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Non-monotonic behavior of timescales of passage in heterogeneous media:
Dependence on the nature of barriers
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Usually time of passage across a region may be expected to increase with the number of barriers
along the path. Can this intuition fail depending on the special nature of the barrier? We study
experimentally the transport of a robotic bug which navigates through a spatially patterned array
of obstacles. Depending on the nature of the obstacles we call them either entropic or energetic
barriers. For energetic barriers we find that the timescales of first passage vary non-monotonically
with the number of barriers, while for entropic barriers first passage times increase monotonically.
We perform an exact analytic calculation to derive closed form solutions for the mean first passage
time for different theoretical models of diffusion. Our analytic results capture this counter-intuitive
non-monotonic behaviour for energetic barriers. We also show non-monotonic effective diffusivity
in the case of energetic barriers. Finally, using numerical simulations, we show this non-monotonic
behaviour for energetic barriers continues to hold true for super-diffusive transport. These results
may be relevant for timescales of intra-cellular biological processes.

INTRODUCTION

Random walks arise in multiple physical, geological,
biological and ecological contexts as simple models of
stochastic transport [IH4]. In particular, random walks
have been used to model stochastic transport inside cells.
Some well-known examples are motor proteins carry-
ing cargo on networks of microtubules [5H7], RNA poly-
merase moving on DNA during transcription and back-
tracking [8HI0], loop extrusion of DNA through motion
of cohesin and condensin proteins [ITHI7], and motion of
transcription factors on DNA as it searches for binding
sites [I8] [19].

For physical and biological systems, often the envi-
ronment in which diffusion happens is complex, charac-
terised by heterogeneous media with frequent obstacles.
The motion of bacteria in soil, a 3D porous medium,
is relevant in agriculture [20, 2T] and the problem has
been studied experimentally [22]. Intracellular transport
processes are hindered by the presence macromolecular
crowders [23],24]. Apart from cytoplasmic crowding, bar-
riers may appear in the form of steric hindrance, for
example, by nucleosomes to the motion of RNA poly-
merase during transcription [25] [26] and to cohesin pro-
teins during chromatin looping [27]. During diffusion of
morphogens in early Drosophila embryos, membrane fur-
rows between neighbouring nucleocytoplasmic compart-
ments cause heterogeneous diffusion, acting as obstacles
to diffusive transport and gradient formation [28, [29].
Obstacles can thus affect timescales of critical biological
processes — namely transcription completion and DNA
repair times, chromatin looping times, morphogen gradi-
ent formation times in embryogenesis, etc.
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In the context of such random motion through het-
erogeneous media, a relevant question is how effective
transport coefficients arise through the interaction of the
walker with the environment [30]. Another interesting
question is completion times of transport which may lead
to important biological events, referred to in the liter-
ature as first passage times [2, [7, BIH33]. For exam-
ple, search and capture of kinetochores by mobile mi-
crotubules [34] [35], binding of proteins (such as TATA
binding protein, RNA polymerase, cohesin) to preferred
locations of DNA [27] [36], threshold crossing of protein
numbers triggering cell lysis [37H39] and cell division [40],
all constitute examples where estimating first passage
times are crucial to understanding timescales of biologi-
cal processes.

The role of disorder and barrier in transport may some-
times be counterintuitive. Usual expectations would be
that obstacles slow down transport, suppress effective dif-
fusivity, enhance path lengths, and increase mean and
fluctuation of first passage times. Contrary to this, ex-
perimental studies of particle transport in crowded spaces
have shown unexpected non-monotonic behavior. For ex-
ample, a study of bacterial transport through a system of
microscopic scatterers showed non-monotonic behavior of
effective propagation distance and effective propagation
speed as a function of the obstacle density [41]. Instead
of obstacles increasing times spent within a confinement,
they may shorten it by decreasing the total accessible
surface area [42]. In a study of a self propelled camphor
boat moving through passive movable crowders in 2D,
fluctuations of first passage time were shown to be non-
monotonic as a function of the obstacle density, although
the mean was still monotonic in nature [43].

Our current study explores passage times in heteroge-
neous environments and its counterintuitive dependence
on the nature of the barriers. This is partially motivated
by a puzzle presented by an experimental study of diffu-
sion of cohesin protein on DNA in the context of chro-
matin loop extrusion [27]. Nucleosomes act as barriers to
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purely diffusive motion of cohesin across the DNA back-
bone. Measurement of permeability index for cohesin on
DNA through these barriers indicated reduction of diffu-
sivity. Intuitively as number of barriers increase, looping
time should rise, but estimates at high nucleosome den-
sity gave biophysically impossible loop formation times.
A resolution was suggested through a simulation study
which showed that with increase in the number of barriers
there is a non monotonic behavior of loop formation times
[I1]. Thus, quite counter-intuitively, the looping times
can be of the order of relevant biophysical timescales even
when number of nucleosomes are large.

Several questions present themselves in the light of
the above two studies. Firstly, is it generically true
that timescales of passage show non-monotonic behavior
with the number of barriers? Would this result still hold
for macroscopic scales far greater than these nanoscopic
lengthscales of DNA and nucleosomes? Further, would
this non-monotonic behavior hold true for superdiffusive
transport? We address each of these questions systemat-
ically using a combination of experiments, exact analytic
calculations and kinetic simulations. We show that the
non-monotonic behavior of passage times generically per-
sists at macroscopic scales, but crucially depends on the
nature of the barriers.

One may broadly define two classes of barriers — en-
tropic vs energetic, with distinct transport properties
[44, [45]. While energetic barriers involve activation en-
ergy in passing from one potential minima to another,
entropic barriers arise due to configurational entropy dif-
ferences associated with structural heterogeneity in a sys-
tem [22] [406], [47]. In models of glass transition, the nature
of barriers, whether energetic or entropic, crucially deter-
mine the nature of timescale variation [48]. In our exper-
iments, we implement the two distinct types of barriers
through two different design principles. We show that
while the non monotonicity in timescales of passage is
observed for energetic barriers, it is not observed in the
case of entropic barriers.

RESULTS

Experiments reveal the crucial role of the nature of
barriers in controlling first passage

We design a simple experiment to probe the role of
barriers in regulating first passage times. The random
walker (RW) is a self-propelled robotic bug of dimen-
sions 1.3cm x 5cm (see Fig [Th). For most of our exper-
iments the bug moves through a rectangular region of
dimensions 180c¢m x 76cm having an array of obstacles
(see Methods for more details). We first characterize the
motion of the random walker in a circular region of di-
ameter 117 ¢m, and show a sample trajectory in Fig. 1b.
The mean square displacement of the bug reveals a su-
perdiffusive behavior ((z%(t)) ~ t'-®) at short time scales,
crossing over to a diffusive behavior at longer time scales

((z2(t)) ~ t%9), as shown in Fig. lc.

Designing Entropic barriers

One way to introduce barriers to the motion of the
RW is to construct regions where the free motion of the
RW is impeded. To this end, we used wooden pegs of
diameter 1em arranged randomly at a packing fraction
of 6% to counstitute a crowded barrier region. An im-
age of our self-propelled bug alongside the pegs is shown
in Fig. 1d. In order to verify that these crowded re-
gions indeed serve as barriers, we characterised the mo-
tion of the RW in a circle of diameter 117cm, filled with
the wooden pegs. A sample trajectory in this region is
shown in Fig. le. Again, as in the case of the motion
in the absence of any barriers, the mean square displace-
ment showed a superdiffusive behavior with a similar ex-
ponent, (x2(t)) ~ t'® (Fig. 1f). Curiously, there was
no clear signature of a transition to diffusive transport in
this case, as opposed to the motion in free space. How-
ever, the transport is slowed down as compared to the
free case due to repeated collision with the pegs. The
mean time to reach the boundary of the crowded circu-
lar region starting from the center was 8.63 £ 0.49sec, as
compared to a mean time of 3.954+0.39sec in the absence
of barriers (Fig. 1g).

Having established that a region filled with wooden
pegs do indeed slow down the motion of the RW, we con-
structed rectangular barrier regions of width a = 27cm
filled with wooden pegs at the same packing fraction of
6%. Note that for such barriers the mean time of pas-
sage is about 2.5 times larger than that for empty re-
gions of equivalent width (Fig. 1h). Sample trajecto-
ries and mean square displacement in these empty and
crowded rectangular regions are shown in Suppl Fig. 3a
and 3c. The superdiffusive motion persists in this ge-
ometry (Suppl Fig. 3b and 3d). We then proceeded to
investigate the first passage properties of the system in
the presence of multiple such barrier regions, shown in
Fig. 2a. A sample trajectory in such a setup with four
barriers is shown in Fig. 2b. We call this type of barriers
as entropic, as the time delay in navigation through them
is due to exploration of multiple positional configurations
resulting from collisions with the pegs. The number n of
barriers is varied between 1-7, and some configurations
are schematically shown in Fig. 2c(i)-(iii). Note that as
the total length of the system was fixed (L = 180cm),
increasing n automatically implies that the spacing b be-
tween the barriers reduce. For a fixed n, we are inter-
ested in the stochastic first passage of the bug starting
from x = 0 and reaching x = L for the first time. We
find the times T of such passage in 100 different experi-
mental trials and evaluated the mean first passage time
(MFPT), 7 = (T).

The behavior of the MFPT is shown in Fig. 2d as a
function of the dimensionless ratio of the two widths of
the barrier and free regions, namely a/b. Initially, when
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FIG. 1. (a) A robotic bug (HEXBUG) is shown with scale bars. (b) Sample trajectory of a bug in empty circular space
of diameter 117cm. (c¢) Mean square displacement of the bug as a function of time in the bulk empty space displaying a
superdiffusive behavior (dotted line slope ~ 1.8) for short times which becomes more diffusive with a fitted slope ~ 1. (d)
Robotic bug alongside wooden pegs with respective scalebar. (e) Sample trajectory of bug in crowded space filled at a packing
fraction of 6 %. (f) Mean square displacement of bug through the bulk crowded area shows superdiffusive behavior with a fitted
slope ~ 1.8. (g) The mean first passage time of robotic bug in the empty circular region (panel b) is recorded to be 3.95 secs
and for the crowded region (panel e) is recorded to be 8.63 secs. (h)The mean first passage time of robotic bug in a crowded
rectangular region of dimensions 76 x 27 cm is recorded to be 2.5 times higher than equivalent empty region.

the number of barriers is very low, the MFPT increases
rapidly with increasing barrier number. However, the in-
crease saturates at high barrier numbers as the system
essentially becomes covered with the barrier regions. As
the number of barriers, n, increases, the width of the
free region decreases, and hence a/b increases. The be-
havior of 7 versus a/b is monotonic as expected — more
the number of barriers, slower the navigation.

Designing Energetic barriers

We now ask whether one may design another kind of
barriers which may lead to a distinct behavior of first pas-
sage times. We used styrofoam blocks as barriers with
five tunnel-like passages of width 3e¢m cut through them
at random positions along their length (Fig.3a). A rep-
resentative trajectory of passage from z = 0 to z = L
is shown in Fig. 3b. Note that as the bug encounters
the barrier, it most often gets reflected back into the
free regions since the probability that it finds one of the
five open tunnels at the right orientation is low. How-
ever,in contrast to the entropic barriers, once the bug
enters into any of these tunnels, it passes through in a
straight line, in a meagre time < 1s. Thus these barriers
mimic the physics of energetic barriers, where the major
delay comes from repeated attempts and failure to find

a tunnel to go through, equivalent to moving uphill from
a valley to a hilltop along an energy landscape. As in
the case of entropic barriers, each barrier region of width
a = 20cm was positioned alternately with empty regions
of width b, and we varied the the number n of the bar-
riers (Fig. 3c). As before, when n increases, b decreases
and a/b rises.

We plot the behavior of the mean first passage time
7 for this array of energetic barrier arrangement as a
function of the a/b ratio in Fig. 3d. For low number
of barriers, the MFPT increases with increasing barrier
number. However, as the a/b ratio approaches the value
~ 1, the MFPT exhibits a local maximum. Increasing
the number of barriers beyond this results in a decline of
MFPT. Note that there is a slight increase of the MFPT
again at a/b ~ 2.5, however this increase is an artefact of
the finite size of our experimental setup (see Methods for
more details). This striking behavior of a non-monotonic
variation of MFPTs with increasing barrier numbers is
in sharp contrast to the monotonic increase followed by
saturation seen for entropic barriers. This suggests that
the nature of the barriers play a crucial role in controlling
the statistics of first passage times.
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FIG. 2. (a) Top view of the implemented 2D patterned geometry of alternate barrier and empty regions for entropic barriers.
(b) Sample trajectory of bug this region. We record the first passage time as the time taken for the bug to cross the patterned
area from the left boundary to the right, for the first time. Presence of the barriers slows down the bug which can move around
or bounce from the wooden pegs in the barrier region to change its direction. Barrier regions have a fixed width a, width of
the empty region is depicted by variable b (c) Schematic of arrangement of barriers for successive setups gives an idea of the
experimental protocol. We systematically increase the number of barriers to find the first passage time for each setup. (d)
Normalized mean first passage time is plotted as a function of a/b. The MFPT increases monotonically with a/b, and saturates

for high number of barriers.

Exact analytical results confirm the differential role
of energetic and entropic barriers

Motivated by the interesting experimental results
above, we turn to a theoretical formulation of a simplified
random walk model of transport in the presence barriers
to understand this phenomenon. In order to simplify the
analysis, we study a diffusion problem in one dimension
exactly, in the presence of both entropic and energetic
barriers.

In the absence of any barriers, the motion in the bulk
is simple unbiased diffusion with diffusion constant D;.
Motivated by the experimental conditions, a random
walker starts at * = 0 which is modeled as a reflect-
ing boundary. The FPT, again in analogy to experi-
ments, is defined as the time the particle reaches x = L
(right boundary) for the first time. We impose absorbing
boundary conditions at x = L. The Mean First Passage
Time (MFPT) in this case is simply 7o = L?/2D; [1].

Entropic Barriers

We first consider the case for entropic barriers, imple-
mented as slow regions where the particle still performs
diffusive motion, with a diffusion coefficient Dy smaller
than in the bulk, that is, Do < D;. The slow regions
have width a, and the fast regions have width b, and the
whole length L is covered by an array of n barriers, such
that L = b+ n(a + b). The setup for this configuration
is shown in Fig. (a).

The particle starts at z = 0 at time ¢ = 0. The reflect-
ing and absorbing boundary conditions at the left and
right boundaries can be expressed as,

0:(T)z=0=0 and (T),— =0 (1)

For a system with n regularly spaced barriers, there
are thus n + 1 empty regions, and the MFPT in all these
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FIG. 3. (a)Top view of implemented patterned geometry with alternate energetic barrier and empty regions. The barriers have
tunnels cut at 5 random positions along its length. Inset depicts a side view of the styrofoam barrier. The individual tunnels
are of size 3cm. (b) Sample trajectory of bug through an arrangement of alternate empty (width b) and impenetrable (tunnel)
barrier (of width a) regions. Trajectories show random motion of the bug in the empty regions, and an instantaneous motion
through the tunnels whenever it finds them. Time taken to travel from one end of boundary along its width 180cm is defined as
the first passage time. (c)Schematic of arrangement of impenetrable barriers for successive setups. We systematically increase
the number of barrier regions to find the first passage time for each setup. (d) Normalized mean first passage time is plotted
as a function of a/b. Each data point is an average over 100 trials. We observe a non-monotonic behavior of the mean first

passage time with increasing a/b.

regions obey [I]

2 .
Dl%zq ie(l,n+1) (2)
2
Ty .
D2aa<x22> =-1 ie(l,n) (3)

where the subscript of T labels all the 2n 4 1 alternating
empty and barrier regions.

In order to solve these equations, we need the boundary
conditions at the barrier interfaces. Let the boundary
points of it" barrier be denoted by 29,1 and x9; which
satisfy,

roi—1 — b+ (Z — 1)((1 + b)
To; = i(a + b)

i€ (1,n)
i€ (l,n) (4)

At these barrier interfaces, the mean times as well as
the corresponding “fluxes” must be continuous. This

leads to the following conditions on the times at the bar-
rier boundaries (see Supplementary Information Sec. I
and Suppl. Fig. 1)

(T2i-1) 2y = (T2i) 20, i€ (1,n)
D102 (T2i-1) 2y, = D20:(Toi)zy,_, i€ (1,n)
(T2i)as = (T2i41) as i€ (l,n)

D20, (T2i) 2y, = D102 (T2i11)as, 1€ (1,n) (5)

The equations [I5and [16]can be solved exactly subject
to the boundary conditions (Eq. and the matching
conditions at the barrier interfaces, Eq. (see Sup-
plementary Information Sec. I for detailed calculation).
This gives the scaled MFPT of the particle to reach z = L
starting from x = 0 in presence of n barriers of width a
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FIG. 4. (a) Schematic of the system used in simulation in presence of entropic barriers. a and b denotes the width of the barrier
region and the free region respectively.The hopping rates in the free and barrier region are given by p and ¢ respectively which
corresponds to diffusion constants D1 and D». (b) Schematic of the system in presence of energetic barriers. The hopping rate
across the barrier is given by ¢. When successful, the RW hops the barrier width a. § denotes the lattice constant. (c-d) Scaled
MFPT vs ratio of barrier width and average gap in case of entropic barriers and energetic barriers respectively for a diffusive
particle. The data is shown for the ratio Dy/Dy = 8 for entropic barriers, and for D1/(2av,) = 20/3 for energetic barriers. for

for we The solid lines are obtained from analytical calculations (Eq. for entropic barriers, and Eq.

while the points are the simulation results.

as,

Ty) =
l:<1> 0:1+
7o 7o

(s—1)(r—a/L)
1+7r

where r = a/b denotes the ratio of the barrier size to the
size of the empty regions, and s = D;/Ds > 1 denotes
the ratio between diffusion constants in two regions.

As can be seen from the form of the expression, the
MFPT increases monotonically with the ratio r = a/b.
It saturates for large r to the limiting value 7 = s7y. This
behavior is shown in Fig. [d c) where the analytical result
of Eq. [39] is compared with simulation results. Consis-
tent with the experimental findings, entropic barriers —
modeled through regions of slow diffusion — do not lead

(6)

for energetic barriers)

to any non-monotonic behavior of first passage times.

Energetic Barriers

Having established that entropic barriers do not lead
to any non-monotonicity in first passage times, we now
turn to the case of energetic barriers. Energetic barriers
are modeled as blocked regions of width a separated by
empty regions of width b where free diffusion may hap-
pen. The diffusion constant in continuum is D; for the
empty regions. For the analogous discrete model (with
lattice spacing 0), on which simulations are performed,
the unbiased forward and backward hopping rates are



p. For hopping across a barrier from one empty region
to another, the rate is ¢ (< p). The usual discrete to
continuum correspondence implies D; = pd? and a bar-
rier hopping velocity vy = ¢4, in the limit § — 0 and
p,q — oo. If there are n such barriers then the total
length L = b+ n(a + b). A schematic for this configura-
tion on lattice is shown in Fig. [4b).

We proceed to solve the problem in continuous space.
For n barriers, and n 4 1 free regions, the MFPT in the
ith free region (2i — 1** region overall) follows []

D102 (Toi—1) = —1, (7)

with ¢ € {1,n + 1}. The boundary conditions at the
barrier interfaces are non-trivial (see Supplementary In-
formation Sec. II and Suppl. Fig. 2 for details)

D,

(T2i-1)azios = (Toit1)on = = Oa(Ti-1)aais
q

02 (T2i—1) a0y = Ox(T2i41) s, - (8)

We solve Eq.[7] subject to the reflecting and absorbing
boundary conditions at = 0 and x = L (Eq. , and
the matching conditions at the barrier interfaces, Eq.
These lead to the scaled MFPT of a random walker start-
ing from * = 0 to reach x = L in the presence of n
energetic barriers as,

R IS F -,

T0 (1+7)2

where again r = a/b.

Note that unlike in the case for entropic barriers, the
functional dependence of the MFPT on r = a/b (in Eq.[9)
implies a maximum in the MFPT as a function of . This
can be seen in Fig. d) where the analytical result of
Eq.[9]is compared with simulation results. Quite remark-
ably, our simple calculation based on diffusive transport
accurately captures the main qualitative trend of the ex-
perimental data of Fig. B of a maximum in the MFPT.

Curiously, both the experimental and theoretical
curves suggest that the location of the maxima occurs
when the width of the barrier is comparable to the width
of the empty regions, a ~ b. The location of the max-
ima can be calculated from the expression of the MFPT,
Eq. [0} and yields, in the L — oo limit,

2av4

D
By definition, r > 0, which implies 2av,/D1 < 1. More-
over, if the hopping rate across a barrier is much lower

than the bulk hopping rate, ¢ < p, then 2av,/D; < 1,
implying that r* ~ 1.

r*=1

(10)

Do signatures of non-trivial first passage persist in
effective diffusivity?

We now ask whether this conflicting behavior for the
MFPT in the presence of entropic and energetic barriers

has any signature on the more common transport prop-
erties of the system. Using kinetic simulations, we char-
acterize the Mean Square Displacement (MSD) of the
random walker as a function of elapsed time in an infi-
nite lattice in the presence of barriers. Note that, while
the first passage property is history-dependent, the MSD
is not.

For entropic barriers, the MSD is shown for three dif-
ferent a/b ratios in Fig. [f(a). The RW initially explores
the empty region in which it starts before it encounters
the first barrier. This excursion is purely diffusive, with
the bulk diffusion coefficient D1, as is expected. At the
timescale when it first encounters a barrier, the motion
becomes subdiffusive as the barrier hinders the bulk dif-
fusive behavior. Over long timescales (¢ > 10°), the mo-
tion becomes diffusive again, however with an effective
diffusion coefficient Deg i.e. (x2(t)) = 2Dcgt. The value
of D.g is lower than the bulk value D;.

As a/b increases, and b decreases, with increasing n,
the transition from early diffusive to a subdiffusive regime
happens faster — for a/b = 0.35,1,4, the crossover times
aret ~ 102,102, 5 respectively. Moreover, with increasing
a/b ratio the curves in Fig. at long times monotoni-
cally shift downwards. This in turn implies a monotonic
decrease of Deg as shown in Fig. k. An analytical for-
mula for Deg exists in the literature [49] [50] and can also
be obtained by taking the L — oo limit in Eq. [39] and
expressing the MFPT as 7 = L?/2D.g, yielding

1+7r
Deg =D . 11
ff 1<1+rs) ( )

The comparison on this analytical expression with the
simulation is shown in Fig. Be. This monotonic behavior
is consistent with the monotonic increase on the MFPT
for entropic barriers in a finite domain.

Next we turn to a similar characterization for the ener-
getic barriers. The MSD of the RW on an infinite lattice,
as above, is again shown for three different a/b ratios in
Fig. [Bb. Again, for all these case, there is an initial dif-
fusive regime with a diffusivity D; of the empty regions.
That crosses over to a subdiffusive regime when the RW
starts to feel the effect of the barriers. As expected, this
transition happens earlier for the highest number of bar-
riers (a/b = 4), and later with decreasing a/b ratios. In
the long time limit, for all three a/b ratios shown, the mo-
tions are again diffusive, with (¥?) = 2D.gt. However,
quite strikingly in Fig. B, the MSD of the intermediate
barrier number (with a/b = 1) lies below both the cases
with lower and higher barrier numbers. As a result, as
shown in Fig. |§|d, D.g shows a non-monotonic behav-
ior with increasing barrier number (or increasing a/b).
Again, we can obtain an analytical expression for the
Deg by taking the L — oo limit in Eq. [§] and expressing
the MFPT as 7 = L?/2D.g, yielding

Dot = Dy <W> . (12)

TD1
1 + avgq
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FIG. 5. (a-b) Mean Squared Displacement (MSD) vs time is plotted with solid lines for diffusive particle in presence of entropic
barriers and energetic barriers respectively. The different colours denote different ratio of barrier width and average gap (a/b)
and the dashed line is for the guidance of the eye. (c-d) Effective diffusion constant (Deg) is shown with variation of a/b in case
of entropic barriers and energetic barriers respectively. The points depict the simulation results while the solid lines denote the
analytical result (Eq. for entropic barriers, and Eq. for energetic barriers).

which matches the simulation results exactly, as shown in
Fig.[5d. Thus the signature of the non-monotonic depen-
dence of the MFPT has its counterpart in the transport
properties as well.

Is unbiased diffusion a special case? Investigating
the first passage properties for superdiffusive
motions

In this section we investigate whether the non-trivial
dependence of the barrier number on the first passage
properties for entropic and energetic barriers is quite
generic, and can be extended to systems with anomalous
diffusion. This enquiry is motivated by the experimental
observations where the robotic bug performs superdiffu-
sive motion over short timescales. Here we investigate
the role of barriers in systems where the bulk behavior is
superdiffusive.

To model superdiffusive transport in a simple one-
dimensional random walk system, we use the Elephant
Random Walk (ERW) model [51] that implements a non-
markovian random walk with a full history-dependent
memory with which it decides subsequent steps (see
Methods for details). At any time, there is a probability
w with which it chooses its next step based on its history.
It has been shown that the MSD in this case is superdif-
fusive: (2?) ~ t4*=2 for w > 3/4 [51]. We simulated
the ERW for two values of w = 0.875 and 0.95 for which
the corresponding MSD exponents are « = 4w —2 = 1.5
and 1.8 respectively (see Fig. 6a). In the presence of
barriers - both entropic and energetic - the MSD changes
from an initial superdiffusive motion to a transient sub-
diffusive regime as it encounters the barriers. At longer
times, the motion becomes diffusive, erasing the memory
of the intrinsic superdiffusive motion in the barrier-free
regions. This is shown for energetic barriers for the two
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FIG. 6. The figure depicts the motion of a superdiffusive particle in presence of barriers. Panel (a) shows the variation of MSD
of the particle in absence of barriers while panel (b) shows the same in presence of barriers. Panels (c¢) and (d) denote the
scaled MFPT vs a/b for entropic and energetic barriers respectively. A zoomed in view of the dashed curve is shown in inset

(panel (d)) to depict the non-monotonic behavior.

superdiffusive walks in Fig. 6b. For entropic barriers,
we observe the transition from an initial superdiffusive
to the transient subdiffusive regime, and an approach to
the limiting diffusive behavior.

On increasing the barrier numbers, the MFPT in-
creases monotonically with the a/b ratio for the case of
entropic barriers, similar to the case of unbiased diffusion
and our experiments. This is shown for both values of
the superdiffusive exponent « in Fig. 6¢c. In contrast,
for the case of energetic barriers, the MFPT again ex-
hibits a non-monotonic behavior, similar to the case of
ordinary diffusion and our experiments. The maximum of
the MFPT occurs around a/b ~ 1, when the width of the
barrier becomes equal to the length of the free regions.
The differential impact of energetic and entropic barriers
on first passage holds generically for different classes of
RWs, and is thus very robust.

DISCUSSION

We show that barriers may play an extremely non-
trivial role in regulating first passage properties of sys-
tems. When barriers slow down transport, but allow lot
of internal positional locations to be explored, we call
them entropic barriers. In such cases, timescales of first
passage across an array of barriers rise monotonically, as
intuition would expect. Moreover the ratios of MFPT in
the presence and absence of barriers saturate to a value
greater than one (s = D;/Dy > 1), which depends on
the ratio of diffusion constants in the two regions.

On the other hand, when obstacles present a bar-
rier that allows only rare entries (but near-instantaneous
transport on successful entry) into the barrier regions, we
call them energetic barriers. In such cases, we show, us-
ing a combination of experiments and theory, that the



timescales of first passage has a maximum when the
length of the free regions matches with the width of the
barrier. This is also reflected in the behavior of the effec-
tive diffusivity, which has a corresponding minimum with
increasing barrier density. This is in stark contrast to
naive expectations that increasing barrier density should
always result in slower times of passage.

We perform an exact analytical calculation for the
mean first passage times for both entropic and energetic
barriers. For entropic barriers, at the barrier interfaces,
the continuity of the probability and the currents (Eq.
allows us to derive a closed form expression for the MFPT
which shows a monotonic increase with barrier numbers.
For energetic barriers, the excluded barrier regions leads
to a discontinuity in the mean times at the two barrier
interfaces (Eq. , which allows to derive a closed form
solution which exhibits a non-monotonic behavior with
barrier numbers.

We also show that this curious behavior in the case of
energetic barriers is not limited to pure diffusive trans-
port alone, but also extends to situations where the trans-
port is characterised by superdiffusion. Inside cells, su-
perdiffusion has been observed for endogenous intracel-
lular particles in crowded environments [52]. RNA poly-
merases and other motor proteins are also known to ex-
hibit biased diffusion [53][54]. The loop extrusion protein
condensin is also known to exhibit superdiffusive motion
on DNA backbones [I4] and faces various protein obsta-
cles which slows down loop extrusion [55]. Thus barriers
may play an important role in regulating times of pas-
sage for superdiffusive transport inside cells and this can
be investigated through further experimental and theo-
retical studies.

Regulation of first passage times are of critical impor-
tance in a variety of physical and biological systems. Our
work highlights how differences in barrier design princi-
ples can crucially control times of passage in heteroge-
neous media. We provide a generic experimental design
principle which allows us to study these two cases - one
in which there is a accessible but slow region of trans-
port through the introduction of physical obstacles, and
another in which we engineer tunnels which allow only
rare barrier crossing events. These designs can serve as
a template for future experimental studies to investigate
the relative role of these two kinds of barriers in regulat-
ing effective transport properties.

METHODS
Experimental setup

A self propelled robotic bug (HEXBUG micro ant,
5¢m x 1.3cm) (Figure la) powered by battery is used
as a self propelled random walker. We characterized the
motion of our random walker (RW) in different setups.
First we consider a relatively large circular confinement
of diameter 117c¢m (See Figure 1(b,e)). MSD (Figure
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1(c))and first passage times (Figure 1(g)) are calculated
for approximately 25 trajectories with the RW moving
outward from the center of the confinement to the bound-
ary. The confinement was then filled with passive crow-
ders - wooden pegs of diameter 1em at a packing fraction
of 6%. The 6% packing fraction for the crowded region
was determined experimentally based on the ease of turn-
ing of the robotic bug. Higher packing density resulted
in the bug getting stuck between these crowders. We fur-
ther characterized motion of the RW within a geometrical
setup relevant to our main experiments. A confinement
of width 27cm was created to obtain the MSD (Suppl.
Fig. 3) and first passage time (Figure 1(h)) of the RW
in empty and crowded environments again arranged with
a peg density of 6%. In our main experiments we had a
rectangular length of dimension 180¢m x 76¢m covered by
an alternate barrier and empty regions. Two types of bar-
rier regions are studied : entropic and energetic. For the
entropic barriers, the pegs at 6% density filled a region
of width @ = 20 cm. Energetic barriers were made us-
ing styrofoams with 5 randomly-cut tunnels of size 3cm.
This tunnel size (slight larger than the HEXBUG) allows
the RW to pass through the tunnels ballistically in a near
instantaneous manner (Suppl Fig. 4a). For experimental
barrier widths a = 20cm, the passage times were < 1s.
Further, we also quantified the number of attempts be-
fore the RW successfully enters a tunnel. This provides a
characterisation of the barrier and is independent of the
barrier width a (Suppl Fig. 4b).

Note that statistical fluctuations are quite high due to
the fact that first passage time distributions in confined
spaces are typically exponential tailed. As is expected for
an exponential distribution, the average is comparable to
the standard deviation. Therefore to obtain a reliable es-
timate of MFPT, an optimum number of trials had to be
chosen. We observed that beyond 60-65 trials, the MF-
PTs were converging to a steady value. Hence we used
100 trials for each setup. For energetic barriers, the slight
increase in MFPT beyond a/b > 2 (Fig.3d), is an artefact
of the finite size of our experimental setup. Around this
width of the empty region (b < 9 cm), the dimensions of
the RW become comparable to the width of the empty re-
gions, and although the RW can still move, we do observe
some significant restrictions in its turning behavior. The
RW has a propensity to move preferentially only along
the length of these narrow empty regions, without being
able to turn randomly along the width - thereby increas-
ing the overall MPFT. Since this behavior is not observed
at any of the higher widths, this limitation of the system
size is the cause for the higher MFPT values for a/b > 2.

Simulations
Unbiased diffusion

We simulate the motion of the bug using Monte Carlo
algorithm on a 1D lattice of length L. The particle (bug)



starts from z = 1 which acts as a reflective boundary
such that the particle can only hop to x = 2 from x =
1. The simulation is stopped when the particle reaches
x = L for the first time and the time taken to reach is
considered as the First passage time. The hopping rates
(p, q) for the cases of entropic and energetic barriers are
shown in the Fig. [fh and[@p respectively. Consistent with
the experiments, we put the barriers periodically on the
lattice. Therefore the barriers occupy the lattice points
in between ;1 =b+ (i — 1)(a + b) and z9; = i(a + b)
where ¢ is the barrier number and a and b are the length
of each barrier regions and free regions respectively.

Superdiffusive motion

To generate a driven motion of the particle we follow
the Elephant-like memory diffusion algorithm introduced
by Schiitz and Trimper in 2004 [5I]. In this process the
particle has complete memory of its previous steps. If
at any time t the particle is at x; then the evolution
equation can be written as

Tit1 = Ty + 041
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where o.y1 is statistically chosen by the following
method:

1. First a previous timestep ¢’ € {1,2,...,t} is chosen
randomly.

2. Then, 0,41 = oy with probability w and o1 =
—oy with probability 1 — w.

The particle starts at z = 1 at ¢ = 0, and the first step
of the particle is always towards positive direction in our
simulation, i.e, o1 = +1.

The MSD in this type of non-Markovian process follows
[51]:

(x?) ~t for w <0.75
~tlnt for w=0.75
~ 72 for w > 0.75

For our simulations, we chose two values of w =
(0.875,0.95) in the regime w > 0.75 to recover superdif-
fusive transport, as mentioned in the text.
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I. Mean First Passage Time for entropic barriers

Let us consider n barriers each of width a are distributed in region £ = 0 and = = L.
The mean gap between two consecutive barriers is given by
L —na

b= 1
n+1 (13)

The boundary points of it" barrier are denoted by xs;—1 and xs; which can be expressed as

$2i_1=b+(i—1)(a+b) iE(l,ﬂ)

x9; = i(a+b) 1€ (1,n) (14)
The MFPT in two regions obey
0*(Toi—1) .
D 92 -1 ie(l,n+1) (15)
02 (Ty;)
Do pre -1 i€ (1,n) (16)
which has solutions
1 [a? .
<T2i_1(.73)> = - |—=+ All‘ + B; 1€ (l,n + 1) (17)
D | 2
1 [z2 .
(Toi(z)) = ——=— | = + Cix + E; 1€ (1,n) (18)
Dy | 2

where A;, B;, C;, E; are the integrating constants.
The boundary conditions of the lattice boundaries are given as,

Oy <T1 >2-0=0 — reflecting boundary (19)
<Topy1 >4=r =0 — absorbing boundary (20)

The continuity MFPT at z5;_1 and xs; gives,

<T2i—1>$2i71 = <T2i>$21,71 (S (l,n) (21)
(T2i)ws; = (T2it1) o, i€ (1,n) (22)

Now the hopping dynamics that governs the motion can be written as,

1 P q
(Toi-1)ay;, = ptq + m<T2i*1>*5+z2i—l + m<T2i>5+m2i—l (23)
1 P q
(Toiv1)ay = tq + m<T2i+1>5+x2i + m<T2i>*5+x2i (24)

Now from Eq[23] we can write,

(p + Q)<T2i*1>mzi—1 =1 +p<T2ifl>*5+I2i—1 + q<T2i>5+$2i—1
=P [(Tzi*1>m2i—l - <T2i*1>*6+552i—1:| =1+ q [<T2i>5+121‘71 - <T2i*1>121‘71]

<> <T,> <T> <T.> <h> <> <Tona> <hn> <Thn™
0000000000000 - 0000000000000:----0000000000000
X=0 "5 X x5 X3 Xai-2 *zi1 Xai vl Xan2 Xan1 X2n Xoni=L
reflecting —_— b D, Db, absorbing

FIG. 7. Schematic of the system with n entropic barriers. The gap regions are denoted by blue and barriers are denoted by
red. The boundary points of the i" barrier are denoted by @2;—1 and xa;. (T;) denotes the mean average time for the particle
to reach « = L starting from the i** region.
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Using Eq[21] one can rewrite the above equation as,

p |:<T2i—1>x21,71 - <T2i_1>_6+$2i—1:| =1+ q |:<T27;>6+752i—1 - <T27l>$2i71]
po [< >£E2z 1 <T2i*1>*5+121‘71] =0+qo [<T2i>5+12i71 - <T2i>$2i—1}

Now taking & — 0 we get,

p62a < 1>9521 1 q§2am<T2i>I2i71
= D10, 2i—1>m2i_1 = D20, (o) g, (25)

Similarly from Eq[22] and Eq[24] one can write,

D20:(Toi)wp; = D10y < Toig1 >us, (26)
Eqs[19)20)25] and [26] constitutes the boundary conditions for Eqs[I7] and [I§ From Eq[I9] we have,
A =0 (27)

Now, using Eq[25] and Eq[26] respectively we have,

C; = Ay (28)
A1 = A (29)
Combining the Eqs we get,
A,=Ci=0 Vi={l,n+1} (30)
Now from Eq2I] we have,
a3y
Bi=(s—1)——=+rE; (31)
where s = D1 /Ds.
Using Eq[22] we have,
x3,
Combining Eqs[31] and [32] we get,
s—1
Bit1=B; + ( 3 ) [23; — 3 1] (33)
Now from Eq[20] we have,
2 2
L2n41 L
Bpyq = —2ntl 2 4
+1 5 5 (34)
Hence using Eq[33] we can write,
(s 1)«
By = Bnq1 - 9 ; (mgz - x%i—l) (35)

Therefore the MFPT of the particle to reach x = L starting from « = 0 in presence of n barriers of width a is given
by,

S

$2z 1 (36)
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The summation in the above equation can be computed very easily.

n n

> (23 —a3, ) = [Pa+b)? = {b+ (i — 1)(a+b)}?]

1

i=1 i

I

[iQ(a +b)2 = {i(a+b) — a}2]

=1

[
NE

[2ia(a + b) — a®]

-
Il

=n(n+1)a(a+b) — na* = nal (37)
If 79 denotes the MFPT of the particle in absence of barriers then we have
L2
= — 38
™= 5p (38)
Therefore the scaled MFPT in presence of barriers is given by,
T 2L (s—1)x~,5 o
w12 5 T ;(xzi—xziq)
—1
=1+ (8L2 ) -nal
nr(s—1)
=14 — 39
* (n+1) +nr (39)

where r = a/b.

II. Mean First Passage Time for energetic barriers

In the same spirit we shall now solve first passage time in case of energetic barriers. The hopping dynamics that
determines the motion can be written as,

1 p q
(Toi-1)a;, = ptq + m<Tzi—1>—6+$2i—l + m<TQi+1>$2i
Sop (<T2i*1>w2i—1 - <T2i*1>*5+12i—1) =1+ Q<T2i+1>$2i - Q<T2i*1>12i71
1 pé
(Toi-1)ass 1 = . + (T2i41)a0s — ;5z<T2i71>m2i71 (40)

Now we define D1 = pd? and v, = ¢d such that both D; and v, are finite at § — 0. Therefore we must have p,q — oo
and thus EqM0] can be written as,

D,
{T2i-1)aaio = (Toit1)oas = = 0o (Toi-1)anis (41)
q
Similarly it is easy to show that
D,
(T2i-1)azios = (Toit1)on = = Oa(Thit1)an (42)
q
<T,> <T;> <T,,> <Ti41> <Tna> <Tna™
00000 I I NO0000---- 00000 X100 000 - 00000 I NO0000
X=0 "5 X X3 % Xai2 X3i1 X1 Xav1 Xona Xon1 X2n Xone1=L
reflecting e b D, absorbing

FIG. 8. Schematic of the system with n energetic barriers. The free regions are denoted by blue and barriers are denoted by
red. The boundary points of the 7" barrier are denoted by x2;—1 and zo;. (Th;—1) denotes the mean time for the particle to
reach © = L starting from the it? free region. Note that in this case (T2;)’s do not exist for all values of 7.



Hence from Eq[1] and Eq[42] we get,

For n energetic barriers, there will be n+1

(Toi—1) = —

O (Toi-1)wsi—1 = O2(T2it1)as,
fast regions where the particle diffuses. Therefore,

1

.’[72 A
a5 i B;
D1[2+ T+ }

where i € {1,n + 1} denotes the region with boundaries z9;_o and xs;_; where the particle is in.
Now the lattice boundary conditions are same as Eq[I9) and Eq[20}

Now Eq[45)] gives
From Eq[43] we get,

Using Eq[46) we find By, 1 as,

where zo,41 =L = (n+1)(a+b) —a.
Now from Eq[d] we can write,

1
B B7,+1 + = B (LCQZ

Therefore

- n+1 + E x21 x2z

ax <T1>r:O =0
<T2n+1>x:L =0

Ai+1:Ai—a:A1—ia:—’ia

2
Lot

Bni1 = + narop41

D
23;_1) + (120 — Aioi_1) — 71 [w2; + Asi1]
a

D
1) + (Aiy122; — Ajzoi1) — 71 (w2 + Aig1)
q

n(n — 1)a2 n

=>B1:Bn+1— 5

n(n+1)Dia n(n+1) (Dy 1 <
- +a)(a+D) +§; x5 — a3;_1)

2vy 2 Uq

Using Eq[14] Eq[37 and Eq[48] we can easily show from Eq[50] that

By =—

The scaled first passage passage time then

(n+1)%0% + n(n + 1)2—:’
2

can be written as,

0B, (n+1)°0* +n(n+1)5t

2 L2
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(47)

(48)

(49)

(50)



Now using the relation L = (n + 1)(a + b) — a = n(a + b) + b one can write,

(Lta)® 12 L=b\ (L+a) Dib
T . (a+g)2b +(a+b) (a—ﬂ—S) 1)2

T0 - L2
b%(L+a)? (L?*4+aL—bL—ab) Db
(a+b)? (a+b)? vq
= 73
- bZ(LL.gay 4 (L2+aLL—2bL—ab) %Zb
B (a+0b)?
I R A Gt et ) s
a (a+b)?
RO+ (B 1) B
- (a+b)?
_ D2 (1+2) 4[5 (B+1) - (E+1)] ol
b2 (14 2)°
)-8+ L A
B 147)2

where again r = a/b.
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(52)
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FIG. 9. (a) Sample trajectory of RW in empty region of dimensions 76 x 27c¢m. (b) Mean square displacement corresponding
to (a) shows superdiffusive behavior in first 1 second which becomes subdiffusive at long times (due to combination of circling
and presence of boundary). (c¢) Sample trajectory through obstacles of diameter 1 cm in a region of width 76 x 27 cm. (d)
Mean square displacement corresponding to (c) shows an initial superdiffusive behavior for a longer period than (a) which
becomes subdiffusive at long times, similar to panel (b).
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FIG. 10. (a) Mean First Passage Time (MFPT) to traverse the barrier (tunnel) regions for the case of energetic barrier.
The times increase roughly linearly with the width of the barrier region, indicating ballistic transport through the tunnels, as
expected. (b) The number of times the RW collides with the barrier interface before it successfully enters the barrier (tunnel)
region for the case of energetic barriers. This is a intrinsic property of the barrier, and is experimentally seems to be independent
of the width of the barrier regions, as expected.
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