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Controlling and engineering continuous spectral modes of entangled photons represents one of the promis-

ing approaches toward secure quantum communications. By using the telecom bandwidth generated from a

cascade-emitted biphoton in atomic ensembles, a fiber-based long-distance quantum communication can be fea-

sible owing to its low transmission loss. With multiplexed photon pairs, we propose to implement a nonorthog-

onal coding scheme in their spectral modes and present an architecture of multiple channels enabling a high-

capacity transfer of codewords. Using the measures of the second-order correlations and associated visibility

and contrast, we further quantify the performance of the proposed nonorthogonal coding scheme. Our results

demonstrate the capability to encode and decode quantum information beyond the orthogonal coding scheme,

and in particular, the multi-channel setup manifests a resilience and an advantage in a design with multiple chan-

nel errors. The proposed scheme here can be applicable to a large-scale and multiuser quantum communication

and pave the way toward an efficient and functional quantum information processing.

I. INTRODUCTION

A secure quantum communication can be ensured by use

of quantum cryptography [1] and quantum key distributions

[2, 3]. This complete security relies on the fundamental char-

acteristics of quantum mechanics, where the uncertainty prin-

ciple posits a limit on the accurate determination of conju-

gate observables simultaneously and the communication sys-

tem cannot be found undisturbed under a measurement. The

former allows two parties to share a random secret key, while

the latter enables them to detect any eavesdropping from an-

other party. To facilitate such secure communication, pho-

tons are great candidates to carry quantum information, while

atoms are best serving as local storage of it. An efficient quan-

tum interface between light and matter [4] thus provides the

foundation to relay quantum information as in quantum re-

peaters [5, 6], which further promises a large-scale quantum

network [7, 8] and scalable quantum computation.

One essential aspect of scalability in quantum science and

technology using flying photonic qubits, in addition to the

number of them, regards the multiple degrees of freedom that

can be accessed in photons. These degrees of freedom for en-

coding and decoding quantum information can be discrete as

light polarizations [9–13] and frequency-bin qubits [14–16]

or continuous as transverse momenta [17, 18], space [19], or-

bital angular momenta [20–26], and spectral modes of light

[27–33]. With continuous-variable entanglement of optical

modes in a multiplexing architecture [34, 35], a potential high-

capacity quantum resource can be feasible, which gives rise

to an enhanced performance in multimode quantum commu-

nication and high-dimensional quantum information process-

ing [36]. Moreover, the spectral encoding is robust and sta-

ble against decoherence, which can be incorporated with in-

tegrated photonic elements to be compact and scalable in the

on-chip photonic platforms [16, 33].

∗ sappyjen@gmail.com

In spite of using continuous modes of light as high-capacity

quantum channels in quantum communication, an efficient

light transmission is as well crucial and demanded, for exam-

ple, in a fiber-based communication network [37–39]. This

can be achieved by utilizing the telecommunication band-

width of light to minimize its transmission loss, which can

be acquired in a cascade-emitted biphoton generated from an

atomic ensemble [40–42], serving as an excellent frequency-

entangled state between the telecom and infrared bandwidths.

The telecom photon suffices long-distance quantum commu-

nication, while the infrared can be stored locally as a col-

lective spin wave [43, 44] with high efficiency [45–47]. In

this highly-correlated biphoton source, an almost pure single

photons can be heralded by removing continuous frequency

entanglement among them [48–50], which is useful and can

be applied in quantum computation with linear optics [51],

optical quantum network implementation [52], and realizing

photon−photon quantum logic gates [53].

Here we propose to implement a nonorthogonal coding

scheme in spectrally-entangled photons, where the biphoton

source can be generated from an atomic diamond configura-

tion under a four-wave mixing process [41, 50, 54]. The or-

thogonal coding of Hadamard codes has been implemented

spectrally in the broadband entangled photons through spon-

taneous parametric down conversion, where a matched code

recovers a sharp and narrow correlation peak [30]. To fur-

ther go beyond the orthogonal coding scheme, we utilize the

quasi-orthogonal space–time block code [56–58], a well de-

veloped technique in wireless classical communication. This

block code is originally designed to transmit multiple and re-

dundant copies of data stream across many antennas in a re-

liable manner even under an influence of channel transmis-

sion issues or data corruptions. Under the conditions of high

transmission rates with low signal-to-noise ratios, the quasi-

orthogonal code can outperform the orthogonal one in reduc-

ing the transmission bit-error rates [58].

The meaning of ‘nonorthogonal’ in the coding space repre-

sents the property that the codes are not orthogonal to each

other. One of the orthogonal codes is the Hadamard code

http://arxiv.org/abs/2211.11539v3
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which has been demonstrated in the frequency bins [30]. This

is a natural choice since the code spaces are distinguishable

to each other and show enhanced correlations when they are

matched in the decoding stage. On the other hand, a gen-

eral coding space can be nonorthogonal, which essentially

generalizes the coding process. In this work, we propose a

nonorthogonal coding scheme which can be facilitated in a

multiplexing platform of biphotons from multiple atomic en-

sembles, where the information of codewords is encoded in

the spectral modes determined by Schmidt decompositions.

We further propose a design of multiple R channels within

eachM photon pairs are multiplexed to encode the nonorthog-

onal codes. We quantify its performance by calculating the

second-order correlation functions along with useful measures

of visibility and contrast, up to a capacity of coding space

dimension of MR. We find that there can be a balance be-

tween the contrasts in the correlation functions and the code

space dimensions, where a potentially best design can be

identified in our multi-channel nonorthogonal coding scheme.

Lastly, we present the advantages of the nonorthogonal cod-

ing scheme in multiple channels, which is shown to be more

resilient to channel errors than the conventional orthogonal

coding scheme which can only be implemented in a single-

channel setup. Our results can shed new light on multiuser

long-distance quantum communication with high capacity of

coding channels and provide insights to a blueprint of scalable

quantum network.

II. CORRELATION FUNCTION OF ENTANGLED

PHOTON PAIRS

We first introduce the spectral function of the entangled

photon pairs generated via the four-wave mixing process.

These photon pairs can be generated in a cold atomic ensem-

ble with a four-level structure as shown in Fig. 1. Two classi-

cal excitation pulses drive the atoms and lead to the cascaded

emissions of signal and idler photons, which are highly corre-

lated in their propagating directions. The reason why the cas-

cade atomic transition considered in this work is for the poten-

tial application in fiber-based quantum communication, where

the low-loss telecom wavelengths can be generated in its up-

per transition (6S or 4D to 5P transitions for rubidium atoms

as examples), while its lower transition (5S to 5P transition)

is in the infrared band suitable for local storage in quantum

memory. This biphoton source fit both needs of the low-loss

quantum information transmission in a fiber-based quantum

network and the local qubit storage for entanglement distribu-

tion [40, 41]. Meanwhile, the biphoton source generated from

nonlinear crystals can also be suitable for the purpose of en-

coding and decoding of quantum information, but the photons

usually reside in the same central frequency.

The effective spectrally-entangled biphoton state can be ex-

pressed in continuous frequency spaces as [31, 54]

|Ψb〉 =
1

N

∫ ∫

f(ωs, ωi)â
†
sâ

†
i |0, 0〉dωsdωi, (1)

with â†s(i) representing the signal (idler) photon creation op-

FIG. 1. A multiplexed coding scheme. A number of n atomic ensem-

bles are illustrated to generate n photon pairs, where an inset plot

shows the four-level atomic configuration with a single- and two-

photon detuning, ∆1 and ∆2, respectively. The pump fields drive

the atomic transitions |0〉 → |1〉 and |1〉 → |2〉, respectively, which

lead to subsequently and spontaneously emitted signal photon âs and

idler photon âi. The encoding operations He
1 to He

n act on individ-

ual signal photons, which are frequency-multiplexed together with

the corresponding idler photons by frequency shifters (FS), followed

by the decoding operations Hd
s1 to Hd

sk and Hd
i1 to Hd

ik′ on the signal

and idler photons, respectively. A single-channel scheme represents

the case when k = k′ = n, while in general a multi-channel scheme

allows k 6= k′ and k, k′ < n, leading to a huge code space in the

nonorthogonal coding scheme.

erator, a normalization factor N , and the biphoton spectral

function as

f(ωs, ωi) =
e−(∆ωs+∆ωi)τ

2/8

ΓN
3 /2− i∆ωi

, (2)

where the respective detunings for the signal and the idler pho-

tons are∆ωs ≡ ωs−ω2+ω3−∆2 and∆ωi ≡ ωi−ω3, and the

detail of the above derivation can be found in the Appendix.

The spectral function represents the probability amplitude and

is proportional to the generation rate of this biphoton source.

Under the assumption of laser pulses in Gaussian forms, the

joint Gaussian distribution in Eq. (2) conserves the signal and

idler photon central energies as ωs + ωi = ωa + ωb with a

spectral width approximately determined by 1/τ , the inverse

of laser pulse duration, which indicates an entangling origin in

contrast to a separate idler distribution in a Lorentzian profile

with a width of superradiant decay constant ΓN
3 .

The continuous entanglement entropy in the biphoton

state can be analyzed through Schmidt decompositions [28,

29], where the state can be reinterpreted as |Ψb〉 =
∑∞

n=1

√
λnb

†
nc

†
n|0, 0〉 with a probability λn under the or-

thogonal Schmidt modes ψn(ωs) and φn(ωi), that is b†n =
∫

ψn(ωs)â
†
s(ωs)dωs and c†n =

∫

φn(ωi)â
†
i (ωi)dωi, respec-

tively. A normalization of
∑∞

n=1 λn = 1 should be sat-

isfied and the entanglement entropy can be calculated as

S = −∑∞
n=1 λn lnλn, which leads to an entangled bipartite

source as long as λ1 6= 1, otherwise it suggests a separable

state with S = 0.
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Next we obtain the second-order correlation function,

which is proportional to the coincidence rate and is essential in

determining the outcome of the performance in the encoding

and decoding scheme we propose here. It can be calculated as

[55]

g(2)(t′ − t) =
〈Ê(−)

s (t)Ê
(−)
i (t′)Ê

(+)
i (t′)Ê

(+)
s (t)〉

〈Ê(−)
s (t)Ê

(+)
s (t)〉〈Ê(−)

i (t)Ê
(+)
i (t)〉

, (3)

Ê(+)
s (t) =

∑

ks,λs

√

~ωs

2ǫ0V
âks,λs

~ǫks,λs
e−iωst, (4)

Ê
(+)
i (t) =

∑

ki,λi

√

~ωi

2ǫ0V
âki,λi

~ǫki,λi
e−iωit, (5)

where Ê
(+)
s and Ê

(+)
i represent the vector forms of the signal

and the idler electric fields, respectively, with ks, ki denoting

the wave vectors and λs, λi the field polarizations. We as-

sume that the photon pairs are transmitted though single-mode

fibers. Therefore the spatial correlations can be neglected and

we focus only on their frequency correlations. Here we con-

sider t′ = t → ∞ and then obtain g(2)(0) under the Schmidt

bases as

g(2)(0) =

∫

∣

∣

∣

∣

∣

∞
∑

n=1

√

λn(ψn ∗ φn)(ω)
∣

∣

∣

∣

∣

2

dω,

(ψn ∗ φn)(ω) =
∫

ψn(ωs)φn(ω − ωs)dωs,

(6)

where the zero-time second-order correlation function is

equivalent to the integral of convolutions between the signal

and idler photon eigenmodes in frequency spaces.

III. MAIN RESULTS

Here we show our main results of the second-order corre-

lations g(2)(0) from the proposed scheme as shown in Fig.

1, where we can quantify its performance by the contrast

of g(2)(0). For both a single-channel and multi-channel

nonorthogonal coding scheme, we multiplex the signal and

idler photon pairs by frequency shifters, leading to well-

separated spectral modes which are feasible for individual

mode addressing. The multiplexed spectral function by fre-

quency shifters can be expressed in general as

fM (ωs, ωi) =

Nph
∑

n=1

Hn
e−(∆ωs+∆ωi+δqn)2τ2/8

ΓN
3 /2− i(∆ωi − δpn)

, (7)

≡
Nph
∑

n=1

Hnfn(ωs, ωi), (8)

where Hn represents the multiplexed weights on the individ-

ual photon pairs with δpn the frequency shift in the idler pho-

ton and δqn the joint frequency shift in the signal and idler

photons. Hn can be controlled by external laser driving pa-

rameters as in Eq. (A.7), which can be treated further as

the encoding operations Hn = He
n in Fig. 1. Through-

out the paper, we arrange a number of Nph multiplexed pho-

ton pairs in parallel with an energy-conserved axis satisfying

∆ωs +∆ωi = 0, corresponding to anti-correlated signal and

idler photons without loss of generality.

Under this frequency-separated multiplexed scheme, the

first Nph eigenmodes determined by Schmidt decompositions

in a descending order of λn become almost degenerate and

dominate over the other modes. We then can approximate the

eigenmodes in Eq. (6) by using the integrated profiles of sig-

nal and idler photons, respectively,

ψn(ωs) ∝
∫ ∞

−∞
fn(ωs, ωi)dωi,

= − 1

Ns
e−(∆ωs+δpn+δqn+iΓN

3 /2)2τ2/8, (9)

φn(ωi) ∝
∫ ∞

−∞
fn(ωs, ωi)dωs,

=
1

Ni

1

ΓN
3 /2− i(∆ωi − δpn)

, (10)

where Ns, Ni are normalization factors for these Nph signal

and idler eigenmodes with frequency shifts −(δpn + δqn) and

δpn in Gaussian and Lorentzian profiles, respectively. The

convolution in Eq. (6) can further be obtained as

(ψn ∗ φn)(ω) =
1

NsNi
e−(ω+δqn)

2τ2/8, (11)

which depends only on the joint frequency shift δqn. This

leads to g(2)(0) = 2
√
π/(N2

sN
2
i τ) in a well-separated mul-

tiplexed scheme as δqn ≫ δqn′ . Next we introduce the

nonorthogonal coding under this multiplexed scheme.

A. Nonorthogonal multiplexed coding scheme

First, we consider the multiplexed photon pairs under δqn =
0, where spectrally-entangled signal and idler photons locate

along the energy-conservation axis and we denote it as a sin-

gle channel coding scheme. In this way, the encoding oper-

ations are denoted as He
m on the signal photons, and the de-

coding ones on the idler photons are represented by Hd
im for

m = [1, Nph] with Hd
sm = 1 in Fig. 1. The coding operations

in general involve both the phase and amplitude modulations

on the respective photon pairs, which can be facilitated by a

phase imprinting technique and beam splitters. We can ap-

proximate g(2)(0) by considering only the first Nph modes as

in Eq. (11), and from Eq. (6) we obtain

g(2)(0) ≈ 2
√
π

N2
sN

2
i τNph

∣

∣

∣

∣

∣

∣

Nph
∑

n=1

Hd
inH

e
n

∣

∣

∣

∣

∣

∣

2

, (12)

where the Schmidt mode numbers or the mode probability

λn ≈ 1/Nph. When the encoding and decoding codes are

matched, g(2)(0) manifests a maximum, while it drops signif-

icantly in the mismatched case, for example in the orthogonal

Hadamard codes [30].
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To go beyond the orthogonal coding scheme, here we in-

troduce the quasi-orthogonal space-time block codes, which

have been useful in multiuser antenna systems. This

nonorthogonal code can be constructed from the so-called

Alamouti 2× 2 codes [56–58],

C1,2 =

(

c1 c2
−c∗2 c∗1

)

, (13)

from which Alamouti Na ×Na codes can be generated by an

extension of Alamouti form with arbitrary c1 and c2. There-

fore, the nonorthogonal codes we apply here are not unique.

We will investigate the non-uniqueness of the nonorthogonal

codes in Fig. 2 in the following. In terms of the contrast in

the photon-photon correlations, the performance of using the

nonorthogonal codes does not exceed the one with the orthog-

onal codes. Meanwhile, the advantage of the nonorthogonal

codes lies at the design of multi-channel scheme where the

photon correlations are robust to channel errors, as will be

shown in Fig. 5.

As a demonstration, we take Na = 4 as an example, which

reads

C1,4 =

(

C1,2 C3,4

−C∗
3,4 C∗

1,2

)

=







c1 c2 c3 c4
−c∗2 c∗1 −c∗4 c∗3
−c∗3 −c∗4 c∗1 c∗2
c4 −c3 −c2 c1






. (14)

In the above, the orthogonal relations only hold between the

columns (1, 2), (1, 3), (2, 4), and (3, 4), and again c3 and c4
are arbitrary. In general, the nonorthogonal codes can be con-

structed as

C1,N =

(

C1,N/2 CN/2+1,N

−C∗
N/2+1,N C∗

1,N/2

)

, (15)

with an even N , where CN/2+1,N denotes a similar construc-

tion of C1,N/2 with cj ↔ cN/2+j for j = [1, N/2].
We can then implement the encoding He

m and decoding

operations Hd
m using the column vectors of Eq. (15) as the

nonorthogonal coding scheme. We note that the choice of

~c = (c1, c2, ..., cN ) from cl = arl−1 with arbitrary a and

r, for example, can lead to an orthogonal coding scheme.

Therefore, in general the nonorthogonal coding scheme in-

volves an orthogonal one as a special case. To quantify the

coding performance in terms of contrasts in correlations, we

define the visibility V = (g
(2)
max − g

(2)
min)/(g

(2)
max + g

(2)
min) and

the off-diagonal contrast Cod = (g
(2)
max− g

(2)
od )/(g

(2)
max+ g

(2)
od ),

where we neglect the zero-time dependence for concise ex-

pressions. g
(2)
max and g

(2)
min are global maximum and minimum

in g(2)(0), respectively, while g
(2)
od represents the largest cor-

relation element in the mismatched cases in the odd-diagonal

(od) g(2)(0). This provides a way for distinguishing coding

capability and its performance, under different choices of ~c
and various system parameters which we can control and ma-

nipulate in our proposed multiplexing scheme.

In Fig. 2, we present the second-order correlations in a

single-channel nonorthogonal coding scheme. In Figs. 2(a)

and 2(b), we implement the nonorthogonal coding scheme,

(a)

(c) (d)

(b)
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FIG. 2. Second-order correlation g(2)(0) in a single-channel

nonorthogonal coding scheme. The ideal spectral decoding per-

formance of g(2)(0) for (a) Nph = 4 and (b) 16, respectively,

where δpn → ∞ and λn∈[1,Nph] = 1/
√

Nph. The parameters

of ~c is chosen by setting h = 2. As a comparison in the ideal

case, V (blue-� and -◦) and Cod (red-� and -◦) are plotted as h
varies in (c), where N = 4 (�) and 16 (◦), respectively. In (d),

V (blue-◦ and -×) and Cod (red-◦ and -×) are plotted as δ varies

for N = 4 and h = 1, with the frequency shifts of photon pairs

δp1 = −1.5δ, δp2 = −0.5δ, δp3 = 0.5δ, δp4 = 1.5δ. The excitation

pulse durations are chosen as Γτ = 0.25 (◦) and 0.4 (×), respec-

tively, for comparisons. We consider Γ/2π = 6MHz as an example

for D1 transition of rubidium atoms and ΓN
3 /Γ = 5.

where ~c is chosen as to beNph equally-spaced points between

[1, h = 2]. In the ideal case when δpn is large enough that

the encoding operates on the well-separated spectral modes,

we utilize Eq. (12) to demonstrate the ultimate high cor-

relations when the codes are matched and their dependence

on the number of entangled photon pairs in Figs. 2(a) and

2(b). To further demonstrate the effect of free parameters ~c
in the nonorthogonal coding scheme, we show V and Cod in

Fig. 2(c) as h varies. At h = 1, ~c = (1, 1, ..., 1), which

reduces the nonorthogonal codes to the orthogonal ones as

Hadamard codes. V stays maximized since g
(2)
min can be van-

ishing in the nonorthogonal coding scheme owing to its quasi-

orthogonality property. On the other hand, Cod is maximized

for the Hadamard codes, whereas the nonorthogonal codes

can still maintain significant contrasts within our considered

range of h > 1. Below h = 1 in Fig. 2(c), ~c is chosen within

[h, 1] and is more prone to the nonorthogonal nature than in

the range of h > 1. Therefore,Cod suffers from and decreases

more for a larger Nph. We note that the overall scaling of ~c
does not matter in the contrasts, and therefore Cod would be

the same according to the condition of hh′ = 1 for ~c chosen

between [h′ < 1, 1] and [1, h > 1], respectively. This can be

seen and expected in Fig. 2(c).

In Fig. 2(d), we further investigate the impact from

the spectral interferences between each multiplexed spectral

modes. We take Nph = 4 as an example with a frequency
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coding bin with a range of δ. As δ increases, the multiplexed

modes approach the ideal case for Cod as in Fig. 2(c), where

Cod → 1. When δ is finite, these multiplexed modes are sub-

ject to finite spectral interferences, leading to a suppression of

Cod. This can be attributed to imperfect encoding and decod-

ing operations in frequency spaces, contrary to the assumption

of well-separated frequency modes. As we vary the excitation

pulse duration τ , a shorter pulse manifests a broader spread of

frequency correlations, which enhances the spectral interfer-

ences and gives rise to the suppression of Cod. The visibility

V here stays maximized in our considered large range of δ,

which is less sensitive to the effect of spectral interferences

than Cod. As shown in Figs. 2(c) and 2(d), the nonorthogonal

coding scheme can be reduced to the orthogonal one, exactly

the same as the Hadamard codes when a range of [1, h = 1]
is used for N coding spaces, where the photon correlations

approach the results of the ideal cases as in well-separated

coding spaces in frequency bins as in the orthogonal codes

[30].

B. Multiple channels

Here we extend the previous single-channel setup to a

multi-channel platform by releasing the requirement of δqn =
0. Multiple channels can then be constructed by well sepa-

rating δqn = δr as shown in Eq. (11), where each channel

with specific δr does not crosstalk with each other when δr
is large enough with vanishing spectral interferences. Under

this ideal condition, the correlation function for R channels

and M multiplexed photon pairs in each channel in general

can be obtained as

g(2)(0) =
1

N2
sN

2
i

∫

∣

∣

∣

∣

∣

R
∑

r=1

M
∑

m=1

√

λrme
−(ω+δr)

2τ2/8

∣

∣

∣

∣

∣

2

dω,

=
2
√
π

N2
sN

2
i τM

R
∑

r=1

∣

∣

∣

∣

∣

M
∑

m=1

He
rmH

d
rm

∣

∣

∣

∣

∣

2

, (16)

where the decoding operation Hd
rm requires both signal and

idler coding operations Hd
sk and Hd

ik′ respectively, as shown

in Fig. 3. The encoding and decoding operations He
rm

andHd
rm correspond to He

n=(r−1)M+m andHd
skH

d
ik′ , respec-

tively. The total number of photon pairs are RM , and each

code subspace in the rth channel can be constructed by the

nonorthogonal code with a size M . In this design, spectrally-

entangled modes in different channels allow for overlapped

spectral coding, with an advantage of saving the limited fre-

quency spaces. When encoding and decoding operations are

matched in respective channels, g(2)(o) will reach its maxi-

mum. IfR′ channels are considered, g(2)(o) will be enhanced

R′ times as the matched case in a single-channel setup. In the

multi-channel design in Fig. 3, the code space dimension will

become MR. This dimension grows exponentially to reach a

maximum when an even M is chosen as 2.

There are some constraints on the frequency-multiplexed

photon pairs in the design of Fig. 3. To achieve the encoding

on the entangled modes which overlap in the signal or idler

(a) (b)

FIG. 3. The decoding operations in multiple channels. Yellow filled

circles represent the photon pairs encoded by He
n = He

rm where

n = r + (m − 1)R, under the multiplexed scheme in a frequency-

separated domain. The decoding operations Hd
sk and Hd

ik′ on the

signal and idler photons, respectively, result in effectively the decod-

ing operation Hd
rm = Hd

skH
d
ik′ on the spectrally-entangled modes

of the photon pairs. The numbers in blue circles in (a) indicate how

many degrees of freedom left in Hd
sk or Hd

ik′ that can be added for

decoding operations. The photon pairs cannot be placed at the multi-

plexed domain with the number equal to 0, giving the constraint for

the multiplexed photon pairs in a multi-channel structure. In (b), an

example of M = 4 photon pairs each for R = 2 channels shows

one of the dense structures of code spaces with only one redundant

degree of freedom in either Hd
sk or Hd

ik′ .

spectra, the design should ensure that any decoding opera-

tions Hd
rm can successfully reflect the nonorthogonal coding

sequences. Therefore, in Fig. 3(a), we present a constraint on

placing or multiplexing the photon pairs for encoding and de-

coding operations. The numbers in empty sites of potentially

multiplexed photon pairs show the degrees of freedom that

can be allowed by adding extra operations of Hd
sk and Hd

ik′ .

The place with a null number presents a forbidden scenario in

the design that the nonorthogonal codes we utilize cannot be

achieved. One of the dense structures in frequency spaces for

photon pairs is shown in Fig. 3(b) for an even M , where we

denote it as the staircase designing structure.

In Fig. 4, we demonstrate the multi-channel platform with

16 photon pairs in a multiplexing scheme in three different

arrangements, which are the dense forms within the same fre-

quency domains. We illustrate 2, 4, and 8 channels with 8,

4, and 2 photon pairs in each channel, respectively. Each

channel encodes the nonorthogonal code subspacesC1M with

~c = (1,M/(M − 1), ..., 2). δr are chosen as 100Γ to avoid

the spectral interference as shown in Eq. (16) with the FWHM

≈ 9Γ under a short pulse duration Γτ = 0.5.

Figures 4(a), 4(b), and 4(c) with δ = 100Γ ensure that

the spectral coding is well separated. This leads to the ideal

coding operations in Figs. 4(d), 4(e), and 4(f), where we ob-

tain g(2)(0) for comparisons. The same color legend indicates

the same number of matched channel for our nonorthogonal

codes. For example, in Fig. 4(d), g(2)(0) involves three kinds

of finite values, which respectively correspond to 2, 1, and

0 channels matched cases. As a result, an increase of num-

ber of channel will lead to g(2)(0) with more distinctive fi-

nite values. A comparison between Figs. 4(e) and 4(f) shows

that although they can both achieve the capacity of codes to

a dimension of 256, the arrangement of 4 channels case has
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FIG. 4. Multi-channel structure and g(2)(0). Three possible dense

designing arrangements of photon pairs for Nph = 16 are shown

in (a-c), where R = 2, 4, and 8 with M = 8, 4, and 2, respec-

tively. We plot schematically by using δ = 100Γ to avoid significant

Cnon caused by spectral interferences from adjacent photon pairs.

Corresponding correlations g(2)(0) are calculated in (d), (e), and (f),

respectively, under the ideal spectral decoding scheme. The code

space dimensions are 64, 256, and 256, respectively. The Γτ is cho-

sen as 0.5.

less number of finite values involved in g(2)(0) than that of

8 channels case. For more channels involved, the contrast

Cnon = 1/(2R − 1) becomes less significant. This can be

seen in Fig. 4(f), where a reduced contrast emerges compared

to the cases in Figs. 4(d) and 4(e). Therefore, it would be

optimal to have minimal possible channels in a multi-channel

scheme with a greater contrast, as well as requiring the largest

code space dimension that can be achieved for high-capacity

transmission. As a demonstration, Fig. 4(b) stands out as the

best design in the balance between the contrasts in g(2)(0) and

the code space dimensions. In the results of g(2)(0), they can

reach approximately the maximum of 6400, 3200, and 1600
under the matched cases in Figs. 4(d), 4(e), and 4(f), respec-

tively, which can be explained by Eq.(16) associated with the

normalization factor M . For a fixed number of photon pairs

in each channel, a code space capacity can grow exponentially

as MR with an increasing channel numberR, but nonetheless

with a price of a reduced contrast in overall g(2)(0).

C. Advantages of multi-channel nonorthogonal coding scheme

Here we discuss more on the advantages of multi-channel

nonorthogonal coding scheme, which are associated with less

contrasted g(2)(0) we have presented in the previous sub-

section. As we have emphasized that nonorthogonal coding

scheme is preferential for multiuser communications, we ex-

plicitly demonstrate in Fig. 5 that the nonorthogonal coding

scheme, especially in multiple channels, is robust to channel

errors in addition to the allowed code space capacity.

First of all, we note that the multi-channel design in Fig.

5(a) with nonorthogonal coding utilizes spectrally-entangled

photon pairs which are multiplexed with economical fre-

quency ranges. As a comparison, within the same frequency

...

...

{{ M
R

Signal

Idler

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

10
0

2 3 4 5 6 7 8 9 10

(a) (b)

(c) (d)

r’

multiple channels
single channel

FIG. 5. Advantages of multi-channel nonorthogonal coding. (a) A

schematic illustration for multi-channel setup with Nph = MR pho-

ton pairs in total and M = 2 in each of the R channels, which forms

a total code space of MR. This multi-channel setup cannot be real-

ized in a conventional orthogonal coding scheme owing to the over-

lapped spectral regions in the multiplexing scheme as shown in (b),

where an unwanted cancellation shows up when c1 = c2 = 1 using

Hadamard codes in the signal photons. As a comparison, we design

a corresponding single-channel setup with the same total code space

in (a) but with R segments instead as shown in (c). A relative reduc-

tion of g(2)(0) is compared in (d) for Nph = 40 and M = 4 versus

various r′ channels or segments with errors. For the single-channel

setup, three cases are compared with orthogonal and mismatched r′

segments with h = 2 (blue-�), nonorthogonal and mismatched r′

segments with h = 2 (red-�) and h = 4 (yellow-�), respectively,

as g(2)(0) descends at the same r′. By contrast in the multi-channel

setup, the reductions in g(2)(0) are less severe and they are almost

on top with each other in the corresponding mismatched cases (•).

ranges for encoding and decoding, the proposed multi-channel

nonorthogonal coding scheme allows more code spaces than

the conventional orthogonal coding scheme using divided

and energy-conserved photon pairs. Furthermore, the multi-

channel design leads to overlapped frequency regions for both

signal and idler photons as shown in Fig. 5(b), which can-

not be implemented using orthogonal coding scheme with

Hadamard codes, for example. This results from an unwanted

cancellation between c1 and c2 in the common multiplexed

frequency domain.

Moreover, the multi-channel scheme can be more stable and

resilient to channel errors, which we present in Figs. 5(c) and

5(d). As a demonstration, we design a corresponding single-

channel setup in Fig. 5(c) with R segments and the same total

code space of MR as in the multi-channel setup of Fig. 5(a).

To quantify the effect of r′ channel or segment errors, we use

the length-M nonorthogonal codes on all R channels or seg-

ments separately using Eq. (14) and compare three cases of

mismatched codes between the columns (1, 2) and h = 2,

the columns (1, 4) and h = 2, and the columns (1, 4) and

h = 4. In this nonorthogonal code with quasi-orthogonality,
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the columns (1, 2) are orthogonal to each other, while the

columns (1, 4) are not. We then calculate g(2)(0) for these

three cases as shown in Fig. 5(d), and they are normalized

to the g
(2)
max in the error-free case at r′ = 0 respectively for

single-channel and multi-channel setups. We find a quadratic

decrease in the single-channel setup as the number of mis-

matched channels increases, in contrast to a linear decrease

in the multi-channel setup. This slow reduction of g(2)(0)
manifests the tolerance of channel errors in the multi-channel

nonorthogonal coding scheme which is potentially applicable

in a reliable multiuser quantum communication.

There are two central advantages of the nonorthogonal cod-

ing scheme compared to the orthogonal one, which are (a)

economical frequency ranges for coding and encoding proto-

cols and (b) resilience of the multi-channel protocols under

multiple channel errors. Our proposed nonorthogonal cod-

ing scheme promises a high-capacity operation and state en-

gineering, wherein the enlarged Hilbert space can be used

in a scalable quantum computation. For the facilitation of

quantum cryptography protocols, the nonorthogonal coding

scheme will be useful in multiuser quantum communication,

where a reliable transmission can be achieved among many

receivers under an influence of code corruptions as well as

channel errors. Our proposed nonorthogonal coding scheme

goes beyond and generalize the orthogonal one, which pro-

vides flexible and advantageous coding protocols at the price

of less contrasted photon-photon correlations.

IV. CONCLUSION AND DISCUSSION

Our results demonstrate the realization of encoding and de-

coding nonorthogonal codes on the spectrally-entangled pho-

tons in a multiplexing scheme. The photon pairs can be gener-

ated from the atomic cascade emissions with an advantageous

telecom bandwidth which is best for an application of long-

distance quantum communication. We specifically utilize a

quasi-orthogonal space–time block code, which is a well de-

veloped technique in wireless classical communication and

is useful for transmitting multiple copies of data sequences

across many users. This nonorthogonal coding scheme can

be applied in a multiplexing platform of entangled biphotons,

where we show the performance of the codewords in terms

of the second-order correlations. We further propose a multi-

channel design to encode the nonorthogonal codes, where a

high capacity of coding space is feasible.

We have shown that the staircase structure of multiplexed

photon pairs in a frequency-separated regime is the best dense

structure that has the highest code space capacity with a lim-

ited frequency space. We also demonstrate the advantages of

multi-channel nonorthogonal coding scheme which is more

robust to channel errors than the single-channel setup using

conventional orthogonal coding. This design is particularly

applicable in quantum information processing and transmis-

sion, and is ready for multi-user quantum key distribution

[1]. Moreover, our schemes can potentially integrate with

a reconfigurable bandwidth allocation among multiple users

[59], which can further establish a practical scalable quantum

networks, essential for an application of large-scale quantum

computation.

Finally, our proposed scheme can be readily implemented

in squeezed quantum microcombs generated from the exist-

ing platform of silica microresonator on a silicon chip [33].

Through the Kerr nonlinearity in the microresonator, the sys-

tem generates broadband and energy-correlated photon pairs

of signal and idler modes. With additional multiplexing as in

our scheme for nonorthogonal coding, a multi-channel setup

can be realized in these photon pairs. This platform can lever-

age the deterministic photon source with integrated photonics

to enable compact and scalable quantum sources [16], and to

offer new opportunities in continuous-variable quantum infor-

mation processing [33].
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Appendix: Biphoton state

Here we present the theoretical background of the

spectrally-entangled biphoton state utilized in the multiplex-

ing scheme in Fig. 1. Two pump fields Ωa and Ωb are ap-

plied in the atomic ensemble, where a signal field âks,λs
and

an idler field âki,λi
can be generated via spontaneous emis-

sions. The Hamiltonian in interaction picture can be written

as [31, 54]

VI = −
∑

m=1,2

∆m

N
∑

µ=1

|m〉µ〈m| −
∑

m=a,b

(

Ωm

2
P̂ †
m +H.c.

)

−i
∑

m=s,i







∑

km,λm

gmâkm,λm
Q̂†

me
−i∆ωmt −H.c.







,(A.1)

where we set ~ = 1 and define the detunings as ∆1 = ωa−ω1,

∆2 = ωa + ωb − ω2. ωa,b,s,i are central frequencies of the

pump and emitted photon fields with corresponding wave vec-

tors ka,b,s,i. The collective dipole operators with a number of

atoms N are defined as P̂ †
a ≡ ∑N

µ=1 |1〉µ〈0|eika·rµ , P̂ †
b ≡

∑N
µ=1 |2〉µ〈1|eikb·rµ , Q̂†

s ≡ ∑N
µ=1 |2〉µ〈3|eiks·rµ , Q̂†

i ≡
∑N

µ=1 |3〉µ〈0|eiki·rµ , respectively. The coupling constant gm

has absorbed (ǫkm,λ̄m
· d̂∗m), which involves the polarizations

of quantized bosonic fields λ̄m and the unit direction of the

dipole operators d̂m.

To generate a spectrally-entangled photon pair [40], the sys-

tem is driven under weak excitations that
√
N |Ωa| ≪ ∆1. We

then can express the state of the system using singly-excited
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Hilbert space [31, 54], which reads

|ψ(t)〉 = ε(t)|0, vac〉+
N
∑

µ=1

Aµ(t)|1µ, vac〉

+

N
∑

µ=1

Bµ(t)|2µ, vac〉+
N
∑

µ=1

∑

s

Cµ
s (t)|3µ, 1ks,λs

〉

+
∑

s,i

Ds,i(t)|0, 1ks,λs
, 1ki,λi

〉, (A.2)

where single excitation states and vacuum states are

|mµ〉 = |mµ〉|0〉⊗N−1
v 6=µ and |vac〉, respectively. By applying

Schrodinger equation i~ ∂
∂t |ψ〉 = VI |ψ〉, we obtain the equa-

tions of motion in a self-consistent form,

iε̇ = −Ω∗
a

2

N
∑

µ=1

e−ika·rµAµ,

iȦµ = −Ωa

2
eika·rµε− Ω∗

b

2
e−ikb·rµBµ −∆1Aµ,

iḂµ = −Ωb

2
eikb·rµAµ −∆2Bµ − i

∑

ks,λs

eiks·rµe−i∆ωstCµ
s ,

Ċµ
s = ig∗se

−iks·rµei∆ωstBµ − i
∑

ki,λi

gie
−iki·rµei∆ωitDs,i,

i ˙Ds,i = ig∗i

N
∑

µ=1

e−iki·rµei∆ωitCµ
s ,

where a system generates a strongly-correlated biphoton state

under the four-wave mixing process with a generation rate ∝
|Ds,i|2. The detunings for the signal and the idler photons are

∆ωs ≡ ωs−ω2+ω3−∆2 and ∆ωi ≡ ωi−ω3, respectively.

Under the large detuning condition, |∆1,2| ≫ |Ωa,b|, we

can solve the equations of motion under the adiabatic approx-

imation and obtain the steady-state solutions. Then we further

obtain,

Aµ ≈ − Ωa

2∆1
eika·rµ ,

Bµ ≈ ΩaΩb

4∆1∆2
ei(ka+kb)·rµ .

(A.3)

Cµ
s can be solved by the probability amplitude Cs,ki

in a mo-

mentum space of ki, where Cs,ki
=

∑

µC
µ
s e

−iki·rµ . This

leads to

Cs,ki
= g∗s

∑

µ

ei∆k·rµ
∫ t

−∞
dt′ei∆ωst

′

×e[−(ΓN
3 /2)+iδωi](t−t′)b(t′), (A.4)

where b(t) = Ωa(t)Ωb(t)
4∆1∆2

. ΓN
3 = (Nµ̄ + 1)Γ3 represents

the superradiant decay rate for |3〉 → |0〉 transition, where

µ̄ depends on the geometrical shape of the atomic ensemble.

The cooperative Lamb shift is δωi =
∫∞
0 dω Γ

2π [P.V.(ω −
ω3)

−1]Nµ̄(k), where P.V. denotes a principal value and Γ =
|d|2ω3/(3π~ǫc3) with d the dipole moment for the transition.

Finally the probability amplitude Ds,i(t) can be solved as

Ds,i(t) = g∗i g
∗
s

∑

µ

ei∆k·rµ
∫ t

−∞

∫ t′

−∞
dt′′dt′ei∆ωit

′

ei∆ωst
′′

×b(t′′)e[−(ΓN
3 /2)+iδωi](t

′−t′′). (A.5)

When we choose the input pulses in Gaussian forms, Ωa(t) =
1√
πτ

Ω̃ae
−t2/τ2

,Ωb(t) =
1√
πτ

Ω̃be
−t2/τ2

, with the pulse areas

of Gaussian wave packets defined as Ω̃a, Ω̃b, and their com-

mon pulse duration τ , the long-time limit integral as t → ∞
gives

Ds,i =
Ω̃aΩ̃bg

∗
i g

∗
s

4∆1∆2

∑N
µ=1 e

i∆k·rµ
√
2πτ

e−(∆ωs+∆ωi)τ
2/8

ΓN
3 /2− i∆ωi

, (A.6)

where N−1
∑N

µ=1 e
i∆k·rµ becomes one when N → ∞, rep-

resenting the four-wave mixing condition to generate highly-

correlated biphoton state, that is ∆k ≡ ka+kb−ks−ki = 0.

The steady-state wavefunction of the system can then be ob-

tained as

|Ψ〉 ≈ |0〉⊗N +
Ω̃aΩ̃bg

∗
i g

∗
s

4∆1∆2

∑N
µ=1 e

i∆k·rµ
√
2πτ

×e
−(∆ωs+∆ωi)τ

2/8

ΓN
3 /2− i∆ωi

|1ks
, 1ki

〉, (A.7)

where the overall constant of the biphoton state in Eq. (A.7)

represents the probability related to its generation rate.
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Near-Unity Indistinguishability Single Photon Source for

Large-Scale Integrated Quantum Optics, Phys. Rev. Lett. 122,

173602 (2019).

[53] J.-P. Li, X. Gu, J. Qin, D. Wu, X. You, H. Wang, C. Schneider,
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