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Anyon statistics through conductance measurements of time-domain interferometry
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We propose a method to extract the mutual exchange statistics of the anyonic excitations of
a general Abelian fractional quantum Hall state, by comparing the tunneling characteristics of a
quantum point contact in two different experimental conditions. In the first, the tunneling current
between two edges at different chemical potentials is measured. In the second, one of these edges is
strongly diluted by an earlier point contact. We describe the case of the dilute beam in terms of a
time-domain interferometer between the anyons flowing along the edge and quasiparticle-quasihole
excitations created at the tunneling quantum point contact. In both cases, temperature is kept
large, such that the measured current is given to linear response. Remarkably, our proposal does
not require the measurement of current correlations, and allows us to carefully separate effects of
the fractional charge and statistics from effects of intra- and inter-edge interactions.

Introduction.— It has been almost four decades since
the initial proposal that the elementary quasiparticles
of fractional quantum Hall (FQH) systems obey anyonic
statistics [1]. Despite the apparent maturity of the field,
the pursuit to definitively observe the physical quanti-
ties and quantum numbers characterizing anyons [2, 3] is
constantly being reinvigorated [4-20]. In particular, early
2020 saw two major experimental steps forward: the ob-
servation of anyonic braiding in a Fabry-Perot interfer-
ometer [21], and demonstration of a so-called “anyon col-
lider” [22, 23] using cross-correlation measurements.

Here we show that anyonic statistics can be inferred di-
rectly from conductance measurements, without requir-
ing current correlation measurements or explicitly build-
ing an interferometer. The configuration we propose to
obtain this result consists of a quantum point contact
(QPC) between two edges of a general Abelian FQH state
which are driven out of equilibrium. The edges may be
driven off-equilibrium by one of three methods: inject-
ing a single quasiparticle into one of the edges; injecting
a Poissonian, dilute beam of quasiparticles into one of
the edges; and placing a finite bias voltage between the
edges.

Our proposed setup, shown in Fig. 1(a), allows a
smooth transition between the dilute Poissonian beam
and a full beam at finite bias voltage. This is ob-
tained by tuning a second, injection QPC from fully open
(a differential conductance, Ginj = dlin;/dV, satisfying
Ginj/0zy — 0) to fully closed (Ginj/0zy — 1). We hence-
forth refer to these as the dilute and full limits, respec-
tively.

We propose sweeping Ginj through this range, and
measuring the ratio I/ Iin;, where I is the measured cur-
rent after the tunneling QPC, and Ijy; is the injected inci-
dent current, as defined in Fig. 1(a). Comparing the val-
ues at the dilute and full limits cancels out non-universal
constants, yielding the relation,
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Here, e] is the tunneling quasiparticle charge, e5 the

injected quasiparticle charge, é; is the tunneling quasi-
particle scaling dimension, #;5 is the mutual statistics
phase between the injected and tunneling quasiparticles,
T is temperature, and Ggirect 18 a residual conductance
corresponding to direct tunneling [24-26] through both
QPCs. The full crossover between these two limits is
shown schematically in Fig. 1(b).

The mechanism leading to this result is a time-domain
interferometer at the tunneling QPC which is created by
the dilute incident beam. The interference is between two
processes, in which a quasiparticle-quasihole excitation
occurs at the tunneling QPC either before or after the
arrival of an injected quasiparticle (see Fig. 2). A similar
physical picture has been shown in Refs. [25, 27, 28]. We
further find that this interference is sensitive to the mu-
tual statistics phase between the injected and the tunnel-
ing quasiparticles, 615. We emphasize that these quasi-
particles are not necessarily of the same type, although
they must be supported by the same FQH liquid.

Since our focus is the interference of two amplitudes
which differ from one another by the orderings of events,
the key point of our analysis is the identification of the
phase differences between the two orderings. We find
phase differences that are determined by the quasiparti-
cle charge e*, which is a fraction of the electron charge
for non-integer values of v [4-6]; the scaling dimension d,
which defines the zero-temperature time correlations of
the quasiparticle via the relation (f(7)y(0)) ~ 772
[29-32]; and the exchange statistics phase 6, which for
anyons take special values beyond the fermionic 7 and
the bosonic 27 [1-3].

We are interested here in isolating the effect of 6 from
the other two effects. In particular, we would like to
separate it from the effect of 9. For non-interacting
edges, in which all the modes propagate in the same di-
rection, 2wd = 6; however, in general ¢ is affected by
non-universal factors, such as intra-edge and inter-edge
interactions, 1/f noise or neutral modes [33-38]. This in
stark contrast to the charge, exchange statistics phase,
or filling factor, which are universal.

We separate the effect of 6 from that of § by tuning
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FIG. 1. (a) Two counter-propagating edge modes (u/d) of
a fractional quantum Hall droplet at filling factor v are con-
nected by a quantum point contact, through which quasipar-
ticles of charge e} and scaling dimension §; can tunnel. Cur-
rent is measured at the lower edge’s drain, denoted by I. A
current of Iiy; is injected into the upper edge via a second, in-
jection QPC, e.g. from a third auxiliary edge mode (a). The
injection QPC is placed at a bias voltage of V', and allows
tunneling of quasiparticles of charge e5 and scaling dimension
02. All other sources and drains are grounded. (b) The ratio
between I/Iin; in the dilute case and I/, in the full case,
as a function of temperature, for v = ej/e = e3/e = 1/3,
and for different scaling dimensions d1. For the dilute case,
we Iinj = 10pA, and assume kg7 < eV for all relevant tem-
peratures, such that the contribution from Gairect to Eq. (1)
is negligible. In the full case, we use V' = 10uV. Both cases
use & = T2mK, 7. = 10~ "s. When the dilute case satisfies
hlinj/e < kT < eV <« h/7., and the full case satisfies
hlinj/e = veV/2r < kT < h/7., the ratio approaches an
asymptote that does not depend on scaling dimension, allow-
ing extraction of the mutual statistics 612. Inset: I/l for the
dilute and full cases as a function of temperature for 1 = 1/6,
the canonical value for a Laughlin 1/3 state.

the system to a regime where ¢ only affects observables
through a non-universal prefactor, which then cancels out
in the ratio of currents given in Eq. (1). We arrive at this
regime by employing a careful ordering of the various
energy scales in the system, such that hlinj/e < kgT
throughout the entire crossover of Ginj. This ensures

T[mK]

that the current I is given to linear response in Ii,;. We
present an analytic expression generalizing Eq. (1) out-
side of this regime in App A, Eq. (A5).

While in the full limit the edge that enters the tunnel-
ing QPC is in equilibrium at chemical potential V', at the
dilute limit we need the injection QPC to reflect only a
small fraction of the impinging electrons, such that the
resulting injection current is Poissonian and rare. Said
differently, the injected current in this limit must satisfy
Iin; <€ 04y V. Furthermore, the beam must still be dilute
when arriving at the tunneling QPC. As such, the dis-
tance between the two QPCs must be sufficiently small
that no equilibration or dephasing occurs along the way.
Finally, we assume that tuning the injection QPC does
not affect the transparency of the tunneling QPC, to en-
sure that all non-universal constants are cancelled when
examining the ratio of the two limits. [39]

Easy extraction of 615 requires Ggirect t0 be sub-
dominant (see Eq. (1)). Quantitatively, this is the case
if both kgT <« eV and 46, < 2 are satisfied. These con-
straints result from the direct tunneling process being
dominated by short time scales. Naive theories describ-
ing quasiparticles may satisfy this condition even if the
aforementioned non-universal effects change the scaling
dimension quite significantly. For example, theory gives
d = 1/2m for Laughlin quasiparticles.

Edge theory.— We now define the system’s Hamilto-
nian and derive the current. As shown by Wen, the edge
theory of a general Abelian FQH state can be described
by n-boson fields, ¢(z,t) = (¢1, @2, ~-¢n)T [2]. These
define the theory in conjunction with a charge vector, q,
which determines the electric charge carried by each bo-
son field, and the so called K-matrix, which determines
the commutation relations between the boson fields,

[(257;(.’13), 895/(]53' (LE,)} = ZIQTI'(Kil)ij(S(ZE — 1‘/). (2)

The filling factor is then given by v = ¢7 K ~'q, and the
charge density is given by p = —3-¢q - 9,¢. In terms of
these fields, the Hamiltonian of a single FQH edge mode
is given by

1 n
Hedge = E Z /dxax¢1vz]aac¢]v (3)

i,j=1

where V is a positive definite matrix describing the ve-
locities of the modes and intra-edge interactions. These
edges support quasiparticles of the form v ~ e?*'®, where
l is a vector of integers. The charge of these quasiparti-
cles is then given by ej = q7 K~ !1.

The configuration of Fig. 1(a) involves two edges, u
and d, tunnel-coupled by a QPC. This is described by
two copies of the Hamiltonian Hedge, time reversed with
regard to one another, as well as a tunneling term, Hr,
which we treat as a perturbation. Assuming only one
type of quasiparticle, denoted by the vector 1y and car-
rying charge e], tunnels between the edges, this is given



by
Hr =€ [A+ AT]; Ap) = o 00-Le00) ()

Here, £ is a small tunneling amplitude, which we assume
to be real, and ¢ (¢(9)) are the bosonic field operators
on the upper (lower) edge. We project the auxiliary edge
a out of the Hamiltonian, as it is only used to “initialize”
the state of the edge u.

The current that tunnels from the upper edge to
the lower edge is then given by the operator, Ip(t) =

e} [AT(t) - /l(t)] Since the lower edge is grounded,

we henceforth identify I = <fT> Expanding to leading
order in &, the current is given by

t
I(t) = ere? / dt’ < [Af(t),fi(t’)} + [AT(t’), A(t)] > .
()
Here, [, ] denotes commutation, and expectation values
are calculated with respect to the Hamiltonian in the
absence of tunneling.

Deviation from Equilibrium.— It is clear from Eq. (5)
that one needs to derive correlation functions such as
(AT(t)A(")). In equilibrium, at temperature 7', the sys-
tem is particle-hole symmetric, and the correlation func-
tions are given by [2, 40]

(AT A(t)o = (A1) AT(#))o (6)
451
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where §; is the scaling dimension of the quasiparticle 1y,
and 7, > 0 is a short time cutoff.

Two main features are carried over from Eq. (6) to the
correlation functions out of equilibrium - the exponen-
tial decay at time difference larger than A/T, and the
phase €271 associated with an interchange of the time
arguments.

We now consider two non-equibrium cases. In the first
we introduce a constant bias voltage V =V, — Vy be-
tween the edges. In the setup of Fig. 1(a), this corre-
sponds to a fully closed injection QPC, i.e. Iin; = 0,y V.
The introduction of the voltages can be formally ab-
sorbed into the boson fields by use of a simple gauge
transformation, which maps ¢*/® (z,t) — /@ (z,t) +
K~1qV,q(t ¥ 2/v) /h. This accordingly modifies the
correlation functions by a phase factor

(AT AW )gan = (AT A )oe 01,

av, o ()
(AR AT ) ) pun = (A(H)AT(t))ge™ 7 1),

In the second non-equilibrium driving, we consider in-
jecting a single quasiparticle, denoted by the vector Is,
into the upper edge at the location xj,; < 0 and at time
tinj. This is shown schematically in Fig. 2(a). In view
of the commutation relations (2), the application of the

3

quasiparticle creation operator e—il2- ¢ (@inj,tin)) on the
edge creates a soliton in each of the boson fields,

&Y (2, ting) = O (2, ting) — 20K 20 (x — Tigg) . (8)

We assume here the injection happens instantaneously.
This assumption will be relaxed to find the subleading
term of Eq. (1).

The fields at general times can then be obtained using
the equations of motion dictated by the Hamiltonian in
Eq. (3). If all modes are chiral with the same velocity v,
this amounts to replacing & — xin; — & — Tinj — v (¢ — tinj)-
The soliton thus arrives at the QPC, x = 0, at time
to = tjnj - ZL’inj/’U.

The c-number shift in the bosonic field of Eq. (8) leads
to a phase shift in the correlator Eq. (6). We see directly
from the definition of the operator Ain Eq. (4) that

(AN AW gp = (AT A>T 110Ut —to)],

<A(t)AT(t/)>qp _ <A(t)AT(t/)>06*27”'l1K7112[@(t*to)*@(tl*to)}'
(9)

The phase we obtain is the standard definition of
mutual braiding statistics between two quasiparticles,
012 = 7l Kty [2]. The expression in Eq. (9) shows
that the product gains a phase of e2if12sen(t=t') i the
arrival time ¢ is between the times ¢’ and ¢, and a triv-
ial phase of 1 otherwise. We emphasize how naturally
this result came from the underlying theory: the only as-
sumptions necessary to obtain this are the commutation
relations, (2), and the existence of quasiparticles in the
edge’s excitation spectrum.

This result holds for different boson modes with differ-
ent velocities if all solitons arrive at the tunneling QPC
more or less concurrently, avoiding dephasing. This is
the case if |zinj|/Av < K/T, where Awv is the velocity
difference between the fastest and the slowest modes.

Time-domain interferometry.— The appearance of the
phase, 615, can be understood as time-domain interfer-
ometry of the two distinct +e] quasiparticle-quasihole
excitations, before and after the injected e3 quasiparticle
arrives at the QPC. A similar physical picture has been
shown in Ref. [25, 27, 28].

To show this we consider the configuration of a single
injected particle, as described in Fig. 2(a). In this case
the non-equilibrium correlation function takes the form,

(AT DA ap = (W1 (t0) ATV AR )%, (F0))o,  (10)

i.e., the expectation value is calculated with respect to
the state resulting from exciting the ground state |0) with
a single quasiparticle. Here we omit the position variable
from the quasiparticle injection operator wz; (to), and as-
sume it arrives at the tunneling QPC = = 0 at time tp.
The current in Eq. (5) is then given by integration
over multiple terms of the form in Eq. (10). We define

It,to)_ = A(t)y] (to) |0) and |t,to), = AT(t)y] (to)|0).
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FIG. 2. Time-domain interferometry. (a) I A quasiparticle
is injected from the sourced, left edge, through the injection
QPC, and into the upper edge. II The injected quasiparti-
cle, by virtue of its chiral motion along the edge, arrives at
the tunneling QPC. III A quasiparticle-quasihole pair is cre-
ated at the tunneling QPC. (b) The two processes by which
charge carriers may ultimately arrive at the drain. The in-
jected quasiparticle arrives at the tunneling QPC either before
(upper panel) or after (lower panel) the creation quasiparticle-
quasihole pair. These two processes interfere, with a relative
phase dictated by the mutual statistics phase, e?2%12.

Eq. (5) can now be re-written as

i
Io<—/ dt’Zby|t,to>b+|t’,t0>b|2. (11)

- b=+

The expression above involves two interference terms.
The term with b = — is an interference between cre-
ation of —e} quasiholes on the upper edge at the QPC at
times ¢ and t’. The two interfering processes are shown
schematically in Fig. 2(b). As shown in the first row
of Eq. (9), these two processes are distinguished by a
non-trivial phase of ¢?212 if the arrival time ¢y is in be-
tween the quasiholes’ creation times, t’ < ty < t. Com-
bined with the equilibrium correlation function Eq. (6),
one finds that this interference gives a term proportional
to cos (2012 — 276). Using similar arguments, the term
with b = + in Eq. (11), gives an interference term pro-
portional to cos (2612 4+ 27d). The total contribution
from the two terms in Eq. (11) is thus proportional to
sin (2612) sin (276) [41].

This interference happens entirely in the time domain,
and along only one edge. It is however crucial that this
edge be part of a two-dimensional bulk. This is important
both because the second edge is required to absorb the
leftover quasiparticle or quasihole resulting from the pair
creation at the QPC, and because the injected quasiparti-
cle must be created within a bulk FQH droplet. Further-
more, the bulk is intimately related to the edge through
bulk-edge correspondence. This dictates that the statisti-
cal phase contributing to time-domain interference along
a single edge, which our setup measures, is the same as
the phase obtained from spatial exchange.

It is easy to generalize this to injection of multiple
quasiparticles: as long as all injected quasiparticles are

mutually independent, each injected quasiparticle con-
tributes a phase of €212 if and only if the arrival time
at the point contact was between t’ and t. If we assume
this is a Poissonian process, with a quasiparticle injection
rate of Iinj/e5, we obtain for ¢ > 0

</ﬂ£t)/1(9)>duute B i (tIinj/€3)" e~ Hini/ e (2inbr2
(ATA©O) = n’ (12)

eftIinj/eg (17627:912 ) )

This is precisely the result given in Refs. [23, 25] for injec-
tion along a single edge. Adding injected quasiparticles
to the lower edge and generalizing for ¢t < 0 are straight-
forward using the same arguments.

Currents.— The effect of driving the system out of
equilibrium is completely encapsulated in the correlation
functions obtained above. These can then be used to
derive any observable of interest, such as charge or heat
currents in any of the system’s drains, or their respective
auto- and cross-correlations.

For concreteness, we present the explicit results of such
a calculation for the charge current at the lower drain,
denoted as I in Fig. 1. We show that a simple cohort
of current measurements is sufficient to obtain the mu-
tual statistics 615, without requiring correlation measure-
ments.

We focus on the regime where the temperature is large
compared to the injected current hlinj/ekpT. For the
full limit, this assumption guarantees linear response in
the voltage and in the injected current, which in this
limit is finj = 04yV. For the dilute limit, the exponen-
tial suppression of the equilibrium correlation function at
times larger than //T, guarantees that the exponent in
Eq. (12) may be expanded to first order in Ijpj;. Conse-
quently,

(Af () A(t")) tutt/ditute
(AT(B)A(t)o

where the frequencies wg/q are given by

~ 14w (t—t'), (13)

erV €] Iinj Minj 2i0
— N —" =7— (1 — 129, 14
we h h me7 wa=1 es ( € ) (14)

The zeroth order term corresponds to the equilibrium
state and does not contribute to the current. The ratio
of the two first order contributions is Eq. (1).

Explicit calculation of the resulting current in Eq. (5),
given in App. A, finds that

Tranditute = 2me} (€70)2 (27T 7.)* "2 B (201, 201) Re [wg/a)
(15)
where B(z,y) is the Euler Beta function. It is thus imme-
diately apparent that by focusing on the ratio between
the full and dilute beams, all dependence on §1,T and &
drops out. Examining the ratio I/l;n;, and noting that
ouyh/eies = ve? [2meles we thus obtain Eq. (1).



For general temperatures, the current can no longer be
treated as a linear response to the drive of the full or di-
lute beams. We hence obtain the typical power laws char-
acterizing tunneling in Luttinger liquids [2, 34, 42, 43].
Comparing measurements of the full and dilute limits at
the low temperature limit 7" < e*V, Ij; can still give a
quantity related to the mutual statistics 62, but will ex-
plicitly depend on the value of 4;. We present general
expressions for the current in this case in App. A.

For a fermionic 612 = 7, Eq. (15) gives no current at all
for a dilute electron beam. However, Landauer-Buttiker-
Imry scattering theory [44] tells us the current is given
by the product of the transparencies of the two QPCs
along the electron’s path, regardless of whether they are
close to full transmission or full reflection. This requires
accounting for the direct tunneling term in Eq. (1), which
now becomes the leading contribution.

We do this by accounting for the finite width of the
soliton. This leads to the required, Landauer-Buttiker-
Imry consistent result of Igiute = 47r27'52£2linj. The phys-
ical intuition behind the requirement of a finite soliton
width is that tunneling without time-domain interferom-
etry, dubbed the direct tunneling process in [24, 25], is
dominated by short times. Performing these calculations
explicitly in App. B, we show that the ratio between
the first term in Eq. (1) and Gajrect 18 (TTS)MPQ,
where 7, is the soliton width. It has been shown [24, 25]
that 7,1 oc max{eV, kpT}; as such, to ensure Girect is
sub-dominant, the dilute limit must be measured when
kT < eV and 46, < 2.

Several contemporary experimental setups use the
equivalent of non-interacting fermionic formulae to rea-
sonable success [45], corresponding to the limiting value
of 26; = 1. In this case, the second term of Eq. (1) is
a numerical coefficient of order one, which may depend
solely on e*,§; and 615. For non-interacting fermions,
this coefficient is easily found by comparing to known
Landauer-Buttiker-Imry scattering theory [44], but it is
straightforward to generalize. We discuss this coefficient
further in App. B.

Discusston.— We propose a simple method to extract
anyonic exchange statistics. Our system consists only

of a single quantum Hall droplet with two QPCs, which
effectively create a time-domain interferometer, as can
be identified from current measurements. We thus avoid
both current correlation (or noise) measurements, and
the need for a real space interferometer, making the iden-
tification of the exchange statistics much more accessible
than existing experiments. All time-domain interferom-
etry is between pairs of an injected quasiparticle and a
tunneling quasiparticle, and occurs at the same edge, as
previously proposed in Ref. [25].

Both the exchange statistics 611 of the tunneling quasi-
particle, and 6y of the injection quasiparticle, do not
appear in our derivation. Rather, it is the two particles’
mutual statistics, 015 that affect the modified correlation
functions, and hence, the physical observables. Likewise,
the scaling dimension and electric charge which directly
effect observables are only those of the tunneling quasi-
particle, §; and e} (properties of the injected quasiparti-
cles may implicitly enter through the injection rate).

Only in the case where the injected and tunneling
quasiparticles are identical, I; = ls, do we obtain ex-
change statistics for a single quasiparticle type. We re-
mark that this is indeed the case in the experiment of
Ref. [22], where all quasiparticles are Laughlin e* = e/3
anyons, and subsequent recreations for the v = 1/3 and
v = 2/5 cases [26, 46, 47]. Interestingly, a recent ex-
periment employing a similar setup, where the injected
quasiparticle was a e/3 anyon and the tunneling quasi-
particle was an electron, observed Andreev-like reflection
[48]. This is consistent with a mutual statistics phase of
012 = 7, for which Eq. (1) gives no time-domain interfer-
ometry signal.
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Appendix A: Finite temperature current from time-domain interferometry

Here derive explicit expressions for the tunneling current I at finite temperature 7. This section neglects the
contribution Gairect (see Eq. (1), which is discussed in App. B. We begin with the expression for the current in
Eq. (5). Writing this explicitly,

[ = et [ too dt’{ <AT(t)A(t’)> - <A(t’)AT(t)> + <AT(t’)A(t)> - <A(t)2ﬂ(t’)> } (A1)

In the case where the edges are not driven out of equilibrium, we plug the equilibrium correlation functions Eq. (6),
and obtain I = 0, as expected. A similar expression can be written for the symmetrized current fluctuations,

({air(t).0ir(t)}) = (e;)%Q{ (ATWAW)) + (A)AT®) + (AT()AW) + (AW AT @) } (A2)

where we define 817 = 511 — <5fT>. We do not focus on current fluctuations in this work, but note that our methods
reproduce the known results of Refs. [23, 25].

We now want to obtain the current for each of the three methods of driving the two edges out of equilibrium. Each
of these leads to a corresponding multiplicative factor to the correlation functions. A finite bias voltage V', used for the
“full” beam, gives the correlation functions of Eq. (7); injection of a single quasiparticle gives the correlation functions
of Eq. (9); and a dilute, Poissonian beam of quasiparticles gives the correlation functions of Eq. (12). Plugging in
these appropriate correlation functions gives after minor algebra and changes of variables
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(A3c)
We proceed using the identity, correct at the limit 7, — 0,
45 45 _ 29-85(F —
Z{ 7TT, 1 - 7T, 1 } B 271’7'C 8t5(t)461 261 1 (A4)
isinh (<7 (I — i) isinh (T (1 — 7)) {EI(TT“)} 2sin (270 )sgn(f) 26, £ 1

where 0(t) is the Dirac delta function. This identity is necessary to treat the case of §; = 1, which otherwise may lead
to divergent integrals.
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Standard manipulations of these integrals then give results in terms of the Euler Beta function and the incomplete

Beta function, B(x;a,b) f ta=1(1 —t)°~1dt, B (a,b) = B(1;a,b). We thus obtain the general results
Tt = 26562 (2nT) 401~ 17491 ginh (621;/ > B <251 + z% 20, — 1261‘;) (Aba)
o » . T (I;ZJ 1— cos(291§T)r+zsm(2012 126, )
Laitute = " cos (276,) T (461)61§ (2nT) 7e ' Im r (I.nJ 1— cos(291;)-;zsm(2912) 1_ 251) (A5b)
s ™
Iy = 4e3€2(2nT)*1 ~ 1149 gin (20,5) sin (2706) B (e_QﬂT(t_tU); 1+26,1— 451) . (A5c)
Here, I'(a) is the Euler Gamma function, satisfying B(a,b) = FIEF(ZEE){;), and Im][...] denotes the imaginary part.

The high temperature and zero temperature limits of the full beam and dilute beam are then immediately repro-
ducible. For e*V, hlinj/e5 < kpT, one expands to leading order in e*V/T and I;n;/e5T, one obtains
etV

h )
Liitute =~ 2me} (§7.)% (2nT7, )" 2B (261, 201) 1—81]{1(2912). (AGb)
)

Ity =~ 21} (€1.)2(2nT7.)* 2B (261, 26)) (A6a)

We thus see that the mutual statistics are immediately extractable from the dilute case. While this expression does

depend on the non-universal £ and 4, as well as the temperature, these are all encoded in a prefactor which appears

in the full case as well. We can hence lose this unwanted prefactor by examining the ratio between the two cases.
For T' <« e*V, Iinj /€3, we use the identities

lim T'(z+a) =T (z) 2%,

Tr—r00
i B0 0050
to obtain
2rer 52 461 eV 461 -1
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Laitute ~ = AT - Im | (1 - cos (26 20 : ATb
dilue cos (2m61)T (401) \ e m cos (2012) + isin (2012) (A7)

By tuning 2§; — 1, we again obtain an expression from which the mutual statistics are easily extractable, with an
identical non-universal prefactor appearing in both the full and dilute cases. However, once the scaling dimension is
tuned to this critical value, the contribution from time-domain interferometry no longer dominates the direct tunneling
process, as can be seen from the calculation of Ggirect in App. B.

We note that for temperatures larger than the source voltage, one has to account for injection of both quasiparticles
and quasiholes through the injection QPC. This can be done by modifying the Poissonian correlation function in
Eq. (12) according to

<ATEt)A(AO)>di1ute _ o thin /e (1-e%12)
(AT(t)A(0))o (A8)
— e Ilqnpj/ez( ‘21912) Ilqnﬁ/ez( 72“912)7
where I} qp is the injection rate of quasiparticles, and I;, " is the injection rate of quasiholes. This is a similar expression
to the three QPC setup considered in [23] and [25]. Performmg the same algebra as in this section, and identifying

Iy = Iﬁf; Ifn}j, one then reproduces Eq. (A6) for the high temperature limit.

Finally, it is instructive to consider the current due to the injection of a single quasiparticle at time %y, which
was obtained in Eq. (A5c). In this case we must examine the explicit temperature dependence, as tunneling of a
single quasiparticle may be relevant, and we lack any other energy scale to serve as a cutoff for the RG flow of the
process. This current exhibits a power-law decay for t — tg < 1/#T, consistent with the orthogonality catastrophe
that characterizes injection into Luttinger liquid edges. For 20, = 1, this results in (I7)qp o & (t — to). This gives
some intuition as to what makes the 26; = 1 case so unique - the QPC just scatters the incident particle with some
probability, without inducing any long-time correlations, resulting in the direct tunneling process.



Appendix B: Finite soliton width: restoring Landauer-Buttiker-Imry for electrons and subleading corrections

The results of App. A are seemingly inconsistent with the known non-interacting electron limits. Indeed, inserting
e] =e5 =e, 260 = 262 = 1 and 612 = 7 into these results would indicate that the dilute electron beam gives no
current at all. This is in direct contrast with the intuition of Landauer-Buttiker-Imry scattering theory, which would
indicate that the current should be given by the product of the transparencies of the two QPCs along the electron’s
path, regardless of whether they are close to full transmission or full reflection.

The culprit of this result is a peculiarity of soliton physics. The boson field ¢ is compact under ¢ — ¢ + 27. As
such, a soliton of height 2m K ~'1; would appear to leave the boson field completely unperturbed if K1l is an integer.
This corresponds precisely to electron injection operators [2]. As such, our soliton description is ill-equipped to treat
electrons without modifications.

We solve this issue by introducing a finite width to the soliton, 5. To fully recreate the known non-interacting
result, it is crucial to maintain an order of limits such that the soliton width is larger than the short-time cutoff, 7.
We note that we still take care to ensure that 7, < 1/T, (Iinj/e3)~!, i.e. the solitons are still narrow compared to
the larger time scales in the problem. Previous works [24, 25], performing a full Keldysh calculation, have shown the
soliton width (refered to in the cited papers as the temporal width) is given by the voltage, h/e*V, if eV > kpT,
and by the inverse temperature h/kpT if eV < kpT; as such, the dilute limit must be measured in the regime
Iinj/e5 < kpT < V.

Formally, this means that injecting a quasiparticle into the upper edge at the location x¢ and time ¢y transforms
the boson field according to

1 — 1
™ (2, t0) = ¢ (x,t0) — 2rK Uy (tan—l (”3 xo) - ) .
™

T 2

Accordingly, the correlation functions of Eq. (9) are now replaced with
— / J—
(AT A ))gp = (AT () AWE))0 exp (mﬂm {tan_l (t tO) ~ tan™1 <t to)D,
™
J— / J—
(A AT())gp = (A AT ()0 exp <20 [tanl (’f t°> _ tan~! (”)D
T

One indeed sees that at the limit 7. — 0, one reproduces the immediate soliton results from the main text.

To find the correlation function in the presence of a dilute, Poissonian beam of injected quasiparticles, we now
must sum over the number of injected quasiparticles, in a manner similar to Eq. (12). However, this is now trickier,
for two reasons. First, the accumulated phase explicitly depends on the time of the injected quasiparticle. Second,
injected quasiparticles outside of the window [0, ¢] can still affect the correlation function, due to the long tails of the
finite-width solitons.

So generalizing the methods that lead to Eq. (12), the correlation function now changes to define

Iinj
+
€2

n

~ ~ inj o —(t42c7e)
(AT(t)A(0)) gy ((t+2CTC)Ie;) e c t+ere 21912 [pan—1 (1210} _gan—1 ( O=t0
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n

(B2)
Here c¢ is some unitless cutoff, chosen such that injected quasiparticles affect the correlation function only if they are
injected in the window [—c7e,t + ¢7], which we will eventually take to be infinite. The probability of injection at a
particular time tg is given by

Imj/e;effinjto/eg

t+cre % ,—Iinjto/el
f_c dto[inj/€2€ ito/e3

CTe

P (Particle injected at ty) =

(B3)

Performing this sum, and re-defining this integration with unitless variables, we find that the new correlation function
is given in integral form by

m = exp (— (t + 2c7e) Ie? [1 — T, (Ie;‘JT Qiﬂ )

(B4)
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By plugging this new correlation function into the expression for the current in Eq. (5), one now finds
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Careful re-application of the limit 7. — 0 indeed replicates our previous result in Eq. (12).
For general 612, the integral Zy,, (a,b) is difficult to solve analytically. In the main text, this is circumvented by

OO ~
Tgilute = 2ie} &> / dt
0

taking the limit 7, — 0, allowing use of Eq. (A4), in conjunction with replacing (£+2cr.) Ie‘; Zo,, (Ie? Ts, %) — —itwg.
However, as noted previously, fermionic exchange statistics corresponding to values of 612 that are integer multiples
of 7 lead to wg = 0, and hence give a vanishing current. As such, Eq. (B5) must be calculated in full while retaining

a finite 7.
Iinj
e;

To simplify these expressions, we assume that ( ) is significantly larger than any other time scale in the system.

This makes sense from a physical perspective as well, as it corresponds to the assumption that injection is sufficiently
rare such that solitons do not overlap. In this case, one can assume the probability of injection which appears in
Egs. (B2),(B3) is approximately uniform, i.e. P (Particle injected at to) ~ 1/(t + 2¢7.). One can now safely take the
limit ¢ = oo without artificial divergences, giving the simpler result,

At (4 A i [ i 912 [tan =1 (L=t _pan—1(2te
iy oo (g [ttt ), .

2 —00
Since we undertook this endeavor with the explicit goal of finding the correct result for non-interacting electrons,
we wish to find this integral for 26; = 1, 612 = 7, and e = e5 = e. This value of 015 allows one to significantly
simplify Eq. (B6) using trignometric identities; plugging the resulting correlation function in Eq. (A1), we obtain

B1a=m et 7 ez 24(27) T, 71T,
Idilﬁlte B 2,&6152 / dt 1‘2' 2mt2(275) { [ i sinh (7T E ) ‘| - [ sinh (771 t~ ; ] } (B?)
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As can be seen in Eq. (A4), the expression in the curled brackets is approximately zero for t > 7.. We can thus
approximate the total integral as the contribution from short times, ¢t < 7. < 1/7T. To leading order, this will be

given by
012="7,26,=1 o o [ i 27Tt~(27'5)2 1 2 1 2
Idilutc ~ 22615 T dt * 79 2 .7 — | Y=
0 e 12+ (275) it + T —it + 7,

- (27's)2 202 _2
= mllﬂ' f TCIinj-

(B8)

Now taking the limit 7. < 75, we compare to the electron case in, say, Eq. (15) or Eq. (A5). We find that the
result we expect for non-interacting electrons is indeed 472£272[;,;. This is consistent with - the current is linear in
the injected current, and in the transparency of the tunneling QPC (which is given by £272).

For general values of 615 and ¢ this integral is more difficult to solve analytically. However, it is possible to re-write
Eq. (B6) as

At (4 A -
<:4T((tt))lz((oo))>>f;v = exp I;; (sin (2012) t + fo,, (t,7¢)) > ) (B9)
t t <7
fou, (t,7¢)) o< < 74 t> 7,010 # T (B10)

(15)2/t t> 7,010 =.

Plugging this into the general expression for the current, and expanding to linear response in Iini we find

=
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The term proportional to sin (2612), as discussed at length above, is the main interest of this paper. This is calculated in
Eq. (A6). We see there that the time scales in the system contribute a leading term of the form oc (£7.)2(T'7.)*0 =215
The term proportional to fg,, (t,7.)) contains several contributions: at short times (f ~ 7.), we obtain a con-

tribution of order (£7.)2; at long times (I ~ 1/7T) we obtain a contribution of order (£7.)%(7s/7e) (T7e)* ™" for

012 # 7 and (£7.)2(7s/7e) (TTC)451 for 615 = 7; and at intermediate times (¢ ~ 7,) we obtain contributions of order
(E7e)? (/7)) =4 and (E7¢) (7 /72)> 0.

We compare these contributions to the coefficients of Eq. (15) or Eq. (A6), which give the time-domain interferom-
etry process, which is of order (£7.)2 (TTC)451_2. Utilizing 7. < 75 < 1/7T, we see that the long time contribution
is always subdominant, but the short time dominates for 2§; > 1 - consistent with both Eq. (B8) and the known
electron result. This is consistent with our physical intuition: direct tunneling dominates short times, which give
the main contribution for 29; > 1, whereas time-domain interferometry dominates long times, which give the main
contribution for 247 < 1.

Finally, if we indeed assume 20; < 1, the intermediate time contribution dominates the entire direct process. In
this case, the ratio between the time-domain interferometry process and the direct process is given by oc (T'75)%%1 2.
This again confirms that we must have a soliton width smaller than the inverse temperature to ensure time-domain
interferometry

This method is also what we use to calculate the current for an almost full beam, i.e. 0,y — Giny < 1. Since
in this case, the beam can be treated as a conjoined full beam of fractional quasiparticles with a dilute beam of
e* = e holes, we have 26015 = 27n regardless of the tunneling quasiparticles. Defining the injection rate of holes as
Ii};l‘j-les = 04yV — Iinj, we combine the full beam correlation function of Eq. (7) and the regularized Poissonian hole
injection to obtain described in this section

sin (Vi _ L 2mi(27,)?
3 e 4 (21,)?

oo
o k2 g
I‘ij_oxy‘<<1 = 22615 / dt
0

ex Ii}::}les 2712 (27,)
P\ e &iiern)?

45, 461
T, T,
x{ [isinh (ﬂ'T (E—iTc))] B [isinh (7TT (—f—irc))] } (B12)

In the relevant limits, the same methods as previously mention allow us to approximate the exponent in the
denominator as 1, and to expand the sine in the numerator. We thus have the sum of two linear responses, one in in
elhv and one in —-".—. Taking, as in the Landauer-Buttiker-Imry case, the limit 7, > 7, i.e. a soliton width that is
larger than the short time cutoff, this can be re-written as

s} Ve Iholes T 48 T 461
I, ~2ieie? [ di [ —opt ) T Te - T2 Te }
(Guns eyl 2i€18 /0 ( no e ) {[isinh (=T (i — iro)) isinh (xT (= — i,))

(B13)

holes
inj

* _hqlcs
Identifying (elhv — 27r’“é> = 2r (azyV - Ih‘?les) = 2l]inj7 we see that this is precisely the same integral that we

e inj e

had in Eq. (A3a) for the full beam case, with the replacement o,,V — Iin;. We note that we used here o4, = ee* /h,
which is correct only for Laughlin edge states, v = 1/m; this is valid as Laughlin edges are the outer level of heirarchal
FQH fluids, and thus are the states of interest for nearly full closed QPCs.

(




	Anyon statistics through conductance measurements of time-domain interferometry
	Abstract
	 References
	A Finite temperature current from time-domain interferometry
	B Finite soliton width: restoring Landauer-Buttiker-Imry for electrons and subleading corrections


