imposed for the F-P equation for the inflaton – as it corresponds to inflation ending – but
this is not so for a spectator field and the PDF (5.2) is not endowed with such boundary
conditions. Instead the PDF that enters (5.4) will be different to the one that solves (5.1).
We can easily modify the ansatz (5.2) to include an absorbing boundary condition by adding
another Gaussian solution that cancels at σ2:

P (σ, α) =
A√

2πG(α)

{
exp

[
−1

2

(σ − Σ(α))2

G(α)

]
− exp

[
−1

2

(2σ2 − σ − Σ(α))2

G(α)

]}
(5.5)

Where A is a normalisation factor to be determined. Substituting (5.5) into (5.4) yields:

ρ(N ) = −A ∂

∂N

[
erfc

(
σ2 − Σ(N )√

2G(N )

)]
(5.6)

Which can be straightforwardly evaluated to give the main result of this paper:

ρ(N ) =
A√

2πG(N )

[
(Σ(N )− σ2) ∂NG(N )

2G(N )
− ∂NΣ(N )

]
exp

[
−1

2

(σ2 − Σ(N ))2

G(N )

]
(5.7)
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For ρ(N ) to be a probability its integral between the initial e-fold time Nin and N → ∞
must be unity. This tells us that A is given by:

1

A
= erf

(
σ2 − Σin√

2Gin

)
− erf

(
σ2 − Σeq√

2Geq

)
(5.8)

where subscripts in and eq indicate quantities evaluated at the initial e-fold time Nin and at
equilibrium respectively. It is worth noting that if our initial condition corresponds to a delta
function then (5.8) simplifies to:

1

A
= 1− erf

(
σ2 − Σeq√

2Geq

)
(5.9)

and if σ2 is the equilibrium point the norm can be further simplified to A = 1. Equations
(5.7) & (5.8) are the main results of this section.

We also recall from [30] that the effective dynamical potential can be approximated by
the Boltzmann potential:

ŨBoltz(Σ) =
Ĥ2

4Geq
(Σ− Σeq)

2 (5.10)

which suggests the effective dynamical potential is simply a harmonic potential centred at
the equilibrium point with mass determined by the equilibrium variance. A potential of this
form gives the following simple predictions for the average position and variance:

ΣBoltz(α) = Σin exp

(
− Ĥ2

2Geq
α

)
+ Σeq (5.11)

GBoltz(α) = [Gin −Geq] exp

(
− Ĥ

2

Geq
α

)
+Geq (5.12)

these equations can be substituted into (5.7) to give a prediction for FPT quantities and will
act as a benchmark for the FRG.
In Fig. 6 we plot the PDF for the FPT to reach σ = 0.5 (top row) and σ = 0 (bottom
row) for the doublewell potential at Ĥ2 = 5 for an initially normal distribution centred at
σ = 3. We have compared the results from simulations with the FRG from (5.7) as well as
the Boltzmann potential prediction. We can readily see – as expected – that WFR offers
an improvement over LPA with matching the FRG. What is more surprising is how well the
Boltzmann potential prediction also does even when the final position is not the equilibrium
point. It is worth emphasising that the bottom row is essentially a barrier escape problem
suggesting the applicability of this technique to general thermal systems.

To get a more general sense of how well the FRG does at predicting FPT quantities we
plot the predictions for the average time taken, 〈N〉 to reach the equilibrium point for the
doublewell and polynomial potentials in Fig. 7 over a range of Ĥ2. We can see that the FRG
does a good job at correctly predicting how 〈N〉 changes as the value of Ĥ2 is varied with
WFR in particular offers good agreement with the result from direct numerical simulation.
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Figure 6. The PDF for time taken for the spectator to reach σ = 0.5 (top row) and the equilibrium
σ = 0 (bottom row) in the doublewell potential for Ĥ2 = 5 using linear (left) and log (right) scales.
The circle, box, plus and cross symbols in the plots represent the mean time taken 〈N〉 as computed
by direct numerical simulation, by the LPA, by WFR and assuming a Boltzmann type potential
respectively. The width of the horizontal lines in the log plots correspond to the respective variances
δN 2 =

〈
N 2
〉
− 〈N〉2 with an arbitrary vertical offset for legibility. The initial conditions were a

normal distribution centred at σ = 3 with variance = 0.05.

We have also plotted in Fig. 8 how the variance in time taken to reach equilibrium
δN 2 =

〈
N 2
〉
− 〈N〉2 changes as the value of Ĥ2 is varied. We can see that while the FRG

does not match as well as it does for 〈N〉 it still offers good agreement and improvement over
the Boltzmann prediction. It is remarkable given the number of assumptions that had to be
taken to achieve this result – derivative expansion of the REA, simple regulator, Gaussian
solution to the F-P equation – that the FRG agrees as well as it does.

6 Conclusions

In this paper we have applied the Functional Renormalisation Group (FRG) techniques de-
veloped in [30] to the first-passage time (FPT) problem. Having outlined how the FRG
equations derived in [30, 56] can be successfully applied to a spectator scalar field during
inflation we derived the effective equations of motion (EEOM) for the third central moment
in an attempt to go beyond Gaussian statistics. Unfortunately while the FRG is capable
of correctly describing the qualitative nature of the third central moment it does not offer
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Figure 7. Dependence of the average time taken to reach the equilibrium point, 〈N〉, on Ĥ2 for the
doublewell potential (left) and polynomial (right) as computed by different approaches. The initial
conditions were a normal distribution centred at σ = 3 with variance = 0.05.

Figure 8. Dependence of the variance in time taken to reach the equilibrium point, δN 2 =
〈
N 2
〉
−

〈N〉2, on Ĥ2 for the doublewell potential (left) and polynomial (right) as computed by different
approaches. The initial conditions were a normal distribution centred at σ = 3 with variance = 0.05.

sufficient quantitative accuracy. We surmised that this is probably the limit of the accuracy
of the derivative expansion of the Regulated Effective Action (REA) and that going to higher
orders or focusing on a vertex expansion might offer better results.

We went on to discuss what cosmological observables could be predicted from an FRG ap-
proach. In the curvaton scenario the spectator field could provide the dominant contribution
to the primordial curvature perturbation and therefore one may wish to compute the power
spectrum and spectral tilt of σ. We reviewed how de Sitter invariance allows us to relate
correlations in space – what we observe in the CMB – to correlations in time – what can be
computed in a stochastic approach. As the FRG predicts that (in equilibrium) the covariance
follows a simple exponential in time, i.e. 〈σ0σα〉 ∝ e−λα, the real space correlator follows a
simple power law form. This means that the spectral tilt is simply given by nσ − 1 = 2λ,
and we showed for a σ2 plus bumps potential that the FRG (and in particular WFR) can
accurately compute the spectral tilt. We showed in Fig. 5 how this creates a degeneracy in
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predictions such that potentials with features, like Gaussian bumps, give the same predictions
for the spectral tilt as an appropriately scaled harmonic potential. One should therefore be
wary about making inferences about the potential from observational measurements like the
spectral tilt. We also used the FRG to confirm the erasure of initial condition dependence of
the spectator field during inflation as to be expected by the presence of the SR attracter.

We finished this paper by an examination of the FPT problem for a spectator field. In
particular we derived an analytic formula for the PDF for time taken to traverse between two
points assuming a normal distribution (5.7) – and did the same for a skew-normal distribution
(A.5) in the appendix. As the FRG is able to predict the evolution of average position Σ and
its variance with time this meant the FRG could make predictions for FPT quantities. We
showed that the FRG captured the shapes of the PDFs well and commented on the surprising
robustness of the simple Boltzmann equilibrium prediction even far from equilibrium. We
showed that even assuming a normal distribution that the FRG is able to accurately predict
the average time taken to traverse between two points 〈N〉 and the variance in the time taken
δN 2 =

〈
N 2
〉
− 〈N〉2 for complicated potentials where there is a barrier to be overcome. It is

also capable of capturing the correct non-Gaussian tails one would expect to see in this sort
of stochastic problem. This represents a first, crucial step towards using FRG techniques to
compute FPT quantities for the inflaton. This also suggests that the EEOM are a useful way
to predict barrier escape in thermal systems in general without having to run many costly
simulations.

A Skew-Normal Distribution

In principle one can go beyond an initially Gaussian distribution and introduce skewness
through the third central moment

〈
σ(α)3

〉
C
. There are many different distributions with

skew but here we will assume a skew-normal distribution given by:

P (σ, α) =
1√

2πB(α)

[
1 + erf

(
C(α) (σ −A(α))√

2B(α)

)]
exp

[
−1

2

(σ −A(α))2

B(α)

]
(A.1)

where the time dependent parameters A(α), B(α) and C(α) are related to the mean, Σ(α),
variance, G(α), and the third central moment,

〈
σ(α)3

〉
C
, in the following way:

D(α) =

√
π

2

u1/3

√
1 + u2/3

, u ≡ 2

4− π

〈
σ(α)3

〉
C

G(α)3/2
(A.2a)

C(α) =
D√

1−D2
(A.2b)

B(α) =
G(α)

1− 2D2/π
(A.2c)

A(α) = Σ(α)−D
√

2G(α)

π
(A.2d)
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Then we can proceed as in the Gaussian case:

ρ(N ) = − ∂

∂N

∫ ∞

σ2

dσ√
2πB(N )

[
1 + erf

(
C(N ) (σ −A(N ))√

2B(N )

)]
exp

[
−(σ −A(N ))2

2B(N )

]

(A.3)

= − ∂

∂N

[
1

2
erfc

(
σ2 −A(N )√

2B(N )

)
+ 2T

(
σ2 −A(N )

B(N )
, C(N )

)]
(A.4)

= exp

[
−(σ2 −A(N ))2

2B(N )

]{
− ∂NC(N )

2π (1 + C(N )2)
exp

[
−C(N )2 (σ2 −A(N ))2

2B(N )

]

+
1√

2πB(N )

[
(A(N )− σ2) ∂NB(N )

B(N )
− ∂NA(N )

]
erfc

(
σ2 −A(N )√

2B(N )

)}
(A.5)

where we have used Owen’s T function [62] defined as:

T (x, a) ≡ 1

2π

∫ a

0
dy

exp
[
−x2

(
1 + y2

)
/2
]

1 + y2
(A.6)

so that the norm is simply given as:

〈1〉 =
1

2
erf

(
σ2 −Aeq√

2Beq

)
− 1

2
erf
(
σ2 −Ain√

2Bin

)

+2T

(
σ2 −Ain
Bin

, Cin

)
− 2T

(
σ2 −Aeq
Beq

, Ceq

)
(A.7)

However as we previously indicated the FRG poorly predicts the third central moment –
and thus the skewness. Therefore it is perhaps not surprising that when we used (A.5)
to the cases analysed in the main body of the text we found that going beyond a normal
distribution actually worsens our FRG predictions for the PDF. If the third central moment
can be computed more accurately – perhaps by going beyond WFR or by examining a vertex
expansion of the effective action – then it is possible that (A.5) would be more accurate than
the normal distribution.
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