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CUTOFF AND METASTABILITY FOR THE HOMOGENEOUS BLOCK
MEAN-FIELD POTTS MODEL

KYUNGHOO MUN

ABSTRACT. In this paper, we study the Potts model on a general graph whose vertices are
partitioned into m blocks of the same size. The interaction between two spins depends only
on whether they belong to the same block or not. We denote the interaction coefficients for
the spins at the different blocks and the same block by a,b, respectively. We show that J =
(b + (m — 1)a)/m plays the role of the effective interaction coefficient of the overall system.
In [10], for Curie-Weiss-Potts model with @ = 0, b = 1, and m = 1, critical phase transition
appears at the inverse-temperature (., and mixing transition occurs at 8s. Generalizing this
fact to our model, we explicitly find the critical inverse temperatures B./J, B8s/J for the phase
transition and mixing, respectively. Enhancing the aggregate path coupling, we prove in a high-
temperature regime § < Bs/J, a cutoff occurs at time [2(1 — 28J/¢)]” 'nlogn with window
size n. Moreover, metastability deduces the exponential mixing in the low-temperature regime
B > Bs/J. These results first show the cutoff of the block Potts model and suggest a novel
extension of the aggregate path coupling.

1. INTRODUCTION

Curie-Weiss models are fundamental models in statistical physics explaining the spin system.
Various mathematical analyses on these models occurred in the perspective of probability lan-
guage [31]. Many mathematicians researched the dynamic phase transitions of these models in
[30L 9L [10] (351 25] 18], 24, [32], T3], 14} 11 16 [4, 28], [§]. Also, there are common exciting phenomena
in these spin systems. The first is a cutoff phenomenon in a high-temperature regime. The
cutoff is the asymptotically abrupt convergence of a dynamic system to its equilibrium state at
some specified time (the cutoff time) with negligible error time (the cutoff window). It happens
when the temperature is sufficiently high, and enough mixing can be achieved at the equilibrium
of the state. With varied conditions of statistical models, the cutoff phenomenon was researched
in [30} 10, 35, B4, B33]. In contrast, metastability occurs when the temperature is sufficiently low.
It is a phenomenon due to the appearance of multiple equilibrium macrostates, which are local
minima points of the free energy functional. The states tend to stay near these local extreme
points. So its exit time is exponential, or it has slow mixing. Metastability was studied in

[301, 12} 10, 135} 201 B3, 7, [2, 14} 1Bl 23} 6] 22, 19].

Starting with the most straightforward spin system, the Ising model was first understood
on the complete graphs in [30]. When the inverse-temperature f is given, [30] investigates
asymptotic analysis on mixing time as the total number n of vertices in the given graph goes to
0o. There is a cutoff at time O(nlogn) with window size n in high-temperature regime 3 < 1,
polynomial mixing of order n*/2 in critical regime 8 = 1, and slow mixing in the low-temperature
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regime 8 > 1. It shows that critical mixing slowdown happens when inverse-temperature satisfies
8 =1 and thoroughly analyzes mixing times on each temperature region.

With interest in the above phenomena, mathematicians and physicists dream of completely
understanding the nature of complex interactions through rigorous analysis of microscopic dy-
namics. These are why researchers tend to generalize the Ising model to the Potts model and the
Potts model on complete graphs to the Potts model on a lattice, such as Z2. They try to explain
the more complex model, which imitates nature rigorously. Nevertheless, an understanding of
spin systems on the lattice needs to be improved. In this manner, we think of a spin system on a
graph with the general interaction suggesting an excellent approximation of the lattice system.

Hence, the natural attempts began to generalize [30] to the more complex case. The next level
is investigating critical temperature and phase transitions, where the complicated interactions
between particles are given. Mathematically, the Hamiltonian of the system could be more
complex described in the interaction matrix K. [25] proves that dynamic phase transition occurs
at the same inverse-temperature 1 as [30] in the viewpoint of spectral norm of the interaction
matrix K. Firstly, [21] proves a cutoff phenomenon for the multi-partite Ising model in high
temperature, and [35] generalized cutoff to the general block Ising model in high temperature.
[35] also proved O(n3/?) mixing times in the critical regime and exponential mixing time in
the low-temperature regime. Their results demonstrate that it is enough to investigate the
interaction matrix’s spectral norm to determine the overall system’s mixing phase.

Back to the Potts model, in [13], applying Varadhan’s lemma, Ellis and Wang showed that
for a given number ¢ > 2 of spins,

Bela) = Z — ; log(q —1)

is a critical temperature of the phase transition. According to [I1], the phase means how much
spins prefer to be aligned. Physically, when the spin system is given at a high temperature since
entropy overrides the energy, spins would be roughly independent. But, as inverse-temperature
B increases to such a critical point (., spins would be aligned in an ordered fashion because the
contribution of energy gets bigger than that of entropy. This separation of phase via inverse-
temperature 3 is called a phase transition.

Moreover, [10] identifies the mixing critical inverse-temperature

Bs(q) = Sup{ﬁ >0: (14 (g—1)eP )™

1
—xz#0forall x € (—,1)}.

q
The results are similar to [30]. There is a cutoff at O(nlogn) time in high temperature 8 < fs,
polynomial mixing of n?/3 in critical temperature 8 = B,, and exponential mixing in low-
temperature 5 > fBs.

A disagreement between phase transition critical temperature and mixing critical temperature
makes the Potts model more difficult than the Ising model. In Potts model, the mixing critical
temperature s is always smaller than phase transition critical temperature f., i.e. 8s < Se.
Indeed, the Ising model is a special case of the Potts model satisfying (£4(2) = 5.(2) = 1.
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Developing [13], [24] analyzes for a homogeneous interaction matrix

b a - a

a b a
(1.1) K.p =

a a --- b

in R™*™ with inter-block interaction coefficient a and self-interaction interaction coefficient b.
The phase transition occurs when S(b+ (m — 1)a)/m is the same as . defined in [I0], where
m is the number of blocks in a graph. Moreover, [18] proves the central limit theorem for
normalized magnetization matrices in the homogeneous block Potts model. Furthermore, this
paper will show that the critical mixing transition happens when S(b+ (m — 1)a)/m = S;.

Another difficulty in the Potts model is that, unlike the Ising model, the magnetization vector
has freedom of degree g—1 > 1. Hence it cannot be determined by the sole spin. For this reason,
complicated coupling methods were constructed in [I0] to estimate the upper bound of cutoff
time in the high-temperature regime. On the other hand, [27] describes mixing time divisions on
the Blume-Capel model using an aggregate path coupling. This path coupling reveals the essence
of high-temperature mixing implicitly applying negative drift of the magnetization vector. [26]
applies this aggregate path coupling to show O(nlogn) mixing time in complete Potts model.
Also, in [I7], authors extend the path coupling onto the bipartite graphs, obtaining similar
mixing time differentiation.

This logic can be naturally generalized to multi-partite graphs. However, multi-partite graphs
do not consider the self-interaction between particles. This paper will develop the aggregate path
coupling on a general block model with K ;.

This paper is organized as follows. In Section 2l we firmly explain our model and investigate
the critical temperature of phase transition according to the large deviations theory. We will
identify the mixing time threshold in this process, differentiating temperature regions. Since the
unique equilibrium macrostate is guaranteed in the high-temperature regime, we can construct
the aggregate path coupling in Section Bl The aggregate path coupling holds on an arbitrary
starting configuration. Also, in Section Ml we further develop diverse contractions, including
Frobenius norm contraction, which mainly determines the cutoff time in the high-temperature
regime. Finally, we prove the cutoff in the high temperature in Section [Bl and show slow mixing
in the low temperature in Section [6l

1.1. Main Results. Mixing time differentiation agrees with the results on the complete Potts
model [I0]. The parameter J = (b+ (m — 1)a)/m represents the effective interaction of the
overall graph. Hence, §J takes the same role as the inverse-temperature [ in the complete
graph. We show that the dynamics of the general block Potts model with homogeneity undergo
critical slowdown when § < (3,/J.

Theorem 1. Let ¢ > 2, m > 0 be integers. If 5 < Bs/J, then the Glauber dynamics of general
m-block, q-spin Potts model with interaction K = K, in (I1) exhibits a cutoff at mizing time

tvix (n) = £(B, J,q)nlogn
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with cutoff window n, where J = (b+ (m — 1)a)/m and

(1.2) (B, J.q) = [2(1 — 287 /q)] .
In the low-temperature regime, we gain a slow mixing for big enough n.

Theorem 2. Let ¢ > 2, m > 0 be integers. In our model, if § > Bs/J, then there exists
constants C,c > 0 such that for uniformly n > 0 big enough,

tMlx(n) > Ce™™.

2. MODEL AND LARGE DEVIATIONS THEORY
2.1. Notations. In this paper, we will use the following notations;

e For matrix A € R™*9, AT denotes a transpose of A, AL denotes a complement of A,
and Tr(A) denotes the trace of A.

e For matrix B € R™*9, the entry located on the position (4, j) is written as B¥, and for
integers 1, 7,7, s,

B — [Bil,BZQ,... ,B], B¥ = [Blj,BQj,--- ,B™IT,

Bi[r,s} _ [Bir, Bi(?‘—l—l), . ’BiS]’ B[r,s}j _ [Brj, B(?‘—I—l)j, . ’st]T'
e We use the matrix norms as; for matrix C € R™*4,

- o71/2
Cllay =319 Il = [ 3 (€97 ”.
1,) 2¥}
and ||C||2 is the spectral norm or Hilbert-Schmidt norm.
e We denote (-, ) as the standard Euclidean inner product between two vectors, and write
(-,)p for the Frobenius inner product between two matrices.
o We write 1,45,1,, as a 7 X s, 1 X m dimensional matrices with identical entries 1,
respectively, and we denote I,, as m dimensional identity matrix i.e.

1oy = (1)r><37 1, = (1)1><m7 I, = diag(l, 1, ,1),

and e;; as a matrix with entry 0, but 1 for only (i, j)-th coordinate.
e We will fix the notation m for the number of blocks and ¢ for the number of colors
(spins) in the system. And we write

(2.1) A =g 1
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2.2. Glauber dynamics for general block Potts model. We study the dynamics of the
Curie-Weiss-Potts model on a graph G = (V, F) having finite n-vertices, where V' is a vertex set
and F is a set of edges in graph G. For given g > 3, a number of colors, we define the state space
to be ¥ = {1,2,--- ,q}V, and each element o € ¥ is called a configuration. In other words, a
configuration is an assignment of colors in {1,2,--- , ¢} on the sites in G.

Generalized Potts model on a graph G is constructed by the Hamiltonian on configuration
space X as follows;

1
H(U) = _E Z K(Uv w)]l{a(v)za(w)}a

v~
where the equivalence relation v ~ w indicates that (v,w) € E, and the interaction matrix
K € R™ " is given. The corresponding Gibbs measure has the form in inverse-temperature
8 >0 as;

pilo] = Zﬁ_l exp(—(BH (o)),
where Zg is a partition function in inverse-temperature 3 defined as
Zg = Zexp (- BH(0)).
oeEX

We employ the discrete-time Glauber dynamics on (o¢)>0, starting from og. At each step, we
choose a vertex v € V' uniformly and create a new configuration on the feasible set

YW={oeX:o(w)=0c(w) Yw#uv}

according to the Gibbs measure p,, which means that the probability of updating v to color k
is

plo(u) = k [ o(w) = or(w), Vw # ul.

2.3. Proposed Model. We assume that the sites are equally partitioned into a finite number
of blocks, and their interaction strength depends on the block they belong. And block-wise
interaction has homogeneity giving symmetry over blocks.

Formally, suppose that a vertex set V' of the overall graph is partitioned into m-blocks as;
V=ViuWhu---uV,

with equal proportion n/m, where n is a number of overall vertices in G. In this paper, the
interaction is given by

K(v,w) = (alpxm + (b — a)L,)" if v € Vi, w €V,

where a is an inter-block interaction coefficient and b is a self-interaction coefficient with 0 <
a < b. From now on, we tolerate the abuse of notation and re-define K into m x m dimensional
matrix with off-diagonal entry a and on-diagonal entry b as in (L.IJ), i.e.

Kop=alpxm + (b—a)ly,.
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We set a < b to assure that the interaction matrix K is positive definite. Furthermore, this
interaction form suggests homogeneity along blocks and limits inter-block interaction a to be
below self-interaction b. Now, we can write the Hamiltonian of given configuration o as;

b a
H(o) === Lotw—aw) ~ - D Hotw—ow):
VRIW vgw

where v ~ w means that v, w are in the same block. With this proposed model, we can consider
the Potts model on multi-partite graphs as the extreme case of our model.

We decompose the given configuration o as;
0= (0-170-27' o 7Jm)7
where o' is the natural restriction of o on {1,2,---,¢}"i. To analyze the configuration easily,
we define magnetization matrix (proportion matrix) S(o) in R"*? by

ij 1
S(O’) J — m Z ]]_{Ui(v):j}
ey,

for each i € [1,m], j € [1,q]. We can understand S as the operator S : ¥ — S with codomain

q
S=<zeR™Y: each z¥ > O,Zzij =1Vie[l,m)]
j=1

To understand proportion of restricted configuration ¢, we also define the following simplex

q
P=<zcR%: each:EjZO,Z:Ej:l
j=1

We often write S for S(o) when the given configuration o is obvious. For stochastic processes
(0t)¢>0 under Glauber dynamics on our model, we write proportion matrix processes S; = S(oy).

With this operator, we can re-interpret the Hamiltonian as follow;
n
H(o) = ——5 Tr((S(0))TKS(0)).

Following the Glauber dynamics on our model, when we choose a vertex v € V; and update its
color to j, we say that o' changes into ob(3)  And the probability of this update denoted by
Pl(ct,--- 0%, ---0™) = (o},--- , 0% ... ¢™)] is equal to

]P’l:(0'17 P 70'7:7 P O'm) _) (0’17 P 70'7:7(v7j)7 PR 70'm)] = gg/’]) (S(O’)) —|— O(n_1)7
where for (i,j) € [1,m] x [1,¢q] and z € S,
exp(2 (Kz)")

(i.4)
93" (z) = —.
’ I_ exp(22 (Kaz)i)

Furthermore, we can express the drift of Sij as; for i € [1,m], j € [1,q],

1 ij i _
(— Sy +gé’])(St)> +0(n™?).

n

(2.2) E[SY,, —SY | Fi
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2.4. Large Deviations Results. Following the similar logic from [24], we find the specified
equilibrium macrostate for our model and observe first-order phase transition decided by the
parameter b+ (m — 1)a.

Proposition 2.1. [24, Theorem 3.2.] Under the stationary measure ., the matriz valued
random variable S obeys Large Deviation Principle with speed n and rate function I given by
1 o
I(Vl’y%"' 7Vm):E Vi(j)lOg(Q'Vi(j))y

=1 j=1
where v; € P for each i € [1,m].

Thus, we can say that for any closed subset C C S and open subset U C S,

(2.3) lim sup % log <IP’ [Se C’]) < —inf{l(z):z € C},
(2.4) 1ﬂgf%10g (]P’[S e U]) > —inf{I(z) :z € U}.

Proposition 2.2. [24] Theorem 4.7.] Denote by 5. = (¢ — 1)log(q — 1)/(q — 2), the critical
inverse temperature in the q-color Potts model on the complete graph, and J = (b+(m—1)a)/m.
Then our model has a phase transition. More precisely, if B < f./J, then the distribution of %S
under the Gibbs measure s concentrates in the unique point %A, where A is defined in (21]).
To describe the ”low-temperature behavior”, define the function v : [0,1] — % -P

w(t):<1+(q_1)t,1_t,---,ﬁ),

mq mq mq

and let u(BJ) be the largest solution of the equation
1— e—BJu
u= .
1+ (¢—1)eBJu

Finally let n'(3J) = ¢(u(8J)) and n'(BJ) be n*(BJ) with the i-th and the first coordinate
interchanged, i = 2,--- ,q. Let v"(B8J) be the matriz with all rows identical to n*(SJ). Then, if
B > Bc/J, then the distribution of %S under the Gibbs measure p, concentrates in a uniform
mizture of the Dirac measures in v'(B.J),--- ,v94(BJ). At B = B./g, the limit points of %S under
the Gibbs measure ji1 are ~A and v'(3J),--- ,v1(BJ).

m

We set J, an effective interaction coefficient as
b+ (m—1)a
- .

We will prove J determines division of mixing regimes. To do so, we first define the critical
inverse temperatures defined in Potts model on complete graphs described in [10] as follows;

(2.5) J =

Bs :sup{ﬁ >0: (1+(q— 1)625%)_1 —x#0forall z € (1/q, 1)}
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Proposition 2.3. If 8 < B,/J, then for any z € S with (Kz)Y > m.J/q for some (i,j), the
following statements holds

(i) (Kz)"
< .
s () md
Proof. By Jensen’s inequality,

(Kz)“ exp (%(Kz)”) (Kz)'

(i.9) _
95" (2) mJ Y4 exp (2 (Kaz)ik) mJ
1 (Kz)Y
< — -
14+ (¢ —1)exp (Zﬁ—‘{(l—q%)) mJ
Kz)¥
:DBJ<(m} > =0,
where the function D.(-) is defined in [10, Proposition 3.1.]. O

3. AGGREGATE PaTH COUPLING

In this section, we will develop aggregate path coupling for our model. For this coupling, the
conditions of the starting configurations are almost arbitrary. Hence, it would start contraction
for two configurations in O(n) time in the high-temperature regime.

3.1. Greedy Coupling. We define greedy coupling of (o, 7¢)¢>0, traditionally used to gain the

optimized upper bound of mixing time in probability theory. Suppose that starting configura-

tions 0 = (o%,02%,--- ,0™),7 = (7}, 72,--- ,7™) are given. We define the greedy coupling by

updating two configurations as follows;

(1) Choose a vertex v uniformly in total n-vertices. Let v € V;. In this case, we denote the
following probabilities for each 1 < k < ¢,

ui,k :]P)[(O'l, 70'i7... 70'm) _) (0'17 70,7:,(’0,]6)7.._ 7Um)]7

ik :]}»[(le... T T — (le... 7Ti7(v,k)7... 7Tm)]7
q
Qi = min{u; g, vig}, and Q; = > Qi
k=1

(2) Update both configurations’ color at vertex v according to the following joint transition
probabilities; for distinct colors k # [,

. . 1
]P’[O'_) (0'17 70-27(U7k)7... 70'771)7 7'_) (7-17 7727(U7k)7... 77_77’1,)] = _Qi,k7
n

n 1-@Qi

We write IP)?(TJ for the measure defined by this greedy coupling. Before constructing a con-
traction by greedy coupling, we define a mean distance between two configurations.

v ] = 1 (uig — Qik)(vig — Qi)

]P)[O'_> (0'1’ ,O_i,(l},k)"“ 7O-m)7 T — (7—1’ ,Ti7( yrt
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Definition 3.1. For two configurations o = (c',02,--- ,0™), 7= (74, 72,--- ,7™), a metric d

on ) is defined to be a number of vertices having distinct colors;
m

d(0,7) =Y ) Ligiuypri(u)-

i=1 veV;

Lemma 3.2. Under Greedy Coupling, the mean coupling distance after one iteration of the
coupling process started from o = (o',02,--- ,0™), 7 = (t',7%,--- ™) with d = d(o,7) is
bounded as follows; for given € small enough and n large enough, there exists a constant ¢ > 0
such that
1 K+ ce?
GC
EQC[dorm)] < [1- (1 =75 ) e
where for i € [1,m],
m

v= 233 [{i50) - 56, 94 5000, |

m - :
i=1 j=1

Proof. Define Z; to be a set of vertices in the block V; at which the color of the two configurations
o, 7 disagree, and let x(e!) be the probability that the coupled processes update differently, when
the chosen vertex v ¢ |J;"; Z; had color .

By construction of greedy coupling, since we update the vertex v to the same color k in both
processes with the largest possible probability, the probability of vertex v updating to color k
in exactly one of the two processes(but not in the other) should be one of

‘]P)[(O'l, 70'i7... 70'm) — (0’17 70.1',(7.),]6)7___ 70'm):|
_]P)[(Tl’ ’7-7;’... ,Tm) — (7—1, ’Tiv(vvk),... ,Tm)]‘

for 1 <14 < m, depending on which block vertex v was selected from. So, if the chosen vertex v
had previous color I, then

LR . .

/{(el) = —Z‘P[(U:L’ 70'Z7... 70'm)_)(0-17 7017(U7k)7... 70'm)]
= "=
—]P[(Tl, T T — (7'1, ,TZ’(”’k), ,Tm)]‘

Now, by Taylor expansion of gg’j ), there exists a constant C’ > 0 such that

k(el) — Em: % 3 K(S(a) ~8(1)),Vgy? (S(o))}(

i=1 " j=1

< C'é?
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for all 1 <[ < g and n > 0 large enough, if € < ||S(c) — S(7)||r < 2¢. Denote for 1 <i <m,

— % Zq: K(S(a) ~5(r). Vgy” (8(0)) ‘
j=1

Hence, we can estimate /i(el) by the sum of k; for any previous color [. Moreover, we can apply
the same logic for 7. Therefore, the mean distance between two configurations after one step of
greedy coupling has the form for some ¢ > 0,

d(o0,70) [1 Rt cez}.

1 m
GC 2
Eaﬂ_ [d(O'l,Tl)—d] < —;d(UO,TO)‘i_ g Ki +ce” < — n d/n

i=1
In conclusion, we finally obtain the wanted estimate

2
ESC [d(o1,m)] < [1 (-

n d/n d

3.2. Aggregate Path Coupling. One of the reasons why analysis on the Potts model is more
challenging than on the Ising model is the absence of monotonic coupling. However, with this
aggregate path coupling, we can imitate monotone coupling from the Ising model by constructing
a monotone path on the proportion matrix.

Definition 3.3. For two configurations o,7 € 3, we say a path 7 linking o and T on ¥ denoted
by
T:0 =229, T1, =+, Tp =T

1s called a monotone path, if

(1) d(o,7) = >ty dws—1,5),

(2) For each (i,j), S(xs)¥ is monotonic as s increases from 0 to r.

To construct a monotone path in the configuration space, we define a similar object in pro-
portion space S.

Definition 3.4. Define the aggregate g-variation between a pair of two points x,z € S along a
continuous monotone (in each entry) path p to be

Dg (x,2) ZZ/ Vg(m dS> ,

i=1 j=1

and define the corresponding pseudo-distance between a pair of points x,z € S as;

dg(x,2) = i%f Dj(x,2),

where the infimum is taken over all continuous monotone paths in S linking x and z.
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Definition 3.5. With some § > 0 small enough, we denote NGg, a family of neo-geodesic
curves, monotone in each coordinate such that for each z # A in S, there is exactly one curve
p = pg in the family NGs connecting A to z, and satisfying
D3 (z, A) < 2B8J
lz—Allay ~ 4

)
where J is defined on (Z21).

Now, we prove that in the high-temperature regime, proportion matrix S coalesces into A,
which is the unique equilibrium macrostate.

Proposition 3.6. Assume 8 < fs/J. Since A is the unique equilibrium marcostate, then there

exists 6 € (0,1) such that uniformly for z € S,
A
_dy(z8)

|z — A||(1,1)

Proof. Let p be a line path connecting A and z in S parametrized by z(t) = A(1 —t) + zt for
t € [0,1]. Then,

DI(z,A) = %izq:/p‘(Vgg’j)(z(t)),dz(t»‘ - %gg/{)l‘%gg’j)(z(t))‘dt.

i=1 j=1
For fixed (i, j),

(3.1) %ﬁ”@@%=iﬁka@_A»w_gK@_AWaﬁﬂﬂ,

where gﬁi ) = gﬁ‘ ‘)(z(t)). Since
4
dt
_ (7'7.] _ _ ix (47) :
and <(K(z A) )> 0, then< K(z—A))", g5 (Z(O))> > 0 for any time t € [0, 1].

((K(z—a))" g5 = %Vargg,*) (K(z—a)"] =0

Now we define a subset of [1, ] [1 q] for each z € S by
- {G. < (L] (K(z— &))" > 0}.

If (i,7) ¢ A%, then by B3I, gg’j ) is monotonically decreasing and so,

J (@3) g0 (0:9) (4,9)
[ el = [ = g - 59 ).

Else if (i,7) € A%, then there is at most one critical point t9 of gg’j ) in (0,1). Writing ¢tV =
max{t? 1},

£ 1
(”] "4 (W) d G.j) ) (g VY _ o (6d) oy _ (0:)
/ ‘dt _/0 at? dt +/*J <d > dt = 29, (z(t7)) 93 (z) 93 (A).
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Therefore, D has the form

Dg<z,A>=%[ > (2057 (@) ~ 957 () - g5 () + 3 (g%’”(A)—gS’”(z))]
(

i,j)eA® (i,5)¢A=
1 ij i i
= — > 2957 @) - g57(A).
(1,5)€ A=

For (i,j) € A%, because K(z(tV)) is in the interval ((KA)ij, (Kz)ij>,

NG mdJ
K(z(tY > —.
(K ()" > ™
Therefore, using § < f35/J with Proposition 23]
i5\\ ¥ ij
(is3) (, (417 (Kz(tV)) < (Kz)"
s (=(t7)) < mJ - mJ

Since ||K||(1,1) = m?J,

2 (Kz)7 1 1K(z — A)l1,1)
Di(z, A) < E ——) = — <l|lz—A .
b A) <o (ij)eAz< mJ q) K11y | oy

Then, we finish the proof since p is continuous monotone path in S. O

Proposition 3.7. For given e > 0 small enough, and 6 from Proposition (3.4, if B < Bs/J, then
there exists a neo-geodesic family NGs such that for each z € S with ||z — Al|(1,1) > €, the curve
p = pg in NG§ connecting from A to z satisfies

S s S (2 — 20, T )| 9
lz = Al T g

for some ¢ > 0 and any sequence of points A = zy,z1, - ,2, = Z interpolating p with ¢ <
|zs — Zs—lH(Ll) <2 fors=1,2,---,r.

+ ce

To prove this proposition, we apply the following lemma.

Lemma 3.8. Let 8 < fs/J. Then,

lim sup — lgs(z) = 95(A)lay _ 287

< < 1.
2—A [z — Al q

Proof of Lemma 3.8. For each i € [1,m], by Taylor expansion of gg’j )(z),

e 1957 — g @)1 25
ma [|(KEz—A)h gm




CUTOFF AND METASTABILITY FOR THE HOMOGENEOUS BLOCK MEAN-FIELD POTTS MODEL 13

following from [26, Lemma 10.4]. This statement implies
Jim sup lgs(2) — g9s(A)llayy _ 28
wsn Kz —=A)q qm
Since the norm | - [|1,1y is sub-multiplicative, we finally obtain
i m”ga(z) — gs(A)lla,ny _ 287
im su < .
z— A ”Z - A”(l,l) q

Applying Lemma [3.8] we prove the Proposition 3.7

Proof of Proposition 3.7. For z € S, define p = p, be the straight line linking A and z as the
proof of Proposition Then, since p is a line path and by Lemma [3.8]
DY(z, A m~Y|gs(z) — gs(A 2
lim sup p(z,4) lim sup l98(2) — g98(A)ll1,1) < 287
A ||z — AH(1,1) z—A |z — A”(l,l) q
Using definition of d,,

d A 2
lim sup p(%,4) < BJ.
z—a [2—=Allay ~ g
This guarantees that there is § € (0,1) such that
{p:2(t)=A(1 —t)+zt,z € S} is NG family of smooth curves.

Furthermore, since the family of line paths p is neo-geodesic family NGs, the integrals

DY(z,A) ZZ/‘ (Vg5 (S),ds)|

=1 j=1

can be approximated by Riemann sums of small enough steps. Then, there exists a constant
C > 0 such that for € > 0 small enough,

s
‘m_l Z Z ‘<ZS — Zs-1, Vggd)(zs—l)ﬂ - Dg(Z, A)‘ < C7’€2 Vz € § with ”Z — A”(l,l) > €
(i,5) =1
for each sequences of points A = zgy,z1, - ,2z, = z interpolating p in S such that ¢ < ||zs —
Zs—1/|(1,1) < 2¢. Therefore, for € small enough

_lz (4,5) Z ‘<ZS ZS_l,Vgg’j)(ZS_l)H < 25,]
|z — All,) S q

+ Ce.
O

In high-temperature regime 8 < (4/J, we apply the same logic in [26} [I7] to construct the
aggregate path coupling from greedy coupling and the monotone paths by Proposition 3.7 In
this aggregate path coupling started from (og, 79), we use the probability measure IP’?OP % We now
prove the contraction result for the mean coupling distance when one of the coupled processes

becomes near the equilibrium A;
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Proposition 3.9. Assume 3 < Bs/J. Let (X,Y) be the aggregate path coupling for one step

with starting configuration o = (o*,--- ™), 7 = (t',--- ,7™). Then there exists ¢ > 0 small

enough such that for uniformly large enough n, if ||S(c) — Al|1 1) < €, then
g (1,1)
ELC[a(X, V)] < (p+O(n7?) )d(o. 7).

where

1-28J/q

(3.2) p=1-—"

Proof. Suppose that € > 0 is sufficiently small. For configurations o,7 € ¥, let z = S(0), w =
S(7) be the corresponding proportion matrices in simplex S, and consider a continuous monotone
path p connecting A to w, defined as follows;

p={wlt)=(1—-t)A+tw:tec[0,1]}.
By Proposition [3.6] there exists § € (0,1) such that

Dj(w,A)

— " <1-4.
[w — All1)
Now let € = ¢2§/M for M large enough.

Case I. Suppose that ||w —z[[(11) > e+ ¢, and ||z — A[|(1,1) < €. By Proposition B.7} there
exists a discrete monotone path in S,

Z=1720,21," " ;Zs =W

approximating the continuous monotone path p such that e < ||zs — zs_1[[(1,1) < 2¢ Vs € [1,7]
for which, with some ¢ > 0,

m~ D(ig) D=1 b

<Zs _Zs—lav96 )(Zs—1)>‘ 28J
<

+ ce.
lz = Wil q
Following the same idea in |26, Lemma 9.1.], one can construct a monotone path in configuration
level 7: o = xg,21, -+ ,&, = T connecting configurations o, 7 such that z; = S(zs). Then, by
Lemma 3.2]
APC APC
EO’,T ZEms 1,xs S 17X8)]

<Z{ Ts—1,Ts [1—%(1—%)]}

T ks + cE2
o)1= 1 (1- e

1 (1 — m(zgﬂ ks +C€2)>]7

<d(o,7)|1——
( )[ " 2wl
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where 1, = m™t> ", Z?:l ‘<zs - zs_l,Vgg’j)(zs_l)>‘ for s € [1,r], and the last inequality
holds because [|S(c) — S(7)l|(1,1) < rd(o, 7). So,
1 2
E;LCld(X,Y) — d(o,7)] < —— (1 _27 ce2) d.
) /”L q

Case II. Suppose that |[w —z|11) < e+ ¢, and ||z — A1) < €. Simliar to the previous
path coupling,

1 <1 - mgs(z) — gs(W)llan + 662) +om™)

EAPCT(X,Y)] < 1—-=
o X )]_d(U’T)[ n lz = Wil

gdwmﬂy_l@—g%g}+0@y+om4)

n

Therefore we obtain that

BALC(X.Y) — dioy)] <~ (1- 22

-2
- ﬁ+0@+0m ).
Combining both cases, we finish the proof. O

4. CONTRACTIONS IN THE HIGH-TEMPERATURE REGIME

In this section, we construct fundamental couplings and contractions to estimate mixing time
in the high-temperature regime. We first take hitting time estimates for general supermartin-
gales, which have already been studied in much mathematical literature.

4.1. Hitting Time Estimates for General Supermartingales. The following lemmas are
from [10].

Lemma 4.1. [10, Lemma 2.1.(2)] Let (Z;)i>0 be a non-negative supermartingale with respect to
filtrations {F;}, and let N be a stopping time for {F;}. Suppose that
(1) ZO = 20,
(2) there exists B > 0 such that |Zi11 — Z| < B for all t > 0,
(3) there emists a constant o > 0 such that, for each t > 0, the inequality Var [Zy1 | Fy] > o
holds on the event {N > t}.
If u > 4B%/302, then
4Z0

P., [V < .
O[ >U]_O'\/a

Lemma 4.2. [10, Lemma 2.3.] For zop € R, let (X¢)i>0 be a discrete-time process, adapted to
(Ft)e=0 which satisfies,

(1) =) > 0 s.t. Emo[Xt—‘,-l — Xt] > —0 on {Xt > 0} for all ¢ > 0,

(2) dR > 0 s.t. |Xt+1 — Xt| <R Vt>0,

(3) Xo = o,
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where Py, is the underlying probability measure. Let 7,7 = inf{t > 0: X; > z}. Then, if 29 <0,
then for any x > 0 and t > 0,

4.2. Concentration of magnetization chains. We achieved the negative drift of the mag-
netization chain by the aggregate path coupling. The next step is to deduce a sufficiently
chunked concentration of magnetization matrices after O(n) time. Indeed, when the starting
magnetization is close to A in the sense of O(n~'/2) scale of Frobenius norm, the magnetization
chains would remain near A until O(n) time. To be rigorous, we define a restricted region of
configuration space ¥ having proportion near A. For p > 0 small, we define

Sp={ceX:|[S(o) - Allr <p}.

Proposition 4.3. Assume 8 < 35/J and € > 0 be given.
For all v > rg > 0, there exists v > 0 such that,

Py, Elogsgfyn:asngTF/‘/ﬁ <e

for all og € E;ﬁ/\/ﬁ and uniformly large enough n.

Proof. In this proof, we use analysis of function Dg;(y) for y € (1/q, 1] where 5J < ,, defined
n [10]. Recall that

1
1+ (g = 1)exp (241 - qy))

Dgs(y) =~y +

)

and it has Taylor expansion of the form

o)== 20) 5~ ) o((o- 1))
near y = %. We define the hitting time for 271«:/\/% as Ty, = inf {t coy ¢ Ey\/ﬁ}, and let X; =
KSiar,. Then, by ([2.2),

y Y 1 y i B
E[S¥, - 87|7) = = (=87 +457(8) + O™
§E<—St L + Dy L )]+ o).

To calculate drift of Xf;j fori e [1,m],j € [1,q],
E[(KSi+1)7 — (KSi41)"|F] — O(n™?)

- ( N RN L L A P = aZDﬁJ((Kjt)uj>> |

mJ
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Because |(KSt)ij—mJ/q‘ < C’max{|Sij —1/q|:i€[l,m],j € [1,q]} for some C' > 0 and ‘Xij—

2
mJ/q‘ = O(n™1), we obtain that by Taylor expansion for Dg;,

1 ij 2,8 2] uy 2BJ mJ _92
IE[th+1_X |ft n<_Xt+m_q(b_ —I——a Z X (1—7)-_>+O(n ).

u€[l,m] 4
Using (L.2), we can calculate

1 g2 N mg
E[X/, 7] =X/ +;<—Xt]+m—ﬁq<(b—a)XtJ+a§u:Xt]> 72n§>+0( )

mJ

2§>+0( 2).

E[(X{1) ‘}—t]— Xij)Q"‘%Xij(_X 28 ((b—a) ZJ-l-tJLE:XW)
Regarding 1,, is the eigenvector of the largest eigenvalue mJ of K, we multiply 1,, on
RICEhErFAR:C SREFARIERCIC WA AR

Thus, when t < 7., we obtain that

5] 20 B S 22 S 22 S
< {1 B %(1 B 25(:;(] a))] é(xw)2 %% . ZZ:( )2 4 %% ZX;J +0(n™?)
—[1-2(1-22)] 3 (xiy? Zpe > (M o) + 0

Thus, there exists C; > 0 such that on {ZZI(X?)Q >m - (mJ/q)z}, fort >0,

E[i(xm - i(X?F(ﬂ} < —%
=1

i=1
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Besides, we define process th = Z?;(Xij )2 where the color j € [1,q] is given, and calculate as;

7A=Y [t +o X st
:é :b<SiﬂT* )M;( tr, — 1) nzjr
:g }P(Sﬁ’@ — 5) +au§( thre — )2+ ;Jz +0(n ‘1/2)]
S 0 ) 3 (3~ ) 0

Hence, if ||S; — A||r > 7/v/n, then there exists j € [1,q] such that S (S — 1/¢)2 > 2/qn
and

m3.J? n c2 72

¢ Vn o ng

for some constant ca > 0. Since process (Zf — m3J?/q?) satisfies three conditions for Lemma
with R = O(n™') and zg = cz2/\/n + r2/nq, then there exists v > 0 and some c3 > 0 such
that uniformly in n > 0 large enough,

Zl >

(w0 — O(n™1))?
8-yn-0O(n=2)

P[HOﬁsgyn:asgéETF/‘/ﬂ §2exp{— }§26_03/V<e.

4.3. Synchronized Coupling. The synchronized coupling is a coupling of two p-bounded dy-
namics by X% in which the two chains ”synchronize” their steps as much as possible. We define
(04)t>0, (G¢)¢>0 on the same probability space such that starting from og, g9, at time ¢ + 1:
(1) Select block number [ uniformly from [1, m].
(2) Choose colors Iy, It+1 according to the optimal coupling of S, Sl*
(3) Choose colors Jy41, Jt+1 according to the optimal coupling ofg( )(St— el )5 gg’*) (S¢—
o lItH)
(4) Change a uniformly chosen vertex in V; of color I;4; in o, to have color Ji11 in o441,
but only if o441 € E%. Unless, do not change its color.

(5) Change a uniformly chosen vertex in V; of color E+1 in o; to have color jﬂ_l in o¢y1,
but only if 5341 € X%.. Unless, do not change its color.

We shall write IP’ ’p for the underlying measure and omit p if it is large enough for the
dynamics not to be bounded
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Proposition 4.4. If § < q/(2J), under p-bounded synchronized coupling started from (o¢,0¢) €
S x X0, for time t > 0,

R ALCEED 1(So — So) ™[I
P 2% < *
(4.1) Eoo,go[H(St' —Si)* ] <Al [[(So —$0)2 1 ,
E;C2 1St — 8™ ] 1(So — So)™
where with some matriz C,
1 203 C

Proof. Suppose we select block number [ with probability m~!. By definition of optimal coupling,
I 1 # Zt+1 implies that Silt“ > gih“, Silt“ < gilt“, and Jy; 11 # ¢~]~t+1 implies that B
(K(St - %elfwrl))”t“ > (K(St - %elftﬂ))ljtﬂ’ (K(St - %elftﬂ))l]tﬂ < (K(St - %elﬂﬂ))utﬂ
Then, for each i € [1,m],

< % Q \ix 2m
[1(Se1 = Se1)™ |lr = 1St = Se)™ |1 = =1} []'{Jt+17é:];+l} - ]]-{It+1¢ﬂ+1}j|'

Besides, since ||u — v||Tv = %H p —v||1 holds for two probability measure p, v, then using Taylor
expansion for gg,

Pffé[: [Jt+1 - jt—i-l ‘ l= Z] = ”g(gL*) (St) - g}f’*) (St)”TV

= q%\\(K(St —80))*h (1 +O(||(K(Se — A)™[lL) + O(||(K(S; — A))i*”1)> +Oom™

(L+0(p) D K”||(St = S)"* [ + O(n™").

v=1

Moreover, O(||(K(S; — A)i*lll),O(ll(K(S} —~ A))i*Hl) =0(p) and P) L [Ty # T | 1 =1i] =
5118 — St)™|l1. Taking expectation,

N i 1 Q \ix
By [I(Ser = Se) ] =(1 = - )El(S: = 8™ 1]
26(1+ 0(p)) x= pei = 5
K"E[|[(S; — S¢)** .
R—— ; [I(Se = Se)** [l + O(n™7)
By induction on time ¢, we complete the proof. O

Since matrix K is positive definite and positive, Perron-Frobenius theorem reveals that there
is the largest eigenvalue mJ = b+ (m — 1)a of K and its corresponding left eigenvector 1,,
exists. By multiplying 17, left on both sides of (&I]), we obtain the following result.
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Corollary 4.5. If 8 < q/(2J), then for the p-bounded Synchronized Coupling (oy,0:) starting
at (09,00) € E% X E%, there exists a constant C' > 0 such that for big enough n,

~ C’p t ~
Eiﬁ% [HSt - St”(l,l)] < (p—l— 7) ||S(] — SOH(1,1)7

where p=1— #ﬁ‘]/q is same as (3.3).

4.4. Uniform Variance Bound. To prove that the variance of magnetization matrices is uni-
form O(n~!)-bounded in the high-temperature regime, we use the following Proposition proven
in [18].

Proposition 4.6. [I8, Theorem 1.] Consider the high-temperature case i.e. § < B./J. Then,
for arbitrary o € X, the normalized magnetization satisfies the following Central Limit Theorem
asn — o0o;

~(S(0) ~A) > W,

where W ~ N(0,A) is an m X q-dimensional centered Gaussian random variable with singular
covariance matric

2 -1
A= %(ﬁK)‘l ((Iqu + EBK(Im @ (¢ 1 yxq — q_qu))> - Iqu),

Since this theorem holds for arbitrary configuration o and A is independent of n, then we can
obtain the uniform O(n~!) variance bound starting from stationary distribution 1, immediately.

Corollary 4.7. Assume < [./J, and o € X to be arbitrary starting configuration. For
uniformly large enough n, there exists a constant C' > 0 such that for big enough n,

C

Var,, [S(o) — A] < e

where (. is the stationary Gibbs measure.
We extend [35, Lemma 4.10.] to the matrix form;

Lemma 4.8. [35] Lemma 4.10] Let (Z)i>0 be a Markov chain in a finite state space @ C R™*1.
Write Py, Ey, for its probability measure and expectation respectively, when Zy = zy. Suppose
that there is some 0 < n < 1 such that for all pairs of starting states (zg,z0) € Q x Q,

1B Z: — Bz Zill 1,1y < n'll20 — Zoll1,1)-
Then, variance of Zy

vy = sup Varg,(Z;) = sup E,,||Z; — EZOZtH%
zo€) zo€e)

satisfies that
v < mgor min{t, (1 —7*) 71},
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Proposition 4.9. Assume < B./J. Then, there exists py such that if 0 < p < pg, under
p-bounded 2. dynamics,

Vart, [St] = O(n_l)
uniformly in o9 € X% and t > 0, and there exists v > 0 such that

Varey,[Si] = O(n™1)
uniformly in o9 € 7 and t < ™.

Proof. Since 8 < ¢/(2J) and p is small enough, we can set

C 1—-26J
n 2n
1

for large enough n according to Corollary [£.71 So, T = O(n) and
Vary,[$1] = By [[S1 = B [S1][[7 = O(n™?).

We obtain the wanted result by applying Lemma .8, Moreover, by the large deviations theory,
there exists g such that for og € E%‘) and ¢t < 70",

Varqy[St] = Vart [S] + o(n Y =0(m™1).

4.5. Drift of distance from the equilibrium state. We analyze the distance between pro-
portion matrix S; and equiproportionality matrix A defined in (Z1]). We can observe that

m 1

JE _
E[(St+1 — S, 8t — A)p|F] = ISt — A7 + - D WS +0(m?),

KT i=1
where hi(Z) = ?:1 Zijg(ﬁi’j)(Z) inZeS, and

E[[ISe+1 = Sl E1F] = O(n™?).
Combining the above results, we obtain that

E[|ISt+1 — Al2F] = ISt — AllF + E[St1 — Sell 21 Fe] + 2E[(Seq1 — St, St — A)p|Fe]
_ _ g _ 2 -1 - 7 _ 1 -2
-(1 n)ust Al +2n ; <h () q) +O(n2).

Now we research a function h* near A using Taylor expansion. Since h'(Z) = h'(Z — A) + 1/q
and for (ilajl)a (i27j2) € [17m] X [17q]7

O gy = L=y
0711 qg
0?h’ 23 1
W(O) - m_q <]l{j1=j2} - 5) [Zb]l{i=i1=i2} +a(Liziy#in) + Liiminin}) |-



22 KYUNGHOO MUN

Taylor expansion of h' is

W(Z) = = + = (b - a)(Z",QZ") + 0 Y (27,QZ")| + O(Z]}),

u=1

where Q = I, — ¢~ 1%, is the orthogonal projection onto (1,---,1)%. Then,

> (ks ~ ) = 2 Te((5: - ATK(S: — A)) + OIS - Al
=1

Besides, through matrix calculation,

Te((Se — A)TKS: —A)=(0-a) Y > ((Se = A7) +a Y ST~ A (S — A)Y
i=1 j=1

u,v=1 j=1

IN

(b—a)l[Se — AllE +all(Se — A)(St — A) 1,y
< (b—a)lISt — Alf + aml|S; — AlF = mJ|IS: — Allf,

where the last inequality holds because for z € R®, |lz|1 < /s|/z|l2, and Frobenius norm is
invariant under transpose operator and sub-multiplicative. Therefore,

2283.J

2 1 _
EN&H—AﬁVﬂSﬂ—EN&—N%+E?4&—Aﬁ+;WWrﬂW%+OW5

2(1 —26J 1
< (1- 212280 s, - A+ Loqis - Al + 0w

1 _
< P8 = Al + -O(IS: - Allf) + O(n™?),

where p is defined in (B2)).

4.6. Frobenius norm contraction. Fix 8 < f./J, and suppose oy € X¥ as conditions of
Proposition 91 Taking expectation on the above statement,

E[Sei1 — Al} < p°EllS: — Al} +ElIS: — Al} - O(n™") + 0(n72).
Applying Taylor expansion to function - — || - [|% at E[S; — A],
E|IS: - Al} = [E[S: — Al [} + (VI [} (E[S: - A]).S — A—E[S; — A] ) +0(n™)
= [E[S: — A]|l} + O(nY) = (B[S — A% + O(n1)*?
= (B[S — Al})** +0o(n™)

+0(n™h)

via perspective of Proposition [£.91 Therefore,

3/2 — —
(4.2) E[[Ses1 — All} < p°E[S: — Al} + (E[S: — Al}) Y 0(nY) + O(n?).
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Proposition 4.10. Fiz < (./J. Then, there exists C > 0 such that if p < pg where py is
same as Proposition [].9, there exists y(p) > 0 such that:

EoolISe — All% = p* (IS0 — AlF + Cp®) +O(n ™),

uniformly in oy € E%O, and t < eVP)n,

Proof. Define )\, := E||S; — A%, and let p < p < po where pg is defined in Proposition
There exists v(p, p) > 0 such that for uniformly o¢ € X% and t < €7,

)‘t—i-l S )\t (p2 + )\i/QO(n_l)) + O(TL_2)
< )\t(p2 +ﬁ0(n_1)) +0(n7?%) = Me(p+ ﬁO(n_l))2 +0(n72).

We now use the following fact. If (A\¢)¢>0 satisfies that
A1 =pA +ar’ +b,
for some p # r, p # 1, then;
t_ gt b
pp —r 1o p
Using this fact, we obtain that for some C' > 0,

A = Aopt 4+ a

2t 1

— -1 n=2 —2 50 (n~1 2t nl
(4.3) A < Ao(p+7P0(n™h) +1—(p—|—ﬁ0(n_1))20( ) < Cp*(p+p0(n™1)" +0(n™)

Plugging (4.3)) into (4£.2]),
As1 = PPN+ 22 (p+ PO ) O(n1) + O(n2).

Again, by the inductive fact described above,

p%—(erﬁO(n‘l))?’tJr 1

A < Aop® +7°0(n ) O(n™?)
P - (p+7p0(n1)° 1=
= (Ao +0@))p* +O0(n71).
Thus, we finish the proof. O

5. MIXING IN THE HIGH-TEMPERATURE REGIME

This section will prove the cutoff phenomena at O(nlogn) time in the high-temperature
regime. The cutoff time

(5.1) t(n) = &nlog(n)

is determined by & which was defined in (). t(n) is the crucial estimate of O(n~'/2) contrac-
tion time for magnetization processes in the high-temperature region.
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Corollary 5.1. Fiz 3 < ./J. Then, for all r > 0,
Poo |0re(y # 7| = 007

uniformly in og € S%° where py is defined in Proposition [{.9.

Proof.
Poy |04t (n) ¢ E;ﬂ/\/ﬁ] < Poy [ISseny — Allp = rn/?]
1/2
Boy[Sic ~ Allr _ (B = AR _ )
rn=1/2 - rn—1/2 - ’
where the last inequality holds by Proposition IO O

5.1. Proof of lower bound in Theorem [Il In this subsection, we will prove the lower bound
of cutoff in the high-temperature regime. Rigorously, we state that if 8 < §s/J,

“/Emoo hnlgl@gf P Pog 046 49m € -] = piallTv =1,

where t¢ is defined in (5.1)).

Proof. The analysis in this proof pertains to 8 < f./J. Fix 0 < pa < p1 < po, where pg is given
in Proposition B0l Let o¢ € X satisfy that ps < [|[Sg — Al||r < p1. Then, if t < t& + yn, and p;
is small enough, then by Proposition E.10]

O(n™1)

for sufficiently large —y depending on ps and large enough n. Combined with the uniform
variance bound given in Proposition [1.9] it follows that for large enough n,

~
Eo ISt — A|]F>\/_exp( 25)

By Chebyshev’s inequality, uniformly in all 7 > 0, ¢t < & + yn, and 0¢ € X7 \ T2

_ 25J/q)2t'5+2'yn N

P
EoollS: — A3 > ;(1 ~

r 1 _
Py, | ISt — A|lF < %] <P, Mst — Allp —Eq, ISt — Allp| > —n|cp2e /26 _r@

VaralSe— Al _ (0t 1))

1|Cpge v/26 — r‘

where the last inequality holds by the uniform variance bound. Therefore,

:
o e R

On the other side, with Chebyshev’s inequality and Corollary @7, for » > 0, ¢ > 0,
r
lse— A <_]:1—0 2.
N ()
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Combining two results, we obtain that

. o O(1)
= >1 - — 7,
Vhr_n hgn inf max IPool04e tyn € -] = pllTy > 1 2

O

5.2. Coordinatewise Coupling. We obtain O(n~!) from coalescence by constructing a more
delicate coupling. Before the construction, we used the idea of a semi-independent coupling,
which was discussed in [10].

Definition 5.2. [10, Subsection 4.3.] Suppose that v,v be two probability measures on =
[1,m]. Fiz a non-empty subset A C Q. Then, A-semi-independent coupling of v,v is defined as
a coupling of two random variables X ,)Z constructed by the following process as;
(1) Choose U € [0, 1] uniformly.
(2) If U < v(A) AD(A), draw X and X according to the optimal coupling of (v|4,7]4).
(3) Otherwise, independently:
(a) Draw X according to v|a if U < v(A) and according to v| ¢ if U > v(A).
(b) Draw X according to U|4 if U < (A) and according to Ul if U>1U(A).

Lemma 5.3. [10, Proposition 4.2.] Suppose that X,X' are A-semi independent coupling of v, v,
where A is a non-empty subset of finite state space 2, and v,V are two probability distributions
on Q. Then, the following statements hold;

(1) X ,)Z' are distributed gccordz'ng to v, U respectively.
(2) P[UpealX = 2} A(X =0}] < 35,04 (@) - 2@,
(3) Va ¢ A, P[X =2, X # 2] <v(z)p(A°\ z), P[X =2, X # ] <D(z)v(A°\ z).

In this section, we define a coordinatewise coupling of o, 0;. In a naive sense, we coalesce
colors of two magnetizations one by one admitting slight fluctuation of previous colors. Formally,
define for u,r > 0, and k € [1, ¢|,

ko ~ (S — S)*[LA] s — S _ -
Mo = {(0:3) €x 22 18 -8l < 2.5 - Allrv I8 - Alle < =]

and set H, , = HE .

We fix 09,00 € X, and y1,y2, - ,y4—1 > 0. The coordinatewise coupling with parameters
Y1,Y2, - ,Yq—1 and starting configurations og, op is defined as follows.

(1) Set T =0, and k = 1.
(2) Aslong as k < q—1;
(A) Aslong as | 27 (Se — S| > %,
(a) Choose block number [ uniformly from {1,2,--- ,m}.
(b) Draw Iyyq, I 1, using {1,--- ,k — 1}-semi independent coupling of S*, Sk
(¢) Draw Jyi1, Jyi1, using {1,--- ,k — 1}-semi independent coupling of

85 (8- ) o (8- Beu, ).
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(d) Change a uniformly chosen vertex in block V; of color I;11 in o, to have color
Ji41 In 0p4q. N
(e) Change a uniformly chosen vertex in block V; of color I;41 in oy to have color
Jiy1in 0441
(f) Set t =t +1.
(B) When | > 7" (St — S| < Y set T®) =t —7®=1 and k =k + 1.
(3) Set TCC =971 7(k),

We shall use Pgocﬁo to denote the probability measure for this coupling and IP’SOC&(S) for the
same coupling, only starting from the s-th stage. Notice that if the stopping condition at stage

s does not get satisfied forever, we set T(8) = TCC = .
Lemma 5.4. Fort >0, and j € [1,q|,
E[i(gm — ;)" \ R =- (1 - Qﬁ—‘]) f: St — A)7 + O(HSt AlF) +0(n?).
i=1 " =1

Proof. Recalling (2.2]),
. . 1 o ij B
E[Si, ~ 87 | A = (=87 +957(80) + 0%
_ L —(St—A)’M%[( b—a)(S; - ”+az (St — “J] +O(IS: — AllR) | +O(n™?)
n mgq F
by Taylor expansion near equiproportionality matrix A. Thus,

B[ ) | 7] =2 (1- 22) Yo - A+ 2ous - Al + o),

= q =1
O
Proposition 5.5. Fiz < q/(2J). Let k € [1,q — 1]. For all €,up_1,r,—1 > 0, there exist
Yk, Uk, Ty Yk > 0, such that if (0g,00) € ’Hﬁk 11 reys then
cok)

[T(k) < g1, (O’T(k),&T(k)) € ’Huk | 2 1—e

00,00
Proof. Following all given assumptions, let small enough € > 0 be given. Define
Wi = [Wt17 Wt27 U Wtq]T
with its coordinate Wtj =5 1(8 -S J) for each j € [1,¢]. Then, by Lemma [5.4]
1 28J ~ _
(5:2) EWh, - W | Fl=——(1- —)Wt —O(HSt — Alf+ St~ AllR) + O(n?).

Since 0¢, 50 € S~ 1/\/_

IS0 — Al [So — Allp = O(n~?).
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For some r; > 0 to be chosen later, let

Vn
and Wt |W t/\r(k)/\T(k> |. We can take yr = yx(rx) > 0 large enough such that
__ — 1-28J/q —k 21}
B[ - W | 7] < L2220 2 o)
1-28J/q i

< - ZiromH<o.
n

n
So, Wf is supermartingale with bounded drift because

Wi - Wi < ‘Z(St—i—l - St)ik‘ + ‘ > (S - gt)ik‘ <
i=1 i=1

n
If t < 78 AT®) then on event {I = u},

S I, 2 7% | 5]

0'0 Go

2 ng&(f) [It+1 =k, Jos1 # by Iy # k‘} > Sgk<1}§rl g:ew) [1 - géu’k) <St - %Euk‘)]

U u — —1 —
> sp§ (1 - g (s,) + 0 )] = q? +0(n~1?),

for each u € [1,m], where the last inequality holds by Taylor expansion near A. Therefore,

%ﬁUwH1 Wil | 7]

> ; () LB [l £ W0 =07 2 T (5 4 o)
> n’?j (1- 1) +0(n™??) = % +0(n~),

where the last inequality holds because ¢ > 2. Moreover, since Wf < 2mry/+/n and by viewpoint

of (52)), then
cc _
an ég)[Wt+1 Wt ‘ ft} =0(n 3/2)-
Combining these two inequalities, there exists a constant C7 > 0 being independent of r; and
Yy, such that

VarCO [, | 7] 2 i,

00,00

uniformly in n. We employ Lemma [T with setting Z; = Wt ,and N = 7 AT®) | Then, there
exists large enough 7, > 0 such that there exists a constant Cy > 0 satisfying
Caorg—1

N

Pso.50 [an < 7®) A T(k)} <
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So we may choose v, = yk(rg_1, €), big enough to satisfy uniformly in n > 0,

(5.3) I [,W < B A T<k>] <

Wl m

Besides by Proposition [£3] there exists big enough r > r;_1 such that

Py, [EIOSSS’Ykn:JSQEE;f/ﬁ} < %, Pz, [Hogsgyknzgsgéﬁgﬁ/‘/ﬁ] < é
As a result, we obtain that

€
(5.4) Py 50 [T < n] < 3
Applying Lemma [5.3], for each u € [1,m], on {l = u},
CC(k us us _ Qus
PO | (1851 =St ) sequon 7 (88 =58 ey | 7
k—1 cotk N
<D Prs [({It—l—l = s} A {Tip1 = 5}) U ({Jip1 = s} A {Jps1 = s}) ‘ }"t}
s=1
g k=l N
< 530 [Ist =S + 195" (80 — 95U Gl | + 0™
s=1
k—1 _
<C |Sus — S¥| + O(ry, /n) + O(n™Y)

s=1

with some constant C5 > 0. Therefore, on {l = u},

k—1 k-1 k—1
cC Qus us  Qus C4 us  Qus -
Eoo,éo [Z IS¢y — Sial = Z S* =S¢ -7:t] s Z ISy® — S| + r,O(n 2)
s=1 s=1 s=1
with some constant Cy > 0. For fixed block number u,
m _ k—1 _ m k—1
RECEDD (Zr i -8t - Y s —81) | A] < 303 Is -+ ().
s=1 u=1 s=1
Hence we gain that,
m k—1 _ C4 m k—1 ' . e
o [ SN -8l | &) < (14 =) oY I8t -8+ 0(55)-
u=1 s=1 i=1 s=1

Let T4 = ven A T8 ATE) - Inductively, by taking expectation and using assumption of o, 5,

foccif [ZH 70~ Spw) )& [l’k_l])Hle)] = < >% ZH — §o)®ItA=1D H(1,1)

< exp(y;C) 22
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for some C' > 0. Taking appropriate ug, yi > 0,

k—1 m

CC’(k [1,k—1] Uk — Yk CC’(k ij ij Uk — Yk

0'0 o) |:”W'Yk" Hl n } cro,cro ‘ Z ST(k) o ST(k)) n
j=1 =1

Pt 1,k—1] — Yk Uk—1 €
< PO (|| (S0 = Sa)) 7| —|<c <=
— ~ 09,00 T(k) T(k))) (1 1 Uy — Yk 3
Now, combining with (5.3), (5.4)), the proof is done. O

Applying Proposition 5.5l repetitively, we can obtain the following result with 7¢¢ = Zq Lpock),

Corollary 5.6. Fiz < q/(2J). For e,r > 0, there exist v,u,r’ >0 and y1,--- ,yg—1 > 0 such
that for g, 09 € Egﬁ, then
PCC

70,00

[ch < n, (opcc,opcc) € ’Hu,r/} >1—e

5.3. Coalescence of Proportion Matrix Chains. After getting O(n™!) coalescence of two
Glauber dynamics, we prove the agreement of configurations in the perspective of magnetization
operator S.

Proposition 5.7. Fiz § < q/(2J). For all r,u,e > 0, there exists v > 0 such that, if (09,00) €
Hu,r, and t > yn, under Synchronized Coupling,

Pgocao |:St 75 gt] § €
Proof. There exists big enough v > 0 such that

e (~3(0-20) <&
Now, for ¢ > yn, by Corollary [£5]
£i6s |16 =B < (1- )™
(30~ 202

q n
Applying Markov inequality,

m g
P, [si# 8] <P, |37 -812 2 <

i=1 j=1

B[S -50h]




30 KYUNGHOO MUN

5.4. Basketwise Proportions Coalescence. We construct small-sized partitions or baskets
to improve the coalescence level from the proportion into the configuration.

Let B = (Bii)ic[1,q,ic1,m] D€ a partition of V' satisfying that V; = Ule[l’q} By; for each i € [1,m).
We say 9B is A\-partition if,
|Bii| > A\|[V;| VIe[l,q],i €[1,m].

For given configuration o € ¥, we define a basketwise proportion matrix S = S(o) to be element
of R?*™*4 whose (I, j) entry is defined as;

lig 1
S(0) = 3 > Lo}

vEBy;

Then, S is an element in a manifold & = H?zlS , and we define for p > 0 small,

6P:{Se€:‘8lij_1(<p Vz’,l,j}.
q

Proposition 5.8. Suppose that B is A-partition for A > 0. Then,
(1) Forl,j € [Lg],

m

E[(Z(Si’jl S¥ ) )2 ‘ Fl=(- —)(Z Sl _ sif) ) +0(n72).

i=1 i=1
(2) Foriy #ig in [1,m] and l,j € [1,4],

lij _ gind |\ (glizd _ i 2\l @ity (Qlizi _ izj -
B[ (St — i) (812 - si)|[A] = (1 1) (8177 —819) (8 - 87) + 0.
Proof. To prove (), let A;; = [By;|/|Vi|, and fix [, j € [1,¢]. Also, for time ¢ > 0, we define a

process Qi] =3 m_l(Sl” S” ). We investigate the four cases of Qt ' F# Q as follow;
(A) vi1 & Biy, or(vi1) = 4, or41(vet1) # J,
(B) vis1 & Bii, 01(vev1) # J, ot41(ve1) = J,
(C) viv1 € Biy 01(ve41) = J, ot41(vet1) # 4,
(D) vit1 € By, or(viv1) # J, o141(veg1) = J
with probabilities p4, pp, pc,pp of each events, respectively. Therefore,

BI@)° - @O | v € Vil = 208 (oa = p5) + (1= 3 )0 = p)] + 0™

2 i i B
= 2Qis7 - 8")+ 07,
Taking expectation,

E[(@)* - (@) | 7] = Zm 8~ SI7) + 0(n™?) = ~ (@) + O(n ™).

For 2)), fix iy # i in [1,m], and [, 5 € [1,q]. We now investigate R; = (Siilj—Silj)(Sim—S?j).
Then, Ri+1 # Ry, if and only if, v € Vi, or vy € Vi,

Assume that v, € V;;. With similar logic, we need to investigate four cases such as;
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(a) vey1 & Biiy, 0t(vir1) = 4, oer1(veg1) # 7
(b) ver1 & Biiys 0t(ver1) # J, 0t41(veg1) = 7,
(¢) vit1 € Biiys 0t(vi41) = 4, ot41(ves1) # J,
(d) ver1 € Biiys 0t(ve1) # J, 0141 (ver1) = 7,
with probabilities pq, py, e, P Of each events, respectively. Then,

E[(S{ — S{Y)(SE2 —SP9)) — (87 — S1Y) ()% — SP) | vy € Viy, Fi]
gliaj _ gied
_ Dt TR |:(pa_pb)+ <1_

n/m

1 1 P T B
) e = )| =~ SV~ (S~ 8+ O )
11

Taking expectation,
E[(S/H — Sy (821 — 812 — (8¢ —8,7)(8* =) | 7]
= (8" = §)(8* —8) + 0(n 7).

Therefore, we obtained the wanted results. O

Corollary 5.9. Suppose that B is A-partition with A >0, and l,j € [1,q]. Then,

E{i (St —sth)” ‘ }}] = (1 - %) i (St7 —87)° +0(n™2).
=1

1= 1=

Proof. Expanding sum,

(Z(Siu S”)) Z(Slu S” +9 Z Slm S’”)(Slm Sm)
i=1 i=1 11742
and we apply Proposition 5.8 O

We enhance the coalescence level.

Lemma 5.10. Suppose that B is A-partition for 0 < A < 1. Fiz < q/(2J) and € > 0 be given.
1If either of the following holds;

(1) 0o € %, and t¢(n) < t < VPO™ where py,y(po) are given in Proposition [{-9 and t&(n)

is defined in (5.1),
(2) Sp € S/ and t < ~von for some ro,vo > 0,

then, as r — oo, uniformly in big enough n > 0,
P,o[S; ¢ &"/V] < e
Proof. We decompose Séj into ng ’s;

SZOJ = n/m Z ]]-{oo(v

veV;

q ..
- S S en = S
=1

l 1 veBy;
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So, \ng — %\ <>l )\li]Sloij - %\, and we define v = E[Z:L(S?] — Sij)ﬂ. Then, by Corollary

5.9 we have the recurrence relation 14,1 = (1 — 2/n)y; + O(n™2). As a result, we obtain
v =(1-2/n)" vy +O(n") for time t < yon. Now,
(5.5) B[S (87 - 872 = o),
i=1
because for Case (1), with some constant C' > 0,
2\
v < C <1 — g) + O(n_l) = O(n_l)

and for Case (2), vy < Y.1*,(2r0/v/n)? = O(n™1). Using (5.5)), we estimate the distance between
proportion matrix S; and basketwise proportion matrix S;.

" gl P12 B[S0 IS Sl _ansg g
Poo| L ISH ~Sulle = 7] < = ESEGE <3 L EnlS - S
q qg m
< B3 B [DY s -89 = o).
=1 j=11i=1

In addition, we estimate the distance between S; and A, claiming that for r > 0 big enough,

(5.6) P,, [||St ~AllF > %] <e

For Case 1, since o¢ € ¥}, by Proposition .10,
1—28J/q\2t _
ElS: - Al < (1= =) (IS0 — A} + o) + O ™)
< exp(—logn)Cpi +O(n1) = O(n™).

Applying Markov inequality,

=0 2.

B, [HSt CAlps %] _ Eq, [Hf;/;AH%]
For Case 2, since o € ZTFO/\/E, then by Proposition 43|, for r > ry big enough,
Poo [ISt = Allp = 7/v/n] <Pgy[30 < s < yon:os ¢ Ey\/ﬁ] <e.
Hence, for big enough r,
Pay I8 = Allr 2 =] < e

In conclusion, as r — oo,

Poy [Sy ¢ &/¥7] =Py, [3(1,4, ) such that ‘s{;"j - %\ > %}
q
< Py, [; ISP — Sy|les S — Allr < % and 3(1,4, ) such that (sfﬂ - 5‘ > %] te< 2

0
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Now we construct the basketwise coupling. Suppose that two initial configurations og, gg
have same proportion matrix as Sy = go. This coupling will lead to make S; = §t eventually.
Once for basket number l7, S/ = Sli* ig achieved, it would be lasted forever. Rigorously, using
previous definitions of A-basket B, the basketwise coupling is defined as follows;

1. Choose block number ¢ uniformly in [1,m].
2. Sett=0,l=1.
(1) Aslong as | < ¢;.
A. As long as SY # gél,
(A) Choose old color I} according to Si* = gi*
(B) Choose new color Jyy; according to gg’*)(St — Beir,,) = g(i’*)(gt -
%eilt+1)'
(C) Choose a vertex v+1 uniformly among all vertices in V; having color Iy

under oy.
(D) Choose vp41;

(a) If vipq € By, Jlp < 1, then choose vy41 uniformly among all vertices
in By,; having color I;; under oy.

(b) Else if S/ £ Sl and Sl £ 8l then choose Ty41 among
all vertices in B[l,q}i having color I;y1 under o;.

(c) Otherwise, let v, v2,--- be an enumeration of vertices in B 4; having
color I;11 ordered first by index of the basket they belong to and then
by their index in V;, and let o', 92, --- be the same for o;. Then, set
Upp1 = 07, where @ is the index such that vy, = v?.

(E) Set O't+1(’l)t+1) = 5t+l(6t+l) = Jt+1, and t =t + 1.

B. Setl=1+1.
C

And we denote the probability measure IPEO 5, for this basketwise coupling.

Proposition 5.11. Fiz § < q/(2J). For \,r,e > 0, there exists v = y(A,r,€) > 0 such that
for any A-partition, and starting configurations oq, o with So = So and Sg,So € &™/V™, under
Basketwise Coupling,

P2 1Sy =Sy >1—c
Proof. According to the definition of basketwise coupling, once the proportion matrices of basket
Bj; have coalesced, they will remain forever. So it is enough to investigate coalescence time for
some basket By; for fixed | € [1,q] and ¢ € [1,m]. We may assume that S; = S; for any ¢ > 0,

and Sl[tl’l_l]i* = §,[§1’l_1}i*. Define g x ¢ dimensional stochastic processes
! I
L . .
W, = Szlﬁ - zlfv Wi = Z ‘Wtj‘a
j=1

where Wij = Sffj — gi” for 1,j € [1,q]. We also define stopping times 7(0) = 0, an~d 0 =
inf{t > 7=V : W} = 0} inductively for I € [1,¢q]. Also, define 7. = inf{t : S; ¢ & or S; ¢ &°}

for sufficiently small p > 0, and let 7:51) =7W AT,
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Assume the event {701 <t < 70 ¢t < 7,}. By step 2-(1)-A-(D), we can divide into three
cases as;

(a) Since Sl = SV, St+1 — Sk, then

l !
Wt—l—l == Wt .
. Ll S li Sl i 1 I 1
(b) Since ST+t o S+t glirt o4 G then WIHIWLHL > 0, and Wi WL > 0,
Therefore,
BC l l BC lIt+1 141
EUOUO[Wt+1_Wt |*7:t] EOOUO[ t+1 ‘]:t ‘_‘W

<0.

EBC [WlJtJrl |]:t ‘_ ‘Wi‘]t+1

00,00 t+1

(¢) If vg1,0p41 € By or vpp1, Vi1 & By, then Wt+1 = W/. Otherwise if v;41 € By and
Vgt 1 ¢ By;, then
1
1Byl

lJt+1| . |WlJt+1|

I I
|W t+1| - |Wt t+1| = - t+1

t+1

1
|Bii
And the other case can be interpreted similarly by symmetry.

Combining all results from three cases, EB [Wt—i-l W} | Fi] < 0. In other words, (Wg)r(l*1)<t<7(l),t<r*
is a supermartingale. Besides, we can observe that the probability of the event (b) and variance
of th 1 under event (b) are both uniformly bounded below, independent of n. Moreover, by
Proposition[4.3] if there exists some time ¢ such that Sy, S, e &/ V7 then Stryns §t+7/n e &/
with probability 1 — € for some +/,r’. Since |W/} ; — W{| = O(n~1), we can apply Lemma 1]
with Z; = W}, N = Ti” Therefore, there exists big enough ~; such that

]P)BC €

70,00

[wn < r® A T*]

C
NaLL
uniformly in n. We define

U= {8~ /gl 2 0}, Y9 = [{1<t<qns IS~ 1/g > p/2}]
t=1

and v := Zg_ll ;. Then,
EBC Y] < ynPB

00,00

li
B IS —1/al > p/2] < mPE [S, ¢ &"/V] < yne
by taking r = p\/n/2. Moreover,
BY — 31<t<n : |Siij —1/q| > p = Y > pn)/(2m).

Therefore by Markov inequality,

BC [vlj
< [BY] < PB Y'Y > pnd/(2m)] < w = O(e).
UO"’O 70,90 pnA/(2m)

So we obtain that IP’BC~ [T« < yn] = O(€). Thus, for uniformly large enough n,

0,00

PEC [7@ > yn] < 2PBC [yn < TSI)] + P2 [ < yn] < e+ O0(e) = Ofe).

70,00 70,00 70,00
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5.5. The Overall Coupling. We now describe how previous couplings are combined to create
the overall coupling. We define the overall coupling with parameters v1,v2, V4,75, V6,
Y1, ,Yg—1 > 0, and initial configurations 0,09 € ¥ by setting two chains (0¢)¢>0, (0¢)t>0
under probability measure PO as follows;

(1) Run oy, 5; independently until the time t™) (n) = yn.

(2) Run oy, 0y according to the aggregate path coupling until the time t (n) = tM 4 y9n.

e Partition a vertex set V' into baskets B = (Bj;)ic[1,q),ic[1,m] Such that for each | €
[1,q], i €[1,m],

By = {’U eVi: 04(2) (U) = l}

(3) Run oy, &; independently until time t® (n) =t + t¢(n), where ¢ is defined in (G1)).
4) Run o4, 0y according to the coordinatewise coupling with parameters yq,---y,—1 > 0
q
until the time t® (n) = t®) + yyn.
(5) Run oy, &, according to the synchronized coupling until the time t®) (n) =t + y5n.
(6) Run oy, &; according to the basketwise coupling until the time ¢t (n) = t®) 4 yn with
defined baskets on the above.

5.6. Proof of upper bound in Theorem [Il In this subsection, we prove that if § < ,/J,

Jim hff;ip max [Py (04 4ym € -] — psllTv =0,

where t¢ is defined in (5.1)).

Proof. Fix 8 < fs/J, and suppose small € > 0 be given. Let oy be an arbitrary configuration in
Y., and 0 be the stationary distribution pu,. Firstly, by (2.3]), we know that for big v; > 0,

P07 (18w — Al > €] < exp (= min {I(): s = Allay =¢}) <
Now we can apply Proposition B9l and so we can select big enough 9 to satisfy
5.7 EQC[ISuo — S llF] < EGS [%d(at@)a&t@))]
2073

where the first inequality holds because [S(0) — S(o)|lr < [IS(0) — S(0)|l1,1) < Fd(o,0) for
arbitrary configurations o, € ¥. Using the large deviations result with big enough 1,2, we
may assume with high probability 1 — €, 7, € X% for some small enough p > 0. And by (7)),
we also may assume that o,z € ¥4 with high probability 1 —e. Assuming these events happen,
by taking p > 0 small enough, defined B is (% — p)-partition. Regarding these facts, since the
conditions of Corollary [5.1]is satisfied, there exists big enough r > 0 such that

Y2n -
) d(o,1),042)) < mexp ( — ;—2) < €,

T n
0,3 € ZF/\/_,

of probability at least 1 —e. On the other hand, using the uniform variance of S; under stationary
distribution g,

o3 € ETF/\/E,
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of probability at least 1 — . In addition, by Corollary 5.6, there exists u,r’ > 0 and 4 > 0 such
that

044y, 044y € Huprs
E; /vn
n. According to Proposition 5.7, there exists 75 > 0 such that S,s = S;) of probability at
least 1 — €. Now, since the first condition of Lemma [E.10 is satisfied, then St(s),gt(s) e &"/vn

of probability at least 1 — € for some big enough r” > 0. Moreover, by Proposition 511} we find
~v6 > 0 such that

of probability at least 1 —e. We may assume that o), 0,4 € uniformly for large enough

Si6) = Sy,
of probability at least 1 —e.
Considering symmetry, for time ¢ > t(?), the conditional distribution of oy via F(2) is invariant

under permutations of vertices in each baskets Bj; and the same logic holds for the stationary
distribution u,. Therefore,

OoC
]P’UO [Ut(ﬁ) € - ’.E(z),at(z) € E%] — L

- ‘ TV
< ]P’?OC [St(s) #* gt(ﬁ) | Fi2), Sy € Sp} < O(e),

™V
POC Sy € - [F2,Syn € 8] — o S_lH

where SP = {ZGS:

|

In conclusion,

7' — %‘ < p, Vi, j}. Using Jensen’s inequality,

Py oy € -] — v

< B[P o € - 1Fi] — mullry | Sy € 7] +POC (S0 ¢ 87 < Oe).

lim lim sup max [|Po, [046) 5, € ] — pal[Tv < 1= O(e),
F—00 n—soo O0EX
by setting () (n) = t&(n) + yn, where v = v1 + 72 + 74 + 75 + 76. O

6. MIXING IN THE LOW-TEMPERATURE REGIME

6.1. Proof of Theorem 2l In the low-temperature regime, the metastability makes exponen-
tially slow mixing. Formally, if 8 > (s/J,

tymrx > Ce™
with some constants C, ¢ > 0 uniformly for large enough n.
Proof. We first prove the statement for 85/J < 8 < B./J. Then, if st € [1/q,1 — §] for some
§ > 0, conditional on {S*! = s'1,,}, (S¥/(1—5s') : 1 <i < m, 2 < j < q) is distributed
as proportion matrix for the (¢ — 1)-states on general Potts model with the interaction matrix
K =K, on (1 — s')n number of vertices with

(BJY = BJ(1 —s!) < 5,](1 - é) < B.- (1 - é) < Bulqg— 1),
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where . = B.(q) is a function in gq. Then, since the proportion process concentrates on the
equilibrium state A, for § > 0 small enough, and n > 0 large enough,

L [Ell <i<m, 322<j<gs.t. ‘Sij - (1—31)/(q—1)| >0 ‘ s#t :sllm] =o(1).
Recall from (2.2]),
1 ’ i _
E[SY, -S/ |Si=3] = E(_SZ] +gé’y)(s)) +0(n™?).

By setting

So1-sD/g-1) - (1-sH/g—1)
so(-sY/g-1) - (1-sY/q-1)

we obtain that
E..[Sthi —Si' | Sit =s'1,] =E,. [Sih, —Si' | St =2] +0(1)
S exp(26J5")
exp(28.Js') + (¢ — 1) exp((287/(q — 1))(1 — s1))
= Dy(s") + O(n?)
for any block number i € [1,m]. From [10], we know that if 8 > (s/J, then there exists s*(3) >
1/q and small enough &, > 0 such that Dg;(s!) is uniformly positive in ;- neighborhood of s*(B

)-
Therefore, there exists small enough € > 0 such that for any i € [1,m], s! € (s* — 61,5 + 61),
and large enough n > 0,

)+ 02

E,. [Sit, —Si' | S;' = s'1,,] >

£
n
Also, by using continuity of probability measure, for each [ € [1,m] and j € {—1,0, 1},
m . m N m
P, [Stﬂ =s'1,, + E]el ‘ Stl = sllm} -P, [Stﬂ =s'1,, + gel + z]el ‘ Stl =s'1,, + Eel} = o(1),

where e; is [-th standard Euclidean basis element in R™. Combining two facts, there exists A > 1
such that for any [ € [1,m] and s € (s* — 61,8 + 61),

m m
P,. [Stﬂ =51, + e ‘ St = sllm] > AP, [Stﬂ =s'1,, ‘ St =s'1,, + Eel]’
for n large enough. Since St is reversible Markov process,
P,. [St — i1, + el, il — 8114 =P, [S;:l = s, S =511, + Tel].
n
As a result, for any [ € [1,m],
L S*l — Sllm + @el] > )\M* [S*l _ Sllm:|.
n
Inductively, we obtain that
(6.1)
*1 _ * x T 261n/m *1 o x T
e[S = (55 =1, 8 4 b1, s 51)]2>\ [S — (5" — 81, 51)].
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Define the bottleneck set
A={SeS:S" > (s* —61)1n},
where v > w denotes that v; > w; for all i € [1,m]. By (6.I]), we obtain that

/L*[aA] < )\—éln/m‘

11« Al
Since 8 < B./J, and s*(8) — 01 > 1/q, then u.[A] = o(1). Therefore, Cheeger’s inequality
implies that

tMI)((n) 2 Cecn
for some constants C',c > 0.

Furthermore, if 8 > (./J, from the large deviations theory, with d2 > 0 small enough,
bottleneck set

A={SeS:|S—mt(B)||r < 2}
satisfies that
1 «|0A 1 «|A
n—00 n n—oo n
where v! is defined in Proposition And by symmetry, p.[A] < 1/q with sufficiently small
09 > 0. With the same logic of Cheeger’s inequality,

tyix (n) > Ce™”

=0,

for some constants C, ¢ > 0. O
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