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Excitons in thin layers of semiconducting transition metal dichalcogenides are highly subject to
the strong Coulomb electron-hole interaction in these materials. Therefore, they do not follow the
model system of a two-dimensional hydrogen atom. We investigate experimentally and theoretically
excitonic properties in both the monolayer (ML) and the bilayer (BL) of MoSe2 encapsulated in
hexagonal BN. The measured magnetic field evolutions of the reflectance contrast spectra of the
MoSe2 ML and BL allow us to determine g-factors of intralayer A and B excitons, as well as
the so-called "interlayer" exciton. Furthermore, the dependence of g-factors on the number of
layers and excitation state can be explained from first principles calculations. We demonstrate
that the experimentally measured ladder of excitonic s states in the ML can be reproduced using
the k · p approach with the Rytova-Keldysh potential that describes the electron-hole interaction.
The analogous calculations for the BL case require taking into account the out-of-plane dielectric
response of the MoSe2 BL.

I. INTRODUCTION

The optical response of monolayers (MLs) belong-
ing to semiconducting transition metal dichalcogenides
(S-TMDs), such as MoS2, MoSe2, MoTe2, WS2, and
WSe2, is dominated by the excitonic emission/absorption
even at room temperature [1–4]. This is due to the bind-
ing energies (BE) of excitons, i.e. bound electron-hole
(e-h) pairs, which are as large as a few hundred meV [5–
9]. The most unconventional property of these excitons
is their non-Rydberg model spectrum, which cannot be
described by the standard two-dimensional (2D) hydro-
gen atom [10, 11]. A typical approach to account for the
excitonic spectra of S-TMD MLs refers to the numerical
solutions of the Schrödinger equation, in which the e-h
attraction is approximated by the Rytova-Keldysh (RK)
potential [12, 13]. Although this is a well-known method
for the ML, the corresponding analysis of the excitonic
ladder for the bilayer (BL) presented in the following has
not been reported so far.

In this work, we investigate experimentally and the-
oretically excitonic properties in high-quality ML and
BL of molybdenum diselenide (MoSe2) encapsulated in
hexagonal boron nitride (hBN). The low-temperature
(T=10 K) reflectance contrast (RC) spectra are measured
in external magnetic fields up to 10 T, applied in the
out-of-plane configuration. Resonances, related to both
neutral A and B excitons, are identified in ML and BL.
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Moreover, the transition associated with the so-called in-
terlayer exciton (IL) was recognised in the RC spectra of
BL. The excitation ladder of A excitons in the ML and
BL limits is modelled based on the k · p approach using
the modified RK potential. Furthermore, the experimen-
tally obtained Landé g-factors of the excitonic resonances
are explained by the combined k · p and first principles
calculations.

II. EXPERIMENTAL RESULTS

Figs. 1(a) and (b) present the RC spectra measured on
the ML and BL of MoSe2 encapsulated in hBN at the se-
lected values of applied out-of-plane magnetic fields. The
two main resonances, labeled correspondingly 1sA and
1sB in the figure, are associated with the absorption pro-
cesses of the ground s states of the so-called "intralayer"
A and B excitons [6, 14]. The appearance of the A and
B excitons is due to a relatively large spin-orbit splitting
in the MoSe2 VB [6]. For the ML, the first excited s
state of the A exciton (2sA) is also observed with sub-
stantially lower intensity compared to the main 1sA and
1sB resonances. There are two less pronounced transi-
tions apparent in the RC spectra measured on the BL,
denoted 2sA and IL, which we attribute correspondingly
to the first excited state of the A exciton and to the
"interlayer" exciton. The identification of the 1sA, 1sB,
and 2sA resonances, observed in the RC spectrum of
the MoSe2 ML, is straightforward and is in accordance
with many other studies on MoSe2 MLs encapsulated
in hBN [8, 9, 15]. The measured low-temperature RC
spectrum of the MoSe2 BL is similar to that reported in
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FIG. 1. Helicity-resolved RC spectra of (a) monolayer and (b) bilayer of MoSe2 encapsulated in hBN for selected values of
magnetic field measured at T=10 K. The red and blue curves correspond to σ+ and σ− polarizations of reflected light in
magnetic fields applied perpendicularly to the layers plane, respectively. The spectra are vertically shifted for clarity.

Ref. [16].
As can be appreciated from Fig. 1, all the observed

resonances split into two circularly polarised components
under the applied out-of-plane magnetic field due to the
Zeeman effect [17]. The "intralayer" A- and B-related
resonances are characterised by the same sign of the split-
ting (σ+ energy is lower than the σ− one), but with dif-
ferent magnitude. At the same time, the splitting of the
IL transition is opposite (σ− energy is lower than σ+

one). In order to investigate in details the magnetic-field
evolution of the observed resonances, we fitted them us-
ing the Fano-type function. Note that, as we have not
performed the analysis within the framework of the trans-
fer matrix method combined with the Lorentz oscillator
model [4], the extracted energy evolutions as a function of
magnetic field are biased, particularly, for the resonances
with small intensity (2sA, IL). A detailed description of
the A, B and IL excitons, and their optical selection rules
in terms of the electronic band structure can be found in
the Supplemental Material (SM).

The field evolution for the σ± components of the inves-
tigated transitions is presented in Fig. 2. Upon applica-
tion of an out-of-plane magnetic field (B), the magnetic-
field dependences of the σ± energies (Eσ±) can be defined
as Eσ±(B) = E0 ± 1/2gµBB, where E0 is the transition
energy at zero field, g denotes the g-factor of the con-
sidered resonance, µB is the Bohr magneton. The fitted
curves are presented in Fig. 2. The E0 energies and the
g-factors for all the studied transitions are summarized
in Tab. I. The determined g-factors for the ground states
of the A (B) excitons, i.e. 1sA (2sB), in the ML and

BL of MoSe2 equal to −3.87 ± 0.01 (−4.22 ± 0.09) and
−2.92 ± 0.02 (−2.71 ± 0.17), respectively. These values
agree very well with those theoretically calculated (see
Tab. I) and those previously reported for the intralayer
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FIG. 2. Obtained excitonic energies of the σ± components of
the transitions measured on (a) monolayer and (b) bilayer of
MoSe2 encapsulated in hBN as a function of the out-of-plane
magnetic field. The red and blue points correspond to σ+ and
σ− polarizations, respectively. The solid black lines represent
fits according to the equation described in the text.
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TABLE I. Experimentally determined values of the E0 ener-
gies and the g-factors for all the studied transitions. The gcalc

values correspond to the theoretically calculated parameters
using DFT method.

E0 g gcalc

monolayer
1sA 1.641± 0.001 −3.87± 0.01 −3.69

2sA 1.793± 0.005 −5.28± 0.41 −3.90

1sB 1.849± 0.001 −4.22± 0.09 −3.75

bilayer
1sA 1.623± 0.001 −2.92± 0.02 −3.00

2sA 1.741± 0.006 −4.36± 0.24 −3.19

1sB 1.853± 0.001 −2.71± 0.17 −3.16

ILA/B 1.707± 0.006 +9.01± 0.34 +8.71/+ 8.91

A and B excitons in the MoSe2 ML and BL [9, 17–19].
The g-factors found for the first excited states (2sA) of
the A exciton in both ML and BL are −5.28± 0.41 and
−4.36 ± 0.24, respectively. Note that the magnitudes of
the 2s g-factors are significantly larger (of about 40%-
50%) as that of 1sA states. In comparison, the theoreti-
cally calculated values of the g-factors for the 1s and 2s
states of the A/B excitons are larger/smaller by about
a few percent. Both possible changes of the correspond-
ing g-factors of the s states are reported in the liter-
ature [8, 9, 20–23]. Note that the theoretical calcula-
tions of the excitonic g-factors are described in details
in Sec. IV. In our opinion, the discrepancy between the
experimental and theoretical values of the 2sA g factor re-
quires a more sophisticated analysis, which goes beyond
the scope of this work. The value of g-factor for the IL
transition of 9.01 ± 0.34, which has not been reported
so far, is in very good agreement with the theoretically
calculated values of 8.71 and 8.91 for the ILA and ILB

excitons, respectively. As the ILA resonance is reported
mainly in MoS2 and MoSe2 BLs [16, 24–28], we tenta-
tively ascribe the observed IL resonance to the ILA. Fur-
ther discussion on the interlayer excitons can be found in
the SM.

III. EXCITONIC LADDER IN MONOLAYER
AND BILAYER: THEORETICAL APPROACH

A common approach to account for the excitation spec-
tra of excitons in S-TMD MLs refers to the numerical
solutions of the Schrödinger equation, in which the e-h
attraction is approximated by RK potential [12, 13]. Al-
though this numerical method gives very good results
for Mo- and W-based MLs [9, 20, 29], there is a lack
of analogous calculations of the excitation spectra of ex-
citons in multilayer systems (particularly, in a BL). In
the following, the calculations of the excitonic ladders
of the s states in both the ML and the BL of the S-
TMDs are presented. In order to verify our theoretical
results, we compare them with the experimentally found

energy separation between the 1s and 2s states, ∆Eexp12 ,
obtained using the values shown in Tab. I. Note that our
comprehensive approach to the theoretical analysis of the
excitation spectra of excitons in S-TMD ML and BL is
described in detail in the SM.

First, we calculate a spectrum of the intralayer exci-
tons in the ML and BL with the help of the effective two-
body Hydrogen-like problem. We derive such a problem
from the band Hamiltonians of the considered 2D sys-
tems within the k · p approximation. To do this, we
first consider the basic electronic properties of S-TMD
ML. The ML crystal is a direct bandgap semiconduc-
tor. The extrema of the valence (VB) and conduction
(CB) bands are located at the K± points of the Brillouin
zone (BZ). Due to the strong spin-orbit interaction, both
bands are spin-split. The values of the splittings in the
VB (∆v) and in the CB (∆c) are hundreds and tens of
meV, respectively [30]. Therefore, the Bloch states at
the K points can be presented as a tensor product of the
spin {| ↓〉, | ↑〉} and the spinless band states. The spinless
VB and CB states at K± points are made predominantly
from dx2−y2 ± idxy and dz2 orbitals of transition metal
atoms, respectively [30, 31]. Such a structure of Bloch
states in opposite K points defines the optical selection
rules in the ML and it is a consequence of the system’s
time-reversal symmetry (TRS). The TRS also dictates
that Bloch states with the same band index (c or v) but
with opposite spins in opposite valleys have equal dis-
persion laws, i.e. the same band structure. Therefore,
we restrict our consideration of the conduction and va-
lence bands to the K+ point for brevity. All conclusions
for the K− point can be done by analogy.

The A excitons at the K+ point of the ML are formed
from an electron of the bottom spin-up CB and a hole
from the top spin-up VB. The corresponding spinless
Bloch functions are |Ψc〉 and |Ψv〉. The two-band fully-
diagonalized Hamiltonian of these bands, written in the
corresponding basis {|Ψc〉⊗ | ↑〉, |Ψv〉⊗ | ↑〉}, can be pre-
sented in the form [32]

HML =

[
Eg + ~2k2

2me
0

0 −~2k2

2mh

]
. (1)

Here, Eg is the bandgap energy parameter, k = kxex +
kyey is the in-plane momentum of the quasiparticles in
the ML, where ex, ey are unit vectors in the x and y
directions, respectively. me,mh > 0 are correspondingly
the electron and hole effective masses in the ML. The
Rydberg-type spectrum of electron-hole (e-h) pairs for
such a band structure can be found from the solution of
the corresponding eigenvalues problem [13, 33]{

− ~2

2µ
∇2
‖ + VRK(ρ)

}
ψ(ρ) = Eψ(ρ), (2)

where µ = memh/(me + mh) is the reduced exciton
mass, ∇‖ = ex∂x + ey∂y is the 2D nabla operator, ρ
is the in-plane distance between an electron and a hole
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of the exciton, E is the exciton energy, and VRK(ρ) is the
Rytova-Keldysh potential [12, 13]

VRK(ρ) = −πe
2

2r0

[
H0

(ρε
r0

)
− Y0

(ρε
r0

)]
. (3)

Here H0(x) and Y0(x) correspond to the Struve and
Bessel functions of the second kind, r0 = 2πχ2D rep-
resents the screening length, χ2D is the ML 2D polariz-
ability [29, 34]. ε denotes the dielectric constant of the
surrounding medium (hBN in our study).

Let us consider the band structure of the BL at the
K+ point. To do this, we first define the Bloch states
of the VB and CB at the K+ point of the BL, by con-
structing them from the ML Bloch states of the top and
bottom layers of the BL. Namely, we introduce the states
|Ψ(m)
n 〉 ⊗ |s〉, where m = 1, 2 is a layer index (for bottom

and top layers, respectively), n = v, c is a band index
(for VB and CB) and s =↑, ↓ specifies the spin degree
of freedom. The bottom (first) layer states |Ψ(1)

v 〉 and
|Ψ(1)
c 〉 are made predominantly from dx2−y2+idxy and dz2

orbitals of transition metal atoms, respectively [30, 31].
They coincide with ML spinless states |Ψv〉 and |Ψc〉,
considered above. The top (second) layer states |Ψ(2)

v 〉
and |Ψ(2)

c 〉 are made from dx2−y2 − idxy and dz2 or-
bitals and coincide with spinless states in the K− point
of the ML. In our study, we suppose the orthogonal-
ity of the basis states from different layers and bands
〈Ψ(m)

n |Ψ(m′)
n′ 〉 = δnn′δmm′ .

The symmetry analysis of the BL system [19, 24, 28]
demonstrates that the electron excitations of the CB
of the different layers do not interact with each other
in the leading order, i.e. the electron states of the BL
are localised either in the bottom or in the top layer.
On the contrary, the VB of the different layers of the
BL interact with each other forming the new VB with
the Bloch states delocalised in the out-of-plane direc-
tion. These states can be found by diagonalizing the
VB part of the BL Hamiltonian, written on the basis
{|Ψ(1)

v 〉 ⊗ | ↑〉, |Ψ(2)
v 〉 ⊗ | ↑〉, |Ψ(2)

v 〉 ⊗ | ↓〉, |Ψ(1)
v 〉 ⊗ | ↓〉}

HV B
BL =


−~2k2

2mh
t 0 0

t −∆v − ~2k2

2mh
0 0

0 0 −~2k2

2mh
t

0 0 t −∆v − ~2k2

2mh

 ,
(4)

where t is the interlayer hopping term. The spectrum of
this Hamiltonian is doubly degenerated by spin (in full
accordance with the TRS and inverse symmetry of the
BL)

E±V B = −~2k2

2mh
− ∆v

2
±
√

∆2
v

4
+ t2. (5)

The eigenstates that correspond to the upper-energy

E+
V B bands are

|Φ+
v↑〉 =

[
cos θ|Ψ(1)

v 〉+ sin θ|Ψ(2)
v 〉
]
⊗ | ↑〉, (6)

|Φ+
v↓〉 =

[
sin θ|Ψ(1)

v 〉+ cos θ|Ψ(2)
v 〉
]
⊗ | ↓〉, (7)

where we introduced cos(2θ) = ∆v/
√

∆2
v + 4t2. Note

that the new Bloch states describe the delocalised in the
out-of-plane direction VB excitations. For example, the
state |Φ+

v↑〉 describes the VB excitation, which can be
found with probabilities P (1) = cos2 θ and P (2) = sin2 θ
in the first (bottom) and second (top) layers, respectively.
The eigenstates |Φ−v↑〉 and |Φ

−
v↓〉, which correspond to the

lower-energy E−V B bands can be derived from the first
ones by replacing cos θ → − sin θ, sin θ → cos θ.

The optical transitions in the K+ point of the BL,
which form the intralayer A-excitons in the BL, couple
either {|Ψ(1)

c 〉⊗ | ↑〉, |Φ+
v↑〉} or {|Ψ

(2)
c 〉⊗ | ↓〉, |Φ+

v↓〉} group
of the bands. The transitions between the first pair of the
bands are active in σ+ polarised light, while the transi-
tions between the second pair of the bands are active in
σ− polarized light. The first and second groups of the
bands are described by the same Hamiltonian

HBL =

[
Eg + ~2k2

2me
0

0 −~2k2

2mh
− ∆v

2 +
√

∆2
v

4 + t2

]
, (8)

which looks similar to the two-band Hamiltonian of the
ML. Note that the effective electron and hole masses of
these bands coincide with the corresponding masses in
the ML (in the leading order of the k · p approximation).
Therefore, the intralayer A-excitons are characterised by
the same reduced mass µ, as in the ML. On the other
hand, the delocalisation of the VB Bloch state in the
out-of-plane direction leads to the modification of the
Coulomb interaction between such a hole excitation and
an electron excitation, which remains localised in one of
the layers. The modified Coulomb interaction in the BL
Vbil(ρ) is derived in the SM. In summary, we conclude
that the spectrum of the intralayer A-excitons can be
derived from the equation{

− ~2

2µ
∇2
‖ + Vbil(ρ)

}
ψ(ρ) = Eψ(ρ). (9)

A. Monolayer

The spectrum of excitons with reduced mass
µ = memh/(me +mh), where me/mh is the elec-
tron/hole mass on the conduction/valence band, in the
S-TMD monolayer can be obtained by solving the equa-
tion { ~2

2µ
∇2
‖ − VRK(ρ) + E

}
ψ(ρ) = 0. (10)
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FIG. 3. Energy spectrum of s excitonic state of the MoSe2
ML and BL encapsulated in hBN calculated using the k · p
approach. The ε⊥ parameter denotes the out-of-plane dielec-
tric constant used in calculations.

Introducing the dimensionless parameters ξ = ρε/r0

and E = (µe4/2~2ε2)ε = Ry∗ε, one rewrites the equation
for the case of s-type excitons in the following dimension-
less form{

b2
1

ξ

d

dξ

(
ξ
d

dξ

)
+ bvRK(ξ) + ε

}
ψ(ξ) = 0, (11)

where b = ~2ε2/µe2r0 and

vRK(ξ) = π[H0(ξ)− Y0(ξ)]. (12)

The screening length and reduced mass parameters for
MoSe2 MLs, reported in the literature, are quite scat-
tered: r0 = 51.7Å, µ = 0.27m0 [34]; r0 = 39Å, µ =
0.35m0 [9]; r0 = 51.7Å, µ = 0.44m0 [34, 35]; µ = 0.27m0

[30] where m0 is the free electron mass. We use ε =
4.5 [36], r0 = 51.7Å, µ = 0.44m0 for our calculations,
yielding b ≈ 0.47. The numerical solution of the equa-
tion for this value of b gives ε1 = −0.723, ε2 = −0.213,
ε3 = −0.101, ε4 = −0.058, and ε5 = −0.038 for the
first excitonic states. Using the value of the Rydberg en-
ergy Ry∗ ≈ 295.5meV, we obtain the relative energies
of the ground (1s) and the first four excited (2s, 3s, 4s,
and 5s) states equal to E1 = −214meV, E2 = −63meV,
E1 = −30meV, E1 = −17meV, E1 = −11meV, respec-
tively. The calculated energy positions of the excitonic
states in ML are presented in Fig. 3. Note that the abso-
lute energy of a given ns excitonic state, En,ex = Eg+En,
is difficult to predict, since the bandgap energy (Eg) is
renormalised by the Coulomb interaction and also de-
pends on the dielectric constant ε. Calculating such
a bandgap shift requires an additional more resource-
demanding numerical investigation. To verify our the-
oretical calculations, we determine the energy distance
between 1s and 2s emission lines ∆E12 = E1,ex−E2,ex =
(Eg + E1) − (Eg + E2). Therefore, we found |∆E12| =

151meV, which is nearly perfectly consistent with our ex-
perimental value |∆Eexp12 | = 152 ± 5meV as well as pre-
viously reported value of about 153 meV obtained from
photoluminescence experiment [8].

B. Bilayer

The computation of the excitonic spectrum in the BL
of S-TMDs is a much more sophisticated task. For the
ML case, the charges and wavefunctions of an electron
and a hole are confined within the ML plane. The sit-
uation with the electron and hole electronic excitations
in the BL is more complex. The hybridisation of the VB
states leads to the charge redistribution of hole quasipar-
ticles between layers in the BL. Consequently, we obtain
the following values for the charges of the hole excitation,
which belong to the same (Qin) and opposite (Qopp) lay-
ers as an electron,

Qin/opp =
|e|
2

(
1± ∆v√

∆2
v + 4t2

)
≈ 0.932|e|/0.068|e|,

(13)
where “+” and “-” signs correspond to the same (in) and
opposite (opp) layers of the BL, respectively. Here we
used the numbers ∆v = 182meV and t = 53meV [31].
Subsequently, the redistribution of the hole charge in the
out of-plane-direction modifies the Coulomb potential be-
tween electron and hole excitations in the BL. The deriva-
tion of the corresponding potential Vbil(ρ) as a function
of in-plane distance, ρ between an electron and hole ex-
citation is presented in the SM.

Then, the excitonic ladder of the s states can be cal-
culated using the equation given by{ ~2

2µ
∇2
‖ − Vbil(ρ) + E

}
ψ(ρ) = 0, (14)

where we use the same value of the reduced excitonic
mass µ as in the ML (see the discussion in the SM). The
potential Vbil(ρ) depends on the distance L between the
layers of the BL, the screening length r0, the dielectric
constant of the medium surrounding the bilayer ε, and
finally the out-of-plane dielectric constant ε⊥ of the BL.
The case ε⊥ = 1 corresponds to the limit situation when
the BL can not be polarised by an electric field in an
out-of-plane direction. In the real situation the BL, how-
ever, may be characterised by the out-of-plane dielectric
constant ε⊥ which is different from unity ε⊥ = εbil⊥ > 1.
Below we demonstrate that the first case can not explain
the experimental observables, and hence, it confirms that
the BL is polarised in an out-of-plane direction.

Let us consider the case ε⊥ = 1. Introducing the di-
mensionless parameters of distance ξ = ρε/r0, and the
energy ε = E/Ry∗ with Ry∗ = µe4/2~2ε2 we transform
the Eq. (14) into the form{

b2
1

ξ

d

dξ

(
ξ
d

dξ

)
+ bvbil(ξ) + ε

}
ψ(ξ) = 0. (15)
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Here b = ~2ε2/µe2r0, and vbil(ξ) is the dimensionless electrostatic potential between an electron and a hole in
the BL

vbil(ξ) = 2ε

∫ ∞
0

dxJ0(xξ)
0.932(1− δ)

(
e2xl[(1− δ)εx+ 1]− [εx(1− δ) + δ]

)
+ 0.0681− δ)2exl

e2xl[(1− δ)εx+ 1]2 − [δ + εx(1− δ)]2
. (16)

Here, J0(x) is the Bessel function of the first kind and
l = Lε/r0 ≈ 0.56, and δ = (ε − 1)/(ε + 1) ≈ 0.64. Note
that the vbil(ξ) potential is composed of two components:
intra- and interlayer one, see SM for details.

Solving numerically the eigenvalues problem with the
potential vbil(ξ), we obtain ε1 = −0.794, ε2 = −0.229,
ε3 = −0.105, ε4 = −0.060, and ε5 = −0.039. Taking into
account that Ry∗ = 295.5meV, we get E1 = −235meV,
E2 = −68 meV, E3 = −31 meV, E4 = −18 meV, and
E5 = −11 meV. The calculated energy positions of ex-
citonic states in the BL are presented in Fig. 3. Note
that the binding energies of the consecutive s excitons in
the BL are slightly larger compared to their ML counter-
parts. This can be explained by the fact that the effective
dielectric constant for the BL is smaller than that for the
ML case. However, the calculated difference between the
energies of the 1s and 2s excitons, |∆E12| = 167meV,
is significantly larger as compared to the experimental
value, |∆Eexp12 | = 118±6meV. Therefore, the model with
an out-of-plane dielectric constant, ε⊥ = 1 fails in the
BL.

Consequently, we calculate the excitonic spectrum in
the BL assuming that ε⊥ = 7.7, which is the value that
describes the static dielectric constant in the MoSe2 BL
[37]. The resulting eigenvalue equation in dimensionless
coordinate ξ = ρε

√
ε⊥/r0 becomes{

b2ε⊥
1

ξ

d

dξ

(
ξ
d

dξ

)
+ bṽbil(ξ) + ε

}
ψ(ξ) = 0, (17)

with the new electrostatic potential, ṽbil(ξ), which is ob-
tained from Eq. (16) by replacing δ → δ̃ = (ε−√ε⊥)/(ε+√
ε⊥) ≈ 0.24. The energy parameter ε = E/Ry∗ remains

the same as in the previous case.
The eigenvalues of the new equation are ε1 = −0.599,

ε2 = −0.178, ε3 = −0.089, ε4 = −0.057, and ε5 =
−0.040. The energies of s excitons equal E1 = −177meV,
E2 = −53 meV, E3 = −26 meV, E4 = −17 meV,
and E5 = −12 meV. The calculated energy positions
of excitonic states in the BL with ε⊥ = 7.7 are pre-
sented in Fig. 3. Note that the new energy separation
|∆E12| = 124meV agrees nicely with the experimental
value (|∆Eexp12 | = 118± 6meV).

To conclude, we demonstrate that the excitation spec-
trum of excitons in the MoSe2 ML can be properly re-
produced using the RK potential with the approach of
infinitely thin ML. However, the Rytova-Keldysh poten-
tial can not be applied to describe the spectrum of the

intralayer excitons in the BL as a result of the more com-
plex structure of the BL crystal. We derive the electro-
static potential in the BL by taking into account the ge-
ometry and the dielectric constant ε⊥ of the BL perpen-
dicular to the layers’ planes. The spectrum of excitons,
based on the new potential in the MoSe2 BL is in very
good agreement with the experimental data. Our results
indicate that the problem of excitons in thin layers of S-
TMDs, beyond the ML limit, is much more complicated
and requires taking into account a realistic thickness of
the BL and its dielectric response.

IV. g-FACTORS OF EXCITON ns STATES

The g-factors of excitonic ns states, gXns, can be cal-
culated using the dispersions of the band-to-band transi-
tions, gX(k), in the vicinity of the K+ point, along with
the exciton wave functions, |ψXns(k)| from k · p calcula-
tions, following Ref. [21]

gXns =

∫
k

|ψXns(k)|2gX(k)dk (18)

with

gX(k) = ±2(gc(+1)(k)− gv(−1)(k)), (19)

where the sign is defined by the optical selection rules at
K± points. gc(+1)(k) and gv(−1)(k) are the g-factors of
the spin-split subbands (Bloch states), |mk〉, involved in
the excitonic transition, evaluated as

gm(k) = Lzm(k) + Szm(k). (20)

The z component of the orbital angular momentum of
a Bloch state is calculated from the bands–summation
formula [38]

Lzm(k) =
1

im0

N∑
l=1,l 6=m

pxml(k)pylm(k)− pyml(k)pxlm(k)

εm(k)− εl(k)
,

(21)
where m0 is the free electron mass, px,yml (k) are compo-
nents of the momentum operator matrix elements, εm(k)
are the band energies, and the summation runs over all
N states in the basis set. The elements px,yml (k) were ob-
tained from density perturbation theory calculations [39].
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FIG. 4. Normalized squared moduli of exciton wave functions
calculated from k · p model for (a) ML and (b) BL MoSe2.
Dispersions of exciton g-factors around K+ point from DFT
calculations for (c) ML and (d) BL.

In order to converge Lzm(k) up to 0.1, 480 bands per for-
mula unit were taken into account. The spin angular
momentum Szm(k) = ±1 for the considered bands.

The calculated exciton wave functions squared (see
SM) and g-factor dispersions in k-space around K+ point,
that enter Eq. 18, are presented in Fig. 4. The widths of
the wave functions of the A and B excitons are similar
in ML and BL, with a greater spread of |ψB1s(k)|2 than
|ψA1s(k)|2, due to a larger effective mass of the B exciton.
The opposite is observed for the interlayer excitons. The
gX(k) dependence has a positive curvature in both struc-
tures, with a smaller |gX(K)| in BL. This is caused by
the reduction of the bands g-factors in BL versus ML (see
SM). As a result, the magnitudes of gXns in BL are reduced
with respect to ML. Furthermore, a stronger localisation
of the 2sA state around the K point leads to the increase
of their g-factor magnitudes, in agreement with previous
theoretical and experimental findings [21, 23]. Due to the
different signs of valence and conduction Bloch states g-
factors involved in ILA and ILB excitons, their g-factors
are positive and exhibit a negative curvature.

The resulting trends of the calculated g-factors are in
good agreement with the experimental values, as pre-
sented in Tab. I. Particularly, the experimentally ob-
served large increase of the g-factors of 2sA excitons in
ML and BL cannot be explained neither by the under-
estimation of the band gap by DFT [38], nor by the in-
plane mechanical strain that might be present in the sam-
ples [40]. Further theoretical investigations are required,
which are beyond the scope of this study.

V. SUMMARY

The excitonic properties in high-quality ML and BL
of molybdenum diselenide (MoSe2) encapsulated in hBN
flakes were investigated both theoretically and experi-
mentally. We determined the g-factors of the intralayer A
and B excitons and of the "interlayer" excitons in MoSe2

ML and BL using the RC experiment performed in out-
of-plane magnetic fields up to 10 T and first-principle cal-
culations. The experimental ladder of excitonic s states
in the ML was reproduced using the k · p model with
the Rytova-Keldysh potential. Furthermore, we demon-
strated that analogous calculations for the BL require
taking into account the out-of-plane dielectric response
of the MoSe2 BL, which is neglected for the ML. Finally,
we have explained the values and signs of all observed g-
factors using a combined k · p and DFT approach. Our
results manifested that the excitonic physics in S-TMD
BLs is more advanced than that in the ML case because
of the presence of VB hybridization and the non-infinite
size of the BL.

VI. METHODS

A. Sample and experimental setup

The investigated MoSe2 thin layers and hBN flakes
were fabricated by two-stage PDMS-based mechanical
exfoliation of the bulk crystal. Initially, the hBN thin
flakes were exfoliated onto a 90 nm SiO2/Si substrate
and annealed at 200◦C. That non-deterministic approach
provides the best quality of the substrate surface. Sub-
sequent layers were transferred deterministically using
a microscopic system equipped with a x-y-z motorised
positioners. The assembled structures were annealed at
160◦C for 1.5 hour in order to ensure the best layer-to-
layer and layer-to-substrate adhesion and to eliminate a
substantial portion of air pockets apparent at the inter-
faces between the constituent layers.

Low-temperature micro-magneto-experiments of re-
flectance contrast (RC) were performed in Faraday geom-
etry, i.e. magnetic field oriented perpendicularly to the
layers plane. Measurements (spatial resolution ∼3 µm)
were carried out with the aid of a superconducting coil
in magnetic fields up to 10 T using an optical fiber ar-
rangement. The sample was placed on top of a x-y-z
piezo-stage kept at T=10 K and was illuminated using
a 100 W tungsten halogen lamp. The reflectance signal
was dispersed with a 0.75 m focal length monochromator
and detected with a liquid-nitrogen-cooled Si-CCD. The
combination of a quarter-wave plate, a linear polariser,
and a Wollastom prism was used to analyse the circu-
lar polarisation of signals (the σ±-polarized light was
measured simultaneously). We define the RC spectrum
as RC(E) = [R(E)− R0(E)]/[R(E) + R0(E)] × 100%,
where R(E) and R0(E) are the reflectance of the sam-
ple and of the same structure without the ML or BL of
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MoSe2, respectively.

B. DFT calculations

First-principles calculations within the Density Func-
tional Theory (DFT) were carried out in the Vienna
ab-initio simulation package [41]. The ionic potentials
were described using the projector augmented wave tech-
nique [42]. We employed the generalised gradient approx-
imation of the exchange correlation-functional within
Perdew-Burke-Ernzerhof parametrization [43]. A cut-
off energy for the plane-wave basis and a Monkhorst-
Pack k-grid for the BZ sampling were set to 500 eV
and 12×12×1, respectively. The geometrical structures
of ML and BL were defined using the parameters from
Ref. [34] with a vacuum region of 20 Å in order to avoid
spurious interactions between the periodically repeated
layers. Spin-orbit coupling (SOC) was taken into account
during the calculations.
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Supplemental Material
Analogy and dissimilarity of excitons in monolayer and bilayer of MoSe2

SI. OPTICAL SELECTION RULES IN MONOLAYER AND BILAYER MoSe2

The atomic structure of monolayer (ML) MoSe2, depicted in Fig. S1(a), is non-centrosymmetric. This, with large
spin-orbit coupling (SOC) due to the presence of heavy Mo atoms, leads to inequivalency of K± points at the corners
of hexagonal Brillouin zone (BZ), see Fig. S1(b). Furthermore, the spin degeneracy of the bands is lifted, resulting
in spin-split electronic bands (Fig. S1(c)) with opposite spin ordering in the K+ and K− valleys, as highlighted in
Fig. S1(d). As a consequence, the spin-conserving direct transitions between the valence and conduction bands lead
to formation of A and B excitons that couple to σ± light at K± valleys, as depicted in Fig. S1(d).
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FIG. S1. Side wiev of the atomic structures of (a) ML and (e) BL MoSe2. 2D hexagonal BZs of (b) ML and (f) BL. K± points
and the k-path for band structures are highlighted. Electronic band structures of (c) ML and (g) BL. Bands localized at first
(L1) and second (L2) layer are colored orange and green, respectively. Sketch of electronic bands near K± points for (d) ML
and (h) BL. The spins of bands are marked with black arrows, while the excitonic transitions are marked with red and blue
arrows for σ+ and σ− polarization of light, respectively. Note that bands at K+ and K− valleys of L1 and L2 are plotted
separately for clarity, while they remain degenerate, as the crystal momenta at K+ of L1 and K− of L2 are identical.

A bilayer (BL), exfoliated from bulk MoSe2 crystal, consists of two MLs, referred to as L1 and L2, rotated by 60◦
with respect to each other, as presented in Fig. S1(e). The rotation applies to the BZs of L1 and L2, where the
K+ points of L1 are aligned with K− points of L2 (see Fig. S1(f)). Because the BL atomic structure contains the
inversion centre, SOC does not lift the spin degeneracy of the electronic bands. The splittings of the bands visible
in the electronic band structures of BL in Fig. S1(g) are caused by the interlayer interactions of L1 and L2. In each
pair of doubly degenerate bands, one band is located mostly at L1 (L2) and has spin up (down). Therefore, the
spin ordering and optical selection rules for intralayer A and B transitions at K± valleys of L1 and L2, shown in
Fig. S1(h), are identical to the case of ML. Additionally, two pairs of spin-conserving interlayer excitons with non-zero
dipole strength emerge. They involve a hole from L1 (L2) and an electron from L2 (L1) at opposite K valley, and can
be viewed as direct in momentum space and indirect in real space. These excitons are referred to as ILA and ILB,
respectively, in analogy to ML case: ILA (ILB) involve v (v− 1) bands from K+ (K−) valley of L1 (L2), which implies
coupling to σ+ (σ−) light. Due to the different energetic splitting of the valence and conduction bands, the energies
of ILA and ILB differ by 170 meV, as estimated from the DFT band energies and k · p exciton binding energies.
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SII. COULOMB POTENTIAL IN MULTILAYER SYSTEMS

A. Algorithm of calculation of the Coulomb potential in multilayer systems

Let us consider the multilayer of S-TMD encapsulated in between hexagonal BN (hBN) flakes. The surface of the
bottom hBN flake has a coordinate z = 0, and the surface of the top hBN flake has a coordinate z = L. The multilayer
crystal is presented as a set of N layers of S-TMD, arranged in parallel to the xy plane. The position of the j-th layer
is defined by the coordinate zj . We arrange the layers in the following way 0 < z1 < z2 < . . . zN < L. We suppose
that the multilayer can be polarised mainly in an in-plane direction and weakly in an out-of-plane direction. The
out-of-plane polarisation properties definitely exist for 3D crystals, or for crystals with a macroscopical number of
layers, however, the polarisation properties of the few-layer crystals remain an open question. We suppose, as a first
approximation, that in a few layer systems (N = 2, 3, . . . ) the out-of-plane dielectric response can be characterised
by out-of-plane dielectric constant ε⊥.

In order to find the potential energy between two charges in the S-TMD few-layers, we solve the following electro-
static problem. We consider the point-like charge Q at the point r = (0, 0, z′), where 0 < z′ < L and calculate electric
potential in such a system following Ref. [29]. Namely, we consider 3 regions: bottom and top hBN semi-infinite media
with potentials Φ1(ρ, z) and Φ3(ρ, z), and the space between them with the potential Φ2(ρ, z). Here, we introduced
the in-plane vector ρ = (x, y). The Maxwell equations define the form of these potentials. Using the cylindrical
symmetry of the problem, we present the potentials in the form

Φj(ρ, z) =
1

(2π)2

∫
d2keikρΦj(k, z). (22)

Maxwell’s equation divD1,3 = 0 for the 1-st and 3-rd regions reads

− ε‖k2Φ1,3(k, z) + ε⊥
d2Φ1,3(k, z)

dz2
= 0, (23)

where ε‖ and ε⊥ are parallel and perpendicular components of the dielectric constant of hBN, respectively. The
solutions of these equations are

Φ1(k, z) = Aeκz, for z ≤ 0, (24)

Φ3(k, z) = Be−κz, for z ≥ L, (25)

where κ = |k|
√
ε‖/ε⊥ = k

√
ε‖/ε⊥.

The equation for the potential Φ2(r, z) takes a form

∆‖Φ(ρ, z) + ε⊥
d2Φ(ρ, z)

dz2
= −4πQδ(ρ)δ(z − z′) + 4π%ind(ρ, z), (26)

where ∆‖ = ∂2
x + ∂2

y is the 2D Laplace operator and we introduced phenomenological out-of-plane dielectric constant
ε⊥. The first term in the r.h.s. of the equation is the charge density of the charge Q. The second term represents
the induced charge density %ind(ρ, z) due to the polarisation of layers by charge Q. The corresponding charge density
%ind(ρ, z) and the polarisation of the layers P(ρ, z) are coupled as %ind(r, z) = divP(ρ, z). Following Ref. [29], we
present the polarisation in the form

P(ρ, z) =

N∑
j=1

δ(z − zj)P‖(ρ, zj). (27)

Using the linear response P‖(ρ, zj) = χ2DE‖(ρ, zj) we get the expression for the induced charge

%ind(r, z) = −χ2D

N∑
j=1

δ(z − zj)∆‖Φ2(ρ, zj). (28)

Taking Fourier transformation one gets

[
k2 − ε⊥

d2

dz2

]
Φ2(k, z) = 4πQδ(z − z′)− 4πχ2Dk

2
N∑
j=1

δ(z − zj)Φ2(k, zj). (29)
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Integrating this equation in the regions z ∈ [zj − ε, zj + ε] and z ∈ [z′ − ε, z′ + ε] with infinitesimally small ε > 0
one gets the following conditions

ε⊥
dΦ2(k, z)

dz

∣∣∣zj+ε

zj−ε
= 2r0k

2Φ2(k, zj), (30)

ε⊥
dΦ2(k, z)

dz

∣∣∣z′+ε
z′−ε

= −4πQ, (31)

where we introduced r0 = 2πχ2D. χ2D is the material’s 2D polarisability. Outside of the points zj and z′ we have
the equation [

k2 − ε⊥
d2

dz2

]
Φ2(k, z) = 0 (32)

The general solution for Φ2(k, z) can be written in the form

Φ2(k, z) = Ψ0e
−K|z−z′| +

N∑
j=1

Ψje
−K|z−zj | + αeKz + βe−Kz, (33)

where Ψ0,Ψj , α and β are unknown functions of the parameter K = k/
√
ε⊥.

The aforementioned boundary conditions together with the equation give the following

Ψj =− r0kΦ2(k, zj)/
√
ε⊥ = −r0KΦ2(k, zj), (34)

Ψ0 =2πQ/k
√
ε⊥ = 2πQ/ε⊥K. (35)

Taking the boundary conditions at z = 0 and z = L

Φ1(k, 0) =Φ2(k, 0),
ε⊥
ε⊥

dΦ1(k, 0)

dz
=
dΦ2(k, 0)

dz
, (36)

Φ3(k, L) =Φ2(k, L),
ε⊥
ε⊥

dΦ3(k, L)

dz
=
dΦ2(k, L)

dz
, (37)

we get the following equations

A =Ψ0e
−Kz′ +

N∑
j=1

Ψje
−Kzj + α+ β, (38)

εA =Ψ0e
−Kz′ +

N∑
j=1

Ψje
−Kzj + α− β, (39)

Be−κL =Ψ0e
−K(L−z′) +

N∑
j=1

Ψje
−K(L−zj) + αeKL + βe−KL, (40)

εBe−κL =Ψ0e
−K(L−z′) +

N∑
j=1

Ψje
−K(L−zj) − αeKL + βe−KL, (41)

where we introduced ε =
√
ε⊥ε‖/ε⊥. By removing the parameters A and B from these equations, one gets for ε 6= 1

Ψ0e
−Kz′ +

N∑
j=1

Ψje
−Kzj + α+

β

δ
= 0, (42)

Ψ0e
−K(L−z′) +

N∑
j=1

Ψje
−K(L−zj) +

αeKL

δ
+ βe−KL = 0, (43)
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where δ = (ε − 1)/(ε + 1) ∈ (0, 1). Note that for the case ε = 1 we get α = β = 0, and therefore the solution in the
second region

Φ2(k, z) = Ψ0e
−K|z−z′| +

N∑
j=1

Ψje
−K|z−zj |, (44)

One can verify that the solution for the potential, in this case, can be obtained as a limit δ → 0 of the general solution.
Therefore, we consider the general case of δ 6= 0.

We solve the general equation in a few steps. First, we write the system of equations in the following form

δα+ β = δA, eKLα+ δe−KLβ = δB, (45)

where we introduced A = −Ψ0e
−Kz′ −

∑N
j=1 Ψje

−Kzj , B = −Ψ0e
−K(L−z′) −

∑N
j=1 Ψje

−K(L−zj). Solving equations
(45) one gets

α =
δ[BeKL −Aδ]
e2KL − δ2

, β =
δeKL[AeKL − Bδ]

e2KL − δ2
. (46)

Substituting these solutions into (33) we express Φ2(k, z) via N + 1 parameters Ψ0 and Ψj . Then, using the latter
expression, we calculate the values for the potential at z′ and zl, l = 1, 2 . . . N points

Φ2(k, zl) =Ψ0e
−K|zl−z′| +

N∑
j=1

Ψje
−K|zl−zj | + αeKzl + βe−Kzl , (47)

which together with (34) and (35) give the complete set of equations for the parameters Ψ0 and Ψj .
Note that the system of equations and (34), (35), (45) and (47) are simplified at ε⊥ = 1. We first obtain the solution

for this particular case. The general solution for arbitrary ε⊥ can be obtained from the previous solution by replacing
k → K = k/

√
ε⊥, Q → Q/ε⊥, and ε →

√
ε⊥ε‖/ε⊥ as one can see from the aforementioned system of equations and

the definition of ε and K.
In the following, we derive the potentials for the case of monolayer (ML) and bilayer (BL) of S-TMDs.

B. Coulomb potential in the monolayer

We solve the system of equations (47) for the S-TMD monolayer encapsulated between two dielectric flakes with
a distance L between them. We consider the case where the charge Q is placed inside the monolayer z′ = z1. We
consider the case of a symmetric disposition of the monolayer between dielectric media z1 = L/2. The solution is

Φ2(k, L/2) =
2πQ

k

1− δe−kL

1 + kr0 − δ(kr0 − 1)e−kL
. (48)

In the L→∞ limit the answer does not depend on δ and reproduces the case of the potential for the monolayer in a
vacuum

Φ2(k, L/2) =
2πQ

k

1

1 + kr0
. (49)

At L → 0 limit it coincides with the expression for the generalised Rytova-Keldysh potential as a function of an
in-plane distance ρ =

√
x2 + y2 [12, 13, 29]

Φ2(k, 0) =
2πQ

k

1− δ
1 + δ + (1− δ)kr0

=
2πQ

kε

1

1 + kr0/ε
. (50)

Using the Fourier transform of the latter expression, we restore the Rytova-Keldysh potential [12, 13]

VRK(ρ) =
πQ

2r0

[
H0

(ρε
r0

)
− Y0

(ρε
r0

)]
, (51)

where H0(x) and Y0(x) are the Struve function and the Bessel function of the second kind.
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C. Coulomb potential in the bilayer

We consider two monolayers positioned at z1 = ξ and z2 = L − ξ. We calculate the in-plane potential Φ2(k, z)
for the cases of z = ξ an z = L − ξ with the charge Q placed in z′ = z1 = ξ and then consider the limit ξ → 0 for
simplicity. The answer is

Φ2(k, 0) =
2πQ

k

(1− δ)
(
e2kL[(1− δ)kr0 + 1]− [kr0(1− δ) + δ]

)
e2kL[(1− δ)kr0 + 1]2 − [δ + kr0(1− δ)]2

, (52)

Φ2(k, L) =
2πQ

k

(1− δ)2ekL

e2kL[(1− δ)kr0 + 1]2 − [δ + kr0(1− δ)]2
. (53)

The limit case L→ 0 gives the result for the monolayer with twice larger screening length r0 → 2r0

Φ2(k, 0) = Φ2(k, L→ 0) =
2πQ

kε

1

1 + 2kr0/ε
, (54)

as it should be. This result is apparent, since in the case of zero distance between layers, the electrostatic response of
the bilayer is twice larger because of the geometry of the system.

For L→∞ we have Φ2(k, L→∞) = 0, therefore, the charges in different layers do not interact with each other in
this limit. The potential between charges at the same layer in this limit takes the following form

Φ2(k, 0) =
2πQ

kεeff

1

1 + kr0/εeff
, (55)

where εeff = (ε+ 1)/2.
As a summary, we note that the electrostatic potential in the bilayer is a complex function of the parameter L.

At large distances L � r0 the role of the second layer becomes negligible and the electrostatic potential within the
layer can increase due to the different dielectric coefficients of the environments above and below of the considered
monolayer of the bilayer. Namely, the potential increases when the dielectric constant of the top environment εtop
is smaller than the dielectric constant of the bottom hBN substrate εbott = εhBN = 4.5. For the opposite limit,
L � r0 the screening of the second layer dominates and can suppress the effect of the small εtop dielectric constant.
Therefore, one should estimate that the spectrum of the excitons in the bilayer can be sensitive to the values of L
and r0 parameters.

SIII. EIGENVALUE AND EIGENFUNCTIONS PROBLEM FOR INTRALAYER EXCITONS IN
FEW-LAYER SYSTEMS

To investigate the ML and the BL of S-TMDs, we consider the electron and hole excitations in k · p approximation,
derive the corresponding eigenvalue and eigenfunctions problem for the intravalley excitons [24, 30]. For the BL, we
consider two cases ε⊥ = 1, and ε⊥ = εbil⊥ , where εbil⊥ is the out-of-plane dielectric constant of the bilayer, in order to
understand the role of the phenomenological parameter ε⊥ for the considered problem.

A. Monolayer

The spectrum of excitons with reduced mass µ in the S-TMD monolayer can be obtained by solving the equation{ ~2

2µ
∇2
‖ − VRK(ρ) + E

}
ψ(ρ) = 0, (56)

where

VRK(ρ) = −πe
2

2r0

[
H0

(ρε
r0

)
− Y0

(ρε
r0

)]
. (57)

Introducing the dimensionless parameters ξ = ρε/r0 = ρ/r∗0 and E = (µe4/2~2ε2)ε = Ry∗ε one rewrites the equation
for the case of s-type excitons in the following dimensionless form{

b2
1

ξ

d

dξ

(
ξ
d

dξ

)
+ bvRK(ξ) + ε

}
ψ(ξ) = 0, (58)
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where b = ~2ε2/µe2r0 and

vRK(ξ) = π[H0(ξ)− Y0(ξ)]. (59)

The scale and mass parameters for the MoSe2 monolayer are quite broad: r0 = 51.7Å, µ = 0.27m0 [34]; r0 = 39Å,
µ = 0.35m0 [9]; µ = 0.44m0 [35]; µ = 0.27m0 [30] where m0 is electron’s mass. In our calculation, we use the following
numbers ε = 4.5, r0 = 51.7Å, µ = 0.44m0. We obtain b ≈ 0.47. The numerical solution of the equation for this value
of b gives ε1 = −0.723, ε2 = −0.213, ε3 = −0.101, ε4 = −0.058, and ε5 = −0.038 for the first excitonic states. Using
the value of the Rydberg energy Ry∗ ≈ 295.5meV, we find the relative energies of the ground (1s) and the four excited
(2s, 3s, 4s, and 5s) states equal to E1 = −214meV, E2 = −63meV, E3 = −30meV, E4 = −17meV, E5 = −11meV,
respectively. Note that the energies of 1s E1,ex = Eg + E1 and 2s E2,ex = Eg + E2 exciton resonances are hard to
predict, since the bandgap Eg is renormalized by the Coulomb interaction, and depends on dielectric constant ε. The
calculation of such a bandgap shift requires additional numerical investigation. For our study, we exclude this shift
by considering the energy distance between the 1s and 2s excitons ∆E12 = E1,ex − E2,ex = (Eg + E1) − (Eg + E2).
Therefore, we have |∆E12| = 151meV, which is very close to the experimentally observed value is |∆Eexp12 | = 152meV.

To have a full picture we calculate the wave functions of the 1s and 2s excitonic states in the monolayer. Then, one
can fit these wave functions to the Hydrogen type 1s and 2s states

ψ1s(ρ) =
1√
2π
βe−βρ/2, (60)

ψ2s(ρ) =
1√
2π

β2√
6α2 − 4αβ + β2

(1− αρ)e−βρ/2. (61)

Both functions can be written in the momentum space

ψns(ρ) =
1

2π

∫
d2k eikρψns(k), (62)

ψns(k) =
1

2π

∫
d2ρ e−ikρψns(ρ). (63)

Both functions in momentum space are the functions of the absolute values of |k| = k, due to |ρ| = ρ dependence of
the corresponding functions in the coordinate space ψns(k) = ψns(k), ψns(ρ) = ψns(ρ). Then we have

ψns(k) =

∫ ∞
0

dρρJ0(kρ)ψns(ρ), (64)

where J0(x) is the zeroth Bessel function of the first kind. The integration gives

ψ1s(k) =
2
√

2
πβ

2

(β2 + 4k2)
3/2

, (65)

ψ2s(k) =
2
√

2
πβ

2
(
β2(β − 4α) + 4k2(2α+ β)

)√
6α2 − 4αβ + β2 (β2 + 4k2)

5/2
. (66)

The latter expressions define the size of the wave functions in momentum space. Namely, comparing the k-dependent
and k-independent terms in the denominator, i.e., β2 = 4k2, one gets the value of k0 that satisfies the latter equation.
For both 1s and 2s Hydrogen-like functions it is k0 = β/2, which is nothing but the parameter which defines the
exponential decay of the wave-function in coordinate space ψns(ρ) ∼ e−βρ/2. However, the numerical analysis of
wave functions in the Rytova-Keldysh potential demonstrates that the numerically obtained 1s and 2s wave functions
can not be fitted well with the Hydrogenic ones. Therefore, we calculate numerically the Fourier transform of the
dimensionless wave-function ψns(ξ = ρ/r∗0)

ψns(k) =

∫ ∞
0

dρρJ0(kρ)ψns(ρ) = (r∗0)2

∫ ∞
0

dξξJ0(kr∗0ξ)ψns(ξ) (67)

and estimate the size of the excitonic wave function from its shape in momentum space. We fit the obtained expressions
for k-dependent 1s and 2s states by two- and three-parametric functions similar to Hydrogen ones. The 1s state can
be approximated by the function

ψ1s(k)/ψ1s(0) =
1

(0.312656(kr∗0)2 + 1)
2.1987 , (68)
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with ψ1s(0) = 0.581476r∗0 The 2s wave function can be approximated as

ψ2s(k)/ψ2s(0) =
1− 2.36996(kr∗0)2

(1.02795(kr∗0)2 + 1)3.28023
, (69)

with ψ2s(0) = 1.68132r∗0 . Using the aforementioned we can estimate the following sizes of these wave-functions

k1s ≈
1.78841

r∗0
, k2s ≈

0.98631

r∗0
, (70)

where r∗0 ≈ 11.5Å.
We estimate the reduced mass µ = 0.515m0 of B-excitons using the experimental value |∆E12| = 158meV. To

do this, we calculate numerically the difference |∆12(µ)| as a function of the parameter µ, and solve the equation
|∆12(µ)| = 158meV. Then, using the obtained value of µ we estimate and fit the 1s and 2s states in the momentum
space. Then the corresponding wave functions for 1s and 2s states of B-excitons in the momentum space are

ψ1s(k)/ψ1s(0) =
1

(0.253136(kr∗0)2 + 1)2.22737
, (71)

with ψ1s(0) = 0.527605r∗0 , and

ψ2s(k)/ψ2s(0) =
1− 1.91068(kr∗0)2

(0.809057(kr∗0)2 + 1)
3.3087 , (72)

with ψ2s(0) = 1.49775r∗0 . Using the aforementioned we can estimate the following sizes of these wave-functions

k1s ≈
1.98757

r∗0
, k2s ≈

1.11176

r∗0
. (73)

B. Bilayer: ε⊥ = 1

To calculate the binding energies of A-excitons in the bilayer, one needs to take into account the admixture of the
valence band states from the opposite valleys in different layers (see Ref. [24, 44] for details). Due to this admixture,
the charge of the hole quasiparticle is redistributed between two layers, see Fig. S2. It modifies the Coulomb potential
between electrons and holes in the bilayer. Taking into account the results of Ref. [24] we obtain the following value
for the charges of the hole, which belongs to the same plane as an electron

Qin =
|e|
2

(
1 +

∆v√
∆2
v + 4t2

)
≈ 0.932|e|, (74)

and for a charge of the hole, which belongs to the opposite plane as an electron

Qopp =
|e|
2

(
1− ∆v√

∆2
v + 4t2

)
≈ 0.068|e|. (75)

FIG. S2. The schematic picture of the intralayer exciton in the S-TMD BL in the K+ point. The filled circle represents the
conduction band electron localized in the bottom layer. Two empty circles represent the hole quasiparticle in the bilayer,
localized mainly in the bottom layer. The size of the circles denotes the amount of charge of quasiparticles redistributed in
each layer. The colors of the circles encode the polarizations of photons which can be coupled to the exciton: green for σ+ and
red for σ−. The latter means that the intralayer exciton of the bilayer in the K+ point is mainly active in σ+ polarization and
weakly active in σ− polarization.
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Here, we used the numbers ∆v = 182meV and t = 53meV [31]. Therefore, the Coulomb potential between an electron
and hole quasiparticle is a superposition of the intra- and interlayer potentials

Vbil(k) = −2πe2

k

0.932(1− δ)
(
e2kL[(1− δ)kr0 + 1]− [kr0(1− δ) + δ]

)
+ 0.068(1− δ)2ekL

e2kL[(1− δ)kr0 + 1]2 − [δ + kr0(1− δ)]2
, (76)

where we use δ ≈ 0.64, L = 6.44Å (data from HQ Graphene) and r0 = 51.7Å.
The coordinate-dependent potential then reads

Vbil(ρ) = −e2

∫ ∞
0

dkJ0(kρ)
0.932(1− δ)

(
e2kL[(1− δ)kr0 + 1]− [kr0(1− δ) + δ]

)
+ 0.068(1− δ)2ekL

e2kL[(1− δ)kr0 + 1]2 − [δ + kr0(1− δ)]2
(77)

Taking into account that the effective masses of the top and bottom valence bands in MoS2 are close [30] we assume
that the effective mass of the new hole quasiparticles is the same as in ML, and hence the reduced mass µ = 0.44m0

coincides with the one in monolayer. Then the energies of 1s and 2s A excitons in the bilayer can be found from the
equation { ~2

2µ
∇2
‖ − Vbil(ρ) + E

}
ψ(ρ) = 0. (78)

Introducing again the dimensionless parameters of energy ε = E/Ry∗ and distance ξ = ρε/r0 we obtain the following
equation {

b2
1

ξ

d

dξ

(
ξ
d

dξ

)
+ bvbil(ξ) + ε

}
ψ(ξ) = 0, (79)

where

vbil(ξ) = 2ε

∫ ∞
0

dxJ0(xξ)
0.932(1− δ)

(
e2xl[(1− δ)εx+ 1]− [εx(1− δ) + δ]

)
+ 0.068(1− δ)2exl

e2xl[(1− δ)εx+ 1]2 − [δ + εx(1− δ)]2
(80)

and l = Lε/r0 ≈ 0.56. Note that the potential is a sum of intra- v1,bil(x) and interlayer v2,bil(x) contributions

vbil(ξ) =

∫ ∞
0

dxJ0(xξ)[v1,bil(x) + v2,bil(x)], (81)

where

v1,bil(x) =2ε
0.932(1− δ)

(
e2xl[(1− δ)εx+ 1]− [εx(1− δ) + δ]

)
e2xl[(1− δ)εx+ 1]2 − [δ + εx(1− δ)]2

, (82)

v2,bil(x) =2ε
0.068(1− δ)2exl

e2xl[(1− δ)εx+ 1]2 − [δ + εx(1− δ)]2
. (83)

They correspond to the coordinate-dependent terms

vj,bil(ξ) =

∫ ∞
0

dxJ0(xξ)vj,bil(x), j = 1, 2, (84)

as a functions of dimensionless coordinate ξ = rε/r0. One can observe that the intralayer term contains the long
∼ 1/x tail which is responsible for the singular behaviour of v1,bil(ξ) at the origin ξ = 0. In order to take into account
this singular term exactly, we extract the x→∞ limit

vlim1,bil(x) =
0.932× 4ε

2εx+ ε+ 1
(85)

from the potential v1,bil(ξ) rewriting it in the form

v1,bil(x) = vlim1,bil(x) + [v1,bil(x)− vlim1,bil(x)] = vlim1,bil(x) + δv1,bil(x). (86)

The correction δv1,bil(x) is a bounded function, which exponentially decays in x→∞ limit. Therefore, it gives a small
and non-singular contribution to the coordinate-dependent potential δv1,bil(ξ) at the origin ξ = 0. The interlayer term
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δv2,bil(x) ∝ exp(−xl) is also exponentially suppressed at x → ∞, and, hence, its coordinate-dependent contribution
v2,bil(ξ) is regular at the origin. For the numerical calculation of the spectrum and corresponding wave functions of
the excitonic states in the bilayer we present the full potential in the form

vbil(ξ) = vlim1,bil(ξ) + δv1,bil(ξ) + v2,bil(ξ), (87)

considering the exact expression for the first term

vlim1,bil(ξ) =

∫ ∞
0

dxJ0(xξ)vlim1,bil(x) = 0.932π
[
H0

(ξ(ε+ 1)

2ε

)
− Y0

(ξ(ε+ 1)

2ε

)]
= 0.932vRK

(ξ(ε+ 1)

2ε

)
. (88)

Solving numerically the eigenvalue problem with vbil(ξ) potential, we obtain ε1 = −0.794, ε2 = −0.229, ε3 = −0.105,
ε4 = −0.0598, and ε5 = −0.039 for the first five excitonic states. Taking into account that Ry∗ = 295.5meV we get
E1 = −235meV, E2 = −68meV, E3 = −31meV, E4 = −18meV, E5 = −11meV. Note that the binding energies
of s excitons in the bilayer are a little bit larger compared to their monolayer counterparts. This can be explained
by the fact that the effective dielectric constant for the bilayer is smaller than that for the monolayer. The energy
difference between 1s and 2s excitons is ∆E12 = 167meV, which is significantly larger than the experimental value
∆Eexp12 = 118± 6meV. Therefore, the model with ε⊥ = 1 is not consistent with the experiment.

C. Bilayer: ε⊥ = εbil⊥

In the previous section, we demonstrate that the model with ε⊥ = 1 is not able to predict correctly the parameter
∆E12 for the BL S-TMD crystal. This deviation can be explained in two possible cases. The first case is based
on the oversimplification of the model. In this model, we operate with infinite thin layers and distances between
them. However, in the S-TMD crystal, the thickness of its constituents (monolayers) is comparable with the distance
between the layers. One of the ways to keep the simplicity of the previous model but take into account the more
complex electric response of few-layers in perpendicular to the layers’ direction is to introduce the out-of-plane
dielectric constant ε⊥ > 1. The second case is based on the observation that due to encapsulation the splitting ∆v
is significantly reduced [24, 31]. The reduction of ∆v leads to a more homogeneous distribution of the hole charge
in the bilayer in the perpendicular direction, which reduces the Coulomb interaction between the electron and hole
quasiparticles. We first calculate the binding energies for εbil⊥ = 7.7 [37]. If this calculation will not give the appropriate
answer, we should conclude the renormalisation of the ∆v parameter.

We start from the in-plane potential for ε⊥ = 1

Φ2(k, 0) =
2πQ

k

(1− δ)
(
e2kL[(1− δ)kr0 + 1]− [kr0(1− δ) + δ]

)
e2kL[(1− δ)kr0 + 1]2 − [δ + kr0(1− δ)]2

, (89)

Φ2(k, L) =
2πQ

k

(1− δ)2ekL

e2kL[(1− δ)kr0 + 1]2 − [δ + kr0(1− δ)]2
, (90)

and make the replacements k → k/
√
ε⊥, Q→ Q/ε⊥, ε→ ε/

√
ε⊥, with ε⊥ = 7.7 [37]. As can be seen, this replacement

effectively changes the parameters L, δ,Q. Namely, we get

kL→k
( L√

ε ⊥

)
= kL̃, (91)

kr0 →k
( r0√

ε ⊥

)
= kr̃0, (92)

δ →
ε−√ε⊥
ε−√ε⊥

= δ̃. (93)

Note that the dimensionless parameter l = L̃ε/r̃0 = Lε/r0 = 0.56 remains the same. The eigenvalue equation in
dimensionless coordinate ξ = ρε/r̃0 becomes{

b2ε⊥
1

ξ

d

dξ

(
ξ
d

dξ

)
+ bvbil(ξ) + ε

}
ψ(ξ) = 0, (94)

where

vbil(ξ) = 2ε

∫ ∞
0

dxJ0(xξ)
0.932(1− δ̃)

(
e2xl[(1− δ̃)εx+ 1]− [εx(1− δ̃) + δ̃]

)
+ 0.068(1− δ̃)2exl

e2xl[(1− δ̃)εx+ 1]2 − [δ̃ + εx(1− δ̃)]2
, (95)
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where the energy parameter E = εRy∗, with Ry∗ = µe4/2~2ε2. The eigenvalues are ε1 = −0.599, ε2 = −0.178,
ε3 = −0.089, ε4 = −0.057, and ε5 = −0.04 for the first five excitonic states. Using the value of the Rydberg
energy Ry∗ ≈ 295.5meV, we find the relative energies of the ground (1s) and the four excited (2s, 3s, 4s, and 5s)
states equal to E1 = −177meV, E2 = −53meV, E3 = −26meV, E4 = −17meV, E5 = −12meV, respectively. The
energy difference between 1s and 2s excitons is ∆E12 = 124meV, which is consistent with the experimental value
∆Eexp12 = 118± 6meV.

We calculate numerically the wave functions in momentum space using the formula

ψns(k) =

∫ ∞
0

dρρJ0(kρ)ψns(ρ) =
( r̃0

ε

)2
∫ ∞

0

dξξJ0

(
k
r̃0

ε
ξ
)
ψns(ξ), (96)

where ψns(r) is the coordinate dependent wave-function for ns state, and ψns(ξ) = ψns(ρε/r̃0). The corresponding
approximations for wave functions in momentum space are

ψ1s(k)/ψ1s(0) ≈ 1

(3.00818(kr̃0/ε)2 + 1)
2.08207 , (97)

with ψ1s(0) = 1.74062r̃0/ε, and

ψ2s(k)/ψ2s(0) ≈ 1− 22.4166(kr̃0/ε)
2

(10.1202(kr̃0/ε)2 + 1)3.24956
, (98)

with ψ2s(0) = 5.26663r̃0/ε. Using the aforementioned we can estimate the size of the wave functions in momentum
space as

k1s ≈
0.576565

r̃0/ε
, k2s ≈

0.314344

r̃0/ε
, (99)

where r̃0/ε ≈ 4.14Å.
To fulfill the study, we also estimate the binding energies and wave functions of the ground state of interlayer A

(IL), intralayer B (1sB), and interlayer B excitons.
The binding energy and wave function for the interlayer A exciton (IL) in momentum space are E1 = −118meV,

and

ψ1s(k)/ψ1s(0) ≈ 1

(3.70421(kr̃0/ε)2 + 1)
3.09065 , (100)

with ψ1s(0) = 2.47168r̃0/ε. The size of the corresponding wave function in momentum space is

k1s ≈
0.51958

r̃0/ε
, (101)

where r̃0/ε ≈ 4.14Å.
The binding energy and wave function for the intralayer B exciton (1sB) in momentum space are E1 = −190meV,

and

ψ1s(k)/ψ1s(0) ≈ 1

(2.41494(kr̃0/ε)2 + 1)
2.11039 , (102)

with ψ1s(0) = 1.57347r̃0/ε. The size of the corresponding wave function in momentum space is

k1s ≈
0.643497

r̃0/ε
. (103)

The binding energy and wave function for the interlayer B exciton in momentum space are E1 = −107meV, and

ψ1s(k)/ψ1s(0) ≈ 1

(4.47643(kr̃0/ε)2 + 1)
3.00066 , (104)

with ψ1s(0) = 2.66952r̃0/ε. The size of the corresponding wave function in momentum space is

k1s ≈
0.472644

r̃0/ε
. (105)

SIV. EXCITON g-FACTORS
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TABLE II. Theoretical g-factors of valence and conduction states at K+ point in ML and BL MoSe2.

gv−1 gv gc gc+1

ML 2.31 4.46 2.48 0.30
BL 2.22 4.35 2.36 0.24
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