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We show that the Wilsonian formulation of the renormalization group (RG) defines a quantum
channel acting on the momentum-space density matrices of a quantum field theory. This information
theoretical property of the RG allows us to derive a remarkable consequence for the vacuum of
theories at a fixed point: they have no entanglement between momentum scales. Our result can be
understood as deriving from the scale symmetry of such theories and leads to constraints on the
form of the ground state and on expectation values of momentum space operators.

Introduction.- The Wilsonian renormalization group
(RG) transformation is a fundamental concept in the
study of quantum field theories (QFTs) and statistical
physics, which has been of great importance to under-
standing phenomena in these areas [1-4]. It is typically
defined as the integration over high momentum modes of
a field theory above a given scale y with a sharp cutoff,
followed by the rescaling of momenta and fields [5, 6]

For physical quantum systems (whose states are de-
scribed by density matrices [7]), it is of prime importance
for the Wilson RG to be a quantum channel of states in
a QFT, i.e., a completely positive and trace-preserving
(CPTP) map (see Sec. 8.2 of Ref. [7] for a definition and
discussion). Indeed, were it not CPTP, there would be
field theories, possibly tensored with finite-dimensional
systems, where the renormalization procedure gives rise
to density matrices for the long distance degrees of free-
dom that would violate key requirements of quantum
mechanics (e.g, positivity). Furthermore, since the RG
preserves exactly the averages of long-wavelength observ-
ables [6], this would contradict the fact that the set of ex-
pectation values of all elements in an observable algebra
determines the quantum state [8, 9], and such expecta-
tion values are obtained from a vacuum state.

Although it is physically intuitive that the Wilsonian
RG defines a CPTP map, such has so far not been demon-
strated, despite recent advances discussed in Refs. [10-
15]. Our first result in this Letter is to prove that the RG
has this property. This will be done via the Schrodinger
picture of the wave functionals in QFT [12, 16]. We then
use it to explore entanglement properties between mo-
mentum scales at RG fixed points.

As discussed first in Refs. [17, 18], and later explic-
itly worked out with examples in Ref. [19], the first RG
step, integrating out fast modes, is equivalent to taking
a partial trace over degrees of freedom above a certain
scale, which is a quantum channel. Therefore, we only
need to focus on the rescaling of fields and momenta in
the second step to show its CPTP property. We will
show that the scaling used in the RG procedure defines a

unitary evolution of the momentum-space density matri-
ces. Hence, as the composition of two quantum channels
is still CPTP, we conclude the proof for the full Wilso-
nian RG transformation. This nature of the RG not only
guarantees the expected consistency of the method, but
it also paves the way towards investigating how the en-
tanglement between momentum scales evolves along the
RG trajectory. In particular, it allows us to study such
entanglement for theories lying at fixed points. Our main
result is establishing that, as long as a fixed point theory
exists (for example, as a CFT), then there is no entangle-
ment in its ground state between momentum modes at
different scales, even though such theories can be strongly
interacting. We conclude with a discussion about some
consequences of this property and on the novel perspec-
tives it provides.

The Wilsonian RG as a quantum channel.- We begin
by reviewing one of the insights of Ref. [17]. It is known
that the ground state of a quantum system can be rep-
resented via the functional integral of its action (see, for
instance, Sec. IV in Ref. [20]). Suppose one partitions
the Hilbert space of a QFT in d spatial dimensions with
action S in momentum space as H = @), Hg, where
each Hy is generated by eigenstates of (the hermitian
components of) the field mode ¢y, where ¢ represents
any collection of bosonic and fermionic fields of the the-
ory. Then, the ground state matrix elements between
two vectors |pg), |@r) such that each momentum mode
has a definite amplitude are given by the path integral
[17, 20],
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the boundary condition indicates a discontinuity at Eu-

clidean time 7 = 0, the action S[¢g(7)] is written in terms
of the Fourier-transformed fields and

Z= / Deppe (1)e 5167, (2)

With this representation it becomes clear that integrating
out fast modes with |k| > p for an arbitrarily chosen
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and changeable p, is the same as taking a partial trace
over the Hilbert space ®|x|>,Hg, as can be seen by the
equality
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for any observable O built from field modes ¢ such that
|k| < p and where S, is the Wilsonian effective action at
scale p obtained by integrating out fields with |k| > pu.
This is the relation (04) = Tr(p04) = Tra(pa04) which
characterizes a reduced density matrix for a subsystem A
from the observables acting on it, applied to momentum
scales in a field theory, here defined as the field modes
with momenta with a certain magnitude.

Thus, a low-momentum density matrix p,, derived from
this QFT ground state is well defined and given in terms
of S, by [17, 19],
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The broader point is that this interpretation is valid
even in the case of states other than the vacuum: the
first RG step defines a partial trace over high-momentum
modes and takes density matrices on the full Hilbert
space of the theory to density matrices acting on the
long-wavelength degrees of freedom only.

Moving on to the scaling transformation, we define A
as the overall cutoff of the QFT and the scaling parameter
as o := A/u. Thus, the rescaling of field modes is given

by [5],

k — ok, (5)

bk — 0% ok, (6)

where dy is the scaling dimension of the Fourier-
transformed field, which depends on the fixed point of in-
terest. The Euclidean time variable must also be rescaled
as 7 — o~ *1, using the dynamical critical exponent z in-
troduced by Hertz in Ref. [21]. We keep z generic as
our results will be valid for both relativistic and non-
relativistic field theories. Furthermore, note that the
scaling transformation employed here is simply the uni-
form dilation of length scales. More general Weyl trans-
formations curving space are not investigated. The latter
lead to anomalies in certain CFTs (the main differences
between the two transformations are discussed in Ref.
22)).

The matter of time rescaling is also a good opportu-
nity to emphasize the peculiarities of our momentum-
space cutoff: modes with |k| > p are integrated over at

all energies, without any constraint in the temporal com-
ponent of momentum, which transforms only under the
second step of the RG. Such distinction is essential for the
integration of fast modes to be identified with a partial
trace, as the degrees of freedom of the system are labeled
by the spatial momenta and in the path integral the de-
pendence in 7 is only used to project into the ground
state, meaning there are no restrictions on its conjugate
ko. Similar conclusions, in the context of the functional
RG, are reached in Refs. [12, 23] (which discuss the phase
space and canonical structure) and Ref. [24]. This sug-
gests that even for relativistic theories, focusing only on
the spatial momenta is key to understanding the entan-
glement properties of QFTs.

Last but not least, as discussed by Hertz in Ref. [21],
Sect. VI, and Millis in Ref. [25], the fixed points and uni-
versal quantities obtained with this cutoff are the same
as in any other RG method, thus keeping the following
analysis very general.

Now, recall that S[¢g(7)] is the original action of
the QFT in terms of momentum-space fields and let
So)ok(1)] = Su[0%der(07*T)] denote the new ac-
tion at scale A obtained from the scaling transformation.
Then, by means of the path integral construction of ma-
trix elements of a state operator, this action naturally
defines the density matrix p(,) via,
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There is a priori no reason to believe that p) =
|2) (©2], where |Q) is the ground state vector, since the
action S(4)[¢r] will be generally different from the origi-
nal S[¢r]. The process of obtaining an effective action by
integrating part of the momentum modes can be inverted
by a scaling transformation only at an RG fixed point.

In general, the scaling transformation must be defined
not only for p,,, but also for any density matrix acting on
the low-momentum degrees of freedom. We will do so by
using the Schrodinger representation of states in a QFT
[12, 16], where a generic density matrix p acting on the
Hilbert space of momentum modes below scale p can be
formally written as the path integral

p=[ T DouDoplonh)lon) (il (9)
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Then, we define the scaling transformation as taking p



to a p such that,
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which is composed of the same rescalings as before with
a relabeling of the momentum modes. The normaliz-
ing factor N is introduced due to the scaling of fields in
the path-integral measure. This definition is exactly the
same as Eq. (7) whenever the density matrix elements
can be defined via an effective action, with N = Z,)/Z.
This can be confirmed by writing Eq. (7) in the form of
Eq. (12) via a change of variables. Note that while the
rescaling of momenta and fields enacts a shift in the la-
bels of the degrees of freedom, the time rescaling by itself
produces no change: in Eq. (7) the fields are integrated
over all possible dependencies in T (a consequence of no
cutoffs being imposed on the energies) and the integra-
tion limits are taken at 7 = 0%, so the rescaling can be
undone by a change of variables with no alterations in the
final matrix elements. Interestingly, this is not the case
at finite temperature, not studied in this paper, where
the time periodicity is changed by the rescaling, see Ref.
[25] and the Supplemental Material.

From now on, it is important to define the theory in
a box of volume V', an IR cutoff, so that the number of
degrees of freedom is finite and the functional integrals
and other quantities are well defined. With this cutoff the
normalization constant becomes N ~ 091"V as can be
seen by comparing Eqgs. (10) and (13) explicitly.

As discussed in Ref. [6], this scaling is “trivial” in
the sense that all statistical properties of the state at
low-momentum degrees of freedom are preserved and all
original expectation values can be recovered. In a quan-
tum system this is tantamount to the transformation be-
ing described by a unitary map; in fact, if we define the
operator,

Uzm/ T e lo o) (6], (19)
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by computing the necessary integrals with both UV and
IR cutoffs, it is easy to show that given U and density
matrices of Egs. (9) and (11), we have j = UpUT. Fur-
thermore, U also obeys UUT = UTU = 1 and so the scal-
ing transformation is indeed unitary. This can be tested,
for example, by confirming the validity of the fact that
the entropy of a density matrix is invariant under unitary
transformations [7]. Indeed, it can be shown using the

method and examples of Ref. [19], that the entropy of
the matrices before and after scaling (at lowest nontrivial
perturbative order) are equal [26].

In real space the unitarity of scaling maps is well-
known. What we have shown is that this property is
also present in the specific transformation used in the
momentum-space RG, which also includes scaling of field
modes and time and which, although first defined only as
a manipulation of the effective action, naturally leads to
a map of density matrices. Therefore, the full Wilsonian
RG procedure defines a quantum channel p — p(5) which
is the composition of a partial trace over high-momenta
(map p — p,) and a unitary induced by the rescaling
operation (map p, — p(o)). The RG flow, being a Com-
pletely Positive and Trace-Preserving process, can thus
be described using tools such as the operator-sum repre-
sentation (see Chapter 8 of Ref. [7]).

Entanglement between scales at a fized point— To see
how the information theory formulation of the RG might
be valuable, we apply it to study the momentum-space
entanglement in the ground states of RG fixed points. By
definition, these QFTs are such that S, [Pr] = S*[0k]
(the latter being the fixed point action, generally includ-
ing all powers and derivatives of the field) no matter how
many degrees of freedom are integrated over in the first
step. Comnsequently, by the connection between action
functionals and density operators explored earlier, we
must have p,) = p = |Q) ([, meaning p(,) is a pure
state and so Spr(p(s)) = 0. The entropy of interest
is Spr(py) = —Tr(pylogp,), which gives the entan-
glement between low and high momenta. However, we
showed that rescaling is a unitary (in this context only
also the inverse of the partial trace), therefore

See(pu) = Ses(p(0) = 0. (15)

Thus, the ground states of theories at an RG fixed
point have no entanglement between different momen-
tum scales.

While all transformations were defined starting from a
full regularization of the QFT, this does not restrict the
validity of our result. We introduce the UV cutoff A in
order to regularize the theory, but scale-invariance makes
its removal simple. Interactions are renormalized so that
the theory is kept at the fixed point, by simply leaving
the dimensionless parameters constant, and the limiting
procedure A — oo keeps the entanglement entropy be-
tween slow and fast modes equal to zero. As for the IR
cutoff, Refs. [3, 4] explain how the finite volume acts as
a relevant operator, driving the system away from the
fixed point, and as pointed out in Ref. [6], the scaling
transformation effectively changes the size of the box as
V — 07%V. This means that the V — oo limit must
be taken before any other when defining the theory, sim-
ilarly to discussions of spontaneous symmetry breaking.
This limit ensures the theory stays at a fixed point and



that the Hilbert spaces before and after scaling are the
same (without it, different periodic boundary conditions
define different vector spaces), a necessary condition for
the equation p,) = [2) (Q| to be meaningful. Ultimately
this does not change much, as the scaling transformation
is still unitary at infinite volume and the proof of Eq.
(15) follows the same way, though it is important to keep
these subtleties in mind.

Note that our only assumption at this point was that
a fixed point exists. Hence, what we have shown is that,
contrary to what may be intuitively expected, even a
strongly interacting QFT can have no entanglement in its
vacuum if the theory is scale-invariant. In other words,
the stringent conditions on the couplings of a fixed point
automatically constrain the ground state entanglement
between momentum scales to vanish.

Physically, this result can be understood as follows.
The entanglement entropy between scales necessarily
vanishes as both © — 0 and u — A. This is because
as u — A, then fewer and fewer momentum degrees of
freedom are being integrated out, and in this limit we
are simply left with the full vacuum of the theory, a pure
state with zero entropy (when p = A we simply have the
full action of the theory, which defines the ground state).
On the other hand, if © — 0, we can invoke the fact
that if the global state is pure, the entropy after taking
the partial trace is equal to that of the density matrix of
the traced out degrees of freedom [7], meaning that the
entropy at g = 0 must be equal to the entropy of the
ground state, which is zero.

Now, the entanglement entropy is always positive [20],
so it must reach a maximum between 0 and A as p is
varied, but such a maximum naturally defines a charac-
teristic scale for a theory, since it is the momentum scale
across which modes are correlated the most. Therefore,
if a theory is scale-invariant, the momentum-space en-
tanglement entropy must be constant. Since we know it
vanishes both in the IR and UV extremes, it must vanish
always. In this way we arrive once more at the conclu-
sion that there must be no entanglement with respect
to this partition. This general behavior of momentum-
space entanglement used in our argument is seen in the
explicit formulas obtained in Refs. [17, 19] and is the
field theory equivalent of the “Page curve” discussed in
Sec. 3.1 of Ref. [27]. The latter is an upper-bound
on the entanglement entropy generated when degrees of
freedom are gradually traced out in a pure state of a
finite-dimensional system.

Consequences for fixed point theories — We can derive
a number of implications from the fact that there is no
entanglement between momentum scales in the ground
state of scale-invariant QFTs for any separation scale p
chosen. The most direct one is that the vacua of these
theories are separable, i.e., it is a simple tensor product
of terms labeled by the momentum scale. Writing the
Hilbert space of a fixed point theory as H = ®u Hy,

with p denoting the momentum scale (meaning each 3(,
contains all modes with |k| = ), the vacuum must be
given by |Q?) = ®,, |Q,). Due to scale symmetry and the
unitarity of the scaling map, the projections of the com-
ponents [2,) into eigenstates of field modes must obey
(Or|Qu) = <o_d¢¢gk}ﬂw> for any real o.

Furthermore, separability of the state vector leads to
connected correlation functions of observables acting on
different momentum scales being all equal to zero [7, 28].
That is, defining the operators which act on the subsys-
tems below and above scale u, respectively

dk;
H dfn ki, .o, kp) Ok, 0k, (16)
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given two families of functions {f,(k1,...,kn)},
{fu(k1,....k,)} (which must be of compact sup-
port in |k;| < w, |ki| > p, respectively, see chapter 2 of
Ref. [8]) then the separability of the vacuum implies the
factorization of the expectation value of their product:
(0<05) = (0<)(05).

Translating this condition into identities for the field
correlators is somewhat complicated, but the n-point
functions of the field in momentum space must be such
that all momenta are at the same scale (have the same
absolute value), or else they factorize into products
of correlators. For example, the four-point function
(Pky Pk Phes Phey ) Decomes such that

<¢k1 ¢k2¢k3¢k4> = F(kla k?; k3; k4) + <¢k1 ¢k2><¢k3 ¢k4>

+ (Pky Phes ) (Phos Phes) + (Pher Pl ) (Pl i)
(18)

where F'(k1, ko, k3, k) depends on the fixed-point theory
and vanishes unless |ki| = |kz| = |k3| = |k4|. This iden-
tity can be understood as follows. If all momenta have
same magnitude, the correlator can have any form consis-
tent with scale symmetry, otherwise it must factorize into
a product of expectation values. Note that this result is
independent of momentum conservation (the expression
still contains a delta function making Z?:l k;, =0). Fur-
thermore, generalized versions of this relation are valid
for the other n-point functions.

It would be interesting to compare these formulas to
the ones found in Refs. [29, 30] for CFTs, though the
authors work with correlations of arbitrary scaling op-
erators while we are considering the “fundamental” field
appearing in the Lagrangian defining the theory, in terms
of which all operators may be constructed. Expanding
on this latter notion, mathematically it means the field
¢ and its polynomials must define an irreducible set of



operators in the Hilbert space of the QFT (see section
3.1 of Ref. [9] for an introduction). This requirement is
what distinguishes operators whose momentum correla-
tions must factorize between scales at a fixed point from
the others: it formalizes the idea that a “fundamental
field” identifies the “degrees of freedom” of a QFT. Go-
ing back to CFTs, a generic scaling operator does not
satisfy this irreducibility condition and so its correlation
functions do not have to factorize.

Having discussed some corollaries of our result, it is
important to make clear that the lack of entanglement
between momentum scales does not imply that theories
at an RG fixed point have an unentangled vacuum: the
notion of entanglement depends on the chosen partition
of the Hilbert space and separability with respect to one
tensor product structure does not imply the same about
other partitions. For example, in free field theories there
is entanglement in real space but not in momentum space
[20].

Conclusions and Outlook — We have shown that the
Wilsonian RG is equivalent to a quantum channel act-
ing on density matrices of the momentum-space degrees
of freedom. Furthermore, we proved that it is such that
RG fixed points have no entanglement between momen-
tum modes at different scales and discussed some of the
consequences of this fact.

The analysis made here can serve as starting point for
other investigations, perhaps of QFTs at a phase tran-
sition instead of a fixed point. A field theory undergo-
ing a second phase transition may still flow under the
RG transformation, see Ref. [31]. More broadly, we
can use techniques such as the operator-sum decomposi-
tion to ask how specific RG flows reflect on the momen-
tum space entanglement entropy: does it present “critical
scaling” under certain conditions? By plotting Sgr(p,)
as a function of y, does the graph contain universal infor-
mation? And what properties of a given phase transition
or crossover can be read off from it?

From a mathematical point of view, while we have
used the Schrodinger picture following Refs. [12, 16],
this was merely a way of representing the idea that low-
momentum observables of a QFT can be constructed for-
mally via functions of the Fourier-transformed fields, thus
defining the momentum-space operators for each mode k.
By comparison with the local algebras of observables [8],
which have been important for studying entanglement
in real-space [28, 32-35], it would be interesting to rig-
orously and abstractly define the momentum-space alge-
bras of observables and analyze their properties, possibly
connecting with previous work in Refs.m[36, 37]. In such
formalism, the partial trace over fast modes becomes the
restriction of the ground state to the subalgebra of low-
momentum observables and the rescaling of fields and
momenta translates into applying the dual map of the
scaling unitary of density matrices to this subalgebra.
Furthermore, while we considered fields at a fixed time

in our arguments, it is known that in relativistic theories
they are too singular [8]. An algebraic formulation would
avoid this problem by considering observables acting at
spatial momenta below a certain scale, but with arbitrary
energy: the algebra associated with a “cylinder” of ra-
dius p in momentum space and infinitely extended along
the energy axis. This not only corresponds to the par-
tial trace over high-momentum degrees of freedom while
avoiding ill-defined operators, but also makes clear that
our subalgebra is invariant under the rescaling of time
with a dynamical critical exponent, equivalent to what
was previously discussed for density matrices. Another
opportunity provided by this formulation is to investigate
the connection between momentum-space entanglement
and the effects of renormalization in real-space entangle-
ment, such as those explored in Refs. [38-40].

We may also wonder what the separability in momen-
tum space of the ground state of CFTs implies to holog-
raphy. Finding the dual in AdS space of the momentum
space density matrix p,, is essential to tackling this ques-
tion, but is an open problem as pointed out in Ref. [41].
Furthermore, it was shown in Ref. [42] that the intuitive
idea of restricting the AdS radial coordinate corresponds
to a relativistic Wilsonian cutoff, that is, the remaining
modes must obey, in Euclidean signature, k3 + k? < A,
a constraint on the energies which, as mentioned in Ref.
[17] and discussed previously in this paper, is absent from
the tensor product structure we are working with. Never-
theless, a proposal in Ref. [43] generalizes of the concept
of entanglement wedge to momentum space and merits
further investigation. Lastly, the description of the RG as
a specific CPTP map possibly opens a path to connect-
ing renormalization to recent discussions of circuit com-
plexity in field theory, such as the ones in Refs. [44, 45],
which have also been studied in relation to the AdS/CFT
duality.
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Supplemental Material

We prove the claim in the main paper, that the von
Neumann entropies before and after the scaling transfor-
mation explicitly calculated at lowest non-trivial order
using the method developed in [19] are equal.

As a brief review, the method in Ref. [19] consists of
calculating the Rényi entropies H,,(p) through the rela-
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where, given an effective action Scs which generates the
matrix elements of p, Z (/) is the usual finite-temperature
partition function and Z,(8) is the partition function
after modifying the non-local kernels of S in a specific
manner detailed in Ref. [19].

It turns out that when starting with a free field theory
and adding a perturbative interaction, a series of cancel-
lations happen and at order O(A?) in the coupling (the
lowest with non-trivial results) the von Neumann and
Rényi entropies are proportional to the same contractions
of Feynman diagrams appearing in the modified partition
function.

Then, to show that the entropies before and after scal-
ing are the same, we need only to prove the equality
between Feynman diagram contractions. We will do so
for one of the contributions, as the others follow the same
argument.

Consider a contributing term to the entropy of reduced
density matrix p, in perturbative A¢* theory of the form

N
J Ay R N A I L)
corresponding to Eq. (C6) of Ref. [19], where the sub-
script nf in the correlator means that the expectation
value is taken at inverse temperature ng3, the region of
integration over all momenta and form of the kernel X, s
are specified but irrelevant to our argument and a num-
ber of Matsubara sums and Euclidean time integrals are
suppressed.

Applying the scaling map k — ok, ¢ — 0% ok,
T — 0~ *7, the associated term leading to the entropy of
state p(o) is

/ K8 (Uﬁlk/, p,q;0 *1,0 77"
xol=dg2ds (o (07 2T) gy (0727 ) )

Now, this transformation is defined such that
(Ou(T)05 (T )np = 2% (Gok(T)Psp(T'))np  for the

(S.21)

transformed fields, see Ref. [6]. To deal with the
rescaling in time we make a change of variables to
restore 7,7’, but as pointed out by Ref. [25] and can
be seen by taking into account the integration limits of
the (suppressed) time integrals, this effectively changes
the temperature periodicity to o~ *8 (and no~*f in the
replica trick calculations of Ref. [19]). Therefore, it is
easy to see that Eq. (S.21) equals to

/ xu,a*zﬁ(g_lklvpaq;'rv T/)X
Ul_d<¢a*1k” (T)¢:r*1k’ (T/)>no'*zﬁ =

J AT S G YA
where the last equality is derived via a simple change of

variables in the momentum k', originally one of the slow
modes.

(S.22)

So we can see that there is a change for any finite
temperature calculation, which makes an analogous in-
vestigation of the RG in this context an interesting prob-
lem. For our focus on the vacua of field theories at zero
temperature, however, this is not a concern because the
B — oo limit remains unchanged and after the limit the
results are the same as before the dilation. Thus, the con-
tribution to the entropy of p(,) is exactly equal to that
of p,, and a calculation can be done for any of the other
perturbative terms leading to similar results. Therefore
the total entropy is unchanged, consistent with our claim
of the unitarity of the scaling transformation.

Finally, note that there was no need to specify the val-
ues of dgy or z; the scaling is unitary regardless of the
dimension given to field ¢g. For the appearance of scal-
ing dimensions different from the correct ones in the con-
text of the renormalization group, see Ref. [46]. In more
detail, any scaling with wrong dimension can be decom-
posed into a product of the correct scaling with a change
of the normalization of the field operator, which Ref. [46]
names a “redundant operation”.



