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As correlation strength has a key influence on the simulation of strongly correlated materials,
many approaches have been proposed to obtain the parameter using first-principles calculations.
However, a comparison of the different Coulomb strengths obtained using these approaches and
an investigation of the mechanisms behind them are still needed. Taking lanthanide metals as an
example, we research the factors that affect the effective Coulomb interaction strength, Ueff , by
local screened Coulomb correction (LSCC), linear response (LR), and constrained random-phase
approximation (cRPA) in VASP. The ULSCC

eff value increases from 4.75 eV to 7.78 eV, ULR
eff is al-

most stable at about 6.0 eV (except for Eu, Er, and Yb), and UcRPA
eff shows a two-stage decreasing

trend in both light and heavy lanthanides. To investigate these differences, we establish a scheme
to analyze the coexistence and competition between the orbital localization and the screening ef-
fect. We find that LSCC and cRPA are dominated by the orbital localization and the screening
effect, respectively, whereas LR shows a balance of the competition between the two factors. Ad-
ditionally, the performance of these approaches is influenced by different starting points from PBE
and PBE+U , especially for cRPA. Our results provide useful knowledge for understanding the Ueff

of lanthanide materials, and similar analyses can also be used in the research of other correlation
strength simulation approaches.

PACS numbers:

I. INTRODUCTION

In recent decades, the class of elements with 3d, 4f , or
5f electrons and their compounds has attracted tremen-
dous attention in both fundamental research and indus-
trial applications.1–3 These systems exhibit many exotic
properties, such as high-temperature superconductivity4

and colossal magneto-resistive effect.5 Such materials
are called strongly correlated materials due to their
strong electron–electron interaction.6,7 However, the
widely used density functional theory (DFT)8 in con-
ventional local density approximation (LDA)9,10 or gen-
eralized gradient approximation (GGA)11 is not suit-
able for these materials because of the spurious self-
interaction.12–15 Many ab initio methods developed for
strongly correlated materials have been successfully used
in simulations for thermodynamic properties and elec-
tronic structure properties.6,9,11,16 Among them, cor-
rection methods based on the onsite Hubbard model,
such as DFT+U ,17–19 DFT plus dynamic mean-field the-
ory (DFT+DMFT),20,21 and DFT plus Gutzwiller pro-
jected variational wave function (DFT+Gutzwiller)22,23

are popular and effective. Despite their good perfor-

∗Corresponding authors: yuechao wang@126.com
†Corresponding authors: liu yu@iapcm.ac.cn

mance, these methods still have many key problems
in the construction of a high-precision Hubbard model,
which mainly include the following: (1) the definition of
correlation space, namely, the choice of local projection
lacks clarity;14,24 (2) the double counting term, which
needs to be deducted from the DFT part, has no strict
form;25–27 and, especially, (3) the correlation strength
between localized electrons, namely, the Hubbard U that
describes the on-site Coulomb interaction under a cer-
tain screening, and Hund exchange interaction param-
eter J is needed.28,29 The correlation strength can even
lead to qualitative differences in material properties.30 In
the isotropic form,31 the correlation strength is directly
expressed by the effective Coulomb interaction between
localized electrons, Ueff ≡ U − J .
In experiments, the U value is typically estimated

via the positions of Hubbard bands in X-ray photoe-
mission spectroscopy (XPS) and bremsstrahlung isochro-
mat spectroscopy (BIS) data.32,33 However, these exper-
iments are costly and difficult to perform under some
extreme conditions. In early simulation work, the Ueff

values were tuned by fitting the simulated properties to
experimental ones, such as the band gap.34–36 However,
this approach is not applicable in cases where experimen-
tal data are lacking. In addition, it reduces the predictive
ability of the correction methods based on the Hubbard
model, and there may also be significant differences in
Ueff values as a result of using different reference proper-
ties for the same system.

http://arxiv.org/abs/2211.16260v2
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To address the above-mentioned problems, many ap-
proaches based on first-principles have been developed
to simulate the strength of on-site Coulomb interaction.
For example, (1) Herbst et al. evaluated Hubbard-U us-
ing Hartree–Fock calculations. However, this method
is based on the atomic limit, which does not reflect
the systems we really care about.37 (2) Dederichs et

al.
38 developed the constrained density functional the-

ory (cDFT) approach to calculate the energy difference
by constructing electronic configurations. In this ap-
proach, localized electrons are treated as core electrons in
the full-potential framework. (3) Later, Cococcioni and
Gironcoli39 extended the cDFT approach to the more effi-
cient pseudopotential framework based on linear response
(LR) theory, and obtained the Ueff value through the
perturbation-induced variation of the occupation num-
ber of localized electrons. 4) Aryasetiawan et al.

40 de-
veloped the constrained random-phase approximation
(cRPA) method based on many-body perturbation the-
ory, which can calculate frequency-dependent U values.
cRPA is generally considered a calculation method that
comprehensively involves physical effects,41 but the com-
putational cost is relatively high, and there is uncertainty
in many factors, such as the screening channel. 5) Wang
and Jiang43 proposed the local screened Coulomb cor-
rection (LSCC) method in recent years, which has been
used to simulate the Coulomb interaction of 5f -electrons
in β-UH3

42 and systematically calculate the U value of
3d metal oxides.43 The method has good performance in
evaluating Hubbard-U with dramatically reduced com-
putational cost.

The above approaches are based on different physical
processes, and it has been noted that they could yield dif-
ferent Ueff values for the same system.37,41 Nawa et al.

44

noted that comparing the absolute values of Ueff calcu-
lated by different methods may not be meaningful. How-
ever, comparing the characteristics of different methods is
important from the perspectives of both theory and prac-
tice. Specifically, the changing trend of Ueff with atomic
number can help us understand such characteristics. For
example, Tesch and Kowalski41 researched the changing
trend of Ueff calculated by the LR method for d-electron
metals and emphasized the rise of correlation strength
caused by stronger localization of d orbitals. Qiu et al.

37

studied the trend of Ueff calculated by the LR method
for actinide metals and emphasized the screening effect
caused by different structures and the electronic localiza-
tion change, which was related to the evolution of atomic
volume.

Lanthanide metals are typical strongly correlated se-
ries; their 4f electrons show stronger localization than
those of 3d and 5f orbitals, which creates a good plat-
form for exploring the characteristics of different simu-
lation methods. The correction methods based on the
Hubbard model have been widely used to simulate the
properties of lanthanide metals. To name a few, Harmon
et al.

45 simulated Gd using LDA+U with Ueff = 6.0 eV
and obtained a correct description of the antiferromag-

netic ground state. Mohanta et al.
46 simulated Gd-Lu

using GGA+U and showed that Ueff = 6.8 eV could ob-
tain structural and magnetic properties that were basi-
cally consistent with the measured data. Locht et al.

47

carried out DFT+DMFT simulation with U = 7 eV, and
the structural properties, magnetic properties, and pho-
toelectron spectra were in good agreement with the ex-
perimental results. We note that there are also many
works using first-principles approaches to calculate the
correlation strength of 4f electrons. Nilsson et al.

48 re-
ported the calculation of the cRPA-U value for Ce-Gd,
and Morée and Amadon49 carried out a self-consistent
calculation by combining LSDA+U with cRPA for lan-
thanide metals. Results that have been obtained by using
the cDFT/LR method to calculate the Ueff value of lan-
thanide metals are scattered across different works. For
example, Dederichs et al. calculated the Ueff of Ce as an
impurity atom using cDFT; Cococcioni et al.39 calculated
the Ueff of Ce using the LR method; and Tao et al.

50 cal-
culated the Ueff value of the Gd13 cluster. However, as
far as we know, a systematic calculation of Ueff values us-
ing the cDFT/LR approach has not yet been performed.
The performance of LSCC in lanthanide metals will also
be reported for the first time in this paper.
In this work, we systematically simulate the on-site

Coulomb interaction between 4f electrons of lanthanide
metals using the LSCC, LR, and cRPA approaches, all
of which are performed in the popular Vienna Ab initio
Simulation Package (VASP).51,52 The changing trends of
Ueff calculated by different approaches are compared. In
particular, we analyze the competition between the or-
bital localization and the screening effect to explain the
different performance of Ueff . In addition, we detect the
sensitivity of Ueff to initial electronic state by simulation.
The paper is organized as follows. In Sec. II, we intro-

duce the methods and the parameter setting used in this
work. In Sec. III, the results of effective Coulomb inter-
action values are given, analyses of orbital localization
and screening effect are performed, and the performance
of Ueff obtained from different electronic states is com-
pared. Finally, our conclusions are summarized in Sec.
IV.

II. METHODOLOGY

A. Local screened Coulomb correction (LSCC)
approach

The LSCC approach calculates the on-site interac-
tion between localized electrons through the screened
Coulomb interaction in the form of Yukawa potential:43

vsr(r, r
′) =

e−λ|r−r
′|

|r− r′|
, (1)

where λ = 2[ 3ρπ ]1/6 is the parameter characteriz-
ing screening strength in the Thomas–Fermi screening
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model. For real systems, we adopt a density-weighted
averaging scheme (see S-III type in Wang and Jiang):43

λ̄ =

∫

aug
λ(r)ρ(r)dr

∫

aug
ρ(r)dr

, (2)

where ρ(r) is the electron-density, and λ(r) is the local
screening parameter. The result is obtained by weighted-
averaging λ(r) within the augmentation region. Using
(1), the screened Slater integrals can be calculated by53

Um1,m2,m3,m4
= 〈ϕl,m1

ϕl,m2
|vsr |ϕl,m3

ϕl,m4
〉, (3)

where |ϕl,m〉 is the local orbital with angular momentum
quantum number l and magnetic quantum number m.
We construct the radial part of the local orbital as43,54

φl(r) =

√

ρl0(r)

Nl
, (4)

where ρl0(r) is the spherically symmetric part of l-
electron density within the PAW augmentation sphere,
and Nl is the occupation number of the corresponding
orbitals. Then, we deduce parameters U and J as fol-
lows:

U =
1

(2l+ 1)2

2l+1
∑

m2=1

2l+1
∑

m1=1

Um1,m2,m1,m2
, (5)

J = U −
1

(2l + 1)(2l)

2l+1
∑

m2=1

,

2l+1
∑

m1=1

[Um1,m2,m1,m2
− Um1,m2,m2,m1

] . (6)

B. Linear response (LR) approach

In the LR approach, the interaction parameter can be
calculated as the second derivative of the ground-state
total energy with respect to the local electron occupation
number, nI , in site I.39 The effective electronic potential
is perturbed by an external potential αI |ϕI

m〉〈ϕI
m| that

only acts on the localized orbitals with amplitude αI .
The second derivative of the total energy with respect to
nI equals the inverse of the response function:

χI,J =
δnI

δαJ
. (7)

In actual calculation, the Kohn-Sham wave functions of
non-interacting electron systems would be reorganized in
response to the perturbation. This artificial response
is not related to the electron interaction and there-
fore must be subtracted. The response function of this
part, χ0, could be evaluated by performing a non-self-
consistent DFT calculation while keeping the charge den-
sity constant.37,39 The on-site interaction is given by

U I
eff = (χ−1

0 − χ−1)I,I . (8)

C. Constrained random-phase approximation
(cRPA) approach

The cRPA approach assumes that the screening be-
tween localized electrons can be well treated in the effec-
tive low-energy model, and only the screening between
the rest electrons needs to be considered in the calcula-
tion of Hubbard U .40,55,56 The effective interaction in the
reduced space is defined as

Wr(r, r
′;ω) =

v(r, r′)

1− v(r, r′)Pr(r, r′;ω)
, (9)

where Pr is the polarization (excluding transition pro-
cesses between correlated states), and v is the bare
Coulomb interaction. From Wr , we can calculate the
effective interaction matrix as49

Um1,m2,m3,m4
(ω) = 〈ϕl,m1

ϕl,m2
|Wr(ω)|ϕl,m3

ϕl,m4
〉,
(10)

and derive parameters U and J as in Eqs. (5) and (6) at
ω = 0.
In the random-phase approximation, the full polariza-

tion, P , is calculated as

P (r, r′;ω) =

occ
∑

kn

unocc
∑

k′n′

ψ∗
k′n′(r)ψkn(r)ψ

∗
kn(r

′)ψk′n′(r′)

ω − εk′n′ + εkn + iη

−
ψkn(r)ψ

∗
k′n′(r)ψk′n′(r′)ψ∗

kn(r
′)

ω + εk′n′ − εkn − iη
, (11)

where η is a positive infinitesimal. The polarizability be-
tween localized f electrons, Pf , is calculated for the dis-
entangled band structure according to Eq. (11), and the
polarizability of the rest subspace is then calculated by
Pr = P −Pf . If the correlated bands are completely iso-
lated from the other bands, Pf can be straightforwardly
calculated according to band indices. For the case where
the correlated bands are entangled, there are currently
some disentanglement schemes that can be used.57–59 We
adopt the disentangling method57 in our implementation.
In this scheme, all coupling between the correlated and
rest subspaces in the Hamiltonian are removed, and then
the Hamiltonian is diagonalized in these subspaces. The
polarizabilities P and Pf are then calculated by the dis-
entangled wavefunctions. Recent works49,60 have shown
that this scheme can better calculate U values from the
DFT band structure compared to the weighted method.
However, the disentanglement method has its limitation,
the dependence of the energy window.

D. Computational details

The effective Coulomb interaction strengths, Ueff , are
calculated for a lanthanide metal (Ce-Yb) with fcc struc-
ture, whose lattice parameters are set as the experimental
values at room temperature (see the Appendix). All cal-
culations have been performed using VASP.51,52 Projec-
tor augmented wave (PAW) pseudopotentials64 are used.
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Please see the Appendix for details about the PAW pa-
rameters. The f electrons are treated as valence elec-
trons, and the Perdew–Burke–Ernzerhof (PBE)11 func-
tional is applied for all calculations. We calculate Ueff val-
ues for all systems in paramagnetic states. All the plane-
wave energy cutoffs are set as 600 eV. A Monkhorst-
Pack65 k-mesh of 8×8×8 (the k-mesh in the cRPA calcu-
lation is set as 4×4×4, which meets a precision of 0.2 eV
for Ueff value) is applied to ensure convergence. The LR
approach is performed on 2×2×2 supercells. Limited by
the current implementation in the VASP code, the same
local orbitals in LSCC and LR cannot be chosen in cRPA.
We set the local orbitals as maximally localized Wannier
functions61–63 (MLWFs) constructed from a large energy
window [−20 eV, 20 eV], and we use 100 bands in the
calculation of the polarizability.

III. RESULTS AND DISCUSSION

A. Trends of effective Coulomb interaction with
different approaches

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb
2

4

6

8

10

12

Exp:  XPS+BIS
 Lang-1981

Theory: Others
 cRPA (Nilsson-2013)
 cRPA (Moree-2018)
 cRPA (Karlsson-2010)
 cRPA (Kashid-2020)
 HF (Min-1986)
 HF-PM (Min-1986)

U
ef

f  
(e

V
)

Elements

Theory: Ours
 LSCC
 LR
 cRPA

Fig. 1: The effective Coulomb interaction strength, Ueff , for
lanthanide metals. The blue filled triangles represent the re-
sults obtained with the LSCC approach, the green filled circles
represent the results obtained with the LR approach, and the
red symbols represent the results obtained with the cRPA
approach (filled squares for this work, open squares for re-
sults from Nilsson et al.,48 crosses for results from Morée and
Amadon,49 pentagons for results from Karlsson et al.,66 and
diamonds for results from Kashidet al.67). The magenta sym-
bols represent the results obtained with Hartree–Fock (HF)
calculation (open stars for ferromagnetic states and filled stars
for paramagnetic (PM) states by Min et al.,68 and black filled
balls for XPS and BIS experiments by Lang et al.32)

We present the effective Coulomb interaction, Ueff ,
derived by the different first-principles approaches and
other theoretical and experimental reference data in Fig.

1. In the following, we denote the Ueff calculated by
the LSCC (or LR, cRPA) approach as ULSCC

eff (or ULR
eff ,

U cRPA
eff ). Our calculations show that the Ueff values ob-

tained by the different approaches have different chang-
ing trends with increasing atomic number. Specifically,
ULSCC
eff increases from 4.75 eV to 7.78 eV with increasing

atomic number. The ULR
eff value is about 6.0 eV, with a

maximum variation of 0.26 eV except Eu, Er, and Yb.
The ULR

eff value for Eu and Er is about 6.8 eV, and that
for Yb is significantly larger than the others. The U cRPA

eff

in this work shows two decreasing trends in light (Ce-
Nd) and heavy (Eu-Ho) lanthanides, and also abruptly
jumps in Eu, Er, and Yb. U cRPA

eff is smaller than ULSCC
eff

and ULR
eff in lanthanides. Some convergence problems oc-

cur when we try to use an appropriate number of virtual
states for the cRPA calculation. However, results for
these two elements are not vital for our conclusion.
The values of ULSCC

eff and ULR
eff are in the range of pre-

vious empirical U values, and, except for Eu and Gd, are
closer to the experimental estimates and HF atomic cal-
culation than U cRPA

eff . We note that this difference may
relate to the spin polarization. There are reports of cal-
culation results in the literature obtained while ignoring
the spin polarization effect that are close to our results.
Moreover, we note that the values with spin polarization
are very large (about 10–12 eV), which may not be in the
range that can simulate properties that are in good agree-
ment with experiments. For U cRPA

eff , the decreasing trend
in light lanthanides also could be observed in the work
of Nilsson et al.

48 However, our results for Eu and Gd
are quite different from those of Nilsson et al.

48 We note
that the effect of spin polarization was also considered in
Nilsson et al.

48, and the Gd-Ueff values reported in the
literature show large differences due to the use of different
models and numerical methods in cRPA66,67. Finally, we
point out that the Ueff value in the work of Morée and
Amadon49 calculated by a self-consistent cRPA scheme
combined with DFT+U is generally larger than ours and
does not show an obvious decreasing trend. We will dis-
cuss this phenomenon in Section III C.
Overall, similar performance of these approaches can

be observed in both this work and many other reports.
On the one hand, these results confirm that the ap-
proaches in this work are correctly used. On the other
hand, the trends of Ueff displayed in our results is general
which may be encountered in other situations. Based on
the simulations above, analyses of the different character-
istics of ULSCC

eff , ULR
eff , and U cRPA

eff are given in the next
section.

B. Characterization for localization of orbital and
screening strength

To understand the trends of Ueff , we investigate the
evolution of orbital localization and screening effect.
From its definition, Ueff represents the on-site interac-
tion between local electrons that are screened by the en-
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 Tm
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 Ce
 Pr
 Nd
 Pm
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v 
(e

V
)

Elements

 LSCC/LR - Atomic
 cRPA - Wannier

(a)

Fig. 2: (a) Radial 4f orbitals φf (r) of lanthanides in LSCC
and LR approaches, where the solid lines represent light lan-
thanides, and the dashed lines represent heavy lanthanides.
(b) Bare Coulomb interaction, v, of 4f orbitals in (a) and
Wannier functions in the cRPA approach, represented as blue
squares and red circles, respectively.

vironment. Thus, the orbital localization of f -electrons
and the screening strength of the environment are two
key factors that should influence Ueff , and a quantita-
tive analysis of these two factors is of great importance
to understanding the performance of different simulation
approaches.

First, the orbital localization of f -electrons is shown
in Fig. 2. In Fig. 2(a), the radial part of the 4f -orbitals
used in the LSCC and LR approaches is shown. With the
increase of atomic number, the f -electrons in real space
become more localized. To quantitatively characterize
the orbital localization, the bare Coulomb interaction, v,
is used, because localized electron distribution directly
relates to a large v. The v of LSCC/LR and cRPA are
shown in Fig. 2(b). As the atomic number increases, v
increases from 22.13 eV (23.51 eV for cRPA) to 35.40 eV

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb
2

4

6

8

10

12

e p
,M

Elements

 LSCC
 LR
 cRPA

Fig. 3: The macroscopic dielectric constant εp,M = v
Ueff

of

lanthanides. The blue triangles represent the results of the
LSCC approach, the green circles represent the results of the
LR approach, and the red squares represent the results of the
cRPA approach.

(35.14 eV for cRPA). We note that bare Coulomb inter-
actions of these two kinds of orbitals have a difference
of less than 6%, which indicates that the selected energy
window gives a relatively good coherence between the
atomic 4f -orbitals and Wannier functions. To conclude,
the results above show that with the increase of atomic
number, the localization of 4f -orbitals becomes stronger,
which will lead to an increased Ueff value.

Second, the screening strength is characterized in this
work by the macroscopic dielectric constant εp,M = v

Ueff
.

It should be mentioned that εp,M differs from the real
dielectric constant because Ueff is the average interaction
of on-site electrons, not the interaction at the static limit.
However, this definition can intuitively reflect the screen-
ing effect from the different Ueff simulation approaches.
As seen in Fig. 3, the results of LSCC change little
within the 4f elements, with a slight decrease of 0.5.
εLRp,M shows an enhanced trend—except for Eu, Er, and

Yb—with a variation of less than 1.8, whereas εcRPA
p,M is

the largest in absolute value and amplitude change, show-
ing a two-stage enhanced trend in light and heavy lan-
thanides. Both εLRp,M and εcRPA

p,M decrease suddenly in Eu,
Er, and Yb. These results show that the increasing trend
of Ueff value in LSCC is dominated by the orbital local-
ization. In the cRPA method, the screening effect domi-
nates the trend of Ueff , whereas the stable U

LR
eff indicates

a balanced competition between the orbital localization
and the screening effect.

For LSCC, the screening parameter λ depends on the
charge density [see Eq. (2)]. Based on the Thomas–Fermi
screening model, only the short-range metallic screening
is considered in LSCC. Figure 4(a) shows that λscf grad-
ually increases as the number of f -electrons increases,
ranging from 1.50 to 2.12, where λscf denotes the screen-
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Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb
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Fig. 4: (a) Screening parameter λscf (calculated with self-
consistent charge density) of lanthanides in the LSCC ap-
proach. (b) Variation of macroscopic dielectric constant with
respect to λ (set manually) and elements. The magenta sym-
bols represent λscf .

ing parameter λ calculated by self-consistent charge den-
sity. λ can also be set manually. We report the macro-
scopic dielectric constant with respect to λ for different
elements (with different f -localized orbital) in Fig. 4(b).
A larger λ led to an enhanced short-range screening.
However, the bare Coulomb interaction between corre-
lated electrons is also enhanced at the same time. The
macroscopic dielectric constant for LSCC is almost un-
changed, and even slightly decreases, which is dominated
by the correlated electrons.

For LR, we calculated the occupation number of bath
electrons (i.e., the result of total occupation number de-
ducting the f -electrons, nb = ntot − nf), as plotted in
Fig. 5. With the increase of the radius of PAW aug-
mented region (see Appendix), the occupation number
of bath electrons gradually increases from Ce, but has

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb
8.3

8.4

8.5

8.6

8.7

8.8

8.9

9.0

n b
 (e

le
ct

ro
ns

)

Elements

Fig. 5: Occupation number of bath electrons nb(= ntot − nf )
of lanthanides.

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

Heavy-Ln
 Tb
 Dy
 Ho

f -
 D

O
S 

(a
rb

. u
ni

t)

Energy (eV)

Light-Ln
 Ce
 Pr
 Nd

Fig. 6: Comparison of f density of states. The solid lines
represent f -DOS of typical light lanthanides: Ce, Pr, Nd. The
chain lines represent f -DOS of typical heavy lanthanides: Tb,
Dy, Ho. The black vertical line represents Fermi level.

three sharp drops in Eu, Er, and Yb. The trend of nb is
same as εLRp,M. LR approach is based on the perturbation-
induced transfer of the occupation number, larger occu-
pation number of bath electrons is likely to make charge
transfer easier. However, the screening effect also de-
pends on the correlated orbital, thus εLRp,M is not fully
proportional to the occupation number of bath electrons
nb. For cRPA, the results are sensitive to the density of
states, as cRPA is based on the transition between occu-
pied–unoccupied electronic states (several eV), as seen in
Eq. (11). Nilsson et al.

48 noted that the density of states
of f -electrons near the Fermi energy increases along the
4f series, leading to the enhancement of the polarization
effect of f and environmental electrons, and thus enhanc-
ing the screening. In our work, we also observed that the
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density of state of f -electrons near the Fermi energy in-
creases with the filling of the f -shell. As an example, we
showed typical cases in Fig. 6. Meanwhile, under the uni-
form electron gas limit, the polarization is proportional
to the charge density; thus, the occupation number of
bath electrons, nb, also affects the trend of εcRPA

p,M . We
point out that the PBE exchange-correlation functional
cannot qualitatively calculate the electronic state of the
strongly correlated system, which leads to an excessive
concentration of electronic states near the Fermi energy.
This concentration of electronic states increases along the
4f series, which is one source of the excessive decrease
of εcRPA

p,M . In the following section, we will simulate Ueff

using the electronic state from PBE + U .
To the best of our knowledge, the judgement of dif-

ferent first-principles methods is still quite a complicated
problem, and it is hard to say which scheme is best. How-
ever, we can make some suggestions for calculating the
U value of lanthanide metals based on our results and
relevant simulations. From a theoretical point of view,
LSCC is based on the Thomas–Fermi metallic screen-
ing model, and LR relies on the screening at the DFT
level; both models are likely to provide a more appro-
priate description of metals. We note that U values of
5.0–9.0 eV give results that are close to the experimental
measurements.45–47 In particular, the cohesive properties
and spectra properties are in good agreement with the
observations when an artificial U value of 7.0 eV is set for
all lanthanide metals in the DFT+DMFT simulation.47

The correlation strengths calculated by the LSCC and
LR methods in this work fall within the 5.0–9.0 eV range.
However, the simulation by cRPA probably needs a more
sophisticated self-consistent scheme.49

Lanthanide-based compounds are of great interest ow-
ing to their important roles in real applications. However,
because of their complex electronic structure, the perfor-
mance of correlation strength will be more complicated;
therefore, they are not considered in this work. Accord-
ing to our results, cRPA is more sensitive to the screening
effect causing by the chemical environment. Additionally,
it has been reported that cRPA is suitable for gapped
systems.69 Therefore, we believe that cRPA has great po-
tential in the simulation of lanthanide-based compounds.
We will work on correlation strength simulations targeted
at compounds in the future.

C. Sensitivity of Ueff to initial electronic state

The simulations above are all based on the same ini-
tial electronic states, which are obtained from PBE. As
PBE (together with other LDA and GGA functionals)
is often considered inappropriate for strongly correlated
materials, it is necessary to determine how these U sim-
ulation approaches perform from a more “reasonable”
initial point. In Fig. 7, the results calculated using
PBE electronic states are compared with those calcu-
lated using PBE+U (U = 6.0 eV) electronic states. Us-

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb
0

2

4

6

8

10

12 PBE+U
 LSCC
 LR
 cRPA

PBE
 LSCC
 LR
 cRPA

U
ef

f  
(e

V
)

Elements

Fig. 7: Comparison of calculated Ueff value of lanthanides
with initial electronic states from PBE and PBE+U (U = 6.0
eV). The filled symbols represent the results obtained with
PBE electronic state, and open for the results obtained with
PBE+U electronic state.

ing the PBE+U electronic states, U cRPA
eff changes dra-

matically (compared with U cRPA
eff using PBE electronic

states), whereas the LSCC approach only changes slightly
(maximum change of 0.278 eV). It could be observed
that ULR

eff also has large variation, except for Sm, but
not monotonically.

We speculate that the decrease in the density of states
of f -electrons near the Fermi energy leads to the increase
in U cRPA

eff . Taking Ho as an example in Fig. 8, we ob-
serve a significant decrease in the density of states of
f -electrons near the Fermi energy when using PBE+U .
For Eu and Yb, the electronic state obtained by PBE+U
is still large near the Fermi energy, whereas that ob-
tained by PBE is not large near the Fermi energy. As the
PBE+U method mainly changes the occupation number
and the density of states, the localized orbital is almost
unchanged, and the behaviors of cRPA and LSCC are
consistent with the characteristics we analyzed earlier.

We note that the process of LR self-consistent calcula-
tion is different from the cRPA method.70 In the LR ap-
proach, the U value is taken as the coefficient for the cor-
rection of the total energy with respect to the number of
electrons, and the exact total energy varies linearly with
respect to the number of electrons. In LDA/GGA, the
number of electrons has a nonlinear contribution to the
total energy, which is mainly a quadratic term brought by
the Hartree term. After correction, the U value obtained
by LR calculation will be reduced accordingly. However,
the f -electron orbitals are nearly degenerate in the stan-
dard U = 0 PBE calculation, and perturbation is more
likely to cause the variation of the occupations. In con-
trast, in the PBE+U calculation, the corresponding ener-
gies of filled and unfilled f -electrons near the Fermi level
become larger (e.g., see Fig. 8), and the occupation is
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Fig. 8: Comparison of f -electron density of states. The blue
line represents the f -DOS of Ho from PBE, and the red line
represents the f -DOS of Ho from PBE+U (U = 6.0 eV). The
black vertical line represents the Fermi level.

hard to change under the same perturbation.

Our results show remarkable variation between the
Ueff from different initial electronic states, especially in
cRPA, proving the necessity of understanding of the re-
lation between DFT and the correction methods with U
(such as DFT+U). If methods like DFT+U are treated
as self-interaction-correction methods for PBE or other
functionals, one should take Ueff from the initial elec-
tronic state, which is calculated by only the functional
to be corrected. If DFT+U is treated as functionals that
should be solved in a fully self-consistent way, including
U , the final Ueff is somehow calculated from DFT+U
initial states. These two kinds of interpretation could
lead to very different results, as can be seen in this work.
As more and more works have adopted a self-consistent
cRPA scheme in the calculation of U value, this issue
becomes more crucial and deserves further investigation.

IV. CONCLUSION

In summary, to research the factors that affect the
effective Coulomb interaction strength in different first-
principles approaches, we systematically calculated Ueff

for lanthanide metals using the LSCC, LR, and cRPA
methods, and we investigated their different perfor-
mances. It could be observed that the trend of Ueff

(as the f shell is filled) has obvious differences between
the three approaches. The ULSCC

eff value gradually in-
creases, the ULR

eff value is almost unchanged at about 6.0
eV, and U cRPA

eff shows a two-stage decreasing trend in
light lanthanides and heavy lanthanides, with an obvious
change (1–2 eV) in lanthanides. Meanwhile, there are
three abrupt jumps in Eu, Er, and Yb for both ULR

eff and

TABLE I: Values of experimental fcc primitive cell volumes
and radius of PAW-augmented region for lanthanide metals.

Elements Volumes (Å3) PAW radius (Å)

Ce 34.34 1.487

Pr 34.55 1.492

Nd 34.02 1.503

Pm 33.71 1.513

Sm 33.29 1.524

Eu 48.24 1.529

Gd 33.19 1.545

Tb 32.07 1.550

Dy 31.56 1.561

Ho 31.17 1.572

Er 30.67 1.386

Tm 30.09 1.487

Yb 41.91 1.498

U cRPA
eff .
We analyzed these different trends based on the or-

bital localization and the screening effect. The rise of f -
orbitals localization with increasing nuclear charge con-
tributes to the increase of Ueff , while the screening effect
is also stronger in both light lanthanides and heavy lan-
thanides. The competition between the two factors is
the main mechanism of the trends seen in the different
approaches. We conclude that the trend of LSCC is dom-
inated by the localization of f -orbitals, whereas that of
cRPA is dominated by the screening effect, and ULR

eff is
the balance of the two factors. Additionally, the sudden
decrease of bath occupation number in Eu, Er, and Yb
is related to the sharp changes of ULR

eff and U cRPA
eff .

In addition, we simulated the dependence of Ueff on
electronic state. The results show that ULR

eff and U cRPA
eff

are sensitive to electronic state due to their stronger de-
pendence on the screening effect. Thus, a self-consistent
scheme for LR and cRPA is particularly important.
The behavior of different first-principles approaches for

Ueff can be used to guide the choice of suitable Ueff pa-
rameter. A similar analysis can also be applied in other
strongly correlated systems and other Ueff simulation ap-
proaches. A comparison of different first-principles ap-
proaches may provide a new perspective for the choice of
Coulomb interaction strength in future research.
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