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Abstract

Disentangled black hole microstates are atypical states in holographic CFTs whose

gravity duals do not have smooth horizons. If there exist sufficiently many disentangled

microstates to account for the entire black hole entropy, then any black hole microstate

can be written as a superposition of states without smooth horizons. We show that

there exist sufficiently many disentangled microstates to account for almost the entire

black hole entropy of a large AdS black hole at the semiclassical limit GN → 0. In

addition, we also argue that in generic quantum many-body systems with short-ranged

interactions, there exist sufficiently many area law states in the microcanonical subspace

to account for almost the entire thermodynamic entropy in the standard thermodynamic

limit. Area law states are atypical since a typical state should contain volume law

entanglement. Furthermore, we also present an explicit way to construct such a set of

area law states, and argue that the same construction may also be used to construct

disentangled states.
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1 Introduction

The notion of typicality [1–4] lies in the most fundamental part of statistical mechanics, which

provides an explanation for the basic principles of equilibrium statistical mechanics [5]. On

the other hand, generic or collective features of atypical states are much less investigated.

One reason for the lack of interest is because generic atypical states in generic quantum many-

body systems will eventually thermalize and become a typical state under time evolution,

and hence are difficult to be related to experimental observations.

However, studying atypical states appear to be useful in a seemingly totally different

context: black hole physics. General relativity predicts the existence of a smooth horizon as

well as a black hole interior, which leads to mysteries such as the information paradox [6,7] and

the AMPS firewall paradox [8, 9] when combined with fundamental principles in quantum

theory. A long-standing yet crucial question in the study of quantum gravity is whether

microstates of black holes also have smooth horizons, or the existence of smooth horizons

and black hole interior is merely an emergent illusion of (semi-)classical gravity after coarse-

graining from a UV complete quantum gravitational theory [8–12].

In this context, it is enlightening to consider a class of atypical states called disentangled

states [13] in holographic conformal field theories. These are states which have a large

entanglement deficit compared to typical states. According to the AdS/CFT correspondence

[14] and the holographic entanglement entropy formulae [15–20], a disentangled state on the

CFT side cannot be dual to AdS geometry which has a smooth horizon [13].1 In other words,

a disentangled state either corresponds to a geometry that has nontrivial structures at or

outside the horizon, or does not have a geometrical description at all [13].

More precisely, for a typical AdS black hole state |typ⟩, when dividing the corresponding

CFT into two regions A and B where B is slightly smaller than A, the von Neumann entropy

of the reduced density matrix on B is the same as that of a canonical density matrix ρ(can)

with the corresponding temperature, i.e.

S (TrA|typ⟩⟨typ|) ≈ S
(
TrAρ

(can)
)

(1.1)

at the leading order of 1/GN . Here, GN is the Newton constant in the AdS gravity, and the

1Note that, however, this is a little bit subtle since the concept of horizon is often associated with dynamical

features, and a disentangled state may turn into a typical state under time evolution. Therefore, we just

regard this as a possible interpretation of disentangled states. Validity of the results in this paper does not

rely on the validity of this interpretation.
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GN → 0 limit corresponds to the large degrees of freedom limit (large gauge rank number

N limit, large central charge c limit, etc.) on the CFT side. Therefore, the von Neumann

entropy of ρ
(typ)
B ≡ TrA|typ⟩⟨typ|, i.e. the entanglement entropy between A and B, can be

evaluated by a Ryu-Takayanagi surface [15,16] or quantum extremal surface [19,20] wrapping

the black hole horizon like the one shown in the left of figure 1.

A
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Figure 1: The geometry of an AdS black hole. The asymptotic boundary where the dual

CFT lives is shown in gray. The spatial region of the CFT is divided into A and B where B is

slightly smaller than A. (Left) The orange surface Γ
(min)
B is the Ryu-Takayanagi surface that

gives the entanglement entropy for a typical microstate and it wraps the black hole horizon.

(Right) The blue surface Σ
(min)
AB gives 1

2
S (TrAA∗|TFD⟩⟨TFD|) and coincides the entanglement

wedge cross section for a mixed thermal state.

On the other hand, if a pure state has way much less entanglement between A and B,

then it will be atypical. Such an atypical state is called a disentangled state. To be more

concrete for later discussions, let us define disentangled states in a rigorous way, following

the one given in [13].

Definition (Disentangled States). A disentangled state |disent⟩ is a state which satisfies

S (TrA|disent⟩⟨disent|) ≲
1

2
S (TrAA∗|TFD⟩⟨TFD|) , (1.2)

where “≲” means “less than or equal to at the leading order of 1/GN”.

Here, |TFD⟩ is the thermofield double state

|TFD⟩ ∝
∑
i

e−βEi/2|Ei⟩|E∗
i ⟩, (1.3)
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where |Ei⟩ is the energy eigenstate associated to the eigenvalue Ei, and |E∗
i ⟩ is its CPT

conjugate living in a copy of the original Hilbert space. A∗(B∗) is the copy of A (B). Noting

that |TFD⟩ is a symmetric purification of the canonical density matrix ρ(can),

ρ(can) = TrA∗B∗|TFD⟩⟨TFD|, (1.4)

it directly follows from the positivity of the mutual information that

S
(
TrAρ

(can)
)
− 1

2
S (TrAA∗|TFD⟩⟨TFD|) ≥ 0. (1.5)

In a holographic CFT, the gap is O(1/GN) when the corresponding AdS black hole is

sufficiently large. In this case, the entanglement held by a disentangled state is signifi-

cantly smaller than a typical state, which is not sufficient to support an existence of a

smooth horizon in its gravity dual [13]. In a black hole geometry, the surface which gives
1
2
S (TrAA∗|TFD⟩⟨TFD|) ends on the black hole horizon as shown in the right of figure 1.

Based on these, it is natural to ask how many disentangled states one can find in the

sub-Hilbert space of the black hole microstates, which is spanned by the energy eigenstates

in the energy window2 [E − ∆E,E]. Let us denote this subspace as H[E−∆E,E] and call it

the microcanonical subspace. In [13], Hayden and Penington showed that if extensive vio-

lations of additivity conjectures do not exist, then one can find exp [Scan −O(1)] orthogonal

disentangled states in a proper energy window H[E−∆E,E] at GN → 0, where Scan is the

entropy computed from the corresponding canonical ensemble.3 This is sufficient to account

for the Bekenstein-Hawking entropy SBH , since SBH matches the leading order of Scan. Here,

additivity conjectures are a series of equivalent conjectures in quantum information and com-

munication theory [21]. However, small violations of additivity conjectures have already been

found [22], and there is so far no nontrivial analytic upper bound for possible violations of

the additivity conjectures. In other words, their extensive violation may be even expectable.

Possibilities of extensive violations are further discussed in, for example, [23, 24]. On the

other hand, the existence of exp [Scan −O(1)] orthogonal disentangled states in H[E−∆E,E] is

surprising since it means that states without smooth horizons are sufficient to account for

2Our arguments in this paper hold for any choice of the energy window as long as one can get a valid

microcanonical ensemble from it. We will take [E −∆E,E] just for convenience.

3In [13], the Benkenstein-Hawking entropy SBH and the entropy computed from the corresponding canon-

ical ensemble Scan are used interchangeably. In this paper, we would like to make a distinction between them

for later discussions.
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the black hole entropy at GN → 0. Therefore, one may argue that, since this is hard to be-

lieve, it may be possible to construct an explicit example of extensive violations of additivity

conjectures from black holes. From this point of view, it is important to know how far one

can go without any assumptions on additivity conjectures.

In this paper, we show that one can in fact find at least exp [Smicro − f(Smicro)] disentan-

gled states in H[E−∆E,E] , for any f(x) ∈ ω(1). Here, ω(1) means the set of functions which

diverges faster than constants. For example, log x and log log x are such functions. In other

words, disentangled states are sufficient to account for the leading order of Smicro at GN → 0

and the subleading correction can be arbitrarily small as long as it diverges. Accordingly, this

can recover the Bekenstein-Hawking entropy SBH computed from the black hole area since it

matches the leading order of Smicro. Our proof has no assumptions on additivity conjectures.

We start from the observation that the surface which gives 1
2
S (TrAA∗|TFD⟩⟨TFD|) (sketched

in the right of figure 1) is exactly the same as a geometrical quantity called entanglement

wedge cross section [25, 26] in a black hole background, which can be related to a quantum

informational quantity called entanglement of purification [27] in the corresponding holo-

graphic CFT. This allows us to give an upper bound to the entanglement of formation [28]

of the microcanonical ensemble ρ(micro) defined on H[E−∆E,E]. This upper bound guarantees

at least one disentangled state exists in H[E−∆E,E]. Then we can exclude this disentan-

gled state, consider its orthogonal complement and try to find another disentangled state in

it. We will show that such a procedure can be repeated for at least exp [Smicro − f(Smicro)]

(∀f(x) ∈ ω(1)) times, which leads to at least exp [Smicro − f(Smicro)] (∀f(x) ∈ ω(1)) times

orthogonal disentangled states. The preliminaries for entanglement measures and holography

used in the proof will be reviewed in section 2, and the main statements will be presented as

propositions and proven in section 3.

In section 4, we apply the techniques developed in section 3 to an alternative situation.

We consider an alternative type of atypical states, the area law states, at the standard

thermodynamic limit4 V → ∞, where V is the system volume. Let us denote the system

4It is known that the GN → 0 limit in AdS/CFT shares many similar features with the standard ther-

modynamic limit (the large volume V limit) in generic quantum many-body systems. For example, it is

known that an O(V 1/2) correction [29] appears at the phase transition point of the entanglement entropy

found in generic quantum many-body systems satisfying the eigenstate thermalization hypothesis [30], and

one can find a similar O(G
−1/2
N ) correction in AdS/CFT [31,32]. However, while being similar, they are two

different limits and should be distinguished from each other. In a lattice regularization, one can intuitively

regard GN → 0 as the limit where the degrees of freedom on each site go to infinite, while the standard
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length as L so that we have V = O(Ld) where d is the spatial dimension of the system.

We will see that for any quantum many-body system, if the reflected entropy [33] of its

microcanonical ensemble follows an area law, i.e. scales as O(Ld−1), then one can find at

least exp [Smicro −O(logSmicro)] orthogonal area law states in H[E−∆E,E]. They can account

for the thermodynamic entropy at the thermodynamic limit L → ∞. Holographic CFTs5

are such examples whose reflected entropy satisfies the area law [12,33].

In section 5, we present an explicit construction of exp [Smicro −O(logSmicro)] area law

states. This is one of the crucial points in our paper: not only do we prove the existence, we

even present an explicit construction! Moreover, we also discuss the possibility to apply the

same method for constructing disentangled states.

In section 6, we summarize our results, discuss their possible relations with additivity

conjectures and atypical microstate counting, and show some future directions.

Note added in arXiv v2: Several improvements have been made compared to the

arXiv v1 of this paper. Here, we list them out for readers’ convenience.

1. We have changed our notation for entropies to make a distinction between the Bekenstein-

Hawking entropy SBH computed from the black hole geometry, the entropy computed

from the canonical ensemble Scan and the entropy computed from the microcanonical

ensemble Smicro. This was not necessary in arXiv v1 since we only discussed the leading

order for which they match each other. However, this turns out to be necessary in the

current version in order to make the following improvements.

2. We have improved the subleading correction of our main results presented in Corollary

4 and 6. These are phrased in terms of Smicro, and the related discussions have been

modified throughout the paper.

3. Based on the above improvement, appendix C has been added to compare with a

statement presented in [13].

thermodynamic limit corresponds to the limit where the number of lattice itself goes to infinity.

5In holographic CFTs, the thermodynamic entropy coincides the Bekenstein-Hawking entropy SBH at

the leading order. However, we would like to note that, when we talk about disentangled states, we are

considering the GN → 0 limit with the volume V fixed. On the other hand, when we talk about area law

states, we are considering the V → ∞ limit (with the Newton constant GN fixed if for holographic CFTs).

While sharing similar features, these two limits, as well as the Landau symbols associated with them, should

not be confused with each other.
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4. We have added a prerequisite to theorem 3, which was missed in arXiv v1 though it does

not affect the validity of the following discussions. The proof has also been improved.

2 Preliminaries

As we have introduced in the previous section, upper bounding the entanglement of formation

of microcanonical ensembles in holographic CFTs will be an important piece of our jigsaw

puzzle. In this section, we review several preliminaries for this purpose. We will firstly

review entanglement of formation and other relevant correlation measures in general quantum

systems in section 2.1. Then we will review entanglement of purification in holography and

gravity duals of microcanonical ensembles in section 2.2 and 2.3 respectively. Readers who

are familiar with these topics can skip this section.

2.1 Entanglement of formation and other correlation measures

Consider a bipartite system composited by A and B, and denote the Hilbert space associated

with it as HA⊗HB. For a (possibly mixed) state ρ ∈ D(HA⊗HB), there are many quantities

to measure the entanglement and correlation between A and B.

Since entanglement is an important resource which classical systems does not have, one

may want to construct a function which counts only the amount of entanglement but not any

classical correlations between A and B. Such a function is called an entanglement measure.

More precisely, an entanglement measure must satisfy some axioms [34–37], which guarantees

that it can quantitatively measure the amount of entanglement and does not contain any

classical correlations, which can be generated via LOCC operations. See appendix A for a

set of axioms required for an entanglement measure. On the other hand, functions which do

not fully satisfy all the axioms are often called correlation measures. In the following, let us

list some entanglement measures and correlation measures which will be used in this paper.

Entanglement entropy

When ρ is a pure state, the entanglement entropy is defined as

EvN(ρ) = S(ρA) = S(ρB), (2.1)

where

ρA(B) ≡ TrB(A)(ρ), (2.2)

7



is the reduced density matrix on HA(B) and

S(σ) = −Tr (σ log σ) (2.3)

is the von Neumann entropy. The reduced von Neumann entropy on pure states is the

only function which satisfy all the axioms for entanglement measures [34]. Therefore, the

entanglement entropy is an entanglement measure when restricted to pure states.

On the other hand, constructing a computable entanglement measure for a mixed state

which has a good operational meaning is much more challenging.

Entanglement of formation

One way to define a correlation measure for a mixed state ρ is to regard ρ as an ensemble

of pure states

ρ =
∑
i

pi|ψi⟩⟨ψi|, (2.4)

and then consider the average entanglement entropy over this ensemble:∑
i

piEvN(|ψi⟩⟨ψi|). (2.5)

The entanglement of formation [28] of ρ is defined as the minimal one of such average entan-

glement entropies over all variations of possible ensemble decomposition:

EF (ρ) ≡ inf

{∑
i

piEvN(|ψi⟩⟨ψi|) : ρ =
∑
i

pi|ψi⟩⟨ψi|

}
. (2.6)

The entanglement of formation is not an entanglement measure, and it is usually not com-

putable since the definition includes a minimization. However, it has a good operational

meaning related to quantum measurements [28] which motivates people to consider it.

In this paper, the scaling behavior of EF in holographic CFTs and quantum many-body

systems will play a central role. Therefore, we will review two correlation measures which

give rigorous upper bounds to EF (ρ).

Entanglement of purification

Another idea to measure the correlation between A and B for a mixed state ρ is to first

uplift it into a pure state and then consider entanglement entropy on that pure state. Such

an uplifting procedure is called purification. More precisely, for an arbitrary ancilla C and a

8



pure state |ψABC⟩ in HA ⊗HB ⊗HC , if it reduces to ρ ∈ D(HA ⊗HB) after tracing out C,

i.e.

ρ = TrC |ψABC⟩⟨ψABC |, (2.7)

then |ψABC⟩ is called a purification of ρ. By artificially dividing HC into two parts

HC = HA′ ⊗HB′ , (2.8)

and assigning A′(B′) to A(B), we can get A ∪ A′ (B ∪ B′) as an extension of A(B).

It is natural to expect that the entanglement entropy between A ∪ A′ and B ∪ B′, i.e.

S (TrBB′|ψABC⟩⟨ψABC |) can measure the correlation between A and B.

Obviously, different choices of |ψABC⟩ and different ways of factorizing HC give different

results. Among all these choices, the minimal entanglement entropy evaluated in this way is

called the entanglement of purification [27],

EP (ρ) ≡ inf

{
S (TrBB′ |ψABC⟩⟨ψABC |) : ρ = TrC |ψABC⟩⟨ψABC | and C = A′ ∪B′

}
. (2.9)

EP (ρ) gives a rigorous upper bound of entanglement of formation EF (ρ) as [27]

EF (ρ) ≤ EP (ρ). (2.10)

On the other hand, while EP (ρ) is not computable in general due to the minimization, it

can be evaluated in a class of states in holographic CFTs [25, 26]. We will apply these two

properties when discussing black hole microstates later.

Reflected entropy

Since the entanglement of purification is not computable in general, one may want to

consider a specific way of purification with which one can get a computable quantity. For

example, let us consider a mixed state ρ ∈ D(HA ⊗HB) and diagonalize it as

ρ =
∑
ν

pν |φν⟩⟨φν |. (2.11)

For each |φν⟩ ∈ HA ⊗ HB, we can consider its CPT conjugate and denote it as |φ∗
ν⟩ ∈

HA∗ ⊗HB∗ . Then, obviously, the state

|√ρ⟩ =
∑
ν

√
pν |φν⟩|φ∗

ν⟩ (2.12)
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defined on HA ⊗HB ⊗HA∗ ⊗HB∗ serves as a purification of ρ. Such a purification is called

the canonical purification [33].

Associated with the canonical purification, the reflected entropy [33] is defined as the

entanglement entropy between A ∪ A∗ and B ∪B∗:

ERE(ρ) = S(TrBB∗|√ρ⟩⟨√ρ|). (2.13)

By definition, it satisfies

EP (ρ) ≤ ERE(ρ). (2.14)

Therefore, combining with (2.10), we have

EF (ρ) ≤ EP (ρ) ≤ ERE(ρ). (2.15)

The best advantage of ERE(ρ) is that it is usually easy to compute. We will apply these

features to discuss generic quantum many-body systems in the thermodynamic limit.

2.2 Entanglement of purification in AdS/CFT

While the entanglement of purification is in general very hard to compute, it can be easily

evaluated for geometric states in holographic CFTs. Here, a holographic CFT is a CFT

which admits a semiclassical gravity dual via the AdS/CFT correspondence [14]. However,

not all the states in HCFT necessarily admit a geometrical dual6. A state which admits a

geometrical dual is called a geometric state.

For geometric states, the entanglement entropy and the entanglement of purification

correspond to geometric objects in the AdS gravity. Consider a static geometric state ρ in

the AdSd+2/CFTd+1 correspondence and divide the whole d-dimensional spatial region of the

CFT into A and B. The von Neumann entropy of the reduced density matrix on A is given

by the Ryu-Takayanagi formula [15,16]

S (TrB(ρ)) = min
ΓA

Area(ΓA)

4GN

, (2.16)

where ΓA is a d-dimensional surface which is homologous to A. The ΓA with the minimal

area is called the RT surface. See the left of figure 2 for a sketch.

6For example, it is believed a superposition of a geometric state corresponding to the vacuum AdS and

another state corresponding to an AdS black hole does not admit a geometrical dual.
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Figure 2: A time slice of a global AdS3. The asymptotic boundary where the dual CFT

lives is shown in gray. The spatial region of the CFT is divided into A and B where A

is the two segments on the left and right, and B is the two segments on the top and the

bottom. (Left) The orange surface Γ
(min)
A shows the Ryu-Takayanagi surface. (Right) The

entanglement wedge of A = A1 ∪ A2 is shaded in yellow. The surface Σ
(min)
A1A2

which gives the

entanglement wedge cross section EW (ρA, A1 : A2) is shown in blue.

The region surrounded by A and Γ
(min)
A is called the entanglement wedge7 [18,38,39] of A

and it is considered to be the gravity dual of the reduced density matrix

ρA ≡ TrB(ρ). (2.17)

If we divide A into A = A1 ∪ A2, we can consider a quantity called the entanglement wedge

cross section8

EW (ρA, A1 : A2) ≡ min
ΣA1A2

Area(ΣA1A2)

4GN

(2.18)

where ΣA1A2 is a d-dimensional surface which divide the entanglement wedge into two parts

with A1 and A2 living in each part.

It is conjectured in [25,26] that the entanglement purification between A1 and A2 of state

ρA equals the entanglement wedge cross section EW (ρA, A1 : A2):

EP (ρA, A1 : A2) = EW (ρA, A1 : A2). (2.19)

7More precisely, what we are considering here is the time-reflection symmetric time slice of the entangle-

ment wedge.

8In the following, we will sometimes explicitly show the bipartition if there might be confusion.
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This conjecture can be justified by a two-step argument. According to the surface/state

correspondence [40] or the tensor network description of holography [41–43], the entangle-

ment wedge with some ancilla degrees of freedom put on the RT surface can be regarded

as an “optimal geometric purification”, and hence finding the minimal ΓA1A2 dividing the

RT surface ΓA into two parts corresponds to finding the optimal way to divide the ancilla

in this purification. This first step suggests that EW at least gives an upper bound of EP ,

i.e. EP ≤ EW . As the second step, one can geometrically prove EW satisfy all the known

inequalities satisfied by EP [25, 26]. Therefore, it is plausible to believe that EP = EW .

However, in fact, only the first step EP ≤ EW is needed for the arguments in this paper.

2.3 Holographic dual of the microcanonical ensemble

As we have explained above, not all the states in a holographic CFT are geometric states.

Since the standard AdS/CFT dictionary [44, 45] is an equivalence between the partition

functions of the gravity path integral and the CFT path integral, when a state can be easily

prepared via a path integral, then one can use the semiclassical approximation of the gravity

path integral, by picking up the configuration which minimizes the gravitational action Igrav.

Geometric states constructed in this way include the ground state, canonical ensembles

ρ(can)(β) ∝
∑
i

e−βEi |Ei⟩⟨Ei|, (2.20)

thermofield double states (i.e. canonical purifications of canonical ensembles)

|TFD(β)⟩ ∝
∑
i

e−βEi/2|Ei⟩|E∗
i ⟩, (2.21)

and so on. Here, Ei is the i-th eigenvalue of the Hamiltonian H and |Ei⟩ is the corresponding
eigenstate. These three examples correspond to global AdS, one-sided AdS black holes, and

two sided AdS black holes [46] respectively.

In this paper, we would like to focus on microcanonical ensembles

ρ(micro)(E) ∝
∑

i s.t. Ei∈[E−∆E,E]

|Ei⟩⟨Ei|, (2.22)

which are more complicated to prepare with a standard path integral. Fortunately, the gravity

dual of the canonical purifications of (2.22), named microcanonical thermofield double states,

|MCTFD(E)⟩ ∝
∑

i s.t. Ei∈[E−∆E,E]

|Ei⟩|E∗
i ⟩ (2.23)
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has been already discussed in [47]9. This is again given by a two-sided black hole in the

semiclassical limit GN → 0. Accordingly, the gravity dual of a microcanonical ensemble is

given by a one-sided black hole.

The difference between the gravity duals of a canonical ensemble and a microcanonical

ensemble is that, while we need to find the classical geometry which minimize the gravitational

action Igrav on the AdS side when using a standard path integral to prepare a canonical

ensemble or a thermofield double state, we need to find the one which maximize another

functional, which coincides the black hole entropy for black hole geometries, when considering

the microcanonical counterparts [47].

The results explained above can be naturally understood from the view point of the re-

lation between statistical mechanics and thermodynamics. In statistical mechanics, different

ensembles including the canonical ensemble and the microcanonical ensemble are equivalent

to each other in reproducing the macroscopic quantities at the limit of large degrees of free-

dom (i.e. the thermodynamic limit). In the current case, the semiclassical limit 1/GN → ∞,

where GN is the Newton constant, plays a similar role of the thermodynamic limit. At the

thermodynamic limit, the natural thermodynamic potential associated with the canonical

ensemble is the Helmholtz free energy, which holds temperature 1/β as a natural variable10.

On the other hand, the natural thermodynamic potential associated with the microcanoni-

cal ensemble is the thermodynamic entropy, which holds energy E as the natural variable.

In the current case, the gravitational action Igrav parameterized by β corresponds to the

Helmholtz free energy, and the functional which coincides the black hole entropy in black

hole geometries [47] parameterized by E corresponds to the thermodynamic entropy. The

thermodynamic equilibrium is realized when the Helmholtz free energy is minimized (or

equivalently, when the thermodynamic entropy is maximized).

9In fact, the exact setup analyzed in [47] is |ψ⟩ ∝
∑

E′ e−βE′
f(E′ − E)|E′⟩|E′∗⟩ where f(E′ − E) =

exp((E′−E)2/4σ2). However, as commented in [47], the results hold for any f(E′−E) concentrated around

E′ = E.

10Here, “a thermodynamic potential A holds x, y, · · · as natural variables” means that all the thermody-

namic quantities can be determined from A as a function of x, y, · · · . For example, when expressing the

Helmholtz free energy F as a function of the temperature 1/β and the volume V , all the thermodynamic

quantities can be determined from partial derivatives of F [1/β, V ]. However, when expressing F as a func-

tion of the energy E and the volume V , some information is lost in F (E, V ). A thermodynamic function

expressed by its natural variables is called a complete thermodynamic function in some textbooks. Complete

thermodynamic functions are equivalent to each other under Legendre transformations.
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Moreover, it is also shown in [47] that the Ryu-Takayanagi formula [15,16] and its covari-

ant extension, the Hubeny-Rangamani-Takayanagi formula [17] still hold in the microcanon-

ical counterparts. Therefore, it is plausible that we can also apply the EP = EW conjecture

(or at least EP ≤ EW ) for microcanonical ensembles.

3 Disentangled black hole microstates in AdS/CFT

In this section, we show that, for a holographic CFT, there exists an orthogonal basis of the

microcanonical subspaceH[E−∆E,E] such that, for any f(x) ∈ ω(1), at least exp [Smicro − f(Smicro)]

elements are disentangled states. Here Smicro ≡ log dimH[E−∆E,E] is the entropy of the cor-

responding AdS black hole computed from the microcanonical ensemble. Since Smicro and

the Bekenstein-Hawking entropy SBH match at the leading order, we can say that counting

orthogonal disentangled states can give SBH at the leading order.

We will firstly give an upper bound to the entanglement of formation of the microcanonical

ensemble ρ(micro) using holography in section 3.1. This bound indicates that there is at

least one disentangled state in H[E−∆E,E]. Then we can exclude this state and consider its

orthogonal complement (and a new microcanonical density matrix associated to it). It turns

out the entanglement of formation of the new microcanonical ensemble can also be upper

bounded. We will show some results which are crucial in this argument in section 3.2 merely

from linear algebra. This means results in section 3.2 are universal for any quantum systems.

According as the new upper bound behaves, we may repeat the above procedure again and

again. We will finally show this procedure can be repeated exp [Smicro − f(Smicro)] times for

any f(x) ∈ ω(1) in section 3.3.

3.1 Upper bounding EF from holography

As the first step, we will use the preliminaries reviewed in section 2 to give an upper bound

to EF of ρ(micro). We consider dividing the spatial region of the CFT into two parts A and

B, where B is slightly smaller than A. See figure 1 for a sketch.

As we have reviewed in section 2.3, the gravity dual of ρ(micro) is a black hole geometry.

The entanglement wedge of the whole system A ∪ B is the exterior of the black hole, as

shown in figure 3. Accordingly, the entanglement wedge cross section EW is given by the

area of the minimal surface connecting the interface ∂A = ∂B and the black hole horizon.
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Figure 3: AdS black hole as the gravity dual of the microcanonical density matrix ρ(micro).

(Left) The orange surface, which coincides the black hole horizon shows the Ryu-Takayanagi

surface of the whole system. (Right) The entanglement wedge of the whole system is the

outside region of the black hole shown in yellow. Dividing the spatial region of the CFT into A

and B, the blue surface Σ
(min)
AB gives the entanglement wedge cross section EW (ρ(micro), A : B).

Let us denote this minimal surface as Σ
(min)
AB . Combining the holographic formula for entan-

glement of purification (2.19) and the general relation between entanglement of formation

and entanglement of purification (2.10), we have

EF ≤ EP ≤ EW =
Area(Σ

(min)
AB )

4GN

+O(1). (3.1)

Therefore, by definition of EF , it is straightforward to say that there exists an ensemble

decomposition of ρ(micro) such that the averaged entanglement entropy is less than or equal

to Area(Σ
(min)
AB )/4GN at leading order. Let us summarize this as a proposition for later

reference.

Proposition 1. In a holographic CFT, let ρ(micro) be a microcanonical ensemble and divide

the spatial region into A and B where B is slightly smaller than A. Then there exists a

ensemble of states {(pi, |ψi⟩)}i=1,2,··· such that

ρ(micro) =
∑
i

pi|ψi⟩⟨ψi|, (3.2)

and the averaged entanglement entropy

EvN({(pi, |ψi⟩)}i=1,2,···) =
∑
i

piEvN(|ψi⟩⟨ψi|) ≲
Area(Σ

(min)
AB )

4GN

, (3.3)
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where “≲” means “less than or equal to at leading order”.

Noting that Area(Σ
(min)
AB )/4GN and 1

2
S (TrAA∗|TFD⟩⟨TFD|) matches at the leading order

of 1/GN , according to the definition of disentangled states (1.2), it straightforwardly follows

from the positivity of probability and von Neumann entropy that at least one element |ψj⟩
with pj ̸= 0 in {|ψi⟩)}i=1,2,··· is a disentangled state, i.e. it satisfies

EvN(|ψj⟩⟨ψj|) ≲
Area(Σ

(min)
AB )

4GN

≈ 1

2
S (TrAA∗|TFD⟩⟨TFD|) . (3.4)

However, to this point, it is nontrivial whether this |ψj⟩ is in the microcanonical subspace

or not. It will soon be shown in proposition 2 that this |ψj⟩ is indeed in the microcanonical

subspace.

3.2 General results for microcanonical ensembles

In this subsection, we show some general properties of microcanonical density matrices from

linear algebra, and comment on their applications on the system we are considering. Note

that the results presented in this subsection are general, and no properties of specific physical

systems will be used to show them.

Proposition 2. Let ρ be a density matrix which can be written as ρ = ΠE/W , where ΠE is

the projection operator onto a W -dimensional subspace E ∼= CW . If an ensemble of states

{(pi, |ψi⟩)}i=1,2,··· generates ρ, i.e.,

ρ =
∑
i

pi|ψi⟩⟨ψi|, (3.5)

then for every |ψj⟩ ∈ {|ψi⟩}i=1,2,···, |ψj⟩ ∈ E if pj ̸= 0.

Proof. Note that

pj∥(1− ΠE)|ψj⟩∥4 = pj|⟨ψj|(1− ΠE)|ψj⟩|2 ≤
∑
i

pi|⟨ψi|(1− ΠE)|ψj⟩|2. (3.6)

Therefore, using (3.5), we have

pj∥(1− ΠE)|ψj⟩∥4 ≤ ⟨ψj|(1− ΠE)ρ(1− ΠE)|ψj⟩ = ⟨ψj|(1− ΠE)
ΠE

W
(1− ΠE)|ψj⟩ = 0. (3.7)

This implies that |ψj⟩ = ΠE |ψj⟩ ∈ E or pj = 0.
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Based on proposition 2, we can say at least one |ψj⟩ appearing in proposition 1 is a

disentangled state in H[E−∆E,E]. Therefore, we can consider excluding |ψj⟩ from H[E−∆E,E].

The next step is to consider if we can pick up another disentangled state in the orthogonal

complement of |ψj⟩ with respect to H[E−∆E,E]. To answer this question, we will need to prove

the following theorem.

Theorem 3. Let H be the Hilbert space of a bipartite system H = HA ⊗ HB. Let ρ be a

density matrix which can be written as ρ = ΠE/W , where ΠE is the projection operator onto a

W -dimensional subspace E ∼= CW of H. Let {(pi, |ψi⟩)}i=1,2,··· be an ensemble of states which

generates ρ with the average entanglement entropy between A and B

EvN =
∑
i

piEvN(|ψi⟩⟨ψi|). (3.8)

Pick up an arbitrary set of k (< W/e3, where e = 2.718 . . . is the Euler’s number) orthogonal

states {|φ1⟩, |φ2⟩, · · · , |φk⟩} ⊂ E and consider its orthogonal complement

E ′ = E ∩ (span{|φ1⟩, |φ2⟩, · · · , |φk⟩})⊥ . (3.9)

Let Π′
E denote the projection operator onto E ′. Then there exists an ensemble of states

{(p′i, |ψ′
i⟩)}i=1,2,··· generating the density matrix ρ′ ∝ ΠE ′ whose average entanglement entropy

EvN
′
=
∑
i

p′iEvN(|ψ′
i⟩⟨ψ′

i|). (3.10)

can be bounded from two sides as

EvN
′
<

1

1− k/W

[
EvN + (k/W )1/3

{
1

3
logW/k + 5 log dimHB

}
+ k/W log dimHB

]
,

(3.11)

EvN
′
>

1

1− k/W

[
(1− 2k/W )EvN − (k/W )1/3

{
1

3
logW/k + 5 log dimHB

}
− k/W log dimHB

]
.

(3.12)

Proof. Let us show the theorem in a constructive way. It is crucial to note that, since |φi⟩ ∈ E ,

∑
i

pi⟨ψi|P |ψi⟩ = TrρP = Tr

[
ΠE

W

k∑
i=1

|φi⟩⟨φi|

]
= k/W. (3.13)
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Here P is the projection operator onto the subspace spanned by the excluded states in (3.9).

This implies ⟨ψi|P |ψi⟩ is small with a large probability when W is large, which motivates us

to take

p′i =
1− ⟨ψi|P |ψi⟩
1− k/W

pi, (3.14)

|ψ′
i⟩ =

(1− P )|ψi⟩√
1− ⟨ψi|P |ψi⟩

. (3.15)

It can be easily checked that this {(p′i, |ψ′
i⟩)} generates ρ′ as follows:

ΠE ′ = ΠE − P = (ΠE − P )ΠE(ΠE − P )

= (ΠE − P )

[
W
∑
i

pi|ψi⟩⟨ψi|

]
(ΠE − P ) = (W − k)

∑
i

p′i|ψ′
i⟩⟨ψ′

i|. (3.16)

Then we proceed to consider how the average entanglement entropy changes when moving

from {(pi, |ψi⟩)} to {(p′i, |ψ′
i⟩)}. Using the triangle inequality, we have

|EvN
′ − EvN | =

∣∣∣∣∣∑
i

p′iEvN(|ψ′
i⟩⟨ψ′

i|)−
∑
i

piEvN(|ψi⟩⟨ψi|))

∣∣∣∣∣
=

∣∣∣∣∣∑
i

(p′i − pi)EvN(|ψi⟩⟨ψi|) +
∑
i

p′i(EvN(|ψ′
i⟩⟨ψ′

i|)− EvN(|ψi⟩⟨ψi|))

∣∣∣∣∣
≤
∑
i

|p′i − pi|EvN(|ψi⟩⟨ψi|)︸ ︷︷ ︸
=(∗1)

+
∑
i

p′i|EvN(|ψ′
i⟩⟨ψ′

i|)− EvN(|ψi⟩⟨ψi|)|︸ ︷︷ ︸
=(∗2)

. (3.17)

First we give an upper bound for (∗1). By definition, we have

p′i − pi =
k/W

1− k/W
pi −

1

1− k/W
pi⟨ψi|P |ψi⟩. (3.18)

Substituting this into (∗1), we obtain

(∗1) ≤ k/W

1− k/W

∑
i

piEvN(|ψi⟩⟨ψi|) +
1

1− k/W

∑
i

pi⟨ψi|P |ψi⟩EvN(|ψi⟩⟨ψi|)

≤ k/W

1− k/W

∑
i

piEvN(|ψi⟩⟨ψi|) +
1

1− k/W
log dimHB

∑
i

pi⟨ψi|P |ψi⟩

=
k/W

1− k/W
{EvN + log dimHB}. (3.19)

Here we have used Eqs. (3.8) and (3.13).

As the next step, we consider bounding (∗2) from above. It would be useful to note the

following facts:
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• Since for any state |ϕ⟩ ∈ H, 0 ≤ EvN(|ϕ⟩⟨ϕ|) ≤ log dimHB, we have

|EvN(|ψ′
i⟩⟨ψ′

i|)− EvN(|ψi⟩⟨ψi|)| ≤ log dimHB. (3.20)

• Using Eq. (3.15), we have

∥TrA|ψ′
i⟩⟨ψ′

i| − TrA|ψi⟩⟨ψi|∥1 ≤ ∥|ψ′
i⟩⟨ψ′

i| − |ψi⟩⟨ψi|∥1 = 2
√
1− |⟨ψ′

i|ψi⟩|2 =
√
4⟨ψi|P |ψi⟩.

(3.21)

Therefore, by applying Fannes’ inequality, we find

|EvN(|ψ′
i⟩⟨ψ′

i|)− EvN(|ψi⟩⟨ψi|)| ≤
√

4⟨ψi|P |ψi⟩ log dimHB −
√

4⟨ψi|P |ψi⟩ log
√

4⟨ψi|P |ψi⟩,
(3.22)

for i such that
√

4⟨ψi|P |ψi⟩ ≤ 1/e. This gives a better bound compared to (3.20) when

⟨ψi|P |ψi⟩ is sufficiently small. Since we have assumed k < W/e3, this inequality holds

for any i such that 4⟨ψi|P |ψi⟩ ≤ (k/W )2/3.

• One finds ∑
i s.t.

4⟨ψi|P |ψi⟩>(k/W )2/3

pi < 4(k/W )1/3. (3.23)

This can be seen as follows.

(k/W )2/3
∑
i s.t.

4⟨ψi|P |ψi⟩>(k/W )2/3

pi < 4
∑
i s.t.

4⟨ψi|P |ψi⟩>(k/W )2/3

pi⟨ψi|P |ψi⟩ ≤ 4
∑
i

pi⟨ψi|P |ψi⟩ = 4k/W,

(3.24)

where we used (3.13).
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Based on these, it is straightforward to see

(∗2) ≤ 1

1− k/W

∑
i

pi|EvN(|ψ′
i⟩⟨ψ′

i|)− EvN(|ψi⟩⟨ψi|)| (3.25)

=
1

1− k/W

∑
i s.t.

4⟨ψi|P |ψi⟩>(k/W )2/3

pi|EvN(|ψ′
i⟩⟨ψ′

i|)− EvN(|ψi⟩⟨ψi|)|

+
1

1− k/W

∑
i s.t.

4⟨ψi|P |ψi⟩≤(k/W )2/3

pi|EvN(|ψ′
i⟩⟨ψ′

i|)− EvN(|ψi⟩⟨ψi|)| (3.26)

≤ 1

1− k/W
log dimHB

∑
i s.t.

4⟨ψi|P |ψi⟩>(k/W )2/3

pi

+
1

1− k/W
{(k/W )1/3 log dimHB − (k/W )1/3 log(k/W )1/3}

∑
i s.t.

4⟨ψi|P |ψi⟩≤(k/W )2/3

pi

(3.27)

<
(k/W )1/3

1− k/W

{
1

3
logW/k + 5 log dimHB

}
, (3.28)

where we used (3.14) in the first line and (3.23) in the last line. Combining (∗1) and (∗2),
we obtain

|EvN
′ − EvN | <

(k/W )1/3

1− k/W

{
1

3
logW/k + 5 log dimHB

}
+

k/W

1− k/W
{EvN + log dimHB}.

(3.29)

This gives both the upper bound and the lower bound shown in the theorem.

3.3 Existence of eSmicro disentangled microstates

In this subsection, we combine the results presented in the previous subsections to get our

final claim. As the first step, let us consider the microcanonical ensemble ρ(micro) as ρ, the

associated microcanonical subspace

H[E−∆E,E] = span {|Ei⟩ ∈ H|Ei ∈ [E −∆E,E]} , (3.30)

as E , and a disentangled state |ψj⟩ appearing in an ensemble of states in proposition 1 as |φ1⟩
(which is guaranteed by proposition 2) in theorem 3. Let us consider the k = 1 case of theorem

3. ThenW ≡ eSmicro ∼ eSBH = eAhorizon/4GN , where Ahorizon is the horizon area of the AdS black
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hole corresponding to ρ(micro). In this case, since EvN = O(1/GN) = O(SBH) = O(Smicro) and

log dimHB = O(1/GN) = O(SBH) = O(Smicro), according to the upper bound (3.11) given in

theorem 3, ρ′ ∝ ΠE ′ can be generated by an ensemble of states whose average entanglement

entropy is changed by at most O(e−Smicro/3Smicro) from EvN .

Then we can take another disentangled state |ψ′
j′⟩ from the ensemble that generates ρ′

obtained in the first step, and regard it as |φ2⟩. Applying the k = 2 case of theorem 3, we

can find an ensemble of states generating the microcanonical ensemble associated with

H[E−∆E,E] ∩ (span{|φ1⟩, |φ2⟩})⊥ , (3.31)

with average entanglement entropy changed by at most O(e−Smicro/3Smicro) from EvN .

According to theorem 3, one can repeat this procedure for at least exp [Smicro − f(Smicro)]

times, where f(x) is any function which diverges at x → ∞ such as log x, log log x and so

on, without changing the average entanglement entropy in the leading order, i.e. O(1/GN).

Therefore one can obtain exp [Smicro − f(Smicro)] disentangled states as

|φ1⟩, |φ2⟩, |φ3⟩, · · · . (3.32)

By construction, these states are orthogonal. To summarize, we obtain the following state-

ment.

Corollary 4. In a holographic CFT, let H[E−∆E,E] be the microcanonical subspace whose

dimension is given by eSmicro. There exists an orthogonal basis of H[E−∆E,E] such that at least

exp [Smicro − f(Smicro)] elements are disentangled states, for any f(x) ∈ ω(1).

Although we made our statement in terms of the entropy computed from the microcanon-

ical ensemble, the disentangled states we found are sufficient to give the leading order of the

Bekenstein-Hawking entropy SBH , since SBH and Smicro matches at the leading order.

Note that we have not only proven the existence of a basis satisfying requirements men-

tioned in corollary 4, but also given an algorithm to construct such a basis from an ensemble

of states satisfying requirements mentioned in proposition 1 in the proof of theorem 3. We

will come back to discuss if one can give an ensemble of states satisfying requirements men-

tioned in proposition 1 in section 5.3. Besides, we also note that if one only wants to prove

the existence of exp [Smicro − f(Smicro)] (∀f(x) ∈ ω(1)) disentangled states but does not care

about how to construct them, there actually exists a more simple proof. We will leave it in

appendix B.
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4 Area law states in quantum many-body systems

In section 3, we discussed disentangled states in holographic CFT at the semiclassical limit

GN → 0. In this section, we see that we can get a similar result for generic short-ranged

Hamiltonian with L ≫ 1. Here, L is the linear scale of the system. Accordingly, the

volume of the system is O(Ld), where d is the system dimension. Again, let us divide the

system into two parts A and B, where B is slightly smaller than A. A typical state in

the microcanonical subspace H[E−∆E,E] would be a volume law state, i.e. its entanglement

entropy would be O(Ld). Below in this section we show that there exists an orthogonal

basis of the microcanonical subspace H[E−∆E,E] such that at least exp [Smicro −O(logSmicro)]

elements are area law states, where Smicro = log dimH[E−∆E,E] is the thermodynamic entropy

computed from the microcanonical ensemble.

We take a similar (but slightly different) strategy as in section 3. We will firstly make

a conjecture11 about the entanglement entropy in microcanonical TFD states and give an

upper bound to the entanglement of formation of the microcanonical ensemble ρ(micro) under

the conjecture. Then we can apply proposition 2 and theorem 3 in a similar way as in

section 3.3 to show there exist at least exp [Smicro −O(logSmicro)] orthogonal area law states

in H[E−∆E,E].

4.1 Conjecture for ERE

We would like to first give an upper bound to the entanglement of formation of the micro-

canonical ensemble ρ(micro). Different from the holographic case, now the entanglement of

purification is not accessible. However, since we are now looking at the scaling behavior with

respect to L, we can give it a looser upper bound using the reflected entropy. The canonical

purification of the microcanonical ensemble is simply given by the microcanonical TFD state

defined in (2.23). Both the canonical ensemble and microcanonical ensemble are statistical

mixtures of energy eigenstates, whose probability distribution has a sharp peak around the

energy expectation value in the thermodynamic limit (L → ∞). Therefore, for sufficiently

large L, their canonical purifications are expected to have similar entanglement properties. In

the canonical TFD states (2.21), the entanglement entropy is extensively studied for various

systems [12, 48]. In particular for d = 1, it has been shown that the canonical TFD state

11It is worth noting that holographic CFTs are explicit examples where this conjecture can be shown as

we will see later.
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obeys an area law by the field-theoretical analysis [48] and rigorously proven for sufficiently

high temperature [49]. Besides, this has also been shown in holographic CFTs from gravita-

tional computations [12]. From our knowledge about TFD states, it is plausible to make the

following conjecture.

Conjecture 5. Consider a d-dimensional quantum many-body system with local interactions,

and divide the spatial region into A and B where B is slightly smaller than A. Consider a

microcanonical TFD state defined on HA⊗HB⊗HA∗ ⊗HB∗. Then the entanglement entropy

between AA∗ and BB∗ is O(Ld−1), i.e. it obeys the area law.

It is worth noting one can show conjecture 5 is true in holographic CFTs. First, according

to [47], microcanonical TFD states are also geometric states corresponding to two-sided

eternal black holes and the RT formula hold in them. Then one can perform the same

computation in [12] to find that the entanglement entropy indeed obeys an area law.

4.2 Existence of eSmicro area law microstates

Combining this conjecture and the general relation between entanglement of formation and

reflected entropy (2.15), we have

EF ≤ ERE = O(Ld−1). (4.1)

Therefore, by definition of EF , it is straightforward to say that there exists an ensemble of

states generating ρ(micro) such that the averaged entanglement entropy is O(Ld−1). Thus,

there must exist at least one area law state |φ1⟩ in the microcanonical subspace according to

proposition 2. Then we proceed to consider if we can pick up another disentangled state in

the orthogonal complement of |φ1⟩. The discussion here is parallel with that in section 5.3.

As the first step, consider the microcanonical ensemble ρ(micro) as ρ, the associated mi-

crocanonical subspace H[E−∆E,E] as E , and an area law state appearing in an ensemble of

states, whose average entanglement entropy is O(Ld−1), as |φ1⟩ in theorem 3. Again, let us

first consider the k = 1 case of theorem 3. Then W ≡ eSmicro = eO(Ld). In this case, since

EvN = O(Ld−1) = O(S
d−1
d

micro) and log dimHB = O(Ld) = O(Smicro), according to the upper

bound (3.11) given in theorem 3, ρ′ ∝ ΠE ′ can be generated by an ensemble of states whose

average entanglement entropy is changed by at most O(e−Smicro/3Smicro) from EvN .

Then we can take another area law state from the ensemble that generates ρ′ obtained in

the first step as |φ2⟩. Again, applying the k = 2 case of theorem 3, we can find an ensemble
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of states generating the microcanonical ensemble associated with

H[E−∆E,E] ∩ (span{|φ1⟩, |φ2⟩})⊥ , (4.2)

with average entanglement entropy changed by at most O(e−Smicro/3Smicro) from the original

EvN . From theorem 3, one can repeat this procedure for at least exp [Smicro −O(logSmicro)]

times to get orthogonal area law states in H[E−∆E,E]. As a result, we have the following

corollary.

Corollary 6. In a d-dimensional quantum many-body system with local interactions, let

H[E−∆E,E] be the microcanonical subspace whose dimension is given by eSmicro, and divide the

spatial region into A and B where B is slightly smaller than A. Assuming conjecture 5, then

there exists an orthogonal basis of H[E−∆E,E] such that at least exp [Smicro −O(logSmicro)]

elements are area law states.

Although we have discussed in terms of Smicro, the area law states we found are sufficient to

give the leading order of the thermodynamic entropy computed from the canonical ensemble

Scan, since Scan and Smicro matches at the leading order.

Here, we have applied the cumbersome theorem 3 to prove corollary 6. In fact, if combined

with another theorem, this proof can even let us construct an explicit example of such

exp [Smicro −O(logSmicro)] orthogonal area law states, as we will see in section 5. However, if

one merely wants to prove corollary 6 without giving any explicit construction, there actually

exists a more straightforward way. We will present such an alternative proof in appendix B.

5 Constructing area law states

In section 4, we have shown that there exists an orthogonal basis of the microcanonical

subspace H[E−∆E,E] such that at least exp [Smicro −O(logSmicro)] elements are area law states

under a plausible conjecture. In this section, we provide a concrete method for constructing

exp [Smicro −O(logSmicro)] area law states.

In section 5.1, we present an explicit example of an ensemble of states generating the

microcanonical ensemble whose average entanglement entropy is bounded by the reflected

entropy. Therefore, according to conjecture 5, the average entanglement entropy is at most

O(Ld−1). General results got in this section will be summarized as a theorem. Then in section

5.2, we will show that we can construct at least exp [Smicro −O(logSmicro)] orthogonal area
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law states from the ensemble of states constructed in section 5.1 using the algorithm presented

in the proof of theorem 3.

5.1 Constructing an ensemble of states with low entanglement

In this subsection, we construct an ensemble of states {(pi, |ψi⟩)}i=1,2,··· that generates ρ
(micro)

and show that the average entanglement entropy associated with this ensemble is bounded

by the reflected entropy and hence follows an area law under conjecture 5.

To be concrete, let us consider a discrete system defined on a lattice with Ld sites. For

a continuous quantum field theory, we can consider its lattice regularization. Then we have

O(eL
d
) orthogonal product states which span the Hilbert space of the whole system. Let us

denote the set of these product states as {|Pi⟩}i=1,2,···. Since the microcanonical ensemble

ρ(micro) can be decomposed as

ρ(micro) = e−SmicroΠ[E−∆E,E]

= e−SmicroΠ[E−∆E,E]

(∑
i

|Pi⟩⟨Pi|

)
Π[E−∆E,E]

=
∑
i

(
e−Smicro/2Π[E−∆E,E]|Pi⟩

) (
⟨Pi|Π[E−∆E,E]e

−Smicro/2
)

=
∑
i

e−Smicro⟨Pi|Π[E−∆E,E]|Pi⟩

(
Π[E−∆E,E]|Pi⟩√
⟨Pi|Π[E−∆E,E]|Pi⟩

)(
⟨Pi|Π[E−∆E,E]√
⟨Pi|Π[E−∆E,E]|Pi⟩

)
,

(5.1)

it seems plausible to expect that

pi = e−Smicro⟨Pi|Π[E−∆E,E]|Pi⟩, (5.2)

|ψi⟩ =
Π[E−∆E,E]|Pi⟩√

⟨Pi|Π[E−∆E,E]|Pi, ⟩
, (5.3)

gives a small average entanglement. This is indeed the case that the average entanglement

entropy in this case can be bounded by the reflected entropy of ρ(micro). In fact, we can show

a more general theorem presented below.

Theorem 7. Let ρ be a density matrix defined on a bipartite system H = HA ⊗HB. Take

any set of orthogonal states {|Pi⟩A(B)} for which
∑

i |Pi⟩⟨Pi|A(B) gives the unity matrix IA(B)

on HA(B). Then, using product states |Pij⟩ = |Pi⟩A ⊗ |Pj⟩B, one can decompose ρ as

ρ =
∑
i,j

√
ρ|Pij⟩⟨Pij|

√
ρ =

∑
i,j

pij|ψij⟩⟨ψij|, (5.4)
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where

pij = ⟨Pij|ρ|Pij⟩, (5.5)

|ψij⟩ =
√
ρ|Pij⟩√

⟨Pij|ρ|Pij⟩
. (5.6)

For this ensemble of states, the average entanglement entropy is upper bounded by the reflected

entropy of ρ:

EvN =
∑
i,j

pijEvN (|ψij⟩⟨ψij|) ≤ ERE(ρ), (5.7)

if |P ∗
ij⟩ = |P ∗

i ⟩A ⊗ |P ∗
j ⟩B.12

Proof. A key observation in our proof is that

IA ⊗ IB ⊗ |P ∗
i ⟩⟨P ∗

i |A∗ ⊗ |P ∗
j ⟩⟨P ∗

j |B∗|√ρ⟩ = √
pij|ψij⟩|P ∗

ij⟩, (5.8)

where |√ρ⟩ is the canonical purification of ρ. Indeed, by definition of the canonical purifica-

tion (2.12), we have

|√ρ⟩ = √
ρ⊗ I

∑
ν

|φν⟩|φ∗
ν⟩ =

√
ρ⊗ I

∑
ν

(∑
i,j

|Pij⟩⟨Pij|

)
|φν⟩|φ∗

ν⟩

=
√
ρ⊗ I

∑
ν

∑
i,j

⟨Pij|φν⟩|Pij⟩|φ∗
ν⟩ =

√
ρ⊗ I

∑
ν

∑
i,j

⟨φ∗
ν |P ∗

ij⟩|Pij⟩|φ∗
ν⟩

=
√
ρ⊗ I

∑
i,j

|Pij⟩

(∑
ν

|φ∗
ν⟩⟨φ∗

ν |

)
|P ∗
ij⟩ =

√
ρ⊗ I

∑
i,j

|Pij⟩|P ∗
ij⟩ =

∑
i,j

√
pij|ψij⟩|P ∗

ij⟩,

(5.9)

where in the second line, we have used the antiunitarity of the CPT operator. Eq. (5.8)

motivates us to evaluate the changes in the entanglement entropy due to the local projective

measurements on A∗ and B∗.

Consider the projection

Kj = IA ⊗ IB ⊗ IA∗ ⊗ |P ∗
j ⟩⟨P ∗

j |B∗ . (5.10)

12Note that this assumption holds for any theory whose CPT transformation respects the locality. This is

the type of theory we are interested in.
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From the completeness of Kj, we get

TrBB∗|√ρ⟩⟨√ρ| =
∑
j

TrBB∗
[
Kj|

√
ρ⟩⟨√ρ|Kj

†] . (5.11)

Therefore, we have

ERE(ρ) = S(TrBB∗|√ρ⟩⟨√ρ|) = S

(∑
j

sjTrBB∗|Kj
√
ρ⟩⟨Kj

√
ρ|

)
, (5.12)

where

|Kj
√
ρ⟩ =

Kj|
√
ρ⟩√

⟨√ρ|Kj|
√
ρ⟩
, (5.13)

sj = ⟨√ρ|Kj|
√
ρ⟩. (5.14)

Further, using the matrix concavity of the von Neumann entropy, we obtain

ERE(ρ) ≥
∑
i

sjS(TrBB∗|Kj
√
ρ⟩⟨Kj

√
ρ|). (5.15)

In the same way, we also obtain

S(TrBB∗|Kj
√
ρ⟩⟨Kj

√
ρ|)

=S(TrAA∗ |Kj
√
ρ⟩⟨Kj

√
ρ|)

≥
∑
j

rijS(TrAA∗|JiKj
√
ρ⟩⟨JiKj

√
ρ|)

=
∑
j

rijS(TrBB∗|JiKj
√
ρ⟩⟨JiKj

√
ρ|), (5.16)

where

Ji = IA ⊗ IB ⊗ |P ∗
i ⟩⟨P ∗

i |A∗ ⊗ IB∗ , (5.17)

|JiKj
√
ρ⟩ =

JiKj|
√
ρ⟩√

⟨√ρ|JiKj|
√
ρ⟩
, (5.18)

rij =
⟨√ρ|JiKj|

√
ρ⟩

⟨√ρ|Kj|
√
ρ⟩

. (5.19)

Thus, we have

ERE(ρ) ≥
∑
i,j

rijsjS(TrBB∗|JiKj
√
ρ⟩⟨JiKj

√
ρ|). (5.20)
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Using Eq. (5.8), we immediately see that

rijsj = pij, (5.21)

|JiKj
√
ρ⟩ = |ψij⟩|P ∗

ij⟩. (5.22)

Then, from additivity and non-negativity of the von Neumann entropy, we finally obtain

ERE(ρ) ≥
∑
i,j

pij
{
S(TrB|ψij⟩⟨ψij|) + S(TrB∗ |P ∗

ij⟩⟨P ∗
ij|)
}
≥
∑
i,j

pijEvN(|ψij⟩⟨ψij|) = EvN .

(5.23)

Hence Eq. (5.7) is shown.

5.2 Constructing eSmicro area law states

Proposition 2 and theorem 3 are universal for any quantum system since no properties of

specific physical systems are used in their proofs. Therefore, we can follow the algorithm

presented in the proof of theorem 3 to construct orthogonal area law states. Starting from

the ensemble of states (5.3), we can pick up one area law state from them, according to

theorem 7 and conjecture 5. Then we can construct another orthogonal area law state with

the procedure presented in the proof of theorem 3. Again, we can repeat this procedure for

at least exp [Smicro −O(logSmicro)] times without changing area law scaling of the average

entanglement entropy.

Following this procedure, one can explicitly construct exp [Smicro −O(logSmicro)] orthog-

onal area law states from the states given in (5.3).

5.3 Constructing eSmicro disentangled states in holographic CFTs?

One may wonder if the state ensemble in (5.3) provides an example satisfying requirements

in proposition 1, from which we can construct exponentially many orthogonal disentangled

states in holographic CFTs.

For this purpose, theorem 7 turns out to be useless, since in a holographic theory, ERE =

2EP [33] and the difference between them ERE −EP is O(1/GN) = O(SBH) = O(Smicro), i.e.

at the leading order of 1/GN . On the other hand, numerical results in various one-dimensional

critial quantum spin chains (including both integrable ones and chaotic ones) [50] show that

EvN over the ensemble (5.3) is given by ERE/2. This indicates that we may expect (5.3)
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satisfies requirements in proposition 1. We leave confirming EvN ≈ ERE/2 in more general

dimensions and systems (hopefully even in holographic CFTs) as a future problem.

6 Summary and Discussions

In this paper, we have studied two types of low-entanglement atypical states in holographic

CFTs and generic quantum many-body systems. Our results can be summarized as follows:

• There exist at least exp [Smicro − f(Smicro)] (∀f(x) ∈ ω(1)) orthogonal disentangled

black hole microstates in the microcanonical subspace H[E−∆E,E] in holographic CFTs

at the semiclassical limit GN → 0.

• There exist at least exp [Smicro −O(logSmicro)] orthogonal area law states in the micro-

canonical subspace in generic quantum many-body systems, under the assumption that

the microcanonical TFD obeys an area law of entanglement. Holographic CFTs and

generic one-dimensional quantum many-body systems with short-ranged interactions

satisfy this assumption.

• We have presented an explicit algorithm to construct exp [Smicro − f(Smicro)] orthogonal

area law states in generic quantum many-body systems and discussed its potential to

be used to construct disentangled states in holographic CFTs.

Let us discuss possible improvements of our arguments, relations with other topics including

additivity conjectures and black hole microstate counting, and future directions below.

6.1 Connections to additivity conjectures

In [13], the authors argue that the nonexistence of extensive violations of additivity con-

jectures leads to the existence exp [Scan −O(1)] orthogonal disentangled microstates. Our

results, the existence exp [Smicro − f(Smicro)] (∀f(x) ∈ ω(1)) orthogonal disentangled mi-

crostates, is not directly comparable with this since the entropies used are computated from

different ensembles. However, we would like to note that since Smicro and Scan matches at

the leading order, the associated physics is essentially the same. Moreover, we can even

argue that the existence exp [Smicro − f(Smicro)] (∀f(x) ∈ ω(1)) orthogonal disentangled mi-

crostates implies the existence exp [Scan −O(1)] orthogonal disentangled microstates, under

some assumptions from thermodynamics. This comparison will be discussed in appendix C.
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Therefore, it seems that trying to find extensive violations of additivity conjectures from the

black hole states might be a less fruitful direction than people expected [13,24].

However, our arguments have the potential to give crucial insights into additivity conjec-

tures from an alternative point of view. The reason is that bounding the entanglement of

formation EF plays a significant role in our argument, and there exists a version of additivity

conjecture which is profoundly related to EF [21]. The entanglement of formation EF is

lower bounded by the entanglement cost EC [28], i.e. EF ≥ EC , in any bipartite systems.

Here, the entanglement cost of a bipartite state is defined as the minimal number of Bell

pairs one needs to prepare the state with LOCC. It is known that additivity conjectures lead

to EF = EC . Also in this case, while small violations are known [22,51], extensive violations

have not been found yet [52]. Therefore, it would be interesting to find possible relations

between our arguments and this version of additivity conjectures.

6.2 Atypical microstate counting for black holes

Although it has long been known that one can find sufficiently many black hole microstates

from string theory to match the leading order of the Bekenstein-Hawking entropy since [53],

less knowledge is known about the atypical state counting. One of the most successful

atypical microstate counting from string theory is that of superstrata. Superstrata [54, 55]

are horizonless geometries which are solutions of supergravity and describe microstates of

the D1-D5-P black hole. These geometries deviate from the black hole and cap off smoothly.

In this sense, the Ryu-Takayanagi surface in it would look very similar to the blue surface

shown in the right of figure 1. This suggests superstrata are likely to be explicit examples

of disentangled states. However, so far, only about O
(
exp

[
S
3/4
BH

])
superstrata have been

found. This is parametrically smaller than our lower bound of disentangled states which is

sufficient to recover the Bekenstein-Hawking entropy. Although not every disentangled state

is guaranteed to have a geometrical dual, this comparison is expected to give hints to atypical

microstate counting in string theory.

6.3 Why atypicality is important in studying quantum gravity?

Let us get some hints from statistical mechanics and argue why studying atypicality is im-

portant in understanding quantum gravity. In statistical mechanics, although one knows

almost every state in a microscopic theory is typical, it is usually hard to explicitly construct
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a typical state by experience [56], otherwise, we would just pick up such a typical state to get

macroscopic information rather than using canonical ensembles or microcanonical ensembles.

An intuitive reason is as follows. In order to pick up a microstate from the energy shell in

such a complicated many-body system, one usually needs to design a sophisticated algorithm.

As a result, the state will be special in the sense that it is picked up by a sophisticated

algorithm, and hence tend to be atypical. From this point of view, it is natural why solving

supergravity induced from string theory can give so many atypical geometries. This might

also be able to help us understand why the chaotic nature of gravity seems to disappear when

supersymmetry is involved in AdS2 holography [57,58].

On the other hand, this also suggests that studying generic and collective features of

atypical states should be important in understanding the microscopic structure of quantum

gravity since the microstates which are easier to get access to are expected to be atypical.
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A Axioms for entanglement measures

In this appendix, we summarize the axioms (or postulates) [34–37] that are expected for an

entanglement measure E(ρ). We consider a bipartite system H = HA ⊗HB, and ρ ∈ D(H).

We assume dimHB ≤ dimHA without loss of generality. The axioms are as follows.

(i) If ρ is a separable state, then E(ρ) = 0.

(ii) Normalization - If ρ is a maximally entangled state, then E(ρ) = log dimHB.
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(iii) Monotonicity under LOCC - E(ρ) is monotonically decreasing under LOCC, i.e., for

any LOCC operation ΓLOCC(·),

E(ΓLOCC(ρ)) ≤ E(ρ). (A.1)

(iv) Asymptotic Continuity - For any sequence of Hilbert space {Hn} and any sequence of

states {ρn} and {σn} with ρn, σn ∈ D(Hn),

∥ρn − σn∥1 → 0 ⇒ E (ρn)− E (σn)

1 + log dimHn

→ 0. (A.2)

(v) Additivity - For any state ρ ∈ D (H) = D (HA ⊗HB), consider its n-copy ρ⊗n ∈
D (H⊗n). Then for the bipartition (HA1 ⊗ ...⊗HAn)⊗ (HB1 ⊗ ...⊗HBn),

E(ρ⊗n) = nE(ρ). (A.3)

(vi) Convexity - For any ρ, σ ∈ D(H) and any λ ∈ [0, 1],

E(λρ+ (1− λ)σ) ≤ λE(ρ) + (1− λ)E(σ). (A.4)

(vii) Subadditivity - For any ρ ∈ D (H) = D (HA ⊗HB) and σ ∈ D (H′) = D (HA′ ⊗HB′),

consider divide H⊗H′ into (HA ⊗HA′)⊗ (HB ⊗HB′), then

E(ρ⊗ σ) ≤ E(ρ) + E(σ). (A.5)

B Alternative proofs of corollary 4 and 6

In this appendix, we present alternative proofs of corollary 4 and 6. These proofs avoid using

the cumbersome theorem 3, and therefore turn out to be more simple if one merely wants to

show the existence of exponentially many disentangled states or area law states and does not

care about how to construct them. Since the proofs for both cases are similar, we will only

present the proof for corollary 6. We will explain how corollary 4 can be proved in a similar

way at the end of this appendix.

We firstly show the following theorem which bounds the change of the reflected entropy

of microcanonical ensembles under projections. Note that a more general version of this

theorem has already been shown in [59].
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Theorem 8. Consider an arbitrary W -dimensional subspace E ∼= CW and a density matrix

ρ which can be written as ρ ∝ ΠE , where ΠE is the projection operator onto E. Then, for

any k (≤ W/4e2) and (W − k)-dimensional subspace E ′ ∼= CW−k of E, the reflected entropy

of ρ′ ∝ ΠE ′ between A and B can be bounded from two sides as

ERE(ρ
′) ≤ ERE(ρ) +

√
k

W

[
log

W

k
+ 4 log dimHB − 2 log 2

]
, (B.1)

ERE(ρ
′) ≥ ERE(ρ)−

√
k

W

[
log

W

k
+ 4 log dimHB − 2 log 2

]
, (B.2)

where ΠE ′ are the projection operators onto E ′.

Proof. Take an orthogonal basis {|φν⟩}ν=1,··· ,W of E such that

E ′ = span{|φν⟩}ν=k+1,··· ,W . (B.3)

Then we have

ρ =
1

W

W∑
ν=1

|φν⟩⟨φν |, (B.4)

ρ′ =
1

W − k

W∑
ν=k+1

|φν⟩⟨φν |. (B.5)

Therefore, according to the definition of the canonical purification in Eq. (2.12), we have

|√ρ⟩ = 1√
W

W∑
ν=1

|φν⟩|φ∗
ν⟩, (B.6)

|
√
ρ′⟩ = 1√

W − k

W∑
ν=k+1

|φν⟩|φ∗
ν⟩. (B.7)

Hence,

⟨
√
ρ′|√ρ⟩ =

√
1− k

W
. (B.8)

Since

∥TrAA∗|
√
ρ′⟩⟨
√
ρ′| − TrAA∗|√ρ⟩⟨√ρ|∥1

≤∥|
√
ρ′⟩⟨
√
ρ′| − |√ρ⟩⟨√ρ|∥1

=2

√
1− |⟨

√
ρ′|√ρ⟩|2

=

√
4k

W
, (B.9)
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applying Fannes’ inequality, we obtain

|ERE(ρ′)− ERE(ρ)| = |S(TrAA∗ |
√
ρ′⟩⟨
√
ρ′|)− S(TrAA∗|√ρ⟩⟨√ρ|)|

≤
√

4k

W
log dimHBB∗ −

√
4k

W
log

√
4k

W

=

√
k

W

[
log

W

k
+ 4 log dimHB − 2 log 2

]
. (B.10)

Let us then combine conjecture 5 and theorem 8. As E , let us consider the microcanonical

subspace

H[E−∆E,E] = span {|Ei⟩ ∈ H|Ei ∈ [E −∆E,E]} . (B.11)

Then ρ is the associated microcanonical ensemble ρ(micro). According to the Boltzmann

formula, W ≡ eSmicro = O(Ld). By using conjecture 5 and EF ≤ ERE, we can say that there

exists at least one area law state |φ1⟩ in H[E−∆E,E].

Then we exclude |φ1⟩ from H[E−∆E,E] and consider H[E−∆E,E] ∩ (span{|φ1⟩})⊥ as a new

subspace E ′. In this case, since log dimHB = O(Ld) = O(Smicro), according to the upper

bound (B.1) given in theorem 8, the reflected entropy of ρ′ ∝ ΠE ′ is changed by at most

O(e−Smicro/2Smicro) from that of ρ. Again, using EF ≤ ERE, we can say that there exists at

least one area law state |φ2⟩ in H[E−∆E,E] ∩ (span{|φ1⟩})⊥.
According to the bound given in theorem 8, one can at least repeat this procedure for

exp [Smicro −O(logSmicro)] times. As a result, one can obtain exp [Smicro −O(logSmicro)] area

law states. By construction, these states are orthogonal. As a result, one can get corollary 6.

The key point of theorem 8 is that the change of the reflected entropy when excluding a

state from a microcanonical ensemble is sufficiently small. Therefore, if one can show that

the change of the entanglement of purification when excluding a state from a microcanonical

ensemble is also sufficiently small, the corollary 4 can be shown in the same manner. In

fact, such a statement follows directly from the continuity of the entanglement of purification

shown in [27, 59]. Alternatively, one can also use the continuity of the entanglement of

formation shown in [60] to show corollary 4 and 6.
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C Comparison of the microcanonical entropy and the

canonical entropy

In this paper, we have utilized the microcanonical entropy Smicro to count the number of

disentangled microstates. On the other hand, in Ref. [13], the canonical entropy Scan, i.e.

the von Neumann entropy of the canonical ensemble, was employed for the same purpose. In

this appendix, we investigate the relationship between Smicro and Scan. In the following, we

consider a general quantum system with degrees of freedom proportional to N .

In comparing these two ensembles, it is important to appropriately choose the microcanon-

ical shell [E −∆E,E] with respect to the inverse temperature β of the canonical ensemble.

Here, in accordance with Ref. [13], we take the microcanonical shell to be centered at the

saddle point E∗
can of the energy distribution in the canonical ensemble and to have a width

of the same order of magnitude as the energy fluctuations in the canonical ensemble. This

corresponds to setting E and ∆E as E = E∗
can +∆E/2 and ∆E = Θ(N1/2) 13.

To discuss the asymptotic behavior in the large degree of freedom N limit, we introduce

the energy per degree of freedom, u ≡ U/N . We then write ϵ ≡ E/N , δϵ ≡ ∆E/N , and

ϵ∗can ≡ E∗
can/N . In this notation, the condition for the microcanonical shell can be rephrased

as follows:

ϵ = ϵ∗can + δϵ/2, (C.1)

δϵ = Θ(N−1/2). (C.2)

Let Γ(u) represent the density of microstates at energy per degree of freedom u. We

assume that the system is consistent with thermodynamics in the following sense: σ(u) ≡
1
N
log Γ(u) converges to an N -independent concave function (namely the thermodynamic

entropy per degree of freedom) in the large degree of freedom limit N → ∞. For simplicity

of discussion, we also assume that the inverse temperature β is positive and does not scale

with N 14. That is, we assume that

dσ

du
(ϵ) = Θ(N0) > 0. (C.3)

13We write f(N) = Θ(g(N)) when f is bounded both above and below by g asymptotically as N → ∞.

14The following argument can be generalized straightforwardly to the case where the inverse temperature

is negative.
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First, we evaluate the microcanonical entropy Smicro. Since σ(u) is concave for sufficiently

large N , for any u ∈ [ϵ− δϵ, ϵ], it holds that

σ(u) ≥ σ(ϵ)− σ(ϵ− δϵ)

δϵ
u+

ϵσ(ϵ− δϵ)− (ϵ− δϵ)σ(ϵ)

δϵ
≡ ς(u). (C.4)

Using this, we find

dimH[E−∆E,E] =

∫ ϵ

ϵ−δϵ
du Γ(u) =

∫ ϵ

ϵ−δϵ
du eNσ(u) ≥

∫ ϵ

ϵ−δϵ
du eNς(u)

= eNσ(ϵ) × δϵ

N [σ(ϵ)− σ(ϵ− δϵ)]
×
(
1− e−N [σ(ϵ)−σ(ϵ−δϵ)]) . (C.5)

Expanding σ(u) around ϵ, we find

σ(ϵ− δϵ) = σ(ϵ)− dσ

du
(ϵ)δϵ+O(δϵ2). (C.6)

Thus, using Eqs. (C.2) and (C.3), we have

σ(ϵ)− σ(ϵ− δϵ) = Θ(δϵ) = Θ(N−1/2). (C.7)

Substituting this into Eq. (C.5), we have

Smicro = log dimH[E−∆E,E] ≥ Nσ(ϵ)− logN +Θ(N0). (C.8)

Next, we evaluate the canonical entropy:

Scan = logZcan + βEcan. (C.9)

Here, Zcan = Tr
[
e−βH

]
is the partition function and Ecan = Tr

[
He−βH

] /
Tr
[
e−βH

]
is the

energy function. Then Zcan can be expressed as

Zcan =

∫
du Γ(u)e−Nβu =

∫
du eN [σ(u)−βu]. (C.10)

Evaluating this integral by Laplace’s method, we find [61]

logZcan = N [σ(ϵ∗can)− βϵ∗can] +O(logN). (C.11)

In the same way, it can be shown that

ϵcan = ϵ∗can +O(N−1). (C.12)
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Therefore, we obtain

Scan = Nσ(ϵ∗can) +O(logN). (C.13)

Finally, we investigate the relationship between Smicro and Scan. Using Eqs. (C.8) and

(C.13), we have

Smicro − Scan ≥ Nσ(ϵ)−Nσ(ϵ∗can) +O(logN) = Θ(N1/2). (C.14)

In the last equality, we have used Eqs. (C.1)-(C.3). Therefore, for sufficiently large N , it

holds that15

Smicro ≥ Scan +Θ(N1/2). (C.15)

In the main text of this paper, we have shown that for any microcanonical ensemble as long

as the semiclassical gravity dual holds, one can find at least exp [Smicro − f(Smicro)] orthogonal

disentangled states for any f(x) ∈ ω(1) in the corresponding microcanonical sub-Hilbert

space. On the other hand, it is shown in [13] that, assuming there is no extensive violations of

additivity conjectures, one can find at least exp [Scan −O(1))] orthogonal disentangled states

from a microcanonical sub-Hilbert space whose energy window is [E∗
can−∆E/2, E∗

can+∆E/2]

where ∆E = Θ(N1/2).

From the results above, it is straightforward to see that there exists f(x) ∈ ω(1) such that

exp [Smicro − f(Smicro)] > exp [Scan −O(1)]. This implies that our lower bound surpasses the

one obtained in Ref. [13]. In other words, our bound is stronger. It is noteworthy that in

contrast to Ref. [13], our results do not rely on the assumption of the absence of extensive

violations of additivity conjectures and are therefore more robust in this respect.

15Readers who know the principle of maximum entropy may get confused about this result, since it is often

said “the canonical ensemble gives a larger entropy than any other ensembles”. However, we would like to

note that a prerequisite of this statement is that all the ensembles considered give exactly the same energy

expectation value. In the case we have discussed, however, the energy expectation value computed from the

microcanonical ensemble is larger than that computed from the canonical ensemble at the Θ(N1/2) order.
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