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Abstract

We find integrals of motion for the recently introduced deformed Ruijsenaars-
Schneider many-body system which is the dynamical system for poles of elliptic
solutions to the Toda lattice with constraint of type B. Our method is based on
the fact that equations of motion for this system coincide with those for pairs
of Ruijsenaars-Schneider particles which stick together preserving a special fixed
distance between the particles.
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1 Introduction

Integrable many-body systems of classical mechanics play a significant role in modern
mathematical physics. They are interesting and meaningful from both mathematical
and physical points of view and have important applications and deep connections with
different problems in mathematics and physics. The history of integrable many-body
systems starts from the famous Calogero-Moser (CM) model [1]-[4] which exists in ratio-
nal, trigonometric or hyperbolic and elliptic versions. In the most general elliptic case
the equations of motion for the N-body CM system are

N
ZL’Z = 42 p/(l’ij), xij =T; — Ij, (11)
J#i
where dot means the time derivative. Throughout the paper, we use the standard Weier-
strass o-, (- and p-functions o(z), () = ¢'(z)/o(x) and p(x) = —('(x) (see Appendix
A for their definition and properties). Degenerating the elliptic functions to trigono-
metric and rational ones, one obtains the trigonometric and rational versions of the CM
model. The elliptic CM model is Hamiltonian and completely integrable, i.e., it has N
independent integrals of motion in involution. Integrability of the model was proved by
different methods in [5] and [6], see also the book [7].

Later it was discovered [8,[9] that there exists a one-parametric deformation of the CM
system preserving integrability, often referred to as relativistic extension. The parameter
of the deformation, 7, in this interpretation is the inverse velocity of light. This model is
now called the Ruijsenaars-Schneider (RS) system. Again, in its most general version the
interaction between particles is described by elliptic functions. The equations of motion
are

N
B+ dad (i +m) + gy — ) — 20 () = 0. (1.2)

J#
A properly taken limit 7 — 0 leads to equations (ILT]). The RS system is Hamiltonian

with the Hamiltonian N

N
Hi =) e [ —2—-. (1.3)
z; jl;lz o(xij)
Integrability of the RS system was proved in [9]. It has conserved quantities Hy, Hy
k € N, which are higher Hamiltonians in involution (for the N-particle system the first
N of them are independent).

Since the seminal works [10]-[13] it became a common knowledge that the integrable
many-body systems of Calogero-Moser type describe dynamics of poles of singular so-
lutions (in general, elliptic solutions) to nonlinear integrable differential equations such
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as Korteveg-de Vries (KdV) and Kadomtsev-Petviashvili (KP) equations. In [I4] it was
shown that the RS system plays the same role for singular solutions to the Toda lat-
tice equation which can be thought of as an integrable difference deformation of the KP
equation. (On the Toda lattice side, the parameter n can be identified with the lattice
spacing.) Namely, the time evolution of poles in the time ¢ = ¢; of the Toda hierar-
chy coincides with the RS dynamics according to the equations of motion (I2)). Later
this correspondence was extended [15] to the level of hierarchies: the evolution of poles
in the higher times ¢, and #; of the Toda hierarchy was shown to be given by the RS
Hamiltonian flows with the higher Hamiltonians H, and Hy.

Recently, a deformation of the RS model was introduced [16] as a dynamical sys-
tem describing time evolution of poles of elliptic solutions to the Toda lattice with the
constraint of type B [17]. Equations of motion of the deformed RS system are

N
B+ 3 iy (Clwig + ) + (g —m) — 2(wy)) + 9(U7 = UF) =0, (1.4)
J#
where N
+ +. +,. _U(i)fz'inU)U(xz’j:Fﬁ)
Ui _};{U (':CZJ)7 U (xlj) - U(Iij iﬁ)a(%) (15)

and ¢ is the deformation parameter. At g = 0 we have the RS system. It is evident that
g # 0 can be eliminated from the formulas by re-scaling of the time variable t — g~/?t.
In what follows we fix g to be g = o(2n) without loss of generality. With this choice of ¢,
equations ([L4]) are exactly the same as they appear as the dynamical equations for poles
with the convention on the choice of the time variable adopted in the Toda lattice with
the constraint of type B. In [16] it was shown that the n — 0 limit of equations (I.4))
reproduces the equations of motion

N
B+ 6 (4 @) (xi) =72 > o) (xa) =0 (1.6)
i § ki £k

obtained in [18] for dynamics of poles of elliptic solutions to the B-version of the KP
equation (BKP).

In [I6] it was also shown that that the system (I.4]) can be obtained by restriction
of the Hamiltonian flow with the Hamiltonian H; = H; — H; of the N = 2N,-particle
RS system to the half-dimensional subspace P C F of the 4 Ny-dimensional phase space
F corresponding to the configurations in which the 2N, particles stick together joining
in Ny pairs such that the distance between particles in each pair is equal to n. Such
configurations are immediately destroyed by the flow with the Hamiltonian H = H; +H;
but are preserved by the flow with the Hamiltonian H = H; — H; and the corresponding
dynamics can be restricted to the subspace P. The restriction gives equations (L4,
where N should be substituted by Ny, with z; (i = 1,..., Ny) being the coordinate of
the ¢th pair moving as a whole thing with the fixed distance between the two particles.

In this paper we provide evidence of integrability of the deformed RS system (4)).
To wit, we obtain the complete set of independent integrals of motion in the explicit
form. Our method is based on the fact (which is proved in the paper) that the subspace
P is preserved not only by the flows with the Hamiltonian H; but also by all higher



Hamiltonian flows with the Hamiltonians H, . (However, the flows with the Hamiltonians
H; do not preserve the space P.) This gives the possibility to obtain the integrals of
motion of the Ny-particle deformed RS system by restriction of the known integrals of
motion for the 2Ny-particle RS system to the subspace P of pairs, and this is what we
do in the present paper.

The main result of this paper is the following explicit expressions for integrals of
motion of the system (L4) (with g = o(2n)):

N n—m
Z i’im+1 P jfz'n,m H V(l’iaiﬁ)

m—0 m' (n—2m)' [i]---infm} a,i?n;Jrl
(1.7)
m N m N
H H +(xiw£) + H H U xl«,f )
y=1L4#11,..., Y=14#i1,..in—m
where )
V(i) = 7 o)
(17” +77)0(sz n)
N

and U*(z;;) is given in (L5). In (L) n=1,...,N and )  means summation over
[ilminfm]

all distinct indexes i1, ..., 4,y from 1 to N; [n/2] is the integer part of n/2. At m =0,
0

the product H in the second line of (I.7) should be put equal to 1. Similarly, at 2m = n
y=1

the product ;... 1

small values of n:

=&
i=1

should also be put equal to 1. Here are some examples for

n—m

1= 0 SV ) S0 0 + T |
o \n il 04
(1.8)

a(3n) L
Jz = TV (i) V() V(s
3 603(n) Léj,kz,j;ék iTEV (i) V (i) V (241.)

+ 30%(n) ij( [T U (@) + ] U_(LUM))] )
i i #ij
Note that the m = 0 term in (7)) is the nth integral of motion of the RS system (L.2)).

We also find the generating function of the integrals of motion:

R(z,\) = . (}?E (zéij — &p(zij—1, ) — 0(277)z_1Ui_¢(xij—277, )\)), (1.9)
where (4 )
oz, A) = Vo) (1.10)

The equation R(z, A\) = 0 defines the spectral curve which is an integral of motion.
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The organization of the paper is as follows. In Section 2 we remind the main facts
about the elliptic RS model. In Section 3 we show, reproducing the result of [16], that
the dynamics of the deformed RS system is the H -flow of the RS system restricted to the
space of pairs. The core of the paper is Section 4, where we prove that the space of pairs
is invariant under all higher H, -flows and find integrals of motion of the deformed RS
system in the explicit form. The generating function of the integrals of motion is found
in Section 5. In Section 6 we make concluding remarks and list some open problems.
There are also two appendices. In Appendix A the definition and main properties of
the Weierstrass functions are presented. In Appendix B we prove an identity for elliptic
functions which is the key identity for the proof of Theorem [.1]in Section 4.

This paper has grown up from our joint works [16], 17] with Igor Krichever. Soon
after the present work was started, my older friend and co-author Igor Krichever passed
away. He worked till the last his days, and we had several illuminating conversations.
With sorrow and gratefulness, I dedicate this paper to his memory.

2 The RS system

Here we collect the main facts on the elliptic RS system following the paper [9].

The N-particle elliptic RS system is a completely integrable model. The canonical
Poisson brackets between coordinates and momenta are {z;,p;} = ¢;;. The integrals of
motion in involution have the form

l, = Z eXp(Zpi) H w, n=1,...,N. (2.1)

e Nz ier ierjer O(Ty)

It is natural to put Iy = 1. Important particular cases of (2.1]) are

N

=3 e ] o(@i; +1) (2.2)

=1 i o(xij)

which is the Hamiltonian H; of the chiral RS model and

Iy = exp(ivjpi). (2.3)

i=1
Comparing to the paper [9], our formulas differ by the canonical transformation

1/2
ey on T Ll 1)

) Xi — Li,
j#i 01/2(1'ij - 77)

which allows one to eliminate square roots in the formulas from [9].

Let us denote the time variable of the Hamiltonian flow with the Hamiltonian H; = I3
by t;. The velocities of the particles are

OH;
Op;

= o T 2 ) (2.4)

*
T=
Z i o(zy)
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where star means the ¢;-derivative. Note that in terms of velocities the integrals of motion

1) read:

1 N * * n 0'2(1'2' i )
l, = — Ty ... Ty, - . (2.5)
n n! [lezn} 1 v a,1;£1 O-(xiaiﬁ +7])0'(.§L’Z'ai5 —’r])
a<pf
N
Here Z means summation over all distinct indexes i1,...,7, from 1 to N. It is not

fi1.-in]
difficult to verify that the Hamiltonian equations ]*92-: —0H; /0x; are equivalent to the
following equations of motion:

N
?i'ki + Z flk?i;'k (C(Izk + 1)+ ((zw —n) — 2C($ik)) =0 (2.6)
ki

which are equations ([L2]).
One can also introduce integrals of motion |_,, as
_ o(zy; —n)
| =13y, = > ep(-n) [ —— (2.7)
Ic{1,...N}, |T|=n i€l el j¢T o (i)
In particular,
al 17 0@ —n)
=S em 2=, (2.8)
i=1 it 9 (@i5)
It can be easily verified that equations of motion in the time t; corresponding to the
Hamiltonian H; = 0?(n)l_; are the same as (L.2]).
Let us introduce the renormalized integrals of motion:
J _ ollnl)
o™ (n)
In the paper [15] it was shown that the higher Hamiltonians of the RS model can be
obtained from the equation of the spectral curve

l,, n==41,... +N. (2.9)

N+ Zlgbn()‘) I 2N = 0, &n(N) = % (2.10)
H, = res ("7A2). 211)

In general, they are expressed as

Ho = Jo + Qu(J1, ... Ju1),
(2.12)

Hn - J_n + Qn(J—h ey J_n+1)

for n € N, where @), are some homogeneous polynomials of homogeneity n (with degree
of Ji. being put equal to k). For example:

Hy = Jy,
Hy = Jo — C(n)J3, (2.13)
Hy = J3 — (C(n) + C2m) 2 + (2C3(m) — L o(n) 3
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Figure 1: Pairs of RS particles (N =6, Ny = 3).

(see [I5]). We also introduce the Hamiltonians
HE = H, +H,. (2.14)

On the Toda lattice side, the RS dynamics corresponds to the dynamics of poles of elliptic
solutions and the Hamiltonians HE generate the flows d;, +0;, , where t,,, £, are canonical
higher times of the Toda lattice hierarchy.

3 The deformed RS model as a dynamical system
for pairs of the RS particles

In this section we reproduce the result of [16] and show that the restriction of the RS
dynamics of N = 2N, particles to the subspace P in which the particles stick together
in Ny pairs such that

Lo — Toi—1 = 1), 1= 1,...,N0 (31)
leads to the equations of motion of the deformed RS system for coordinates of the pairs.
It is natural to introduce the variables

Xi = T2i—1, 1= ]_,...,N() (32)

which are coordinates of the pairs. It was proved in [16] that such structure is preserved
by the Hy -flow 9, = 9;,, — 05, but is destroyed by the Hi -flow 9;, + 0;,. Therefore, to
define the dynamical system we should fix 71" = 1 (t; + t1) to be 0, i.e. put &1 = —t;,
and consider the evolution with respect to the time ¢ =Ty = 3 (t; — ty).

For the velocities &; = OHy /Op; we have:

2Np 2No
. ) O(X2i—1. + Do O\T2i-1,j —
o1 = eP2i-1 H ( Em 1‘7] )77) + O'2<T])6 P2i—1 H %7 (33)
j=1,£2i—1 \P2i-1; j=1#2i-1 T\T2i-1;
2Np . 2No L
B = eb2i H w + 0-2(7])6_7’21' H M (3.4)
j=1,£2i U(x%j) j=1,#2i U(xzi’j)

Under the constraint ([B.I]) the first term in the right hand side of (3.3) vanishes. The
second term in the right hand side of (3.4]) also vanishes. Then in terms of coordinates
X; of the pairs equations (3.3]), (8.4]) read:

. ST No g Xz — 27]
dgi1 = o(n)o(2n)e Pt ] %>
=1 i
(3.5)
N

o(n) =1, o(Xij)
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From (B.5) it is clear that if we set

P2i—1 :Oéi+Pi, p2i:ai_Pi> 1= 17"'aN07 (36)
where
= logo(n) 4+ = Zl o Xy = 2n) (3.7)
];AZ o(Xi; +2n)

and P; are arbitrary, then we have &9, 1 = &9; for any i, so the distance between the
particles in each pair is preserved by the dynamics. Under the H -flow each pair moves
as a whole thing. Equations (3.5]) are then equivalent to the single equation

X, = o(2n)e" ﬁ (0(Xs5 = 2m)o (X + 29))'/2
j#i o(Xij)

(3.8)

We have passed from the initial 4/Ny-dimensional phase space F with coordinates
({xi}wn, {pi}~) to the 2Np-dimensional subspace P C F of pairs defined by the constraints

Tog — X1 =1, Tai1 = X,

Pai—1 + P2 = 2logo(n) + log
]2 (ij + 277)

The coordinates in P are ({X;}ng, {Pi}no)-

Proposition 3.1 The space P C F defined by (3.9) is Lagrangian.

2N
Proof. We should prove that the restriction of the canonical 2-form ) = Z dp; \ dx; to

the half-dimensional subspace P is identically zero. This is a simple calculatlon with the

help of equations (B.6), (37) and (39). |

Theorem 3.1 The subspace P is preserved by the Hamiltonian flow with the Hamilto-
nian HT = Hy; —H; and equations of motion of the deformed RS model (1.4) are obtained
as the restriction of this flow to the subspace P.

Proof. Restricting the second set of the Hamiltonian equations, p; = —0H7 /0x;, to the



subspace P, we have:

D2ic1 = 0'(7])0'(27])6_%_& ﬁ M 20: (C(Xi'—QU)—C(Xi'))+C(77)_C(277)
etz (X j=1,%i
2 —a-n 77 X —2n) vy
+olma(2n) ; H¢ N (¢(Xa+n) = ¢(Xu))
O'(Xlk—i-QT])

a(2n) all a—P, & o _ I
-2 l;e kzl}# = (C(Xa = 2n) = ¢(Xu — n))

No X. No X., —
11 o(Xi+n) o(n)e it o(Xiw — 1)

+o (e th .
k=1,%i o(Xir) —n) k=1, o(Xik) +1)

(3.10)
Taking the time derivative of (3.8]), we obtain:
No A g 1/2
~- - _p o(X;; —2n)o(X;; + 2
Xi — _0_(27])Re P; H ( ( J Z)()g)] 77))
J#i i
(3.11)
1 No )
+5 2 Xi(Xi - X5)(C(Xi5 = 2n) + C(Xi5 + 2n) — 20(X5)),
J#

where we should substitute P, = —c; + pa;_1 from (I0) taking into account (B.8):
No

P = =i + X | (C(Xy5 — 20) = C(Xey)) + Cm) = C(2n)
J#i

+ XO: X (C(Xil +n) - C(Xu)) - ZO: X, (C(Xil —2n) = ((Xa — 77))

1%
P ﬁ o'2( Xy, — 2n)o (X, +1) _ P Yo o2 ( Xy + 2n)o(Xay — 1)
iz 0 (X, + 2n)o (Xay — ) iz 0 (Xa — 2n)o (X + 1)

Plugging here ¢&; from (B.7) and substituting into (B.11]), we finally obtain:

X;=— z():Xng (C(Xij +1) + (X —n) — 2C(Xij)) +0o(2n) (Ui+ - Ui_)7 (3.12)

i
where N
1 o(Xy; £ 2n)o(Xi; Fn)
U = / ] (3.13)
jl_[# o(Xij £ n)o(Xy)

These are equations (I.I]), (L2) of the deformed RS system (at g = o(2n), N = Ny). ®



4 Integrals of motion

In this section we are going to prove that the subspace P is invariant not only with respect
to the H7 -flow but also with respect to all higher H, -flows. This gives the possibility to
obtain integrals of motion .J,, of the deformed RS model by restriction of the RS integrals
of motion J,,, J_,, to the subspace P. We denote the restriction of J, by Ji:

Te(({Xitnos { P} nvg) = I({zef vy {pefw)

> keZ. (4.1)

The notation Ji({z/}n, {pg}N)‘P means that the variables x,, p, are constrained by the
relations (3.9), i.e.

Tyi1 = Xi,  my = X+,
poic1 = & ({Xj}ng) + Piy 2 = o({Xj}tny) — P
where «; is given by ([B.7). Note that Ji can be regarded as a function of { X}y, and
{X;}n, by virtue of equation (3.8) and

0Jy X 0Jy

P, 'ox,
The similar notation will be used for the restriction of the Hamiltonians:

Hy({Xi}tno, {Pitno) = He({ze} v, {pe} )

o
(4.2)

H,({X:},{P.}) = Hi({ze}w, {pe}N)‘P-

Theorem 4.1 The space P of pairs defined by (39) is invariant with respect to the
Hamiltonian flows 0y, — O, with the Hamiltonians H,, for all k > 1.

k

The rest of this section is devoted to the proof of Theorem (4.1l The explicit expressions
for integrals of motion of the deformed RS system will follow from the proof.

To prove that the first constraint, x9; 1 — x9; = 1, is preserved, we should show that
(O, — 05, )T2i—1 = (O, — O, )xo; for all i =1,..., Ny, i.e. that
OH;, OH,. _ OHy OH,,
Opaic1 Opai—a Opai  Opa;

(4.3)

if the coordinates and momenta are restricted to the space P. Note that equations (3.6])
imply that 0,,, , — 0p,, = Op,, so ([A3)) is equivalent to

OH,  0H,

opr,  Op;
From (2.12) it follows that it is enough to prove that J, = J_,.

Let NV be the set N = {1,..., Ng}. Separating the summation in (Z.I)) over odd and
even indexes (with m odd indexes and n — m even ones), we can write, for 0 < n < Ny:

(4.4)

o= Jnms (4.5)



where

T o(nn) S (ITe) (1] &)

n

o™(n) 17ex Nier jeg
|Z|=m
|T|=n—m

X+ 1) a(Xje+2n) (4.6)
< 1T N5 11 II° '
CEN\T €T U(le> LeN\T jeT o XZZ +1)

+1)
<1 Ui =5 11 j sl
e ez O (Xie = ) teN\J jeT U(Xﬂ)
Obviously, this is zero unless Z N (/\/ \ J) =0, i.e. the set Z should be contained in 7,
Z C J. Since |Z| = m, |J| = n — m, this is possible only if m < [n/2], otherwise J,, ,,

vanishes. Using (8:6), (3.7), (3:8), we then have:
(H 61021'71) (H epzj)
i€l VISV

o(Xje) :
:g"%"LQn(H H TQU)(H H W)HXJ

1€Z LeN\{i} JEIT\T LeN\{j} J JEI\T

The expression for J_,, ., is similar but in this case m is the number of even indexes
rather than odd and 7 in all factors in the products should be replaced by —n. After
plugging this into (4.6]) and cancellations, we obtain:

Ton = 20 > ¥ (I %)( I vE) (I TT vie). @)

on=2m () S EET GedNT WET\T i€ LeEN\T
where (X))
O’ ..
V(X)) = Y 4.
(X0) o(Xij+n)o(Xy—mn) (48)
X.. 49 X
Ut () = Z 220 0 1) (19)

o(Xi; £n)o(Xy)

Passing from summation over the subsets 7 C N and Z C J to the summation over
subsets Z and Z' such that ZNZ' = 0 (Z' = J \ Z), we can write the r.h.s. of (A7) in
the form

Tam=20l Y (IO VE)(M I 0(). @10)

n—22m
(77) 7,7/, InT'=0 JET i,jeT’ 1€ LeN\(ZUT)
|Z|=m,|Z/|=n—2m i<j

The equality J,, ,, = J_nm is a consequence of the following lemma:

Lemma 4.1 For any N' CN = {1,..., No} it holds:

ST I vrxa= > 11 I1 U (Xu). (4.11)

ICN' €T LeEN\T ICN' €T LeN\T
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The lemma is proved in Appendix B. Applying the lemma with N/ = N'\ Z' to ({I0), we
see that J,, ,, = J_,,;m. The formula (L7) for the integrals of motion in the Introduction
is an explicitly symmetrized version of (A.I0):

1 /2
Jn =3 Z (Jn,m + J—n,m)-
2 m=0

We have proved the half of the statement of Theorem .1t namely, that the first constraint
in B9), xo; — x9;—1 = 1, is invariant under the flows 0, — 0, .

Let us prove that the second constraint in (8.9) is preserved too. We should show
that the equality in (3.9) remains true after applying d;, — 0, to the both sides. In the
L.h.s. we then have

OH,, n OH,  OH_
091 09 B aXi‘

Without loss of generality we may put ¢ = 1 for simplicity of the notation. Then we have
to prove that

(9H_ aH— 8H_
0X1 < Op1 0p2k_1> (g( 1k +2n) — (X n))
From (2.12)) it is clear that it is equivalent to

aJ, <8J; 9,
k

0Xy op1 8p2k_1> (C(Xlk +2n) — (X, — 277)). (4.12)

Repeating the calculation leading to (4.10) for the restriction of 0Ji,/Opax_1 to the
subspace P, we obtain:

) [n/2]
— = Ok € T) X7 Uz, 413
8p2k—1 on— 2m Z Ir;@ ( ) 'Yr1 ( )
|Z|=m, |Z/|=n—2m
o) [n/2]
8 — = n— 2m Z Z G(k € I ) I/)XZ’U;I/- (414)
P2k—1 o sl
|Z|= \I’\—n 2m
Here '

Xp = (H XJ) H j1j27 (415)

T ey

U =11 Il U*(Xy) (4.16)

i€Z jeN\(ZUT')

and ©(9) is the function which is equal to 1 if the statement S is true and 0 otherwise.
Combining (4.13) and (A.I4]), we get:

o) (n/2]
) D > 6k eD)Xp (U + Ufz)
D2k—1 m=0 InT/=0

|Z|=m, |/ |=n—2m

(4.17)

+ Y OkeINXpUf

InZ'=0
|Z|=m, |Z!|=n—2m
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where
Rnm = U(nn)02m_n(77)- (418)

A similar calculation gives

1 m=0 INZ'=0

|Z|=m, |Z/|=n—2m

where

LeN\(ZUT") Le1’

Z;Ifz@aeI)( > (C(XM‘HI)—C(X1e—ﬁ))+Z(C(X1z+U)—C(XM)))

+@(1ezuz')( > (CXae+2m) = C(Xa0))+ D (C(Xae + 2n) — <(Xlg+n)))
LeN\(ZUT") LeT’

O(1eN\T) (Z(«Xu +217) = ((X1))+ 3 (C(Xae+2n) = ((Xue + n)))

lel LeT’

el LeT’

+LO(1eN\ (ZUT)) (Z(C(Xw + 1) = C(X1e =)+ 3 (C(Xae+n) = (X))

(4.20)
and Zz;, is obtained from Z77 by the change n — —n. This expression can be brought
to a more convenient form by using the obvious relations

O(1ezUuZ)=01€e€l)+0(1eT), O(1eN\(T)=1-06(1€1).

The right hand sides of (£17) and (@.I9)) are sums over m = 0,...[n/2]. Let us denote

ol A
the mth terms of the sums by —=™ and —="_ We are going to show that
Opak—1 0X,
0J 0J_ aJ; oJ;
mm  90mm mm - Pnm N (X 2) — (X — 2 4.21
g T = 2 (- ) (o ) a2
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from which ([@I2]) follows. A straightforward calculation yields:

aJ- aJ- aJ-
Fo { a)"(;” -3 ( e ) (X +2m) = ¢(Xui — 277))}

k£l Op Opak—1

Y Xo {@(1 € 1)

INZ'=0

UI_I’Z/C_(XM ZI’Z (T (X)) + II’Z T (Xe)
]

Lel

FUR S ¢ (Xae) = Uz Y2 C (Xae) = Uz Y2 CH(Xae)

lel el el

(4.22)
+U7z Y ¢ (Xue) — Uz‘zfzé_(Xle)]

Le1’ Le1’

+0(1el)

Uiz ¢ (X1e) — Uz_szC+(Xlé)]

el el

+ YOk € ) [UzpCH(Xu) = U (™ <X1k>}}
k#1

where

CHX) = C(X £ 21) + (X F 1) = (X ++n) = ((X) (4.23)
and Z/ means that ¢ # 1.
¢

Lemma 4.2 The following identity holds:

Y00 eD) Uy > ¢ (Xu)-Ufp > ("(Xuw)

LEN\(ZUT') LEN\(ZUT')
L#£1 L#£1

~Urp Y, (X)) +Ufz > C_(XM)]
CET 141 €T 141 (4.24)

+> O(1eT)

Ul Z ¢ (X)) — Uz Z §+(X1£)]

el leT

2

A

U Y, (X)) = Ufp D, C_(Xle)] =0,

CET 41 (€T 0#1
where U, and (*(x) are defined in ([{-16) and (.23) respectively.

Proof. This is the Xj-derivative of the identity (AII) from Lemma 1] with N’
N\T. |
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Using this identity, it is easy to see that the r.h.s. of (£22]) is zero. Therefore, the
invariance of the subspace P of pairs with respect to the flows with Hamiltonians H_ is
proved.

So far we considered the restriction of 7, with n < N/2 = Ny. The case N/2 <
n < N can be considered in a similar way with the result that the restriction of 7, with
Ny <n < 2Ny is J,—an,. The proof of Theorem [.I] can be extended to this case, too.

Finally, let us comment on whether the integrals of motion are in involution. As soon
as the Hamiltonian structure of the deformed RS system (if any) is not known, we are
not able to calculate the Poisson brackets between the integrals of motion and prove that
they are equal to zero. Our integrals of motion are functions of coordinates and velocities
rather than coordinates and momenta. However, in any integrable system all integrals of
motion that are in involution are conserved quantities for the flows generated by any one
of them. Each higher Hamiltonian H; of the RS system defines a flow d;— on the “phase
space” P of the deformed RS system. From the fact that RS integrals of motion are in
involution it follows that the restrictions H, of the RS Hamiltonians to the space P are
conserved under all 8Tg-ﬂows. In this sense we can say that the integrals of motion H,
and J,, of the deformed RS system are in involution.

5 Generating function of the integrals of motion

It is known that the integrals of motion of the RS system with 2N particles can be unified
into a generating function which is the determinant of the 2N x 2N matrix zI — L()),
where [ is the unity matrix, z is the spectral parameter and L(\) is the Lax matrix
depending on another spectral parameter A\. The Lax matrix has the form

Lz’j()\) = Oy, 7 ¢(xij — 1, A), (5.1)

where the function ¢(z, \) is given by

_o(@+ )
Pz, A) = (Vo) (5.2)
Proposition 5.1 ([9]) It holds
2N
_ 2N on—k O(A = kn)
ety (20 = L)) = 27+ 5 VR (53

where Jj, are the RS integrals of motion (2.9) (see (2.10) with N — 2N ).

Proof of this proposition is based on the formula for the determinant of the elliptic Cauchy
matrix:

a()\ + Enjl(yk — xk)) kl;[la(yk —y)o(z; — xp)
By TETErEE

H
12
&,
IA
3

Q
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In this section we are going to construct the generating function for the integrals of
motion (L7). The idea is to restrict the Lax matrix (5.1) to the subspace P. How-
ever, the direct restriction is not possible because some matrix elements become infinite.
Nevertheless, we shall see that the determinant (5.3]) is finite.

To regularize the Lax matrix, we put
Toj — Tgi—1 =1 +€ (5.5)

and tend € — 0 at the end. At ¢ =0 we have 0y, x9; = X; and O, x2;—1 = 0. To proceed,
we need to find Oy, x9;,—1 up to the first non-vanishing order in €. A simple calculation
shows that

Oy, a1 = o (20) XU + O(e?), (5.6)

where U;™ is given by (B.I3) (with Ny — N). The further calculation of matrix elements
of the Lax matrix is straightforward:

L2z’—1,2j—1 = L(?O) = 50(277)Xi_1Ui_¢(Xij -, )\) + 0(52)>

Loi_19; = Lz(;')e) = 50’(277)Xi_1Ui_¢(Xij — 21, A) + O(e?),
(5.7)
Loipj—1:= nge-o) = Xip(Xij +¢&,A) +0;5,0(1) + O(e),

Ly; 95 = LZ(;O) = Xz¢(ng —1n,A) +O(e).

After re-numeration of rows and columns, the Lax matrix can be represented as a 2 x 2

block matrix:
(o) ffoe)
i i
L= . i,j=1,...,N. (5.8)
(e0) (ee)
We see that LI™ is singular as € — 0 since ¢(g, ) = e~ + O(1). Using the formula for
determinant of a block matrix, we have:

det(z] — L) = det (2] — L) det (2] — L) — L) (2] — L)1 L)),

It is easy to see that the right hand side is finite as ¢ — 0. In order to find the limit as
e — 0 we can put LZ(;-)O) = 0 and forget about the next-to-leading powers of ¢ in other
blocks. In this way we find:

lim (L) (21 — L) TILOY) = 0(20)27' U ¢(X5; — 201, A).
Therefore, the generating function of integrals of motion is

R(z,\) = 1<<§1(]3£N(25ij — Xigb(X,-j—n, A) — U(Qn)z_lUi_¢(Xij—2n, )\)) (5.9)

Proposition 5.2 The generating function R(z,\) is given by

_ N _nOo(A—=2Nn)
R(z,\) =2" +z o)

(5.10)
g(A—2Nn+ kn)

a(A)a(kn)

)\ o ]{? N-1
+ Z zN_kia( 77)) Ji + Z N J_k,
k=1

o o(Nalkn
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where the integrals of motion are

[k/2]
Jip = Jikm
m=0

and Jypm are given in (4.10).

Sketch of proof. The proof is a lengthy but straightforward calculation which uses the
formula for determinant of sum of two matrices and the formula for determinant of
the elliptic Cauchy matrix (5.4). Here are some details. First of all, the determinant
det(I + M) is equal to the sum of all diagonal minors of the matrix M of all sizes,
including the “empty minor” which is put equal to 1. After that we encounter the
determinants of the form det(A; + By), where A, Bs are diagonal minors of the
matrices X;p(Xy;—n, \), o(2n) 2 U;7 ¢(Xi;—2n, \) of size n < N with rows and columns
indexed by indexes from a set J = {j1,...,Jn} C{1l,..., N} (j1 < jo < ... < jn < N).
The formula for determinant of sum of two matrices states that

det(Ay + By) =Y det AT,
cg

where summation is carried out over all subsets Z of the set J and Ag)z is the matrix A
in which rows numbered by indexes from the set Z are substituted by the corresponding
rows of the matrix B;. Each AER)I is an elliptic Cauchy matrix (multiplied by a diagonal
matrix), so the determinant of it is known. To see this, we choose in (5.4]) z; = X, and

yj =X —n ifjeIJ\L
The determinant in (5.9) is represented as a Laurent polynomial in z with coefficients
which are sums over sets Z, Z' C {1,..., N} such that ZNZ' = () as in (LI0). [
The characteristic equation
R(z,A\) =0 (5.11)

defines a Riemann surface I’ which is a 2N-sheet covering of the A-plane. This Riemann
surface is an integral of motion. Any point of it is P = (z, A), where z, A are connected
by equation (5.I1]). There are 2N points above each point A. It is easy to see from the
right hand side of (5.10]) that the Riemann surface I is invariant under the simultaneous
transformations

Ao A+2w, 2z e 2@ and A A4+ 2, 2z e 2@ (5.12)

The factor of T' over the transformations (513 is an algebraic curve I which covers the
elliptic curve with periods 2w, 2w’. It is the spectral curve of the deformed RS model.

Proposition 5.3 The spectral curve I' admits a holomorphic involution 1 with two fized
points.
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Proof. In the previous section it was proved that J_, = Ji. Therefore, the equation
R(z,\) = 0 is invariant under the involution

L (2,A) = (271 2N — ), (5.13)

as is easily seen from (5.I0). The fixed points lie above the points A, such that A\, =
2Nn — A, modulo the lattice with periods 2w, 20, i.e. A, = Nn — w,, where w, is either
0 or one of the three half-periods wy = w, wy = W', w3 = w + w’. Substituting this into
the equation of the spectral curve and taking into account that J_, = J,, we conclude
that the fixed points are (+1, Nn) and there are no fixed points above A\, = N1 — w,
with w, # 0. |

6 Conclusion and open problems

In this paper we have found the complete set of integrals of motion for the deformed RS
system with equations of motion (L4]). This provides enough evidence for integrability
of the system. Our method was based on the fact that the deformed RS system is
equivalent to the dynamical system for pairs of particles in the standard RS model (with
even number of particles) moving as whole things so that the distance between particles
in each pair is equal to 7, the inverse “velocity of light” in the RS (= relativistic CM)
model. Such pairs are preserved by only a “half” of the higher Hamiltonian flows, so we
consider only Hy -flows and put the time variables associated with the Hy -flows to zero.
The configurations in the full phase space F when particles stick together in pairs form a
half-dimensional subspace P C F and we have proved that this subspace is Lagrangian
and invariant under all H, -flows. Then integrals of motion for the deformed RS system
can be obtained by restricting the known RS integrals of motion to the subspace P. This
job has been done in the present paper.

In the 7 — 0 limit (in which the RS system reduces to the CM system) the particles
in each pair turn out to merge in one and the same point. This singular limiting case
was discussed in [19].

It is an interesting question whether any clusters of RS particles other than pairs
are possible in this sense. For example, one may consider “strings” of M particles such
that the coordinates of the particles in the ith string are zp; 1o = X; + (M — a)n,
a=1,..., M, with X; being the coordinate of the string moving as a whole thing. It
is natural to ask whether some Hamiltonian flows of the RS model preserve such string
structure.

We should stress that the connection between the standard RS system and the de-
formed RS system is not trivial and has different aspects. On one hand, the latter is an
extension of the former and includes it as a particular case because equations of motion
(L4) differ from equations of motion (2] of the RS system by presence of some addi-
tional terms. However, on the other hand, the deformed RS system is contained in the
RS system since it can be regarded as its reduction in the sense that the equations of
motion ([.4]) are obtained by restriction of the RS dynamics to the subspace P of pairs.

Finally, let us list some open problems which arise in connection with the deformed
RS system. First, it is important to answer the question whether the deformed RS
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system is Hamiltonian or not. A related problem is quantization of the deformed RS
system. Second, it would be highly desirable to find a commutation representation for
equations of motion (IL4]) such as Lax representation or Manakov’s triple representation
[20]. Tt is the latter that is known to exist for equations (L6) which can be obtained from
(L) in the n — 0 limit. That is why it is natural to conjecture that Manakov’s triple
representation exists for equations ([L4]) for all n # 0. Third, it would be interesting to
find Backlund transformations of the deformed RS system which are closely connected
with the so-called self-dual form of equations of motion and integrable time discretization
of them. All this is known to exist for the CM and RS systems (see [21]-[27]). We hope
to discuss these problems elsewhere.

Appendix A: The Weierstrass functions

In this appendix we present the definition and main properties of the Weierstrass func-
tions: the o-function, the (-function and the p-function which are widely used in the
main text.

Let w, w’ be complex numbers such that Im(w’/w) > 0. The Weierstrass o-function
with quasi-periods 2w, 2w’ is defined by the following infinite product over the lattice
2wm + 2'm’, m,m’ € Z:

i

)

o(r) = o(r|w,w) =2 H(l — z) esT2Z | s =2wm+2w'm m,m €. (A1)
s#0 8§

It is an odd entire quasiperiodic function in the complex plane. As z — 0,
o(x) =x+0(z°), x—0. (A2)

The monodromy properties of the o-function under shifts by the quasi-periods are as

follows:
oz + 2w) = —eX@ @) g (),

(A3)
oz + 2') = X+ g (),
Here ((z) is the Weierstrass (-function defined as
)= 2 (A4)

The monodromy properties imply that the function
o(x — a,) M
f@)=1] /— (Ga —ba) =0
Hoe= X
is a double-periodic function with periods 2w, 2w’ (an elliptic function).
The Weierstrass (-function can be represented as a sum over the lattice as follows:

@)=+
s#£0

1 1
+—+£2)7 s =2wm +2w'm’ m,m' € Z. (A5)
S S

Tr— S
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It is an odd function with first order poles at the points of the lattice. As x — 0,

() = % LOGEY, ©—0. (AG)

If the argument is shifted by any quasi-period, the (-function is transformed as follows:
(& + 2w) = ((z) + ((w),

C(z +2w) = ¢(z) + ¢(w).

These values ((w), ((w’) are related by the identity 2w'¢(w) — 2w((w') = mi. The trans-
formation properties (A7) imply that the function

(A7)

M M
g(x) = ZAQC(:L’—CLQ), ZAa:O
a=1 a=1
is an elliptic function.
The Weierstrass p-function is defined as p(z) = —(’(x). It can be represented as a
sum over the lattice as follows:
1 1 1
@(l’) = ﬁ + g(m — ?), s = 2wm + 2w'm’ m, m' € 7. (AS)

It is an even double-periodic function with periods 2w, 2w’ and with second order poles
at the points of the lattice s = 2wm + 2w'm’ with integer m,m’. As x — 0, p(x) =
7%+ O(2?).

Appendix B: Proof of Lemma 4.1]

We set

Frﬁ: Z H H Ui(X,-g): Z H H o (X +2n) o( Xy F 1) (B1)

TN IE€L ENNT TN I€TENNT o (Xie £ 1) 0(Xir)
and consider the function f,,, = F,} — F,,. It is a symmetric function of the variables X,
Jj € N'. Tt is easy to see that it is an elliptic function of each X;. The statement of the
lemma is that f,, = 0 for all m. At m = 1 we have:

A=Y I o(Xie+2n)o(Xie—1n) S I (X —2n)0( X +1n) _0 (B2)

iEN" LeN? o(Xie + 1) o(Xie) iENT CeN o(Xie — 1) o(Xie)
Py 04

since it is proportional to the sum of residues of the elliptic function

o(X =X, +2n)o(X —X,—n)
U(X—Xg—l—?])O'(X—Xg)

fx) =11

LeN’

We are going to prove that f,,, = 0 for all m by induction. Suppose that f,, = 0 for
some m; we will show that this is also true for m — m + 1. Due to the symmetry, it
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is enough to consider f,, as a function of X; (without loss of generality we assume that
N7 3 1). Possible poles of this function are first order poles at X; = X; and X; = X, £1.
Let us prove that residues at these poles actually vanish. For the poles at X; = X this

is especially simple because it is not difficult to see that res Fn{f = 0 even without the
1=X;

inductive assumption. Consider the pole at X; = X547 (again, without loss of generality
we can assume that N’ 3 2). Let us introduce the short-hand notation N = N"\ {1},
N =N"\ {2}, N{, = N"\ {1,2}. Then we have:

res fm o= o) >, J] U X[ II U Xu)

X1=Xo+n

ICNI, teNI NI i€T eNI\T
(B3)
—o2n) Y. I UT(Xe)]] II U'T(Xaw),
ICN1, teNI\T i€T teN\T

where |Z| = m — 1. Since X; = Xy + 17, we have UT(Xy) = U~ (Xy,). After simple
transformations of the products, we can represent in the form

ves fm=02n) [TU (Xw) | D II 1] U X)— > II II UF(Xu)

X1=X . :
1=A2d (ENT, ICN1, i€T beNINT TCN1, €T beNI\T
(B4)

The expression in the square brackets is nothing else than f,,_; which is zero by the

induction assumption. Therefore, s les fm = 0 for all m. The pole at X; = Xy — 17
1=A27TTN

and the poles at X; = X, =7 are considered in the similar way. We have shown that
the elliptic function f,, as a function of X; is regular. Therefore, it does not depend on
X;. By virtue of the symmetry, this function is a constant which does not depend on
all X;’s. To find the constant, one may put X; = ¢j and tend € — 0. It is easy to see
that f,, after this substitution is an odd function of ¢, so the constant term o< €% in the
expansion as € — 0 vanishes. This means that the constant is equal to zero.
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