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ON SYMMETRIC SOLUTIONS OF THE FOURTH ¢-PAINLEVE

A

EQUATION

NALINI JOSHI AND PIETER ROFFELSEN

ABSTRACT. The Painlevé equations possess transcendental solutions y(t) with
special initial values that are symmetric under rotation or reflection in the
complex t-plane. They correspond to monodromy problems that are explicitly
solvable in terms of classical special functions. In this paper, we show the
existence of such solutions for a g-difference Painlevé equation. We focus on
symmetric solutions of a g-difference equation known as ¢Pry or qP(Aél)) and
provide their symmetry properties and solve the corresponding monodromy
problem.
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Among the highly transcendental solutions y(¢) of a Painlevé equation, there

To be explicit, we focus on the g-difference fourth Painlevé equation

fo 1+ axfo(1+4aofo)

apai f1 1+aofogl+alf1;

) fi_ 1+aofo(l+aifi
qPrv(a) : k1 +a1f1gl —|—a2f2;’
( )

)

fo  _1+af(l+af
azapfo 1+ azfa(l+aofo

b
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exist solutions with solvable monodromy [7-9,14], often called symmetric solutions.
For generic parameter values, they are neither classical special functions® [16] nor
solutions characterized by distinctive asymptotic behaviours, such as the celebrated
tritronquée solutions [10]. In this paper, we show that symmetric solutions also exist
for g-difference Painlevé equations.

NJ’s ORCID ID is 0000-0001-7504-4444. NJ’s research was supported by an Australian Re-

search Council Discovery Project #DP210100129.

IThese are defined by Umemura as solutions related to hypergeometric-type or rational func-

tions under classical transformations.
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where ¢ € C, 0 < |q| < 1, is given, f = (fo, f1, f2) is a function of ¢ € T C C and
a := (agp, a1, az) are constant parameters, subject to

fofifa =1, aoaraz =q, (1.1)

T is invariant under multiplication by ¢, and f = f(qt). This equation is also
known as qP(Aél)) in Sakai’s diagram [15].

We will focus on solutions of ¢gPrv(a) that are invariant under the following
transformations.

Definition 1.1. The following transformations are called discrete symmetries of
qPrv(a):

+1 1 -1 e
Ti:t'_)T’ (anfth)H(FOaFlvFQ):(fO 17f1 1af2 l)a (12)
i.e.,
F(t)—* (0<k<2)
* fu(£1/t) -
We call T a symmetric domain if it is invariant under t — % Furthermore, a

solution f of qPry(a) is called a symmetric solution if it is invariant under one of
the above two symmetries.

We show that ¢Prv(a) is invariant under transformation (1.2) in Section 2. It is
important to note that the above symmetries do not arise as elements of the affine
Weyl symmetry group (As + A1) usually associated with ¢Pry(a), but they turn
out to correspond to one and the same automorphism of the corresponding Dynkin
diagram. In particular, the symmetries are indistinguishable on the level of gPyy (a),
but they do act distinctively on the corresponding Lax pair, which we introduce
next.

The difference equation ¢Prv(a) is associated to a linear problem (called a Lax

pair) [4]
Y(qz,t) = A(z;t, f,u)Y (2, 1), (1.3a)
Y(qut) = B(Z;tafa U)Y(Zat)7 (13b)
where A and B are matrix-valued functions given in Equations (3.2). The compat-
ibility condition
A(z,qt)B(z,t) = B(qz,t)A(z,t), (1.4)
is equivalent to the ¢Pryv(a) equation, along with a condition on the auxiliary vari-
able u given by

2=l

= b% (1.5)

where b is given by equation (3.3).

The linear problem (1.3a) gives rise to a Riemann-Hilbert problem (RHP). In a
previous paper, we showed that this Riemann-Hilbert problem is uniquely solvable
(under certain conditions) and proved the invertibility of the map between the linear
problem and an algebraic surface, which is a g-version of a monodromy surface [3].
Necessary notation is outlined in Appendix A.

The main result of this paper, Theorem 4.1, shows that solutions that are sym-
metric with respect to 7_ lead to an explicitly solvable monodromy problem at the
point of reflection, with solutions built out of Jackson’s g-Bessel functions of the
second kind, J, (z;p), with p = ¢ and exponents v = :l:%. The construction of the
monodromy surface breaks down at reflection points for the case of 7., because it
violates the non-resonance conditions of the Riemann-Hilbert problem.
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For the special choice of the parameters, a9 = a1 = as = q%7 qPrv has a
particularly simple solution, given by
2
fo=fi=fa=15,

which is symmetric with respect to both 7. and 7_. We show that the monodromy
problem of this solution is solvable everywhere in the complex plane. This solution
forms a seed solution for the family of ¢-Okamoto rational solutions, introduced in
Kajiwara et al. [6]. In this paper, we provide the points on the monodromy surface
corresponding to each member of this family.

1.1. Outline. The symmetric solutions and their derivations are described in de-
tail in Section 2. The corresponding linear problem, connection matrix, and mon-
odromy surface are considered in Section 3. In Section 4, we show that the mon-
odromy problem for symmetric solutions is solvable at points of reflection. We
consider symmetric solutions on open domains in Section 5, particularly focussing
on the ¢-Okamoto rational solutions, before providing a conclusion in Section 6.

2. SYMMETRIC SOLUTIONS

In this section, we first show that ¢Pryv remains invariant under the transforma-
tions given in Definition 1.1. Then, in Section 2.1, we show that the transformations
formally converge to a transformation of the fourth Painlevé equation under the
continuum limit. Finally, in Section 2.2, we classify solutions, symmetric with
respect to 7_.

To show that 71 leave ¢Pyy invariant, note that these transformations map

kal/Fkv 7k'_>1/Eka ikﬁl/Fka (k:()v]-aQ) (21)
Taking ¢ — 1/t in ¢Prv(a) we obtain

1+ay' f1(1+a5" fo

1+ olfO( +a2_1f2
1+CL2 f2(1+a1 fl

)

)
)
)
5
)
)

1+CL (1+a0 fo

1 1+a +a,
f2:a11a21f1 OlfO( 2 f2
L+ay fo(1+artfy

Using Equations (2.1) to replace lower-case variables by upper-case variables, we
find another instance of ¢Prv(a), with the same parameters.

Recall that Py has a symmetry group given by (Ay + A;)1) (see [5, §4]). We
note here that the transformations 71 are not given by the generators of the reflec-
tion group (A 4+ A1), but are related to an automorphism of the corresponding
Dynkin diagram. To be precise, they are equivalent to r in [5, §4.2].

2.1. 71 and the continuum limit. In Kajiwara et al. [6], it was shown that,
upon setting

fi(t,€) = —exp (—eg(s) + O(?))  (k=0,1,2),
t? = exp (—es),
ay = exp (7l€2ak) (k=0,1,2),
q=exp(—3€),
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and taking the limit ¢ — 0, ¢Pyy formally converges to the symmetric fourth
Painlevé equation

90 = @0 + go(g91 — 92),
SPrv(a): § g1 = a1+ g1(92 — 90),
g5 = a2 + g2(g0 — 91),
where
gotont+tge=s atata=1,

and ¢’ = ¢'(s) denotes differentiation with respect to s.
Note that the independent ¢ variable is given by

t =1t(s;e) = tiexp (—es),
and satisfies
t(—s;€) = c/t(s;e), c¢= =+l
Thus, for £k =0,1,2,
Fy(t,e) =1/fr(c/t,e)
= —exp (+egr(—s) + 0(62))
= —exp (—eGy(s) + 0(62)) ,

where
Gi(s) = —gx(—s) (k=0,1,2).

Therefore, in the continuum limit as € — 0, the symmetries of ¢Pry in Definition
1.1, formally converge to the following symmetry of SPry,

s—= =8, gr—Gr=—gr (k=0,1,2).

2.2. Symmetric Solutions. In this section, we restrict our attention to solutions
with a domain given by a discrete g-spiral, T' = ¢%ty. For the symmetric transfor-
mations given in Definition 1.1, we require that t — ¢/t, ¢ = %1, leaves this spiral
invariant. This gives us four possible values for ty, modulo ¢Z, determined by

tQZC/to, C:il,

namely tg = 1,4, —1, —1.
The formulation of the g-monodromy surface described in Section 3 requires the
non-resonance conditions

t2 +ag, +a1, +as ¢ ¢~ (2.2)

This leads to two possible values, tg = +i. As qPry(a) is invariant under t — —t,
we restrict ourselves to considering to = 1.
For any solution f = f(¢™i), m € Z, of ¢Prv(a)|,=i, the symmetry (1.2) shows
that
1
frlg=mi)’

defines another solution of ¢Pry(a)|s=;-

Fe(q™i) = (meZ,k=0,1,2), (2.3)

Definition 2.1. We call a solution f = f(¢™i), m € Z, of ¢Prv(a)|t,—; symmetric
if it is invariant under the transformation (2.3), i.e. if

1



ON SYMMETRIC SOLUTIONS OF THE FOURTH ¢-PAINLEVE EQUATION 5

-0.90 -
%
% o
° o .
%o
...o...t'..... * . %% 0 0000000 00
A o
o © .
-0.95- .o ° :
.
.. o ®
. . .......oooooo
o,
-1.00 - o s
3
. ° of °
e % % % % % % % %0 0
o ° ..
.
-1.05F H o °
° o ° ° °
© .
ooooo--o.,.. ° o .'..O..oo.oooo
.
. ] .
.
~1.10F 8
%
I I I I I I I
-60 -40 -20 0 20 40 60

FIGURE 1. Numerical display of the symmetric solution in Lemma
2.2 with initial conditions (fo(4), f1(4), f2(¢)) = (=1,—1,—1). The
values of q_%mfk(qmi), k = 0,1,2, are displayed in respectively
blue, orange and green, with m ranging from -70 to 70 on the
horizontal axis. The values of the parameters are ag = q%, a =
q% and as = q%, with ¢ = 0.802.

Consider a symmetric solution f = f(¢q™%), m € Z. Specialising equation (2.4)
to m = 0, shows that vy := fi(i) € CP' satisfies v, = 1/uvy, for k = 0,1,2. The
only solutions to this equation are given by vy = 4+1. Thus f is regular at ¢t = i
and

fk(i)z =1, (k=0,1,2). (2.5)
Combining this observation with

Jo(@) f1(@) f2(i) = —1,

we are led to four possible initial conditions at m = 0,

(fO(i)a fl(i)a fQ(Z)) € {(_1’ 1) 1)7 (1’ _17 1)7 (1’ 17 _1)’ (_17 _1’ _1)}' (26)
Conversely, any of these initial conditions yields a symmetric solution of Py (a)|¢=;-
To see this, recall that equation (2.3) yields, in general, another solution F' of
qP1v(a)|t,=i. Due to (2.5), f and F satisfy the same initial conditions at m = 0.
Therefore, they are the same solution and thus f is a symmetric solution. This
proves the following lemma.

Lemma 2.2. qPjy(a)|t,—i has precisely four symmetric solutions, which are all
regular at t =i, each specified by its initial values at m = 0, with the four possible
initial conditions given by

(—1,1,1),
(1,-1,1),
(1,1,-1),
(-1,-1,-1).

(fo(3), f1(4), f2(i)) =

See Figure 1 for a plot of one the symmetric solutions.
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Remark 2.3. Tt is instructive to compare this with the symmetric solutions of
SPrv(a). In accordance with the definition of symmetric solutions of Pry, see
Kaneko [7], these are solutions g of SPry(«a) that satisfy

gr(s) = —gr(=s) (k=0,1,2).

SPrv(a) has precisely four symmetric solutions. Three non-analytic at s = 0, with
Laurent series in a domain around s = 0 given by

go(s) =—-ags+ O (53) ,
Case I : gi(s) =+s14+0(s),
92(8) = - _1+0(8)7
go(s) =—s"1+0(s),
Case II : g1(s) =—-a1s+ 0 (53) ,
g2(s) =+s1+0(s),
go(s) =+s"1+0(s),
Case III : gi(s) =—-s"1+0(s),
g2(s) = —ags+ 0O (83) )

and one analytic at s = 0, specified by

Case IV: gp(s) =aps+ 0O (s*) (s—0),
for k=0,1,2.

3. SYMMETRIES AND THE LINEAR PROBLEM

In this section, we recall some essential aspects of the linear problem associated
with gPry and study their interplay with the symmetries 7.

In Section 3.1 we recall the Lax pair associated with gPry and lift the action of
T+ toit. Then, in Section 3.15, we introduce the connection matrix associated with
the linear problem and derive how the symmetries act on it. Finally, in Section
3.3, we compute how 71 transform certain monodromy coordinates and provide an
alternative way to classify symmetric solutions.

3.1. The Lax pair. We recall the following Lax pair of ¢Pry, derived in [4],

Y(qz,t) = A(2, )Y (2,1), (3.1a)
Y(z,qt) = B(z,t)Y (2,1), (3.1b)
where
e u 0 —zqfiz 1 —iaoagﬁz 1
0 1 -1 —iq%z -1 —7,0,00,2@2
. t 71
—iaoy % 1 u 0
L), o0
0 —bu z 0
b0 W)z -
with

_ta +-a1f1(1 +azf2)) (3.3)
i(qt* —1)f2
We refer to the first equation of the Lax pair, equation (3.1a), as the spectral
equation.
Compatibility of the Lax pair,

A(z,qt)B(z,t) = B(qz,t)A(z, 1), (3.4)
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is equivalent to (fo, f1, f2) satisfying ¢Prv(a) and u satisfying the auxiliary equation

- = b2 (3.5)

We proceed to lift the symmetries 71 to this Lax pair. To this end, the following
notation will be helpful. For any 2 x 2 matrix U, we let U® denotes the co-factor
matrix, or adjugate transpose, of U. In other words,

a b\’ _(d —c
c d) \-b a)’
We further remind the reader that some of the notation used in this paper, is
outlined in Appendix A.
Lemma 3.1. The symmetry T, extends to the following symmetry of the Lax pair,
Y(z,t) = Y(z,t) = Y°(2,1/1),
A(z,t) — A(z,t) = A%(z,1/1),
B(z,1) = B(z,t) = BT (,1/(at)),

and, consequently,
1 ~
t) = u(t) = ——, b(t)—b(t) =—-b(1/(qt)).
u(t) = ) = s, bU0) = B0 = =1/ (at)
Similarly, the symmetry T_ extends to the following symmetry of the Laz pair,
Y(z,t) = Y(z,t) = r(2)03Y°(z, —1/t),
Az, t) = A(z,t) = —03A°(2, —1/t)03,
B(z,t) = B(z,t) = a3BT (2, ~1/(qt))a,
where r(z) any function that satisfies r(qz) = —r(z), and, consequently,
1 ~
b(t b(t) = b(—1/(qt)).
ey ORCD)
Proof. We only prove the extension of the first symmetry. The other one follows
analogously.
Let us denote A(z,t) = A(z,t, fo, f1, f2,u) and B(z,t) = B(z,t,b,u) and consider
the transformation

u u(t) =

T Y (2,t) = Y(z,t) = Y°(2,1/1).
This transformation induces the following action on the Lax matrices,
A(z,t) = A(z,t) = A%(z,1/1),
B(z,t) — B(z,t) = BT(2,1/(qt)).
As (UV)® =U°V*®, it follows that
A°(2,1/) = A°(2, 1/t, fo(1/0), 1 (1/0), fo(1/2), u(1/1))
= A(z,t, Fo(t), F1(t), F2(t),u(t)),
with . )

W) = sy BO= gy (k=012

Note that this is consistent with the symmetry 7., so that 7 indeed defines an
extension of 7.

It remains to be checked that the action of T of B(z,t) is consistent with its
action on A(z,t). That is, we need to ensure that

BT (2,1/(qt),b(1/(qt)), u(1/(qt))) = B(z,t,b(t), (1)), (3.6)
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where, in acccordance with equation (3.3),

1 + a1F1 (t)(l + GQFQ(t))
i(qt* = 1)Fy(t)

by =

Now, equation (3.6) holds if and only if
~ 1

b(t)u(t) = — .
b(1/(qt)), u(1/(qt))
By substituting the expression for w(t), it follows that this is equivalent to

g
o0 = =5 @), wij@n)

By the auxiliary equation (3.5), we have b? = u/u, which simplifies the right-hand
side, so that the identify to prove simply reads

b(t) = —b(1/(qt).

The last equality follows by direct computation, using the ¢Py time-evolution
equations.

Finally, we note that the transformation 7 preserves the compatibility condition
of the Lax pair (3.4), which reaffirms the fact that (Fp, Fy, F») is another solution
of qPry, and further shows that u solves the corresponding auxiliary equation. [

Now, consider any symmetric solution of gPry with respect to 7_, then we can
choose a corresponding solution u of the auxiliary equation such that the Lax
matrices have the symmetries

A(z,t) = —03A%(z,—1/t)o3,
B(z,t) = o3BT (2, —1/(qt))os.
By specialising the first equation to ¢ = 7, we then find
A(z,i) = —03A°(2,1)03. (3.7
This provides another way to classify the symmetric solutions of ¢Prv(a)|¢,—i, by

computing all the coefficient matrices A(z,7) that possess the symmetry (3.7).

3.2. The connection matrix. In this section, we introduce the connection matrix
associated with the Lax pair and deduce how the symmetries 75 act on it.
Firstly, we introduce a canonical solution at z = oo in the following lemma.

Lemma 3.2. [Lemma 3.3 in [3]] For any fized t, there exists a unique 2 X 2 matriz
D (z,t), meromorphic in z on C*, such that

1 t=t 0
(ﬁoo(qzvt) = qagagiz BA(Zat)q)oo(zvt) < 0 t) y (38)
Poo(2,t) =1+ 0 (7)) (2= o0). (3.9)

In particular,

Yao(2,) = Boo (2, 1) (T*(S’t) r (Oz,t))

defines a solution of the spectral equation (3.1a), for any choice of functions ry(z,t)
satisfying
r+(gz,t)

73t:i:1'
r4(z,t)

= qa%agiz
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Lemma 3.3. [Lemma 3.2 in [3]] For any fived t and d € C*, we have

0 ) 0 S
A(0) = My <é —i) M; 1, where My :=d <g 1> : (i 1Z> ) (3.10)

and, there exists a unique 2 X 2 matriz ®o(z,t), meromorphic in z on C*, such that

Bo(gz,t) = A(z, 1) Do(z, 1) <BZ Q) : (3.11)

i
Dy(z,t) = Mo+ O (2), as z — 0.
In particular, it follows that
Yo(z,t) = ®o(z,t)r0(2)7?,
defines a solution of the spectral equation (3.1a), for any choice of meromorphic
function ro(z) satisfying ro(qz) = iro(z).
We define the corresponding connection matrix by
C(z,t) = Bo(2,t) 1O (2,1), (3.12)
which satisfies, see [3], for fixed ¢,

(c.1) C(z,t) is analytic in z on C*;

(c.2) Clgz,t) = qa%az 27303C (2, 1)t 7935

(c.3) |C(z,t)| = cby(aoz, —aoz, apazz, —apazz, gz, —qz), for some c # 0;

(c4) C(—z,t) = —01C(z,t)03.

It follows from the compatibility condition (3.4), see [3] for more details, that
Do (2, qt) = B(z,1)Poo (2, )22,
Dy(z,qt) = B(z,t)Po(2,t)os,

which yields the almost trivial time-evolution of the connection matrix,

C(z,qt) = 03C(z,t)27%3, (3.13)
as well as the time-evolution of d in Lemma 3.3,
d i
- =-. 3.14
il (3.14)

The connection matrix encompasses the monodromy of the Lax pair. In partic-
ular, one can in principle uniquely reconstruct the linear system (3.1a) from the
connection matrix by solving an associated Riemann-Hilbert problem.

We will now extend the action of the symmetries to the connection matrix.

Lemma 3.4. The transformation T, extends to the following symmetry of the
canonical solutions and connection matriz,

(I)OO(th) = (AISOO(ZJ) = (I)go(za 1/t)7
Do(z,1) — Do(z,t) = —i ®F(2,1/t)o,
C(z,t) — C(z,t) = i01C°(2,1/t).

The transformation T_ extends to the following symmetry of the canonical solutions
and connection matriz,

Do (2,t) 5 Boo(2,1) = 03D (2, —1/t)03,
Do(z,t) > Dg(z,t) = i 0305 (2, —1/1),
C(z,t) = C(z,t) = =i C°(z,1/t)0s.
Furthermore, T+ act on d, defined in Lemma 3.3, by

d(t) — d(t) = d(£1/t)u(£1/t).
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Proof. We only prove the extension for 7_. The extension of 7 is proven analo-
gously.

We first consider the canonical solution at z = co. In fact, by Lemma 3.2, the
matrix function ®(z,t) is defined uniquely as the solution to (3.8) and (3.9). This
means that the action of 7_ on ®(2,1) is already fixed by its action on the Lax
matrix A(z,t).

To determine it explicitly, we first apply ¢ — —1/¢ to equation (3.8), which yields

1 3 t 0
— TPA(z, —1/t)Poo (2, -1/t 1) -
A0 ()
Next, applying U +— U to both sides, we obtain
1 =t 0
4 _ — _ -3 p¢ _ S
®° (gz,—1/t) qa%agiz A%(z,—1/t)®5 (2, 1) < 0 t>'

Finally, multiplying both sides from the left and right by o3, we obtain

crieniteo (1)

CI)OO(qZ7 _1/t) =

D (gz,t) =

qa3asi
with _ _
A(Z,t) = 703A0(Z, 71/00’3, <I>oo(z,t) = qu)zo(z, 71/f)0’3.

Note that, furthermore, the normalisation at z = oo is correct, namely & (2,t) =
I+ 0O(z71) as 2 = oo. We conclude, from Lemma 3.2, that 7_ indeed sends
Do (2,1) t0 Boo(2,1).

We next consider the canonical solution at z = 0. The matrix function ®q(z), see
Lemma 3.3, is only rigidly defined up to the choice of a scalar d = d(t) which satisfies
d/d = i/b, see equation (3.14). So, in order to fix the action of the symmetry 7_
on ®(z), we first need to fix its action on d in such a way that d/d = i/b remains
to hold true. Namely, it is required that, if we let d — d under T_, then

d(qt) i i

dity by b(=1/(gt)
We therefore set d(t) = d(—1/t)u(—1/t), so that indeed

dlgt) _ d(=1/(qt)) u(=1/(gt)) _ b(=1/(at)) 1 i

d(t) d(=1/t)  u(-1/t) i b(=1/(a)?  b(=1/(qt))’
By essentially repeating the computation for ®,(z) above, for ®¢(z), one finds
that B
Do(2,t) =103 (2, —1/1t),
defines a solution to, see equation (3.11),

Bo(qz, 1) = Az, )Bo(z, 1) (Oi ?) .

Furthermore, direct evaluation of :ﬁO(z, t) at z =0 gives

D (0, ) = i o5®G(0, —1/t),

=id(~1/t)os (é u<—01/t)> ' (1 il) ’
= d(-1/t) ((1) u<01/t))'<i Ei)

_ ) (aff) ?).(j ;)

It follows that 7_ sends ®q(z,t) to ®g(z,1t).
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Finally, we compute the action of 7_ on the connection matrix. Since U — U®
commutes with inversion, U — U~!, we have
Clz,t) = Do(z,1) ' Do (2, 1)
= [i 03D (2, —1/1)] " 03, (2, —1/t)o3
. -1
—i[®§(z, —1/t)] @ (2, —1/t)os
=—iC%(z,—1/t)os.
This finishes the proof of the lemma. O

Now, let us take any symmetric solution of ¢P1y with respect to 7_, then we can
choose a corresponding solution u of the auxiliary equation, as well as d satisfying
(3.14), such that the connection matrix has the symmetry

C(z,t) = =i C°%(z,—1/t)os.
By specialising this equation to ¢t = ¢, we then find
C(z,1) = =i C°(z,1)03. (3.15)
This provides yet a third way to classify symmetric solutions of ¢Pry(a)|¢y=:, by

classifying all connection matrices C(z,¢) with the symmetry (3.15).

3.3. Monodromy coordinates. In [3], we introduced a set of coordinates on the
connection matrix, which are invariant under right-multiplication of the connection
matrix by diagonal matrices. They are given by

pe(t) = 7(Clar,t), (1<k<3), (v1,22,23) = (a7, a1/q,47"),

where, for any rank one 2 x 2 matrix R, letting r; and 72 be respectively its first
and second row, m(R) € CP' is defined by

r = W(R)TQ.

This yields three coordinates, p = (p1, pa2, p3) € (CP')3, which satisfy the cubic
equation,

0 =4 Bo [04(t)p1p2p3z — Oq(—1)] (3.16)
= B1[04(t)p1 — 04(—1t)p2p3]
+ B2 [04(t)p2 — 0q(—t) p1ps]
— B3 [04(t)ps — Oq(—t)p1p2].

with coefficients given by

When considering solutions defined on a discrete g-spiral, i.e. t € ¢”tg, the value
of p := p(to) uniquely determines the corresponding solution (fo, f1, f2) of ¢P1v(a)

[3].
In the following proposition, the action of the symmetries on the monodromy
coordinates is determined.

Proposition 3.5. The symmetry Ty acts on the monodromy coordinates by

pu(®) = r(t) = —pr(1/t)  (k=1,2,3).
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The symmetry T_ acts on the monodromy coordinates by
1

pi(t) = pr(t) = e (k=1,2,3).

Proof. To compute the action of the symmetries on the monodromy coordinates,
we need some basic facts about the operator 7 (-). Firstly, given any rank one 2 x 2
matrix R, and invertible 2 X 2 matrix N = (n;;), we have
m(RN) =7(R), w(NR)=xn(7(R)), (3.17)
where xn denotes the mobius transformation
n(z) = n112 + N2
N n21z + noy’

In particular,
m(01R) = Xo, (7(R)) = 1/7(R).
Secondly, it is elementary to check that

7(R®%) = —-1/7(R).

We now compute, for transformation 75,

ox(t) = 7[C(zg, t)] = 7[i 01C° (x, 1/t)] = 7[01C°(xg, 1/1)]
= 1/m[C®(zk, 1/1)] = —7[C(ak, 1/1)] = —pi(1/2).

Similarly, for transformation 7_, we have

ok (t) = 7|C(xg, t)] = 7[—i C°(x, —1/t)0o3] = 7[C°(zk, —1/1)]
1 1

wlCan, —1/0]  pe(=1/t)’

and the proposition follows. O

In the sequel, the following technical lemma will be of importance. Its proof is
given in Appendix B.

Lemma 3.6. Lettq, witht2 ¢ ¢, be inside the domain of a solution f = (fo, f1, f2)
of qPrv. If f(t) takes at least one non-singular value, i.e. a value in (C*)3, at a
point t € ¢y, then the coordinates p = p(to) cannot lie on the curve defined by the
intersection of the following equations in (CP)3,
0 =+ Bop1p2ps — P1p1 + B2p2 — PBaps, (3.18)
0 =+ Bo — B1p2ps + B2p1ps — Bapip2,

with the same coefficients as the cubic (3.16). We note that points on this curve
solve the cubic equation (3.16) irrespective of the value of t.

Let us now take any solution f of ¢gPry(a)|s,=: on the g-spiral ¢%i. To it, corre-
sponds a unique triplet p = (p1, p2,p3), defined by pg := pi(7), k = 1,2, 3, which
satisfies the cubic equation

0 =+ 0y(+ao, +a1, +az) (p1p2ps — i)
— 04(—ao, +a1, —az) (p1 — ip2ps)
+ 04(+ao, —a1, —az) (p2 — ip1ps)
— 0y(—ao, —a1, +az) (ps —ip1p2)
(-

as follows from the identity 6,
by by equations (3.18).

i) = 104(7), and does not lie on the curve defined
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Note that f = T_(f) defines another solution on the same domain ¢%i, and its
monodromy coordinates, py := px (i), k = 1,2, 3, are related to those of f by

ﬁk:_l/pk (k=1,2,3).

In particular, f is a symmetric solution if and only if f = f, which in turn is
equivalent to

pr=—1/p (k=1,2,3). (3.19)
In other words, symmetric solutions of ¢Prv(a)|s—; correspond to monodromy co-
ordinates p which satisfy the cubic equation above as well as (3.19).

We proceed to compute four triples p that satisfy these conditions. Firstly,
equation (3.19) has only two solutions in CP*, given by +i, and we may thus set
pr = €xl, € = £1, k = 1,2,3. Substitution of these into the cubic shows that the
latter is identically zero if the epsilons satisfy

€1€2€3 — —1,
as in such a case

P1P2p3*i:Pj 7ipkpl =0 ({]7kvl}:{132a3})

In particular, this gives us four solutions,

(p17p27p3) € {(_iv —1, _i)a (_iv i, i)v (i7 —1, 7;)7 (7;7 i, _i)}v (3'20)
corresponding to the four symmetric solutions in Lemma 2.2.

Whilst for generic values of the parameters, these are the only solutions to the
cubic, it may so happen for special values of the parameters, that there is a choice
of epsilons, with

€1€2€3 = +1,
that also solves the cubic. But in such a case, a direct computation yields

—Bo — Bre1 + Baea — Baez =0,

and thus the point (p1, pa, p3) lies on the curve (3.18) and hence does not correspond
to a solution of ¢qPry.

In the next section, Section 4, we derive which values of the coordinates in
equation (3.20) correspond to which initial conditions

(fO(i)v fl(i)v fQ(Z)) € {(_17 _1a _1)7 (_]-7 ]-7 1)7 (]-7 _17 1)a (17 ]-7 _1)}
We answer this question by explicitly solving the linear problem at the reflection
point ¢t = i for each case; see Theorem 4.1.

4. EXPLICIT SOLVABILITY OF THE LINEAR PROBLEM AT A REFLECTION POINT

In this section we show that the linear problem is explicitly solvable at the
reflection point ¢ty = 4, for symmetric solutions. In particular, we will prove the
following theorem in the end of Section 4.2.

Theorem 4.1. Let (fo, f1, f2) be a symmetric solution of qPrv(a)|t,=i, invariant
under T_, satisfying initial conditions

(fo(2), f1(4), f2(i)) = (vo, v1,v2),
so that (by Lemma 2.2),
(v, v1,v2) € {(—-1,-1,-1),(-1,1,1),(1,-1,1),(1,1,-1)}.

Fiz the auziliary functions u and d by the initial conditions u(i) = 1 and d(i) = 1.
Then, the connection matriz at t = i is explicitly given by

C(z,i) = 268 (_Zgi_z;)z) Zlhig(_lg)) : (4.1)
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where the scalar co equals

o= Y10 _ 1 (4t gt
0 \/an(—].) 9 Pt (1 +qk)2 )

and the function h(z) is defined by

U1 ) U2 U1 Vo V2
h(z):+9q + —z,—2,+—=z —Hq + —2,+—2z,——2z
I T2 I3 I T2 I3
U1 Vo V2 U1 Vo V2
—9q<—z,— ,—z>—9q<—z,+ 7—1—2),
Z1 €2 €3 1 €2 Z3

with

(-1717 X2, $3) = (aal, al/Qa qil)'
In particular, the corresponding values of the monodromy coordinates, pr = pi(i),
k=1,2,3, are given by

(p1, P2, p3) = (—v1i, voi, —v21). (4.2)

Remark 4.2. In the proof of Theorem 4.1, we also obtain the following alternative
expression for the connection matrix,

C(z) =01Cy <Ulz) MCy (vOZ> MCy (’022> ,
I i) T3

where Cy(z), given in Proposition 4.5, is the connection matrix of a degree one
Fuchsian system and the matrix M is defined in equation (4.6).

The spectral equation of the Lax pair (1.3) naturally comes in a factorised form.
The fundamental reason that allows us to solve the linear problem at the reflection
point ¢ = 4, for a symmetric solution as in Theorem 4.1, is that the factors in this
form ‘almost’ commute. Namely, by fixing u(i) = 1, we have

Alei) = Ao (22) a0 (22 ) s (22).

AQ(Z) = iUQ + z 03,

where

and these factors satisfy the commutation relation,
Ao(2)Ao(y) = Ao(—y)Ao(—2). (4.3)
This observation allows us to construct global solutions of the linear system
Y(gz) = A(2,9)Y (2),
from solutions of the simpler system
Ulgz) = Ao(2)U(2),

which we will refer to as the model problem.

In Section 4.1, we solve this model problem, and in Section 4.2 we use this to
construct global solutions of the spectral equation at ¢ = 7 and prove Theorem 4.1.
The model problem is solved in terms of basic hypergeometric functions, denoted
for given parameter a, 0 < p <1 and z € C by

0¢1 |:;Jap7 Z:l )

whose mathematical properties can be found in [2].
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4.1. The model problem. In this section, we study the model problem,
Ul(qz) = Ao(2)U(2), Ao(z) =ioa + zos.
Firstly, we find an explicit expression for the canonical solution at z = co.

Lemma 4.3. There exists a unique matriz function Us(2), analytic on C*, which
solves

Uso(qz) = 27 Ao (2)Uso(2)03,  Uso(2) =T+ 0(z71) (2 = o), (4.4)
explicitly given by
Uoso(2) = goo(2)I 4 hoo(2)01,
where goo(2) and hoo(2) are the basic hypergeometric functions,
3
_ -2 9
goo(z) - 0¢1 |:_q,q 7_22:| ’

___ 4 -
hoo(z) - (q+ 1)2’ 0¢1 |:_q37q ) 2’2:| .

Proof. It is an elementary computation to show that (4.4) has a unique formal
power series solution around z = oo. Furthermore, by using the defining formula,

[y -3 2 0
P T i) '

it is checked directly that this formal power series solution is indeed given by Us(2).
Since, furthermore, the series (4.5) has infinite radius of convergence, Uy (z) is an
analytic function on CP' \ {0}, which thus uniquely solves equation (4.4), and the
lemma follows. O

We have a similar result near z = 0.

M = C _21) , (4.6)

so that M~Y(ioo)M = ios. Then, there exists a unique matriz function Uy(z),
meromorphic on C, which satisfies

Uo(qz) = Ao(2)Up(2) (i o3) 1, Up(z) =M+ 0O(z) (2—0),

Lemma 4.4. Define

explicitly given by

1
Uy(z) = M - 2)I + ho(z)os),
o(2) e (90(2)I + ho(z)o2)
where
g90(2) = o1 {__q;qz,qﬂ ,
ho(z) = _Z 001 [ Taiq? —qSZQ] :
q+1 —g¥ "
Proof. This is proven analogously to Lemma 4.3. O

In the following proposition, we explicitly determine the connection matrix of
the model problem.
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Proposition 4.5. The connection matrix

Co(2) = Uo(2) " Uas(2), (4.7)

Colz) = co <9q(+iz) (é g) + 04(—iz) (_01 0i>) ;

where the scalar cq is given by

Vi0,(i lﬁ 1+ ¢*) 1—qz)
\[9 2.4 (1+q*) '

Proof. From the defining properties of Uy (z) and Up(z), it follows that
Uso(2)] = (+2,0) 0 (—2,D)os  [Uo(2)] = 2i(+a/2,0) (—a/2.0)" - (4.8)

In particular, Cy(z) is an analytic function on C*. Furthermore, it satisfies

is given by

Co ‘=

Colqz) = iz 0300 (2)03,

and its entries are thus degree one g-theta functions, i.e.

. 0 N
Co(2) = 0, (+iz) <Cél 622)+9q(—zz) <c21 062>7

for some ¢;; € C,1 < 4,5 < 2.
Now, observe that
Uso(2)® = 03Us(2)03, Up(2)® = i03Up(2),
and therefore
C’()(Z)<> = —1 00(2)0'3
We thus find the following conditions on the coefficients,
€11 = 1icC2, C12 =1iCo1.

Due to equations (4.8), we have

1
|Co(2)] = 5;0a(+2)04(~2).
Evaluating this identity at z = i, gives
1 1
i1 = B+ () = 50400
and therefore ¢?; = ¢3. Similarly, we obtain ¢3; = ¢Z, so that

Ci1 = €1€Cp, C21 = €20,

for some € 2 € {£1}.

Note that €; > must be continuous functions of ¢ in the punctured unit disc
{0 < |g| < 1} and they are thus global constants. We now choose 0 < ¢ < 1, so
that

UOO(E) = UOO(Z), U()(E) = —U()(Z)O’l

In particular, this means that
Co(f) = —0’100(2:),

and, by noting that ¢; = ¢y, we thus obtain €; = €.
It only remains to be checked that e, = 1. To this end, note that equation (4.7)
implies the following connection result,
€1Co

goo(2) = 2. [(04(i 2) + 64 (=i 2))g0(2) = i(04(i 2) — Og(—i 2))ho(2)]
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Setting z = iz, with 0 < x < 0o, we thus have

[(0g(=) + 04(2))g0(2) + (0q(—2) — Oq(x))(—i ho(ix))] .
(4.9)

LN €1¢o0
e

We claim that each of the terms
gsli), goliz), —iho(iz), (=22 q)oes Og(—a) £ Oy(a),
is a real and positive function of z on (0,400). For example, the inequality

(=2;¢)c0 > (+;¢)0, on the positive real line, follows almost directly from the
definition of the ¢g-Pochammer symbol, and thus

b(x) := 0,(—x) — 04(+x) > 0,
on the positive real line. Therefore, also
B,(—2) + 0,(+2) = 2b(q) > 0,

on the positive real line. Each of the hypergeometric series, goo (i ), go (i ), —i ho(i z) >

0, on the positive real line, since all the coefficients in the different series are positive.
Since ¢g > 0, equation (4.9) can thus only hold if €¢; = +1, and the proposition

follows. U

Corollary 4.6. The explicit expression for the connection matriz in Proposition
4.5, yields the following connection formulas,

3 i ; }
061 {__q;QQ,—;] =+ CO(GQ((ZZZ];ZQ(H)) 01 [_q;q{—qzz}
 2(0g(—i2) — O,(i .
002725 j_(q)z(zg;qz)iiz Z)) 091 {q3;q2,—q322] )
)

- 5 1+ i 2(0g(—12) — 04(1 -
0®1 [_q3;q2,—32] =+ 1+ g)eo Z;((Zg;(qzz)jj o(i2) 0®1 [ ;q27—qz2}

co 22(04(—i2) + 04(i 2))
(2% %) oo
where the value of ¢y is given in Proposition 4.5.

Remark 4.7. Note that the solutions to the model problem are essentially built out
of Jackson’s ¢g-Bessel functions of the second kind,
(P ip)o (VY - z?pr
P

(P;P)oc N2 p 4
withp = ¢? and v = :I:%. In particular, we could have alternatively used the known
connection results for these functions [13,18], in conjunction with transformation

formulas for ¢¢; hypergeometric functions [2], to obtain the connection formulas
in Corollary 4.6 and, consequently, Proposition 4.5.

IS (@:p) =

4.2. Constructing global solutions. In this section, we construct solutions of
the spectral equation at ¢ = ¢ given by
Y(gz) = A(z,0)Y (2), A(zi) = Ay (W) Ao <W) Ao () .
I3 T2 T
Motivated by the commutation relation (4.3), we consider the ansatz
Do (2) = Uso(112)Uso (122) Uso (132), (4.10)

for the matrix function ®(z) defined in Lemma 3.2, for some ry,rs,75 to be
determined. Using the commutation relation

Uso(22)03A40(yz) = 03A0(y2)Uso(22),
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we find
Do (q2) = Uso(qr12)Uss (qr22)Uss (qr3z),
1
= 73140(le)Uoo(le)Jng(T’gz)Uoo(TQZ)Jng(ng)UOO(T’3Z)O'3
T1TroTr3z
1
= 73A0(7“12’)03140(TQZ)UOO(Tl,Z)UgAO(TgZ)UOO(TQZ)UOO(Tg;Z)O’g
r1ror3z
1
= 73A0(7”‘12)0’3140(TQZ)O’ng(ng)UOO (le)Uoo(TQZ)UOO(T’gz)O'g
r1ror3z
1 L
= WAO(le)AQ(—TQZ)Ao(ng)UOO(le)Uoo(TQZ)UOO(T’gz)(’LO'g) L

Therefore, if we set
(7”1,7’277’3) = <7_7 ) ) (411)

then ®..(z) solves

(I)OO(qZ) = !

= P z*3A(z, )P0 (2) (iag)*l.

Furthermore, note that ®,(2) = I+O(271) as z — oo, so that our ansatz is indeed
correct for the choice of (r1, 72, 7r3) above.
Similarly, using the commutation relation

Up(x2)M ™ (i 09) Ag(yz) = (i 09) Ag(y2)Up(z2) M1,
it follows that
(I)()(Z) = UO(le)M71U0(’)"QZ)Mion(ng)O'l, (412)
satisfies
Do(gz) = A(z,i)@o(z)(iog)_l,

Dy(z) = Moy +O(z) (2 —0),

for the same choice of (r1,72,73). Furthermore, note that
MO‘1 = MQ,

if we choose d(i) = i in equation (3.10). Therefore, the formula for ®y(z) above is
an explicit expression for the canonical matrix function at z = 0 defined in Lemma
3.3.

We are now in a position to prove Theorem 4.1.

Proof of Theorem 4.1. By definition, the connection matrix at ¢t = ¢ is given by
C(Z,Z) - q)o(z)ilq)oo('z%

where & (%) and ®(z) are given by the explicit formulas (4.10) and (4.12). This
yields,

C(2) = 01Co(132)Uso (r32) " M Co(ro2)Uso (r22) " * M Co(112)Uso (122)Uno (r32),

where the constants (r1,73,r3) are defined in equation (4.11) and M is defined in
equation (4.6).
In order to simplify this expression, we use the following commutation relations,

MO‘Q = —0‘1]\47 00(2)0'1 = —0’200(2:),
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so that,

MCy(r12)Uso(re2) = MCo(r12)(g(re22)I + h(rez)oy)
= M(g(r22)I — h(r2z)o2)Co(r12)
= (g(ro2)I + h(rqa2)o1) M Co(r12)
= Uso(r22) M Cy(r12).

In other words, M Cy(r1z) and Uy (r2z) commute and we thus obtain the following
simpler expression for C(z),

C(2) = 01Co(132)Uso (132) LM Co(1r22) M Co(112)Uso (132).

It follows from the computation before, that M Cy(rq 22) also commutes with Uy, (r32),
and we thus obtain

C(z) = 01Co(r32) MCo(r22) MCo(112). (4.13)

It is now a direct computation that yields the explicit expression (4.1) for C(z).

The same holds true for the expressions for the monodromy coordinates (4.2),
using equation (4.1). Rather than going through these computations, we finish the
proof of the theorem with an alternative method to compute e.g. p;. Using the
factorisation (4.13), we find

p1=m[C(z1)]
=T [0’100(7“3.%‘1)MC()(7‘2£L’1)MCo(Tlxl)]
=T [Uloo(vl)MCO(—’Uol‘l/l‘g)Mco(’Ugl‘l/l‘?,)] .

Due to the non-resonance conditions (2.2), neither |Cy(—voz1/x2)| nor |Co(vexy /x3)]
vanishes, so by identities (3.17) for the m(-) operator, we obtain

pr = 7 [o1Co(or)] = 1/7 [Colen)] = ZE; 2 ggl; —

Similar computations can be carried out of ps 3 and the theorem follows. O

5. THE MONODROMY PROBLEM OF THE q—OKAMOTO RATIONAL SOLUTIONS

In this section we consider symmetric solutions of ¢Pry defined on (connected)
open subsets of the complex plane. A particular class of such solutions is given by
the g-Okamoto rational solutions. We study them in detail and show that their
monodromy problems are solvable for all values of the independent variable.

Let T be a non-empty, open and connected subset of the universal covering of C*,
with ¢T' = T. We call a triplet f = (fy, f1, f2) of meromorphic functions on T that
satisfies qPry identically, a meromorphic solution of gPry. We call it symmetric,
when the solution (and its domain) are invariant under 7y or 7_.

Each meromorphic solution corresponds to a unique triplet p = (p1, p2, p3) of
complex functions on T that solve the cubic equation (3.16) identically in ¢ and the
g-difference equations

pe(qt) = —pr(t), (k=1,2,3), (5.1)
which follow from the time-evolution of the connection matrix C(z,t) (see equation
(3.13)).

Now, it might happen that, for special values of tg € T, the value of f(¢) does not
lie in (C*)3, for every t € ¢“ty. At such times t = ty, the monodromy coordinates
p(t) either have an essential singularity, or they lie on the curve defined by equations
(3.18). On the other hand, if f(t) is regular for at least one value of t € ¢%ty, then
the value of the monodromy coordinates p(t) at t = tg is well-defined and does not
lie on the curve given by equations (3.18).
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In the following, we restrict our discussion to considering meromorphic solutions
which do not have g-spirals of poles. If such a solution is symmetric with respect
to 7_, that is,

fr() =1/fe(=1/t) (k=0,1,2),

then, by Proposition 3.5, the p-coordinates have the same symmetry,

1
pelt) = =i

This means that we can classify symmetric meromorphic solutions, in terms of
meromorphic triplets p = p(¢) which solve the cubic (3.16), as well as equations
(5.1) and (5.2), and do not hit the curve defined by equations (3.18). Similar
statements follow for solutions symmetric with respect to 7., in which case we
have

(k=1,2,3). (5.2)

pe(t) = —pr(=1/t) (k=1,2,3). (5.3)
In the remainder of this section, we focus on a particular collection of symmetric
meromorphic solutions for which we compute the monodromy. These solutions are
the g-Okamoto rational solutions, which are rational in t%, derived by Kajiwara et
al. [6].
Theorem 5.1 (Kajiwara et al. [6]). For m,n € Z, the formulas

fo = a2p2nom Qmr1,n(r12?) Qg 1,041 (r~'2?)
Qm-&-l,n(r_lxz)Qm-i-l,n-&-l(T+1x2) ’

fi= p2p—men Qm+1,n+1 (r+1$2)Qm,n(T_lx2)
Qm+1,n+1(TﬁlIQ)Qm,n(rJrle)’

fo = p2p2m—n Qm,n(r—i_lxz)Qm-ﬁ-l,n(r_lxz)
Qm.n (Tﬁle)Qm+l,n<7ﬂ+1x2) ’

give a solution of qPry rational in x = t%, with parameters

1
m n—m —n — 2
apg =T1q -, ay =Tq 3 a2 =T1q ) ri=9q3,

in terms of the g-Okamoto polynomials Qm () defined through the recurrence
relations

Qm-1,n(2/7)Qm+1,n+1(r ) =Qum 0 (2/7)Qm,nt1 (1 )+
T Qs 1(2)7) Qo (r x)r?m 2=t
Qm-i—l,n(I/T)Qm,vﬁl(r x) :QTVL+17TL+1($/T)QTI’L,7L(T x)—|— (5-4)
T Qo (/1) Qi 1,mpr (r )AL
Qm+1,n+l(x/r)Qm,nfl(r x) :Qmm(m/T)Qerl,n(r x)—i—
x Qm+l,n(x/r)Q7n,n (T Z)T2m74n+1>
with Qoo(z) = Q1,0(r) = Qr1(z) = 1.
From the recurrence relations for the g-Okamoto polynomials, it follows that

Qm.n(z) is a monic polynomial of degree d,,, n, :== m?+n? —m(n+1). Furthermore,
it can be shown by induction that the polynomials are palindromic, i.e.

xdm’an,n(l/x) = Qm,n(x)a (55)
for m,n € Z. Tt follows that, upon writing fr = fx(x), the corresponding rational
solutions defined in Theorem 5.1, satisfy

Jr(w) =1/ fr(£1/2),
for 0 < k£ < 2 and any choice of sign. In other words, they are invariant under both

T+ and 7:.
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Now consider the branch of = x(¢) which evaluates to © = —i at t = 4.
There, the g-Okamoto rationals specialise to the symmetric solutions on discrete
time domains classified in Lemma 2.2. To see this, it is helpful to note that equation
(5.5) implies

(_T)dm’"Qm,n(_l/T) = Qm,n(_r)'

Thus, at x = —i, so that t =i,

oo Quatn () Qg (-7
fO(Z) - Qm+1,n(_r_1)Qm+1,n+1(_T-H)’

_ _TQTL—7rL(_T)dm+1,n—dm+1,n+17
— (-
By similar computations for fi(i) and f2(¢), we obtain

fo(i) = (=D, @) = (1) fo(i) = (1) (5.6)

So depend on the values of m,n € Z, the ¢-Okamoto rational solutions specialise
to the different symmetric solutions in Lemma 2.2, on the g-spiral ¢%i.

5.1. Solvable monodromy for the seed solution. In this section, we consider
the simplest member of the family of rational solutions defined in Theorem 5.1,
corresponding to m = n = 0. The parameters of gPry then read

ap = ap =az =T,
and
f0:f1=f2=$2~
We call this solution the seed solution. The corresponding value of b in (3.3) is
given by
1T
b= ——
1—rz?’

and explicit solutions to the auxiliary equations (3.5) and (3.14) are given by

ue) = G de) = )

(ra?r?)oe

In this special case, the matrix polynomial in the spectral equation (1.3a) fac-
torises as

0 -1
A(z,x) = (g 1) Al(TQZ,x)Al (rz,x)Ai(z,x) (uo 1) ,
with

—ir/zz

Al(z,x)z(‘”fz 1 )

This means that any solution of

Y(rs) = (3 ?) Az, 2) (“01 (D Y(2), (5.7)

also defines a solution of the spectral equation. A classical result [11] shows that
equation (5.7) can be solved in terms of Heine’s g-hypergeometric functions. We
can thus leverage the connection results by Watson [17], see also [2, Section 4.3],
to compute the connection matrix of the spectral equation.
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We find that the matrix function @, defined in Lemma 3.2, is given explicitly
by

Buclent) = il (5 ) Bt (% ).

1/x,—1/x ; rT,—TT
R 201 [ /1/332/ ;T»i} ey 291 { p2p2 3T i}
Do (z,x) =
ix r/z,—r/T 4 L, =T 1
Tz 2P [ r2/g? 0 Z} 201 [ 22 00 z}
The matrix function ®g, defined in Lemma 3.3, is given by
d u 0\ =
¢0<Z,t) = m (O 1) QO(Zny
i 201 [—1/9:4—7“ Tor —r z] —i 21 [1/i7rrx;r, —r z}
Dy(z,z) = / /
—x,—r/x x,—r/T
2¢1[ _r ;T,—TZ} 2¢1[ _ §7'a—7’2]

The corresponding connection matrix is then
~ d~u=t 0
C(z,t) =C(z,x) ( 0 dl) ,

Sy (-i0ren) e (M o
zZ,x) = +ibp(+raz) O.(4+r/x2) 0 % .

The monodromy coordinates can now by computed directly. To this end, we
note that (z1, 72, 73) = (r~1,r72,r73), so that

pr = pr(x) =7 [C(rF, )] = (=1)"
for k = 0,1, 2. In particular, we have

pr(rz) = —pi(x) = pr(1l/x),  pe(=1/2) = —1/pk(2),
which confirms that the coordinates satisfy the g-difference equation (5.1) as well as
symmetries (5.2) and (5.3). Furthermore, we note that the monodromy coordinates

have three branches in the complex t-plane, each corresponding to a particular
branch of the solution f.

Remark 5.2. Note that in light of Lemma 3.6, the only values of = for which the
coordinates lie on the curve (3.18), are given by

xz(—%:l:%\/g)r" (n €z,
which correspond to values of ¢ lying in ¢ and thus violate the non-resonance

conditions (2.2).

5.2. Solvable monodromy of the ¢g-Okamoto rational solutions. In this sec-
tion, we consider how to generate the monodromy coordinates of the whole family
of rational solutions in Theorem 5.1. We do so by applying translation elements
Ty 23 in the affine Weyl symmetry group (As + A1), see [6], which act on the
parameters as

Ty : (ao,a1,az2) — (qao,a1/q,az),
T2 : (a0;a17a2) = (a())qa‘lva’Q/q)?
T3 : (ao,a1,a2) — (ao/q,a1,qasz).
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It was shown in [4] that these translations act as Schlesinger transformations on
the spectral equation (1.3a).

By methods similar to the derivation of equation (5.1), it can be shown that
these translations act on the monodromy coordinates as follows

Tl : (P17P27p3) — (_P17_927+P3)>
T2 : (,01>P27;03> = (_P17+P27_p3)7
Ts: (p1,p2,p3) = (+p1,—p2, —p3)-

The family of rational solutions in Theorem 5.1 are indexed by (m,n) € Z2. The
translations act on the family of rational solutions through the following shifts of
indices,

Ty :(myn)— (m+1,n), To:(mn)— (mn+l), T5:(m,n)— (m-—1n-1).
It follows that, for general m,n € Z, the monodromy coordinates corresponding to
the rational solution in Theorem 5.1, with indices (m,n), are given by

pr(@) = (—1) ™ (a),
pala) = (—1)"s(x), s(z) = . (5.8)

p3(x) = (=1)""s(x).

We proceed to check that these formulas are consistent with equation (4.2) in
Theorem 4.1. Recalling equations (5.6), which provide the rational solutions at
x = —i, we find the initial conditions at t = i:

(vo, v1,02) = (fo(@), f1(3), f2(3)) = ((=1)F™, (=) FmF" (=1)1F™).

Similarly, evaluating the expressions for the p-coordinates in equations (5.8) at
T = —1, leads to

(p1(=1), pa(=i), p3(—)) = ((=1)™ "4, (=1)™ i, (=1)"4).
These two expressions are consistent with equation (4.2).

We conclude the section with some graphical representations of the pole distri-
butions of a g¢-Okamoto rational solution in Figure 2.

6. CONCLUSION

We have shown that two symmetries 71 of ¢Pry can be lifted to the corresponding
Lax pair and monodromy manifold. We have derived four symmetric solutions of
qPrv on the discrete time domain ¢%i, which are invariant under 7. We have
further shown that they lead to solvable monodromy problems at the reflection
point ¢ = 4, which provided an explicit correspondence between the four symmetric
solutions and the four points on the monodromy manifold invariant under 7_ in
Theorem 4.1.

We also studied the family of ¢-Okamoto rational solutions and showed that they
are invariant under both 73 and 7_. We further showed that their simplest mem-
ber leads to an explicitly solvable monodromy problem in its entire t-domain. We
used this to determine the values of the monodromy coordinates on the monodromy
manifold for all the g-Okamoto rational solutions. The computation of the mon-
odromy for the ¢g-Okamoto rational solutions in Section 5 could serve as a starting
point for deducing similar results for other g-equations.

The pole distributions of the classical Okamoto rational solutions to Pry have
been analysed via Riemann-Hilbert methods [1] and the Nevanlinna theory of
branched coverings of the Riemann sphere [12]. The extension of such studies
to the g-difference Painlevé equations is an open problem.
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FIGURE 2. In these plots the roots of the polynomials occurring in
the definition of the ¢-Okamoto rational solution in Theorem 5.1,
with (m,n) = (4,7), are displayed, where the value of ¢ = r? varies
between the plots by » = 1 — (1/2)*, with k = 3,4,5,7,10,20. In
each figure, the blue, green and red dots represent zeros of Q. (),
Qm—&-l,n(x) and Qm+1,n+1(x) respectively.
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The results of this paper yield Riemann-Hilbert representations for both the
symmetric solutions on discrete time domains and the g-Okamoto rational solutions,
through the theory set up in our previous paper [3]. These can in turn form the
basis of the rigorous asymptotic analysis of these solutions, as ¢ grows small or large
or some of the parameters tend to infinity.

APPENDIX A. NOTATION

Define the Pauli matrices

0 1 0 —i 1 0
o) () el 8

We define the g-Pochhammer symbol by means of the infinite product

(19)e = [[(1—d"2)  (z€0),

k=0

which converges locally uniformly in z on C. In particular (z;¢) is an entire
function, satisfying

1
T \% )
1-— z( @)oo
with (0;¢)es = 1 and simple zeros on the semi g-spiral ¢™~. The g-theta function
is defined as

(0% @)oo =

04(2) = (2100 (a/230)c (2 € CY), (A.1)
which is analytic on C*, with essential singularities at z = 0 and z = oo and simple
zeros on the g-spiral ¢Z. It satisfies

1
Qq(qz) = —;9(1(2) = Oq(l/z).
For n € N* we denote

Og(z1,. . 2n) = 04(21) - ... - Og(2n),
(2155205 Qoo = (215 @00 * - - - (20} @) oo

For conciseness, we will use bars to denote iteration in ¢. That is, for f = f (1),
we denote f(qt) = f, and f(t/q) = f.

APPENDIX B. PROOF OF A TECHNICAL LEMMA

Proof of Lemma 3.6. Let C(z,t) be the connection matrix corresponding to the
solution f. Let t. € g%ty be such that f(t.) is regular. Then the Lax matrix
A(z,t,) is well-defined at this point and consequently, we have a corresponding
connection matrix C(z,t,) defined via equation (3.12). Furthermore, using the
time-evolution of the connection matrix in equation (3.13), we can thus infer that
C(z,tp) is also well-defined.

Now suppose, on the contrary, that the corresponding monodromy coordinates,

pr = m(C(zk, to)),

lie on the curve defined by the cubic equations (3.18). We are going to obtain a
contradiction by showing that C(z,ty) does not satisfy property c.3. To this end,
we will first obtain a general parametrisation of this curve.

Consider the following matrix function,

01(2) CQ(Z)
C(2) = (—01(—z) 02(_Z)> ; (B.1)
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where
1
Ci(z) =0,(+z/u,—z/u, z/w), ww = =
1(2) = Oy (+2/u, ~2/u, z/w) e
1
Ca(z) = 204(+2/v, —2/v, z/w), qviw =—5—tt
qapaz

for any choice of t,w € C*. This matrix satisfies properties c.1, c.2, c.4, as well as
a degenerate version of ¢.3, namely

IC(z)] = 0.

The monodromy coordinates, P, = w(C(xg)), k = 1,2, 3, of this pseudo-connection
matrix, read

Bu(—a1/w)’ B(—wa/w)’ B,(—za/w)
These monodromy coordinates solve the cubic (3.16) and their expressions are com-
pletely independent of ¢. In other words, they lie on the intersection of cubics (3.16),
as t varies in C*. In particular, these monodromy coordinates must lie on the curve
defined by (3.18).

We will show that (B.2) completely parametrises the curve defined by (3.18), as
w varies in C*. Since we have not assumed anything on (p1, p2, p3), this is equivalent
to proving that there exists a w such that

(P1, Py, P3) = (p1,p2,p3)- (B.3)

(B.2)

(Py. Py, Py) = <_ O (+x1/w)  Og(+a2/w) Qq(—l—xg/w)).

Now, the equation
_ Oq(+z1/w)
Og(—x1/w)’
has two, counting multiplicity, solutions wj o, on the elliptic curve C*/¢?, related
by wy = ¢gr?/w; modulo multiplication by ¢2.

For either choice, w = w; or w = we, we have p; = P; and the pairs (P, P3) and
(p2, p3) satisfy the same two equations (3.18), which are quadratic in the remaining
variables. In fact, upon fixing the value of p;, (3.18) has two solutions (counting
multiplicity), and these two solutions coincide if and only if w; and w2 coincide on
the elliptic curve C*/q?. It follows that (B.3) holds for w = w; or w = wa.

We now fix w such that (B.3) holds, set ¢ = ¢ in (B.1), and consider the quotient

D(z) = C(z,t9)"'C(2).

Since C(z,tp) and C(z) have the same monodromy-coordinate values, D(z) is an-
alytic at z = +x, k = 1,2,3 and thus forms an analytic matrix function on C*.
Then, by property c.2,
D(qz) =t3*D(=)t, 7°.
Since t2 ¢ %, the only analytic matrix functions satisfying this g-difference equa-
tion are constant diagonal matrices, and therefore D is simply a constant diagonal
matrix. But then
C(z,t0)D =C(z2),
and neither diagonal entry of D can equal zero, as this contradicts equation (B.1),
so |D| # 0. Hence
|C(z,t0)| = [C(2)|/ID] = 0,

which contradicts property c.3. The lemma follows. O
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