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We formulate the spin contribution to the inverse Faraday effect of non-magnetic metals. We
deal with the role of the inversion symmetry, which forces all electronic bands to be at least twice
degenerate at every point in the Brillouin zone. We show both analytically and numerically that
our formulation of the inverse Faraday effect is invariant under unitary rotation within the doubly
degenerate set of bands. In addition, we show the importance of resonance-like features in the
band structure for the inverse Faraday effect. Our first-principles computed spin component of the
inverse Faraday effect in a simple metal such as Au is reminiscent of its optical absorption, with a
characteristic d–s resonance in the optical spectrum.

I. INTRODUCTION

The inverse Faraday effect (IFE) is a phenomenon in
which circularly polarized (CP) light acts as an effec-
tive magnetic field that induces static magnetization in
a material. It was first predicted phenomenologically
in the 1960s.1 It was observed experimentally by van
der Ziel et al.2 in CaF2 doped with magnetic impuri-
ties. The work of Pershan et al.3 provided a more de-
tailed analysis, based on a quantum-mechanical model
of a localized magnetic impurity. Interest in IFE has
recently been renewed after the experimental demon-
stration of the control of spin dynamics in magnets by
Kimel et al.4 Optical magnetic switching has also been
reported in ferrimagnetic GdFeCo,5 TbCo,6 ferromag-
netic Co/Pt bilayer,7 as well as other materials.8 More
recent reports assign the control of magnetism in these
materials to thermal effects that do not involve IFE.9–11

Nevertheless, IFE has been emerging as one of the po-
tential ways for ultrafast data processing.12 Understand-
ing the theoretical mechanism behind IFE is relevant
for further progress in the field of ultrafast magnetism.
Theoretically, IFE has been formulated for graphene,
as well as Weyl-semimetals,13,14 Rashba metals,15 Mott
insulators,16 ferromagnets17–19 and non-magnetic nano-
materials such as gold nanoparticles.20–23 The IFE the-
ory based on first principles is formulated both consid-
ering only spin18,19 and both spin and local part of or-
bital magnetization.17,24 Some of the IFE theories are
semiclassical and take into account the hydrodynamic de-
scription of the free electron gas.22,25–27 Earlier work by
Wagniere28 and Volkov29 discussed the symmetry prop-
erty of IFE.

In this work, we revisit the first-principles-based IFE
theory for nonmagnetic metals. In particular, we focus on
the role of the inversion symmetry (P) present in the bulk
crystal structure of most metals, including simple metals
such as Cu or Au. Nonmagnetic metals with inversion
symmetry contain in their magnetic point group the PT
operation, which is a combination of time-reversal (T )
and spatial inversion (P) operations. Due to the pres-
ence of PT symmetry, all electron bands at all points in

the Brillouin zone are at least twice degenerate.30 While
in many physical situations the presence of this band de-
generacy does not cause difficulties in computing various
physical properties, the case with IFE computation is
somewhat more involved. In this work, we show how to
deal with the presence of PT symmetry in the calcula-
tion of IFE so that the final result does not depend on the
arbitrary unitary mixture of the states in the doubly de-
generate subspace. Our approach is easily applicable in
the first-principles context, and we demonstrate it in the
case of the calculation in bulk Au. Finally, we also dis-
cuss the role of band resonance in the computed inverse
Faraday effect.

The remainder of the paper is organized as follows. In
Sec. II, we derive our theory and demonstrate its invari-
ance under unitary band transformation, both analyti-
cally and numerically using first-principles calculations
on bulk gold. We discuss our results in Sec. III and sum-
marize in Sec. IV. Additional details are provided in the
Appendices.

II. RESULTS

When light is incident on a metal, the electron is ex-
cited to a higher energy state. If the electron moves to
a higher energy state within the same energy band, the
transition is known as intraband. When the electron is
excited to a different energy band, it is known as an inter-
band transition. In the case of the IFE, we are interested
in the magnetic moment induced via the interaction of
electrons with the CP light. Therefore, IFE will, in gen-
eral, have contributions from either interband or intra-
band transitions. Furthermore, the magnetic moment
that is induced by the CP light can originate either from
spin or orbital degrees of freedom.

Therefore, in total, the complete theory of IFE in metal
would have to consist of four components: interband-
spin, intraband-spin, interband-orbital, and intraband-
orbital, as sketched in Fig. 1.
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A. Working assumptions

In this work, we focus on the spin component of the
IFE. The reason for focusing on the spin component is
two-fold. First, the formulation of the spin part of the
IFE is significantly more straightforward than the formu-
lation of the orbital moment. In fact, the modern theory
of orbital magnetization in an infinite bulk periodic solid
has been developed only relatively recently,31–34 while
the theory of induced orbital magnetization in an elec-
tric field (so far, static field, in an insulator) is even more
recent.35 Therefore, thus far the orbital part of the in-
verse Faraday effect has been included only on the local
level,17,24 or within the semi-classical approach.22

The intraband orbital contribution seems especially
problematic within the modern theory of orbital moment,
as such theories have so far been formulated only for elec-
tronic states in a periodic solid with a well-defined crystal
momentum k. On the other hand, within the Lindhard-
like approach, one needs to work with states that are
linear combination of k and k+q where q is the wavevec-
tor of light.36 Therefore, we leave the discussion of the
orbital contribution to the IFE for future work.

The second reason for focusing on the spin part of IFE
is that in this work we are mainly interested in the role
of the electron band degeneracy in the formulation of
IFE for PT -symmetric metals, as well as the role of res-
onance. These two issues, degeneracy and resonance, are
already present in the spin part of the IFE, so they can
be addressed without considering the orbital part.

Although the spin part of IFE has, in principle, both
interband and intraband contributions, we will show
that, in the case of nonmagnetic material, the intraband-
spin part of IFE is negligible at optical frequencies.
Therefore, in the end, it will suffice to focus here on
only one of the four components of IFE, namely, the
interband-spin component.

We formulate the theory of spin IFE using standard
adiabatic time-dependent perturbation theory. The per-
turbation is turned on infinitely slowly, which ensures
that there are no discontinuities in theory. We refer the
reader to Ref. 37 for a detailed review of the adiabatic
time-dependent perturbation theory. Since the pertur-
bation of the incoming light is turned on infinitesimally
slowly, our theory does not have a transient behavior that
originates from a suddenly turned-on perturbation. In-
stead, when light with frequency ω has been impinging
on the solid for a long time, we find that there are only
two contributions to the induced magnetization. One is
constant in time, while the other oscillates with a fre-
quency of 2ω. We show later in Sec. II F that the 2ω
term is typically smaller in magnitude than the constant
term, which is why we focus on the term that is constant
in time.

In this work, we treat the role of disorder by simply as-
suming a constant lifetime of carriers that is independent
of both the band index and the k-point.

Induced magnetization

Spin moment Orbital moment

Interband Intraband Interband Intraband

FIG. 1. Inverse Faraday effect contributions in a metal.

B. Derivation

Now, we are ready to compute the spin component
of the inverse Faraday effect. We start with the time-
dependent Schrödinger-like equation within the indepen-
dent particle approximation,

H(λ, t)Ψi(λ, t) = iℏ
∂Ψi(λ, t)

∂t
. (1)

For now, we use a generic index i to distinguish the states
Ψi. These states are single Slater determinants corre-
sponding to fully occupied single-electron states below
the Fermi level EF. Hamiltonian H appearing in Eq. 1
is also a 2 × 2 matrix in spin indices, as it includes rel-
ativistic effects such as spin-orbit interaction. However,
for brevity, here we suppress the spinor indices in H and
Ψ.
The Hamiltonian H(λ, t) consists of the unperturbed

part H0 and the perturbation V applied with frequency
ω > 0,

H = H0 + λeδt
(
V eiωt + V †e−iωt

)
. (2)

For a moment, we keep the perturbation V generic and
later replace it with the interaction of the electron with
the external electric field (see Appendix A for more de-
tails). We will assume that the electric field of light is
polarized in the x–y plane with a definite helicity (as
specified in Appendix A). The induced magnetic mo-
ment in a cubic material must then be along the z-axis.
The strength of the interaction is parameterized with the
dimensionless parameter λ. In the limit δ → 0+, the
switching function eδt is responsible for turning on the
perturbation V infinitesimally slowly.
We will solve the time-dependent equation in terms

of the solutions Φi to the unperturbed time-independent
Hamiltonian,

H0Φi = EiΦi. (3)

Following Ref. 37 and using a specific formulation from
Ref. 38, the solution of the time-dependent problem as a
series expansion in λ is given by,

Ψi = Nie
−iαit

Φi +

j ̸=i∑
j

BjΦje
iαijt

 . (4)
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The coefficients Bj are expanded to powers of λ,

Bj = B
(0)
j + λB

(1)
j + λ2B

(2)
j + . . . (5)

as detailed in Appendix B. We choose B
(0)
j = 0 for all j.

In the lowest order in perturbation theory, ℏαij = Ei−
Ej . For completeness, we provide the Taylor expansion of
αij to second order in λ in Appendix B. The sum in Eq. 4
is over all states j that do not equal the unperturbed state
i.
We computed |Ni|2 by imposing the normalization con-

dition, ⟨Ψi|Ψi⟩ = 1. From the orthonormality of the un-
perturbed states ⟨Φi|Φj⟩ = δij , it trivially follows that

|Ni|2 = 1 +O(λ2). (6)

Now we compute the spin magnetic moment per unit
cell in the perturbed state Ψi. This is simply given as
the expectation value of the spin moment operator,

M IFE
i (t) = ⟨Ψi|M spin|Ψi⟩ . (7)

The total spin-magnetic moment M IFE
i must vanish at

order λ0, as we assume that the ground state is non-
magnetic. The linear term M IFE

i ∼ λ1 must vanish by
symmetry. Therefore, in the lowest order M IFE

i scales as
λ2. Using Eqs. 4 and 5 in Eq. 7 gives us the following for
the magnetic moment,

M IFE
i (t) = 2Re

j ̸=i∑
j

B
(2)
j eiαijt ⟨Φi|M spin |Φj⟩

+

+

j ̸=i∑
j

[
B

(1)
j

]∗
e−iαijt

l ̸=i∑
l

B
(1)
l eiαilt ⟨Φj |M spin |Φl⟩ . (8)

Here, we collected all terms in the expansion that scale
as λ2 and neglected all higher orders of λ. From now on,
we set λ = 1 for simplicity.

In deriving Eq. 8 we had to take into account that the
λ2 contribution of |Ni|2 from Eq. 6 is now weighted by the
expectation of the spin magnetic moment in the unper-
turbed ground state, ⟨Φi|M spin|Φi⟩. Since the expecta-
tion value of total spin moment is zero in a non-magnetic
system, we conclude that the normalization term |Ni|2
does not contribute to M IFE

i (t) in the λ2 order.

Inserting directly B
(1)
j and B

(2)
j from Eqs. B2 and B3

into our expression for M IFE
i (t) (Eq. 8) would give us

both constant in time contributions to M IFE
i , as well as

those that oscillate with a frequency of 2ω. As shown
in Sec. II F, the 2ω contribution is smaller in magnitude
than the constant contribution. Therefore, from now on,
we focus on the constant time-independent contribution
and we will denote the corresponding spin expectation
value simply as M IFE

i without explicit time dependence.
Inserting Eqs. B2 and B3 into Eq. 8 and rearranging the
terms, we find the following expression for the constant

time-independent contribution to IFE,

M IFE
i =

j ̸=i∑
j

l ̸=i∑
l

[
⟨Φi|V |Φj⟩ ⟨Φj |M spin|Φl⟩ ⟨Φl|V †|Φi⟩

(Ej − Ei − ℏω − iη)(El − Ei − ℏω + iη)

+
⟨Φi|V †|Φj⟩ ⟨Φj |M spin|Φl⟩ ⟨Φl|V |Φi⟩

(Ej − Ei + ℏω − iη)(El − Ei + ℏω + iη)

+2Re
⟨Φi|M spin|Φj⟩ ⟨Φj |V |Φl⟩ ⟨Φl|V †|Φi⟩
(Ej − Ei + 2iη)(El − Ei − ℏω + iη)

+2Re
⟨Φi|M spin|Φj⟩ ⟨Φj |V †|Φl⟩ ⟨Φl|V |Φi⟩
(Ej − Ei + 2iη)(El − Ei + ℏω + iη)

]
. (9)

Although the perturbation theory formulation from
Ref. 37 and 38 is in principle without divergences when
using the recursive formulation of αji from Eq. B1, such a
formulation is numerically intensive and excludes sources
of electron level broadening that are not included in V ,
such as phonons or defects. Therefore, as discussed in
the Appendix B, we assumed here that electronic states
have a constant lifetime proportional to η−1. In addition,
we replaced here ℏαij with its lowest order expansion,
Ei − Ej .

As we can see from Eq. 9, there are four groups of con-
tributions toM IFE

i that are constant over time. However,
we expect that only some of these will dominate. In par-
ticular, we expect that the first term in the expression
will dominate whenever the denominator is close to zero.
For example, such a resonant condition can occur when-
ever there is a state j for which Ej − Ei is close to ℏω.
If in addition, we consider a state l such that Ej = El,
then we expect a doubly-resonant condition, as both de-
nominators in the first term could then simultaneously
be close to zero. (Here Ej and El are strictly larger than
Ei as i is the ground state.) Later, in Sec. II F, we show
with an explicit numerical calculation that, in fact, these
doubly resonant terms dominate the IFE response in bulk
Au.

From now on we will explicitly separate out the doubly-
resonant part from the first term in Eq. 9. We are
then left with the doubly-resonant contribution, and four
groups of non-doubly resonant terms,

M IFE
i =

j ̸=i∑
j

El=Ej

l ̸=i∑
l

⟨Φi|V |Φj⟩ ⟨Φj |M spin|Φl⟩ ⟨Φl|V †|Φi⟩
(Ej − Ei − ℏω)2 + η2

+ (non-doubly-resonant terms). (10)

Here the second sum over l is done only over states l that
have the same energy as the state j appearing in the first
sum.

Up until now, the indices i, j, and l were simply
labeling many-electron states in the system within the
independent-electron approximation. From now on, we
will introduce changes to this notation. First, we will do
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the following replacements,

|Φi⟩ −→ |GS⟩ , (11)

|Φj⟩ −→ c†mMKcnNk |GS⟩ , (12)

|Φl⟩ −→ c†m′M ′Kcn′N ′k |GS⟩ . (13)

Here |GS⟩ is the ground state in which every single-
particle orbital with energy below the Fermi level EF is
occupied. The electron destruction operator cnNk corre-
sponds to the single-particle Bloch orbitals |ϕnNk⟩. Here,
k is the electron crystal momentum. In what follows, we
will usually not write crystal momenta explicitly, and we
are going to assume that for the interband-transitions
k = K. In the case of the intraband-transitions, we as-
sume that the k and K differ by the wavevector of the
incoming light, and then we work in the k → K limit.
In addition to crystal momentum, we also label different
electron bands with a pair of indices (n,N), since each
electronic band is at least twice degenerate due to the
PT symmetry. In particular, we will label band dou-
blets with index n and distinguish individual states in
the doublet with an additional index N . For each n,

we will label one state with N = 1 and another with
N = 2. As discussed in Sec. II C, there is some free-
dom in choosing single-particle orbitals that correspond
to N = 1 or N = 2. (We note that without spin-orbit
interaction, N = 1 and N = 2 could simply correspond
to two different eigenstates of the electron spin operator
Sz. Therefore, one could choose N = 1 to correspond to
the state with spin pointing along the +ẑ direction and
N = 2 with spin along −ẑ. However, when the spin-orbit
interaction is included in our calculation, the states no
longer have a well-defined projection of the spin Sz.)

The earlier requirement in Eq. 10 that i ̸= j is now in
the context of Eqs. 11 and 12 converted to the require-

ment that the labels in the subscript of cnNk correspond
to the state with energy below EF, while the labels in

c†mMk correspond to the state with energy above EF. A
similar requirement follows from i ̸= l. With this replace-
ment, and using our notation for a doublet, converting
the sum over states integral over the Brillouin zone, and
using the second-quantized form of the V and M spin op-
erators, we get the following for the induced magnetic
moment M per unit cell,

M IFE =M IFE
elec −M IFE

hole +M IFE
ndr (14)

M IFE
elec =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

emp∑
m

2∑
M=1

2∑
M ′=1

⟨ϕnN |V |ϕmM ⟩ ⟨ϕmM |M spin|ϕmM ′⟩ ⟨ϕmM ′ |V †|ϕnN ⟩
(Em − En − ℏω)2 + η2

(15)

M IFE
hole =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

2∑
N ′=1

emp∑
m

2∑
M=1

⟨ϕnN |V |ϕmM ⟩ ⟨ϕmM |V †|ϕnN ′⟩ ⟨ϕnN ′ |M spin|ϕnN ⟩
(Em − En − ℏω)2 + η2

(16)

The terms M IFE
elec and M IFE

hole can be doubly-resonant and they originate from the first term in Eq. 10. The remaining,
non-doubly resonant, term M IFE

ndr is given in the Appendix C. We compute the needed matrix elements as,

⟨ϕmM |M spin|ϕmM ′⟩ = 2
e

2me
⟨ϕmM |Sz|ϕmM ′⟩ , (17)

⟨ϕnN |V |ϕmM ⟩ = e

2

√
I

ϵ0c

En − Em

ℏω
(Ax

nNmM + iAy
nNmM ) (interband, n ̸= m). (18)

and we define the Berry connection Aα
nNmM as,

Aα
nNmM = ⟨unN |i∂kα |umM ⟩ . (19)

The expression for the intraband optical transition is
given in Eq. A5.

In the above expressions, we don’t include doublet in-
dices N , N ′, M , and M ′ in the eigenenergy En as, by
definition, states in the doublet have the same energy,
so En = EnN . The charge of the electron is e and its
mass is me. The spin angular momentum operator is
Sz with the expectation value of ±ℏ/2 for a fully spin-
polarized electron. The electron orbitals are normalized
to unity in a single unit cell. As discussed earlier, here
we assumed that the electric field of light is polarized in

the x–y plane and that the induced magnetic moment is
along the z-axis. In Eq. 18, we denoted with I the in-
tensity of the incoming light, c is the speed of light, and
ϵ0 is the permittivity of the free space. The cell-periodic
part of the Bloch state |ϕnN ⟩ we denoted as |unN ⟩. The
derivative with respect to the α, Cartesian component of
the electron momentum kα, we denote as ∂kα .

The sums over N , N ′, M , and M ′ in Eqs. 15, 16, and
C2–C9 are done over the degenerate subspace. In these
expressions, we assumed that there are two degenerate
bands at each k-point, but the generalization to a dif-
ferent number of degenerate bands, including bands that
are non-degenerate, is trivial.
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C. Degenerate band gauge invariance

Our expressions Eq. 15 and 16, for the induced mag-
netic moment, are written in terms of the single-particle
orbitals ϕnN . These are eigenstates used to construct
Slater determinants of the unperturbed Hamiltonian
given in Eq. 3. As discussed earlier, the choice of orbitals
ϕnN is not unique. In the presence of PT symmetry, all
bands are doubly degenerate. Therefore, for each doublet
n, we could have chosen, as our perturbation basis, any
linear combination of states ϕnN=1 and ϕnN=2 within the
doublet. Formally, we could have rotated each doublet n
at each k-point using an arbitrary 2 × 2 unitary matrix
Unk as follows,

ϕnN −→
2∑

P=1

UPN
nk ϕnP . (20)

Now we will confirm that our Eq. 15 is indeed invariant
under the transformation in Eq. 20. The transformation
in Eq. 20 does not mix states of different energy, as such a
transformation would result in states that are not eigen-
states of the unperturbed Hamiltonian given in Eq. 3.
Therefore, instead of focusing on the entire Eq. 15, it is
enough to show the degenerate band gauge invariance of
the numerator for fixed doublets n and m,

gelecnm =

2∑
N=1

2∑
M=1

2∑
M ′=1

⟨ϕnN |V |ϕmM ⟩ ⟨ϕmM |M spin|ϕmM ′⟩ ⟨ϕmM ′ |V †|ϕnN ⟩ with (n ̸= m). (21)

Furthermore, for simplicity, we will focus here on the
degenerate band gauge invariance of only M IFE

elec from
Eq. 15. The demonstration of degenerate band gauge in-
variance ofM IFE

hole andM IFE
ndr proceeds in a similar fashion.

Here, we are allowed to consider only the case n ̸= m,
since M IFE

elec is written as the sum of n in the occupied
band and m in the empty band. Clearly, with the defini-
tion of gelecnm , the Eq. 15 can be rewritten as

M IFE
elec =

∫
BZ

d3k

(2π)3

occ∑
n

emp∑
m

gelecnm

(Em − En − ℏω)2 + η2
.

(22)

Since states transform according to Eq. 20, the spin mag-
netic moment matrix elements ⟨ϕmM |M spin|ϕmM ′⟩ trans-
form as,

⟨ϕmM |M spin|ϕmM ′⟩ −→ U†MP
m ⟨ϕmP |M spin|ϕmP ′⟩UP ′M ′

m .
(23)

Here we implicitly assume the sum over repeated indices
P and P ′.
The transformation of the matrix element of V at first

seems somewhat more involved than that of M spin, as it
contains the derivative with respect to k. Therefore, this
derivative must also act on our unitary rotation matrix,
Unk as it is generally k-dependent. Therefore, following
the definition of Berry connection in Eq. 19, it transforms
as,

Aα
nNmM −→ U†NP

nk ⟨ϕnP | i∂kα

(
|ϕmR⟩URM

mk

)
. (24)

It is easy to see that in our case it is enough to consider
only the term where the derivative ∂kα

acts on the ket,

Aα
nNmM −→ U†NP

nk Aα
nPmRU

RM
mk , if n ̸= m. (25)

The remaining term, where derivative acts on the matrix
URM
mk vanishes, as it is proportional to ⟨ϕnP |ϕmR⟩ which

is identically zero due to our assumption that n ̸= m.39

(We note that the second term is generally non-zero for
a multi-band gauge transformation that can mix one-
particle states of different energy. We refer to Ref. 40 and
41 for more details on such transformations.) It follows
trivially that the matrix element of V then also trans-
forms as a simple matrix,

⟨ϕnN |V |ϕmM ⟩ −→ U†NP
n ⟨ϕnP |V |ϕmR⟩URM

m , if n ̸= m.
(26)

Since both Eqs. 23 and 26 are simple unitary matrix
transformations, it follows that gelecnm transforms as a trace
of the product of three matrices. The trace of a matrix
is invariant under unitary transformation, so gelecnm is also
invariant,

gelecnm −→ gelecnm . (27)

From Eq. 22, it now follows that M IFE
elec itself is also de-

generate band gauge invariant under transformation in
Eq. 20

M IFE
elec −→ M IFE

elec . (28)

This concludes the proof of the degenerate band gauge in-
variance of M IFE

elec . Since the numerators of the expression
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for M IFE
hole and M IFE

ndr are very similar to those of M IFE
elec ,

their degenerate band gauge-invariance can be demon-
strated analogously following the same approach.

D. Comparison to degenerate band gauge
invariance in previous works

Now we compare the IFE given by our Eqs. 15 and
16 with that of Refs. 17, 18, and 24. The expressions
in these previous works can be rewritten in a form sim-
ilar to that of Eq. 22 but with a different choice of the
numerator gelecnm (the energy denominator in the case of
Refs. 24 and 17 is different from our Eqs. 15 and 16, as
discussed in Sec. IIID, but this difference does not affect
the degenerate band gauge invariance).

We start by discussing first Ref. 18. This work reports
on the calculation of the IFE-like response in materials
without PT symmetry, such as ferromagnetic iron. The
numerator appearing in Ref. 18 is of the following form,

⟨ϕn|V |ϕm⟩ ⟨ϕm|M spin|ϕm⟩ ⟨ϕm|V †|ϕn⟩ . (29)

Clearly, the difference between our Eq. 21 and Eq. 29
is the lack of sum over the indices that distinguish the
states in the doublet (N , M , and M ′). However, this is
to be expected, as materials considered in Ref. 18 do not
have PT symmetry (and thus don’t have doubly degen-
erate band structure at all k-points) so the indices n and
m now run over all electronic states at a given k-point.
Eq. 29 is trivially degenerate band gauge-invariant under
the following transformation,

ϕnk −→ Unkϕnk (30)

as Unk is no longer a matrix, but simply a complex num-
ber with norm 1. Inserting Eq. 30 into Eq. 29 trivially
demonstrates its degenerate band gauge invariance.
Next, we compare our Eq. 14 with the expression for

IFE from Refs. 24 and 17. The analogous doubly res-
onant time-independent contribution to the IFE from
Refs. 24 and 17 can be rewritten in the form of our Eq. 22
with the following choice of the numerator gelecnm ,

2∑
N=1

2∑
M=1

⟨ϕnN |V |ϕmM ⟩ ⟨ϕmM |M spin|ϕmM ⟩ ⟨ϕmM |V †|ϕnN ⟩ .

(31)

Eq. 31 contains only two sums over the degenerate indices
(N and M), while our Eq. 21 has a sum over three de-
generate indices (N , M , and M ′). However, since matrix
elements of V andM spin still transform as matrices under
degenerate band gauge transformation given in Eq. 20,
the Eq. 31 is therefore not in the form of a trace of a
product of matrices, and therefore Eq. 31 is not degener-
ate band gauge-invariant. This is why in Ref. 17, authors
had to work in a special gauge to obtain a gauge-invariant
IFE.42 In this special gauge, the operator M spin must be
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FIG. 2. M IFE
elec of Au as a function of incoming light frequency

ω computed using Eq. 21 and Eq. 22 (or, equivalently, Eq. 15)
in four different degenerate band gauges. All four degenerate
band gauge choices give the same numerical value of M IFE

elec .

chosen to be diagonal in the space of each doubly degen-
erate band. Such an approach, in a somewhat different
context, of using a gauge in which M spin is diagonal, has
also been proposed in Ref. 43.
Clearly, the numerators given in Eqs. 21 and 31 are

identical if ⟨ϕmM |M spin|ϕmM ′⟩ is diagonal in the doublet
indices M and M ′. However, first-principles codes do
not necessarily provide an output electron wavefunction
in a gauge where M spin is diagonal. Therefore, the use
of a degenerate band gauge-invariant expression such as
Eq. 21 is preferred, as it gives the same result regardless
of the gauge choice.
Furthermore, the eight contributions to the non-

doubly-resonantM IFE
ndr , given in Appendix C, contain ma-

trix elements of M spin between electronic states with dif-
ferent energies. However, the gauge freedom of the form
given in Eq. 20 does not allow a mixture of states with
different energies. Therefore, it is generally not possible
to find a special degenerate band gauge to evaluateM IFE

ndr ,
as in the case ofM IFE

elec andM IFE
hole. Instead, one must eval-

uate M IFE
ndr using the manifestly degenerate band gauge

invariant form, as given in Appendix C.

E. Numerical test of degenerate band gauge
invariance

We now numerically test the degenerate band gauge
invariance of various formulations of IFE. For this test,
we consider the bulk fcc gold, as it is an inversion-
symmetric non-magnetic material, so it has PT sym-
metry. We perform density functional theory calcula-
tions using Quantum ESPRESSO.44 We use the gen-
eralized gradient approximation45 to density functional
theory. Atomic potentials are replaced with the fully-
relativistic ONCV pseudopotentials46 from the pseudo-
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FIG. 3. Same as Fig. 2 but using gelecnm from Eq. 31 instead of
Eq. 21. Now four different degenerate band gauge choices give
four different values of M IFE

elec . The green curve in this figure,
corresponding to gauge choice IV, is numerically identical to
the green curve in Fig. 2.

dojo library.47 We set the kinetic energy cutoff for the
planewave basis expansion to 120 Ry. We perform self-
consistent calculations using a k-mesh grid of 28×28×28
and non-self-consistent calculations on a 8 × 8 × 8 grid.
We used an experimental lattice constant of 4.08 Å.48

We employ the maximally localized Wannier func-
tions approach49 as implemented in Wannier9050 to com-
pute the IFE by Wannier interpolation.51 We use atom-
centered orbitals sp3d2, dxy, dyz, and dzx to construct
Wannier functions. For the Wannier interpolation, we
used a very flexible interface of the Wannier Berri52

package that enabled us to implement the calculation
of the IFE. We find that a k-point interpolation grid of
100× 100× 100 is sufficient to give the converged result.
To avoid singular points in the Brillouin zone with high
symmetry, we shifted the uniform interpolation grid by
a small random displacement along all three Cartesian
directions. In most of our calculations, we use a constant
inverse lifetime of η = 0.1 eV.

To check the degenerate band gauge invariance of
Eqs. 15 and 31, we first discuss different strategies we
used to obtain distinct gauge choices for the electron or-
bitals. Within the Kohn-Sham formalism,53 electron or-
bitals are eigenvectors of the differential equation that
has the form of a Schrodinger-like Eq. 3. By the period-
icity of the solid, we need to solve one Schrodinger-like
equation for each k-point in the Brillouin zone. To obtain
different degenerate band gauge choices for the solutions
of this equation, we will use to our advantage the fact
that our numerical solutions to Eq. 3 are based on an
iterative diagonalization procedure. These iterative di-
agonalization procedures start from a user-provided ini-
tial guess for the electron wavefunction. The initial guess
is then iteratively optimized by the diagonalization algo-
rithm. Clearly, different choices of the initial guess for

the wavefunction will then be iterated by the diagonal-
ization procedure to a different choice of the final wave-
functions. When solutions to Eq. 3 at a single k-point
are non-degenerate, the only potential difference in the
final resulting wavefunctions is the overall phase factors.
These phase factors have the form of the trivial gauge
transformation as in Eq. 30 and do not pose any difficul-
ties in calculating the IFE.

On the other hand, if Eq. 3 at a single k-point has
degenerate solutions, then the just described iterative
diagonalization procedure will yield an arbitrary linear
combination of degenerate electron orbitals. In the case
of PT symmetric material, where the bands are at least
two-fold degenerate at each k, these linear combinations
of degenerate electron orbitals result in gauge freedom
described by a 2×2 unitary matrix. This is precisely the
gauge transformation Eq. 20 we discussed in the previous
subsection. We note that the electron density is clearly
unchanged by the gauge choice described above, so any
physical property, such as total energy, that depends on
the electron density is gauge invariant.

In the following, we discuss four strategies that we use
to obtain four different gauge choices. We label these
gauges as I, II, III, and IV.

We obtain gauge-I by initializing the electron orbital
to a linear combination of atomic-like orbitals centered
on Au atoms. On the other hand, we obtain gauge-II by
initializing the electron orbital to a completely random
linear combination of plane-wave basis functions. In par-
ticular, both spinor components of the electron orbital
are randomized, which results in the random initial ori-
entation of spinors.

For constructing gauges III and IV, we use a somewhat
different approach. Instead of specifying different initial
guesses for the electron orbital, we apply a weak exter-
nal perturbation to the system, which then effectively
nudges the iterative procedure towards a specific choice
of the gauge. For constructing gauge-III, we chose as our
external perturbation a Zeeman field pointing along the
x-axis. Such a Zeeman field will induce a small split-
ting of the PT -degenerate electronic bands on the or-
der of 10−6 eV. Therefore, regardless of the initial choice
of the electron orbital, the final electron orbital will al-
ways correspond (up to an overall phase factor) to the
orbitals with spinors aligned along the x-axis. However,
for the purposes of our test of the gauge invariance of
IFE, we still must treat the bands split by 10−6 eV as if
they were degenerate doublets. We confirmed that these
small energy splittings do not affect the computed value
of the IFE by varying the strength of the applied Zee-
man field. In particular, we find that the IFE is nearly
unchanged even if we use a stronger Zeeman field that
induces 10 or 100 times larger splitting of the degen-
erate doublets (so that the splittings are on the order
of 10−5 eV or 10−4 eV). Finally, we construct gauge-IV
similar to gauge-III, but we apply the small Zeeman field
along the z-axis instead of the x-axis.

Figure 2 shows the IFE that we calculated using our
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Eq. 15. The horizontal axis denotes the frequency of the
incoming light, ω. The different colored lines in the figure
correspond to the IFE calculated using gauges I, II, III,
and IV. As can be seen from the figure, all four gauges
result in a nearly identical value of IFE. The relative nu-
merical differences between the IFE calculated in these
four cases are at most 10−4. This numerical test further
confirms the gauge invariance of Eq. 15 that we demon-
strated analytically in the previous section. We also nu-
merically verified the degenerate band gauge invariance
of M IFE

hole and each of the eight terms that contribute to
M IFE

ndr .
We remind the reader that Eq. 15 can be written equiv-

alently in the form of Eq. 22 with the numerator gelecnm

taken from Eq. 21. This form is useful in comparing
our equation with that from previous work. In particu-
lar, a doubly-resonant time-independent contribution to
IFE from Refs. 24 and 17 can be written as Eq. 22 but
with numerator gelecnm from Eq. 31 instead of Eq. 21. (At
the moment, we neglect a different functional form of
the denominator, as it does not affect the gauge invari-
ance. We discuss the role of different denominators in
Sec. IIID.) Figure 3 shows the IFE that we calculated
using the numerator from Eq. 31 and the denominator
from our Eq. 21. As can be seen from the figure, four
different degenerate band gauge choices result in four dif-
ferent values of IFE, which is non-physical. This numer-
ical test clearly demonstrates the dependence of Eq. 31
on the choice of degenerate band gauge. However, as dis-
cussed in Sec. IID, numerators from Eq. 21 and Eq. 31
are equivalent if one chooses a degenerate band gauge in
which the matrix elements of M spin are diagonal in the
doublet indices. To numerically test this equivalence, we
consider our results in the case of gauge IV, as in this
gauge M spin is forced to be diagonal by an application
of a small Zeeman field along the z-axis. Indeed, as can
be seen by comparing the green line in Figs. 2 and 3, the
gauge-IV indeed leads to the same doubly-resonantM IFE

elec
using Eq. 21 or Eq. 31. Unfortunately, as discussed at the
end of Sec. IID, it is not possible to use a special gauge
(such as gauge IV) to calculate the non-doubly resonant
M IFE

ndr .

F. Non-doubly resonant contributions to IFE

In Eq. 14 we decomposed total IFE into M IFE
elec −M IFE

hole
which can be doubly resonant, as well as M IFE

ndr which
can’t. Therefore, in a material, such as bulk gold, in
which there is a clear resonance feature in the band struc-
ture in the optical regime, we expect that the non-doubly-
resonant termM IFE

ndr will be small in magnitude compared
to M IFE

elec −M IFE
hole. In fact, this is what we find numerically

for the interband non-doubly-resonant terms, as shown in
Fig. 4.

Now we discuss various non-doubly-resonant contribu-
tions to IFE. The first group of non-doubly-resonant con-
tributions to IFE are eight interband contributions to
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FIG. 4. Decomposition of the interband spin IFE of AuM IFE

(brown color) into doubly-resonant contributions M IFE
elec (dark

blue, Eq. 15) and
∣∣M IFE

hole

∣∣ (light blue, Eq. 16), as well as the

non-doubly resonant contribution M IFE
ndr (pink color, Eq. C1).

Near resonance, the non-doubly resonant terms are negligible
compared to the doubly-resonant terms. We use η = 0.1 eV.
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FIG. 5. All doubly-resonant (Eqs. 15 and 16) and non-
doubly-resonant (Eq. C1) interband spin components of IFE
in bulk gold. Vertical scale is logarithmic. We use η = 0.1 eV.

M IFE
ndr . These are listed in the Appendix C. Figure 5

shows that, as expected, in the resonance region (around
2 eV) these contributions to the IFE are about 100 times
smaller than the doubly-resonant contributions. At lower
frequencies, around 1 eV the non-doubly-resonant terms
are only about 5 times smaller.
The second group of contributions are those that in-

volve intraband transitions. However, in a nonmagnetic
inversion-symmetric material these intraband transitions
are never doubly resonant. To show this, let us con-
sider for a moment the doubly resonant interband con-
tribution M IFE

elec − M IFE
hole given in Eqs. 15 and 16. To
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obtain the intraband contribution, we need to consider n
and m corresponding to the same band, and we should
compute the matrix element of V using Eq. A5. How-
ever, since Eq. A5 is diagonal in the doublet indices, it
is easy to show that the resulting doubly resonant intra-
band contribution to the IFE is proportional to the trace
of M spin over the doublet. In a nonmagnetic inversion-
symmetric material, such as bulk Au, this trace is zero.
On the other hand, if one considers the remaining eight
non-doubly-resonant interband contributions to the IFE,
given in Appendix C, one can easily see that these do
not vanish. However, since these are non-doubly reso-
nant, we expect them to have a negligible contribution
to the total IFE in the optical range of ω.
The third group of non-doubly resonant contributions

to the IFE are those that result in a time-dependent mag-
netization that oscillates with twice the frequency (2ω) of
the incoming light. However, as can be seen from Eq. B3,
none of these contributions can be made doubly resonant,
since the energy denominators can generically never be
both zero for any set of bands. Therefore, the magnitude
of the magnetization oscillating with frequency 2ω is go-
ing to be negligible to the time-independent contribution

to IFE. The same conclusion was also made in Refs. 24
and 54.

III. DISCUSSION

Now we discuss in more detail our results for the spin-
contribution of IFE in Au.

A. Intuitive picture of the doubly resonant IFE

In Eq. 14 we decomposed IFE into a doubly resonant
part (M IFE

elec − M IFE
hole) and the non-doubly resonant part

(M IFE
ndr ). Now we are going to rewrite the dominant,

doubly-resonant, contribution in a way that more clearly
demonstrates the meaning of M IFE

elec and −M IFE
hole. First,

we adopt a degenerate band gauge in which the matrix
element ⟨ϕmM |M spin|ϕmM ′⟩ is diagonal in M and M ′ for

each m. We will denote states in such a basis as |ϕ̃mM ⟩.
It is then easy to show that M IFE can be written as,

M IFE
elec −M IFE

hole =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

emp∑
m

2∑
M=1

⟨ϕ̃nN |V |ϕ̃mM ⟩
[
⟨ϕ̃mM |M spin|ϕ̃mM ⟩ − ⟨ϕ̃nN |M spin|ϕ̃nN ⟩

]
⟨ϕ̃mM |V †|ϕ̃nN ⟩

(Em − En − ℏω)2 + η2
.

(32)

Therefore, the doubly resonant contribution to M IFE can
be interpreted as a process of optical excitation and de-
excitation of a solid with circularly polarized light. These
optical processes are weighted by the effective magnetic
moment of excitations. According to Eq. 32, the effective
magnetic moment of excitation consists of the magnetic

moment of the excited electron ⟨ϕ̃mM |M spin|ϕ̃mM ⟩ and

the excited hole −⟨ϕ̃nN |M spin|ϕ̃nN ⟩. Clearly, to have
a large IFE one needs to find a material in which, in
addition to the resonance, there is as large an asymmetry
as possible between the effective magnetic moment of the
electron and the hole.

B. Comparison of IFE to the optical spectrum

As shown in Fig. 4, we find that the total spin IFE has
a resonance-like peak when ω is around 2.5 eV. We assign
this peak to the interband transitions from d to sp-like
states. This dependence of IFE on frequency is remi-
niscent of the well-known similar frequency dependence
of the optical dielectric function.55,56 Clearly, at some
fixed ω, both our Eqs. 15 and 16, as well as the dielectric
function increase if there is a pair of states separated by

ℏω. In fact, the dielectric function shows a similar de-
pendence on ω as the joint density of the states (JDOS)
divided by ω2, as discussed, for example, in Refs. 55–57.
Therefore, it is tempting to compare our calculated IFE
value with JDOS/ω2. Nevertheless, as discussed in the
previous subsection, the dominant spin contribution to
IFE in gold is a result of compensating magnetic mo-
ments of excited electrons and holes. Therefore, we first
focus on the comparison of JDOS with M IFE

elec and then
with M IFE

hole.
We define JDOS as,

JDOS(ℏω) =4

∫
BZ

d3k

(2π)3

occ∑
n

emp∑
m

δ (Emk − Enk − ℏω) .

(33)

In the numerical calculation, we replaced the Dirac delta
function with a Lorentzian with a width of 0.1 eV. Fig-
ure 6 compares the M IFE

elec part of IFE (solid red line) with
JDOS/ω2 (dotted gray line). We rescaled JDOS /ω2 with
an arbitrary constant prefactor to make it visually easier
to compare the curves. The JDOS/ω2 shows a resonance-
like structure near 2.5 eV, just like our calculated M IFE

elec .
Clearly, the spin component of IFE in a simple metal like
bulk gold mostly comes from the band-structure effects.
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FIG. 6. Comparison of M IFE
elec for Au calculated using Eq. 15

(solid red line) with two approximants: scaled JDOS/ω2 (dot-
ted gray line) and M IFE

elec computed with assuming constant
diagonal matrix elements of M spin from Eq. 34 (dashed yel-
low line). Here we use Melec equal to 0.22 µB per one Au
atom per TW/cm2.

Furthermore, it seems likely that the matrix element of
M spin appearing in Eq. 15, but not in JDOS, weakly de-
pends on the k-point in bulk Au. To test this hypothesis,
we performed a somewhat simplified IFE calculation in
which we assume that the M spin matrix is proportional
to a 2× 2 identity matrix in the doublet indices,

⟨ϕmMk|M spin|ϕmM ′k⟩ −→ MelecδMM ′ , (34)

Here, a single numerical constant Melec is the same for
all empty states labeled by m, M , M ′, and k. We note
that in this somewhat simplified calculation, we are re-
placing a traceless matrix ⟨ϕmMk|M spin|ϕmM ′k⟩ with the
identity matrix with a non-zero trace. Therefore, effec-
tively, in this simplified approach, we treat gold as if it
had spin-polarized electronic states and the spin mag-
netic moment of each empty electronic state is Melec.
However, we find this replacement to be convenient as it
is gauge invariant and can be parameterized with a single
number, Melec. With replacement from Eq. 34, we find
that

Melec = 0.22 (µB/atom)/(TW/cm2)

gives the final result that is numerically as similar as
possible to the M IFE

elec computed using actual matrix el-
ements of M spin (compare yellow dashed line and solid
red line in Fig. 6). Given this good agreement, we can
now considerMelec as an intrinsic measure of the average
effective magnetic moment of the electron in Au.

However, as just discussed, the total spin IFE in Au
consists not only of M IFE

elec but also of −M IFE
hole and M IFE

ndr .
The magnitude of M IFE

ndr is negligible compared to M IFE
elec

so we can ignore it. However, M IFE
hole is similar in magni-

tude to M IFE
elec . In fact, we can once again reproduce most

spectral features of −M IFE
hole if we replace the matrix ele-
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FIG. 7. Comparison of total spin IFE for Au with different
choice of η.

ment of M spin with another constant,

⟨ϕnNk|M spin|ϕnN ′k⟩ −→ MholeδNN ′ . (35)

If we determine Mhole analogously to Melec we find that
the magnetic moment of the hole is somewhat smaller in
magnitude,

Mhole = 0.18 (µB/atom)/(TW/cm2).

Therefore, as discussed in Sec. III A, the non-zero IFE
is a result of incomplete cancellation between the effec-
tive magnetic moment of the electron and the hole (0.22
versus 0.18 (µB/atom)/(TW/cm2)).

C. Role of electron lifetime

We now briefly comment on the importance of the elec-
tron lifetime (η) magnitude used in our calculation. Our
results shown so far were obtained with η = 0.1 eV. In
Fig. 7, we show the calculated value of the total spin
IFE using η set to 0.2, 0.3, and 0.4 eV. Comparing the
IFE at these lifetimes, we observe that the basic features
of the IFE remain the same, but the overall magnitude
is reduced near the resonance. This is consistent with
the expectation that a larger η would lead to a less pro-
nounced resonance structure of the IFE.

D. Comparison with numerical values from the
previous work

Now we compare the numerical values of the spin com-
ponent of IFE in bulk gold calculated in this work with
those reported in Ref. 17. In our work, we find that
the spin part of IFE in gold closely resembles the opti-
cal properties of gold. That is, IFE in this case is large
when ω is close to the d–s optical resonance. On the other
hand, the spin component of IFE reported in Ref. 17 does
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not show this resonant feature. Instead, the IFE in that
work can be reasonably well approximated as ω−1 in the
range of energies from 1.0 to 4.0 eV. We now discuss the
likely origin of the difference in the computed value of
IFE. The most significant difference comes from the sub-
tle difference in the relative signs of iη−1 in the energy
denominators. As can be seen in Eqs. 15 and 16, the
parameter η introduces a Lorentzian-like broadening of
the optical transitions in our work, so that

M IFE
elec −M IFE

hole ∼
∑
...

. . .

(Em − En − ℏω)2 + η2
. (36)

The same line shape is used in Ref. 18 where it was de-
rived from the application of the Fermi golden rule. More
specifically, the application of the Fermi golden rule from
Ref. 18 results in an IFE that is proportional to the Dirac
delta function,

∼ lim
η→0

∑
...

. . .

(Em − En − ℏω)2 + η2
. (37)

In our work, the Lorentzian-like line shape follows from

the opposite sign of iη in the denominators of B
(1)
j and

its complex conjugate
[
B

(1)
j

]∗
. This is consistent with

Refs. 58, 59, and 60 as discussed in Appendix B.
In Refs. 24 and 17, the functional form of the energy

denominator results in a non-Lorentzian line shape which
removes resonant features of IFE near the d–s optical res-
onance. In particular, the spectral form in the quantum-
mechanical derivation in Refs. 24 and 17 is of the follow-
ing form,

∼ Re
∑
...

[
. . .

(Em − En − ℏω + iη)2

]
. (38)

This function has a minimum at ℏω = Em − En and
two maximums at ℏω = Em − En ±

√
3η. However, the

integral of this function over ω is zero. Therefore, the
convolution of this spectral form with the resonance in
the gold band structure will generically wash out the res-
onance in IFE. In fact, for a sufficiently small η, smaller
than any feature in the band structure, the total com-
puted IFE will tend to zero. We note that, on the other
hand, the semi-classical derivation from the same work
(Eq. 10 in Ref. 24) finds a Lorentz-like behavior of the
IFE, in agreement with our work, as well as with Ref. 18.

IV. SUMMARY

In this work, we revisit the IFE theory for non-
magnetic metals having inversion symmetry. In such
material, the electronic bands are at least two-fold de-
generate everywhere in the Brillouin zone. We show that
our expression for IFE is degenerate band gauge invari-
ant in the subspace formed by two-fold degenerate bands.
We demonstrated the degenerate band gauge invariance

of our approach both analytically and numerically. More
generally, a similar concern with the degeneracy of elec-
tronic bands is going to be relevant for other spin-orbit
driven properties of the material that require one to go
beyond the first order in perturbation theory. As we dis-
cussed in Sec. II B, the leading term for IFE is of the order
λ2. Therefore, the final expression for IFE includes a sum
over the triplet of electronic states. The difficulty with
degeneracy then occurs whenever a pair of these states
are both occupied or both empty, as they might then
correspond to the same doubly degenerate manifold. We
note that physical properties, such as the spin-Hall effect,
which also occurs in materials with two-fold degenerate
bands, are of the order λ1. Therefore, in computing the
spin-Hall effect, for example, one does not need to be as
careful in dealing with the degenerate band gauge invari-
ance within the space of doubly degenerate bands. In
other words, the expression for the spin-Hall effect has
only two sums over the electronic states, one of which
is empty and another is occupied, so these states must
correspond to distinct doubly degenerate manifolds.

When analyzing the dependence of the IFE on the fre-
quency ω of the incoming light, we find that the spin com-
ponent of our calculated IFE in gold shows a resonance-
like structure around 2.5 eV in contrast to the findings
of Ref. 17. We assign the resonance structure to the
d–s electronic transitions, which are also present in the
dielectric function of gold. The situation in other transi-
tion metals is somewhat more involved than in the case
of gold, and this will be a topic of future work.

Finally, while the current work focuses on the spin
component of the IFE, we suspect that for a more direct
quantitative comparison with the experiment, it is impor-
tant to include the orbital component of the IFE as well.
In particular, we expect that the intraband contribution
to the orbital part of IFE might be large in simple met-
als such as bulk gold, as suggested by the semi-classical
theories of IFE,22,25 as well as by a quantum-mechanical
calculation of the local part of the orbital moment.17,24

However, as discussed earlier, unfortunately, the intra-
band optical part of IFE is the one that is hardest to
formulate on a sound quantum-mechanical footing for an
infinite bulk periodic solid.
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Appendix A: Electron-light interaction term

The electric field E of circularly polarized light propa-
gating along the ẑ axis, with wavevector q, frequency ω,
and intensity I is given as,

E(x, y, z, t) =

√
I

ϵ0c
[x̂ cos (qz − ωt) + ŷ sin (qz − ωt)] .

(A1)

The interaction of this electric field with the electron in
the solid can be introduced following various strategies,
as discussed, for example, in Refs. 61–66. However, all of
these approaches lead to almost the same numerical re-
sult, as long as ℏω is larger than our effective broadening
η.67

The interaction of electrons with the electric field E is
described with the following form of the perturbation V

appearing in Eq. 2,

V = −i
e

2ω

√
I

ϵ0c
(vx + ivy) . (A2)

Here vx and vy are velocity operators. For the interband
matrix elements of vx (and similarly vy) Ref. 61 gives,

⟨ϕnN |vx|ϕmM ⟩ −→ i

ℏ
(En − Em)Ax

nNmM (interband).

(A3)

The matrix elements of V are then easily computed, as
shown in Eq. 18 in the main text. The equivalent contri-
bution for the intraband transition is,

⟨ϕnN |vx|ϕnN ′⟩ −→ 1

ℏ
∂En

∂kx
δNN ′ . (A4)

which results in the following intraband matrix element
of V ,

⟨ϕnN |V |ϕnN ′⟩ = −i
e

2

√
I

ϵ0c

1

ℏω

(
∂En

∂kx
+ i

∂En

∂ky

)
δNN ′ .

(A5)

Appendix B: Perturbative expansion

Following Refs. 37 and 38, the lowest-order perturbative expansion for αji is given as

ℏαji = (Ej − Ei) + λ2

[
l ̸=i∑
l

(
⟨Φl|V |Φi⟩ ⟨Φi|V †|Φl⟩

ℏαli + ℏω
+

⟨Φi|V |Φl⟩ ⟨Φl|V †|Φi⟩
ℏαli − ℏω

)
− ⟨Φi|V |Φi⟩ ⟨Φi|V †|Φi⟩

ℏαji

]
. (B1)

while the expansion of Bj is

B
(1)
j = −

(
⟨Φj |V |Φi⟩

ℏαji + ℏω + iη
eiωt +

⟨Φj |V †|Φi⟩
ℏαji − ℏω + iη

e−iωt

)
eiαjit (B2)

B
(2)
j =

{[
l ̸=i∑
l

⟨Φj |V |Φl⟩ ⟨Φl|V |Φi⟩
ℏαli + ℏω + iη

− ⟨Φi|V |Φi⟩ ⟨Φj |V |Φi⟩
ℏαji + ℏω + iη

]
e2iωt

ℏαji + 2ℏω + 2iη

+

[
l ̸=i∑
l

(
⟨Φj |V |Φl⟩ ⟨Φl|V †|Φi⟩

ℏαli − ℏω + iη
+

⟨Φj |V †|Φl⟩ ⟨Φl|V |Φi⟩
ℏαli + ℏω + iη

)
− ⟨Φi|V |Φi⟩ ⟨Φj |V †|Φi⟩

ℏαji − ℏω + iη
− ⟨Φi|V †|Φi⟩ ⟨Φj |V |Φi⟩

ℏαji + ℏω + iη

]
1

ℏαji + 2iη

+

[
l ̸=i∑
l

⟨Φj |V †|Φl⟩ ⟨Φl|V †|Φi⟩
ℏαli − ℏω + iη

− ⟨Φi|V †|Φi⟩ ⟨Φj |V †|Φi⟩
ℏαji − ℏω + iη

]
e−2iωt

ℏαji − 2ℏω + 2iη

}
eiαjit. (B3)

Here we introduced the phenomenological parameter η to approximately incorporate the effect of scattering. For a
derivation, we refer the reader to Ref. 58, where a perturbative expression for optical rectification is derived following
the perturbation theory with a damped excited-state wavefunction of Weisskopf and Wigner.68,69 The relative signs
of iη here are equivalent to that in Eq. 8 in Ref. 59 and with Eqs. 38 and 52 in Ref. 60. We note that there is physical

significance only in the relative signs of η between various terms in B
(1)
j , B

(2)
j , and their conjugates, and that globally

swapping η → −η in all terms doesn’t change the resulting M IFE.
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Appendix C: Non-doubly-resonant contributions

The interband non-doubly resonant contribution to the IFE can be computed as,

M IFE
ndr = M IFE

ndr,a +M IFE
ndr,b +M IFE

ndr,c +M IFE
ndr,d −M IFE

ndr,e −M IFE
ndr,f −M IFE

ndr,g −M IFE
ndr,h. (C1)

The eight contributions to M IFE
ndr are,

M IFE
ndr,a =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

emp∑
m

2∑
M=1

emp∑
m′

2∑
M ′=1

(1− δmm′)
⟨ϕnN |V |ϕmM ⟩ ⟨ϕmM |M spin|ϕm′M ′⟩ ⟨ϕm′M ′ |V †|ϕnN ⟩

(Em − En − ℏω − iη)(Em′ − En − ℏω + iη)
(C2)

M IFE
ndr,b =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

emp∑
m

2∑
M=1

emp∑
m′

2∑
M ′=1

⟨ϕnN |V †|ϕmM ⟩ ⟨ϕmM |M spin|ϕm′M ′⟩ ⟨ϕm′M ′ |V |ϕnN ⟩
(Em − En + ℏω − iη)(Em′ − En + ℏω + iη)

(C3)

M IFE
ndr,c =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

emp∑
m

2∑
M=1

emp∑
m′

2∑
M ′=1

2Re
⟨ϕnN |M spin|ϕmM ⟩ ⟨ϕmM |V |ϕm′M ′⟩ ⟨ϕm′M ′ |V †|ϕnN ⟩

(Em − En + 2iη)(Em′ − En − ℏω + iη)
(C4)

M IFE
ndr,d =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

emp∑
m

2∑
M=1

emp∑
m′

2∑
M ′=1

2Re
⟨ϕnN |M spin|ϕmM ⟩ ⟨ϕmM |V †|ϕm′M ′⟩ ⟨ϕm′M ′ |V |ϕnN ⟩

(Em − En + 2iη)(Em′ − En + ℏω + iη)
(C5)

M IFE
ndr,e =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

occ∑
n′

2∑
N ′=1

emp∑
m

2∑
M=1

(1− δnn′)
⟨ϕnN |V |ϕmM ⟩ ⟨ϕmM |V †|ϕn′N ′⟩ ⟨ϕn′N ′ |M spin|ϕnN ⟩

(Em − En − ℏω − iη)(Em − En′ − ℏω + iη)
(C6)

M IFE
ndr,f =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

occ∑
n′

2∑
N ′=1

emp∑
m

2∑
M=1

⟨ϕnN |V †|ϕmM ⟩ ⟨ϕmM |V |ϕn′N ′⟩ ⟨ϕn′N ′ |M spin|ϕnN ⟩
(Em − En + ℏω − iη)(Em − En′ + ℏω + iη)

(C7)

M IFE
ndr,g =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

occ∑
n′

2∑
N ′=1

emp∑
m

2∑
M=1

2Re
⟨ϕnN |M spin|ϕmM ⟩ ⟨ϕmM |V †|ϕn′N ′⟩ ⟨ϕn′N ′ |V |ϕnN ⟩

(Em − En + 2iη)(Em − En′ − ℏω + iη)
(C8)

M IFE
ndr,h =

∫
BZ

d3k

(2π)3

occ∑
n

2∑
N=1

occ∑
n′

2∑
N ′=1

emp∑
m

2∑
M=1

2Re
⟨ϕnN |M spin|ϕmM ⟩ ⟨ϕmM |V |ϕn′N ′⟩ ⟨ϕn′N ′ |V †|ϕnN ⟩

(Em − En + 2iη)(Em − En′ + ℏω + iη)
. (C9)

1 L. P. Pitaevskii, “Electric Forces in a Transparent Disper-
sive Medium,” Sov. Phys. JETP 12, 1008 (1961).

2 J. P. van der Ziel, P. S. Pershan, and L. D. Malmstrom,
“Optically-induced magnetization resulting from the in-
verse Faraday effect,” Phys. Rev. Lett. 15, 190–193 (1965).

3 P. S. Pershan, J. P. van der Ziel, and L. D. Malmstrom,
“Theoretical discussion of the inverse Faraday effect, ra-
man scattering, and related phenomena,” Phys. Rev. 143,
574–583 (1966).

4 A. V. Kimel, A. Kirilyuk, P. A. Usachev, R. V. Pisarev,
A. M. Balbashov, and Th Rasing, “Ultrafast non-thermal
control of magnetization by instantaneous photomagnetic
pulses,” Nature 435, 655–657 (2005).

5 C. D. Stanciu, F. Hansteen, A. V. Kimel, A. Kirilyuk,
A. Tsukamoto, A. Itoh, and Th. Rasing, “All-optical mag-
netic recording with circularly polarized light,” Phys. Rev.
Lett. 99, 047601 (2007).

6 S. Alebrand, M. Gottwald, M. Hehn, D. Steil, M. Cinchetti,
D. Lacour, E. E. Fullerton, M. Aeschlimann, and
S. Mangin, “Light-induced magnetization reversal of high-
anisotropy TbCo alloy films,” Appl. Phys. Lett. 101,
162408 (2012).

7 C-H. Lambert, S. Mangin, B. S. D. Ch. S. Varaprasad,
Y. K. Takahashi, M. Hehn, M. Cinchetti, G. Malinowski,
K. Hono, Y. Fainman, M. Aeschlimann, and E. E. Fuller-
ton, “All-optical control of ferromagnetic thin films and
nanostructures,” Science 345, 1337–1340 (2014).

8 S. Mangin, M. Gottwald, C-H. Lambert, D. Steil, V. Uh-
lir, L. Pang, M. Hehn, S. Alebrand, M. Cinchetti, G. Mali-
nowski, Y. Fainman, M. Aeschlimann, and E. E. Fullerton,
“Engineered materials for all-optical helicity-dependent
magnetic switching,” Nat. Materials 13, 286–292 (2014).

9 T. A. Ostler, J. Barker, R. F. L. Evans, R. W. Chantrell,
U. Atxitia, O. Chubykalo-Fesenko, S. El Moussaoui,
L. Le Guyader, E. Mengotti, L. J. Heyderman, and et
al., “Ultrafast heating as a sufficient stimulus for magne-
tization reversal in a ferrimagnet,” Nat. Commun 3, 666
(2012).

10 J. Gorchon, R. B. Wilson, Y. Yang, A. Pattabi, J. Y. Chen,
L. He, J. P. Wang, M. Li, and J. Bokor, “Role of electron
and phonon temperatures in the helicity-independent all-
optical switching of GdFeCo,” Phys. Rev. B 94, 184406
(2016).

11 J. Gorchon, Y. Yang, and J. Bokor, “Model for multishot

http://www.jetp.ras.ru/cgi-bin/dn/e_012_05_1008.pdf
http://dx.doi.org/10.1103/PhysRevLett.15.190
http://dx.doi.org/10.1103/PhysRev.143.574
http://dx.doi.org/10.1103/PhysRev.143.574
http://dx.doi.org/10.1038/nature03564
http://dx.doi.org/10.1103/PhysRevLett.99.047601
http://dx.doi.org/10.1103/PhysRevLett.99.047601
http://dx.doi.org/10.1063/1.4759109
http://dx.doi.org/10.1063/1.4759109
http://dx.doi.org/10.1126/science.1253493
http://dx.doi.org/10.1038/nmat3864
http://dx.doi.org/10.1038/ncomms1666
http://dx.doi.org/10.1038/ncomms1666
http://dx.doi.org/10.1103/PhysRevB.94.184406
http://dx.doi.org/10.1103/PhysRevB.94.184406


14

all-thermal all-optical switching in ferromagnets,” Phys.
Rev. B 94, 020409 (2016).

12 Andrei Kirilyuk, Alexey V. Kimel, and Theo Rasing, “Ul-
trafast optical manipulation of magnetic order,” Rev. Mod.
Phys. 82, 2731–2784 (2010).

13 I. D. Tokman, Qianfan Chen, I. A. Shereshevsky, V. I.
Pozdnyakova, Ivan Oladyshkin, Mikhail Tokman, and
Alexey Belyanin, “Inverse Faraday effect in graphene and
weyl semimetals,” Phys. Rev. B 101, 174429 (2020).

14 Y. Gao, C. Wang, and D. Xiao, “Topological inverse Fara-
day effect in weyl semimetals,” arXiv:2009.13392 (2020).

15 Y. Tanaka, T. Inoue, and M. Mochizuki, “Theory of the
inverse Faraday effect due to the rashba spin–oribt interac-
tions: roles of band dispersions and fermi surfaces,” New
J. Phys. 22, 083054 (2020).

16 S. Banerjee, U. Kumar, and S.-Z. Lin, “Inverse Fara-
day effect in mott insulators,” Phys. Rev. B 105, L180414
(2022).

17 M. Berritta, R. Mondal, K. Carva, and P. M. Oppeneer,
“Ab initio theory of coherent laser-induced magnetization
in metals,” Phys. Rev. Lett. 117, 137203 (2016).

18 P. Scheid, G. Malinowski, S. Mangin, and S. Lebègue, “Ab
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55 M.-L. Thèye, “Investigation of the optical properties of au
by means of thin semitransparent films,” Phys. Rev. B 2,
3060–3078 (1970).

56 N. Egede Christensen and B. O. Seraphin, “Relativistic
band calculation and the optical properties of gold,” Phys.
Rev. B 4, 3321–3344 (1971).

57 A. K. Bordoloi and S. Auluck, “Frequency-dependent di-
electric function of pd and pt,” J. Phys. F: Met. Phys. 18,
237–248 (1988).

58 J. F. Ward, “Calculation of nonlinear optical susceptibili-
ties using diagrammatic perturbation theory,” Rev. Mod.
Phys. 37, 1–18 (1965).

59 A. D. Buckingham and P. Fischer, “Phenomenological
damping in optical response tensors,” Phys. Rev. A 61,
035801 (2000).

60 P. Norman and K. Ruud, “Microscopic theory of nonlin-

ear optics,” in Non-Linear Optical Properties of Matter:
From Molecules to Condensed Phases, edited by M. G.
Papadopoulos, A. J. Sadlej, and J. Leszczynski (Springer
Netherlands, Dordrecht, 2006) pp. 1–49.

61 E.I. Blount, “Formalisms of band theory,” Solid State
Phys. 13, 305–373 (1962).

62 C. Aversa and J. E. Sipe, “Nonlinear optical susceptibilities
of semiconductors: Results with a length-gauge analysis,”
Phys. Rev. B 52, 14636–14645 (1995).

63 G. B. Ventura, D. J. Passos, J. M. B. Lopes dos Santos,
J. M. Viana Parente Lopes, and N. M. R. Peres, “Gauge
covariances and nonlinear optical responses,” Phys. Rev.
B 96, 035431 (2017).
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