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Abstract.
We consider realisations of Lie algebras L = 〈Qm〉 with basis operators

Qm = ζms(xi)∂xs ,

where xi are some variables that may be regarded as dependent or independent in con-
struction of some equations or differential invariants, and ζms are some functions of xi.

We take additional variables Rk, and study the linearly extended action operators
Q̂m = Qm + λmjkRj∂Rk

that form the same Lie algebra with the same structural con-
stants. For a fixed realisation of any Lie algebra L we can classify all inequivalent extended
action realisations for a finite number of additional variables. Such realisations allow to
construct new invariant equations for the same realisation of the algebra, but involving ad-
ditional variables, and to classify exhaustively relative differential invariants and invariant
equations for the respective realisations of Lie algebras. They can be also applied to other
problems in the symmetry analysis of differential equations. Here we classify extensions
of realisations for inequivalent low-dimensional Lie algebras.

The problem of classification of the relative differential invariants has an interesting
story attached to it, and the background section may be worth reading not only for people
in the field.
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1 Background

We consider construction of extensions for realisations of low-dimensional
Lie algebras that were listed and classified in [1, 2]. Here we will consider
only one- and two-dimensional algebras, and the three-dimensional Poincaré
algebra for one space variable with the aim to present main ideas.

We start with a realisation of a Lie algebra with the basis operators
L = 〈Qm〉,

Qm = ζms(xi)∂xs , (1)

where xi are some variables that may be regarded as dependent or indepen-
dent in construction of some equations or differential invariants, and ζms

are some functions of xi. In the examples there dependent variables are
designated specifically, we may use other letters. Hereinafter we will imply
summation over the repeated indices, if not specially indicated otherwise.

We take additional variables Rk, and study extended action operators
Q̂m = Qm + λmjkRj∂Rk

that form the same Lie algebra with the same
structural constants. For a realisation of any Lie algebra L, we can classify
all inequivalent extended action realisations for a finite number of additional
variables. That allows constructing new invariant equations for the same
realisation of the algebra, but involving additional variables, and to classify
exhaustively relative differential invariants (RDIs) and invariant equations
for the respective realisations of Lie algebras.

The problem of classification of the extended realisations (not only lin-
ear) is interesting by itself, but for classification of relative invariants of Lie
algebras we need specifically only linear extensions with nonzero coefficients
at R∂R.

Relative differential invariants (not only absolute) are needed, in partic-
ular, for full group classification of PDE invariant under some Lie algebras.
Classification of relative differential invariants is an interesting problem of
the abstract algebra, even without any relevance to differential equations
and their symmetry.

Definition 1. A function Θ depending on x, u and on partial derivatives
u of order up to l (Θ may be a set of functions (Θ1, ....,ΘN )) is called an RDI
for the Lie algebra L = 〈Qm〉, if it is an invariant of the l-th Lie prolongation
of this algebra:

l

QmΘ(x, u, u
1

, . . . , u
l
) = λm(x, u, u

1

, . . . , u
l
)Θ,
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where λm are some functions; if λm = 0, Θ is an absolute differential invari-
ant (ADI) of the algebra L; if λm 6= 0, it is a proper RDI.

Definition 2. A maximal set of functionally independent invariants
of the order r ≤ l of a Lie algebra L is a functional basis of differential
invariants of the order l for the algebra L.

Note that we cannot treat a set of independent RDIs the same way as
we would treat a set of ADIs – a function of RDIs may be not invariant.
E.g. linear combinations of RDIs generally speaking will not be RDIs.

This paper will come with a story. The methods for full description and
classification of absolute differential invariants are well-known. Some math-
ematicians (e.g. Oliver Glenn in [3]) claimed that they know how to classify
the RDI, but I failed to find their papers with such description. In the
cited paper Oliver Glenn wrote in section VII ”Remarks concerning relative
invariants” that he originated a theory of relative differential invariants by
employing the method of invariant elements. He gives a reference [4], but
that reference does not contain anything relevant to classification of relative
differential invariants for arbitrary Lie algebras.

Description and classification of relative invariants of groups and alge-
bras may be used for full description of invariant differential equations (ab-
solute differential invariants alone do not provide a full description of such
equations), and is of interest as an independent algebraic problem.

I was inspired to solve this problem by the paper by Mark Fels and Peter
Olver [5], who described the need for such classification, but did not present
it. I saw that their hints to solution did not work, and found my own way
how to do such classification.

However, some time after I presented my solution at the SPT-2007 con-
ference in Otranto, Pavel Winternitz who was present at my talk sent me
their paper with José Cariñena and Mariano del Olmo, published in a col-
lection of papers of the same Group Symposium in Moscow that was held
in 1990 ([6], and also see their later paper [7]) .

I was not present at the talk by Pavel Winternitz then in 1990, as it was
a parallel session talk scheduled at exactly the same time as the talk of my
scientific adviser Wilhelm Fushchych. Maybe it was just accidental, maybe
the organisers knew about some sort of conflict between them because of
priority of establishment of the concept of the conditional symmetry and
did not want any heated discussions at the session.

Further publication of that Symposium papers was seriously disrupted
by political events of the Soviet Union destruction. It cost us (mostly me)
immense efforts worth a special story, to prepare our papers in the required
format on computers we did not have then (the price of a needed personal
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computer then was equivalent to a price of a new car or an apartment in
Kyiv), and to get the 5′′ floppy disks to Moscow to the conference organizers
in early 1991 (no email was available, the disks were to be transported by
train, and train tickets also were not available without special efforts). Some
time later we were told by the conference organisers that our papers cannot
be published because there are no more money left due to huge inflation in
the then yet Soviet Union.

We did not find out whether our papers (and papers of other confer-
ence participants) were actually published at all until around 2010 (almost
20 years later) when Google started scanning and indexation of conference
proceedings. Part of the conference papers were published in a volume of
Lecture Notes (that was not available to us at all, and was not scanned
by Google for copyright reasons), and the remainder, our papers including,
was published in another volume of just conference proceedings with less
stringent copyright rules.

So - both Peter Olver and Mark Fels, and I did not know that the
problem of classification of the relative differential invariants was actually
solved in 1990 under a different name of the problem and of the solution.
Both solutions (the Winternitz and co-authors’ version using cohomology
of the second type and my version using extensions of realisations of Lie
algebras) provide equivalent results.

The method for RDI classification I presented in Otranto in 2007 was
published in the conference proceedings (Symmetry and Perturbation The-
ory: Proceedings of the International Conference SPT 2007, Otranto Italy,
2-9 June 2007) [8].

In the case when the task is to construct general extension operators, we
look for the extensions in the form

Q̂m = Qm + am(xi, R)∂R. (2)

Definition 3. Extension of a realisation of the Lie algebra L with the ba-
sis operators - first-order differential operators of the form (1) is constructed
of the same operators with more variables added.

To find scalar relative differential invariants, we need to add just one
new variable, and to find only linear extensions.

Q̂m = Qm + am(xi)R∂R. (3)

I used the lists of non-equivalent realisations of two-dimensional Lie al-
gebras in [1, 2]. Please see the additional references there.
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We must note that the idea of equivalence/non-equivalence for the ex-
tended realisation accounts for classification of the RDI - the difference with
classification just with respect to the local transformation will be seen on
the example of the translation operators. Our classification of the linear
extensions has in mind the following definition of equivalence of the relative
differential invariants.

Definition 4. Two relative differential invariants of the algebra Q are
called equivalent, if they are equivalent wrt transformations from the equiv-
alence group of the relative invariance conditions.

l

QmR(x, u, u
1

, . . . , u
l
) = λm(x, u, u

1

, . . . , u
l
)R.

We can also consider equivalence of pairs (R,λ) of RDI with their respec-
tive multiplicators. It may be useful for practical purposes of description
of invariant differential equations, as a linear combination of RDIs with the
same multiplicator will also be an RDI and may be used to construct an
invariant differential equation.

The procedure for description of relative differential invariants proposed
in [8]:

1. Construct Lie prolongations of the operators Qm.

2. Write operators of extended action.

3. Classify realisations of the extended action up to transformations from
the equivalence group of the invariance conditions.

4. Find a functional basis of ADI for the inequivalent realisations.

5. Construct RDI and ADI of the algebra Q from absolute invariants of
operators of extended action by elimination of ancillary variables.

Note that ancillary variables R may enter the ADIs of the operators
of the extended realisation as multipliers of the form RK ,K 6= 0 are some
integers - the ADIs having the form FRK , where F are some functions
of dependent and independent variables, and derivatives of the dependent
variables of the relevant order, will produce the RDIs of the form F .

Let us remind properties of RDIs - a product of RDIs is also an RDI, an
RDI in some non-zero degree will also be an RDI.
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2 Extensions of algebras of the translation opera-

tors

We start from a seemingly very easy case, that is a one-dimensional Lie
algebra. It should be considered anyway for the purpose of comprehensive
presentation. It is a Lie algebra whose basis consists of one operator. Any
one separate first-order differential operator obviously forms a Lie algebra,
and is locally equivalent to a translation operator.

This case is also interesting as consideration of equivalence is somewhat
different for the situations when we are interested in just equivalence with
respect to the local transformations of variables, and classification with the
purpose of classification of relative differential invariants.

Let us first construct a linear extension for the translation operator ∂x.
We will look for it in the form

Q̂ = ∂x +R(x)F∂F .

It is easy to check that an arbitrary R(x) will satisfy the commutator
criterion for this algebra.

Our task is to classify linear extensions of realisations - that is to list
such linear extensions that cannot be transformed into one another by local
transformations.

As to the standard classification up to equivalence with respect to the
local transformations, we may use the Lie theorem on straightening out of
vector fields as it was done e.g. in [9] (see [10]).

However, though the operator

Q̂ = ∂x + a(x)R∂R (4)

is certainly locally equivalent to Q = ∂x, for our purpose of the RDI clas-
sification we need to consider operators with a non-vanishing coefficient at
∂R. It is easy to see that a non-extended Q = ∂x does not produce any
RDIs, but the extended operator (4) gave us a RDI R = expx. This RDI,
as well as other exponential RDIs of the translation operators, is not use-
ful at all to describe invariant equations, but it should be listed if we aim
at obtaining a comprehensive classification of RDIs. So, the procedure of
classification of RDIs requires classification of linear extended algebras with
nonzero coefficients at R∂R.

Proper classification procedures are described e.g. in [11] and in ref-
erences therein, as well as in the papers on classification of realisations of
low-dimensional Lie algebras of the first-order differential operators [1, 2].
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Such classification in the case of operators considered in this section shall
find algebras or single operators whose actions are not equivalent under local
transformations of the following form:

x̃ = κ(x,R), R̃ = φ(x,R)

Q̃m = ãm(x̃)∂x̃ + b̃m(x̃)R̃∂
R̃

Similar criteria would be also relevant for algebras involving more vari-
ables. However, for the purposes of this paper we can easily check equiva-
lence or not equivalence using invariants of the relevant algebras or opera-
tors.

3 Extensions of two-dimensional Lie algebras

Following [8], we will consider extensions of the Lie algebras

∂x, x∂x; (5)

∂x, y∂x; (6)

∂x, x∂x + ∂y, (7)

excluding from our consideration here the algebras that consist only of the
translation operators.

The commutator of operators (5) is ∂x. We consider the extension

∂x + a(x, y)R∂R, x∂x + b(x, y)R∂R.

bx −xax = a, then we get determining conditions for the coefficients −xa =
φ(y); a is arbitrary. We get b = xa(x, y) +φ(y), and the general form of the
extended operators

∂x + a(x, y)R∂R, x∂x + (xa(x, y) + φ(y))R∂R.

We look for extensions of the algebra (6) in the form

∂x + a(x, y)R∂R, y∂x + b(x, y)R∂R.

From the commutation relations of the algebra we get conditions on the
coefficients of the extended operators bx−yax, then b = ya(x, y)+φ(y), and
the extended basis operators of the algebra are as follows:

∂x + a(x, y)R∂R, y∂x + (ya(x, y) + φ(y))R∂R.

7



We look for extensions of the algebra (7) in the form

∂x + a(x, y)R∂R, x∂x + ∂y + b(x, y)R∂R.

From the commutation relations of the algebra we get conditions on the
coefficients of the extended operators bx − xax − ay = a, then b + xa =
Φy(x, y), a = Φx(x, y). b = Φy(x, y) − xΦx(x, y).

Extended basis operators of the algebra look as

∂x +Φx(x, y)R∂R, x∂x + (Φy(x, y)− xΦx(x, y))R∂R.

Table 1

Basis Operators General Extended Basis Opera-
tors

Inequivalent Extended Basis
Operators

1 ∂x, x∂x; ∂x + a(x, y)R∂R,
x∂x + (xa(x, y) + φ(y))R∂R;

∂x + R∂R,
x(∂x +R∂R) + ǫR∂R;

2 ∂x, y∂x; ∂x + a(x, y)R∂R,
y∂x + (ya(x, y) + φ(y))R∂R;

∂x + R∂R,
y∂x + (y + ǫ)R∂R;

3 ∂x, x∂x + ∂y; ∂x + Φx(x, y)R∂R,
x∂x + (Φy − xΦx)R∂R.

∂x + Φx(x, y)R∂R,
x∂x + (Φy − xΦx)R∂R.

In Table 1, a(x, y), φ(y), Φ(x, y) are arbitrary sufficiently smooth func-
tions; ǫ can take values 0 or 1.

4 RDIs of two-dimensional Lie algebras

Operators listed in Table 1 would allow calculation of zero-order relative
differential invariants. Finding higher-order RDIs would require finding ex-
tensions of the prolongations of operators of the initial realisation to the
relevant order. We would like to point out that here we need extensions of
the relevant prolongations of the operators being considered - not prolonga-
tions of extensions.

Here we will look for the functional bases of the RDI up to the second
order of derivatives.

We find invariants for two independent variables x and y, and one depen-
dent variable u. Let us point out that finding differential invariants depends
essentially from choice and assignment of dependent and independent vari-
ables.
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Table 2

Extended Second Prolon-
gation

Functional Bases of ADI Functional Bases of RDI

1 ∂x +R∂R, x∂x − ux∂ux
−

uxx∂uxx
− uxy∂uxy

+R∂R;
y, u, uy, uyy, uxR, uxxR,
uxyR;

y, u, uy, uyy, ux, uxx, uxy;

2 ∂x +R∂R, y∂x − ux∂uy
−

uxx∂uxy
− uxy∂uyy

+R∂R;
y, u, ux, uxx, exp

uy

ux
R,

uxuxy − uyuxx, u2
xy−

2uxxuyy;

y, u, ux, uxx, expuy,
uxuxy − uyuxx, u2

xy−
2uxxuyy;

3 ∂x + R∂R, x∂x + ∂y −
ux∂ux

− uxx∂uxx
−

uxy∂uxy
+R∂R;

exp y

R
, u, uy, uyy, uxR,

uxxR, uxyR;
exp y, u, uy, uyy, ux, uxx,
uxy.

For the first algebra in Table 2 only the last three RDIs in the list are
proper RDIs. For the second one - only expuy is a proper RDI, and for the
third algebra the proper RDIs in the list are exp y, ux, uxx, uxy.

5 General extensions of realisations: example of

the Poincaré algebra for one space dimension

Previously, many extensions were studied for many famous algebras of the
mathematical physics without limitations of linearity and without any rela-
tion to finding relative differential invariants.

These nonlinear realisations were used to find their differential invariants
and whence new equations invariant under these algebras.

Here I will remind in more detail only one my paper [12] on a nonlinear
realisation of the Poincaré algebra P (1, 2). However, here it is sufficient to
refer for an illustration a simpler case of P (1, 1) and its nonlinear realisation
found in [9].

We will illustrate the difference in the problem of classification of the
general extensions for Lie algebras and of the extensions with the purpose
of the RDI classification on the example of the Poincaré algebra with one
space dimension, two independent variables t and x and one dependent
variable u:

∂t, ∂x, J = t∂x + x∂t. (8)

A functional basis of the second-order ADIs for this realisation can be
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written as follows [9]:

I1 = u, I2 = u2t − u2x, I3 = utt − uxx, (9)

I4 = (ut − ux)
2(utt + 2utx + uxx), I5 = (ut + ux)

2(utt − 2utx + uxx).

Setting I4, I5 to zero, the authors actually obtained expressions that are
relative differential invariants

AR1 = ut − ux, AR2 = ut + ux, (10)

AR3 = utt + 2utx + uxx, AR4 = utt − 2utx + uxx,

by means of listing invariant equations of the type ARi = 0, but did not
mention the concept of a relative differential invariant, and did not give any
statements on full classification of such invariants.

Let us look at the extension of the standard realisation of the Poincaré
algebra (8) constructed with the aim of classification of RDIs.

∂t + a(t, x)R∂R, ∂x + b(t, x)R∂R, (11)

J = t∂x + x∂t + c(t, x)R∂R.

From the commutation relations

[Pt, Px] = 0, [Pt, J ] = Px, [Px, J ] = Pt (12)

we get conditions on the functions a(t, x), b(t, x), c(t, x):

ax = bt, ct − tax − xat = b, (13)

cx − tbx − xbt = a,

whence

a(t, x) = Φt, b(t, x) = Φx, c(t, x) = tΦx + xΦt + C,

where Φ = Φ(t, x) is an arbitrary sufficiently smooth function of its argu-
ments, and C = const.

Up to local equivalence and on condition of non-zero coefficients at R∂R,
we obtain the following realisation

∂t +R∂R, ∂x +R∂R, (14)

J = t(∂x +R∂R) + x(∂t +R∂R) + ǫR∂R,

where ǫ is equal to 0 or 1.
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Operators (14) with ǫ = 0 give give from its functional basis of ADIs
R−1 exp t, R−1 expx a set of RDIs exp t, expx.

We can find the extended prolongation of realisation (8) using the com-
mutation relations similarly, and obtain:

∂t +R∂R, ∂x +R∂R,

J = t(∂x +R∂R) + x(∂t +R∂R)− ut∂ux − ux∂ut− (15)

utt∂uxt − 2uxt(∂uxx + ∂utt)− uxx∂uxt + ǫR∂R.

Operators (15) with ǫ = 1 give from its functional basis of first-order
ADIs

(ut + ux)R
−1, (ut − ux)R (16)

first-order RDIs for the algebra (8)

ut + ux, ut − ux.

The determining equation for the second-order ADIs of the form F =
F (utt, uxt, uxt) of (8), will look as follows:

2uxt(Fuxx + Futt) + (uxx + utt)Fuxt +RFR = 0.

The resulting second-order ADIs are

utt − uxx, (utt + 2uxt + uxx)R
−2, (utt − 2uxt + uxx)R

2. (17)

In the same way we obtain two inequivalent proper second-order RDIs:

utt + 2uxt + uxx, utt − 2uxt + uxx.

An invariant utt − uxx is an ADI of the realisation (8), so we do not
include it into the list of RDIs.

It is easy to see that products of invariants in the relevant degrees from
the lists (16), (17) to eliminate ancillary variables R will give absolute in-
variants from the list (9). So to describe all non-equivalent RDIs up to the
second order of the realisation being considered it is sufficient to take only
zero-and first-order RDIs in addition to the list of ADIs.

The general extensions of the realisation (8) were studied in [9]. The
authors of [9] found a new extended realisation

∂t, ∂x, J = t∂x + x∂t + u∂u (18)
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that is not locally equivalent to the realisation (8), and found absolute dif-
ferential invariants of (18) up to the second order.

I1 = ut + ux, I2 = (ut − ux)u
−2, I3 = (utt − uxx)u

−1,

I4 = (utt + 2utx + uxx)u, I5 = (utt − 2utx + uxx)u
−3.

To obtain a comprehensive classification of RDIs for this extended real-
isation, we need to extend it further and to consider the realisation

Pt = ∂t + a(t, x, u)R∂R, Px = ∂x + b(t, x, u)R∂R,

J = t∂x + x∂t + u∂u + c(t, x, u)R∂R.

From the commutation relations

[Pt, Px] = 0, [Pt, J ] = Px, [Px, J ] = Pt

we get conditions on the functions a(t, x, u), b(t, x, u), c(t, x, u):

ax = bt, ct − tax − xat − uau = b,

cx − tbx − xbt − ubu = a,

whence

a(t, x, u) = Φt, b(t, x, u) = Φx, c(t, x, u) = tΦx + xΦt + uΦu + C,

where Φ = Φ(t, x, u) is an arbitrary sufficiently smooth function of its argu-
ments, and C = const.

Up to local equivalence and on condition of non-zero coefficients at R∂R,
we obtain the following realisation

∂t +R∂R, ∂x +R∂R, (19)

J = t(∂x +R∂R) + x(∂t +R∂R) + u∂u + ǫR∂R,

where ǫ is equal to 0 or 1.
Operators (19) with ǫ = 0 give from its functional basis of ADIs

R−1 exp t, R−1 exp x

a set of RDIs
exp t, expx.
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We can find an extended prolongation of realisation (8) using the com-
mutation relations similarly, and obtain:

∂t +R∂R, ∂x +R∂R,

J = t(∂x +R∂R) + x(∂t +R∂R) + u∂u + ux∂ux + ut∂ut

+uxx∂uxx + 2uxt∂uxt + utt∂ut − ut∂ux − ux∂ut−

utt∂uxt − 2uxt(∂uxx + ∂utt)− uxx∂uxt + ǫR∂R.

We can take relative differential invariants as follows:

IR1 = u, I2 = ut + ux, IR3 = ut − ux, IR4 = utt − uxx,

IR5 = utt + 2utx + uxx, IR6 = utt − 2utx + uxx.

6 Further work

The idea of extended realisations for which we find absolute differential
invariants provides for the possibility to use all the extensive theory, available
in the literature for such absolute differential invariants, in particular, ability
to construct operators of invariant differentiation and fundamental bases of
ADIs, enabling description of invariants of any order. See e.g. starting from
the classical papers [13], [14], [15] and [3]; as well as more recent books [16]
and [17], and papers [19], [20], [21].

It would be interesting to study RDIs for more algebras, including phys-
ically interesting ones, and to look for new nonlinear realisations of such
algebras, continuing work in e.g. [9], [12], [22], [23]

Relative differential invariants are needed for complete group classifi-
cation of PDE. We provided a full description of ADIs for the Poincaré
algebra and arbitrary number of scalar functions and arbitrary number of
independent variables, but a similar description for vector functions is still
not available. We believe that utilisation of extended realisations may be
useful for this purpose. Though, some ideas in this respect for low numbers
of independent variables are given in [25].
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