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ON RESTRICTED AVERAGES OF DEDEKIND SUMS
PAOLO MINELLI, ATHANASIOS SOURMELIDIS, AND MARC TECHNAU

ABSTRACT. We investigate the averages of Dedekind sums over rational numbers
in the set F,(Q) = {v/w e Q:0 < w < Q}N[0,«) for fixed @ < 1/2. In
previous work, we obtained asymptotics for a« = 1/2; confirming a conjecture of
Ito in a quantitative form. In the present article we extend our former results,
first to all fixed rational o and then to almost all irrational cv. As an intermediate
step we obtain a result quantifying the bias occurring in the second term of the
asymptotic for the average running time of the by-excess Euclidean algorithm,
which is of independent interest.

1. INTRODUCTION AND MAIN RESULTS

In this work we are concerned with distributional questions regarding Dedekind
sums and related questions in connexion with continued fraction expansions of
rational numbers.

1.1. Dedekind sums. Dedekind sums have their genesis in the multiplier system
for Dedekind’s 7 function with respect to the modular group SLo(Z)/{£(* )}, first
appearing in Dedekind’s supplements to Riemann’s collected works [6]. A quick
way of introducing them proceeds as follows. Let |x] denote the integer part of
x € R. If we denote by ((-)) the saw-tooth function,

v— || -1 ifreR\Z,

@) =1 : ifz e,

then, for any pair (a,b) € Z*, b # 0, the Dedekind sum s(a,b) is defined by

son =5 () ()

n=1
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It can be verified that s(a,b) = s(ka,kb) for any non-zero integer k. Hence,
s(a/b) = s(a,b) yields a well-defined function on Qx.

Here we are concerned with averages of Dedekind sums. Using the symmetry
property s(1 — z) = —s(x), it is easy to see that

(1.1) > s(z) =0,

when x ranges over the fractions in [0, 1] with fixed denominator. The same
holds true, when the sum is extended over all fractions in [0, 1] with bounded
denominator. On the other hand, when restricting to the fractions in [0, 1/2], then
Ito [13] conjectured on the basis of numerical evidence that the above sum, divided
by the number of terms, diverges to +0o0. The main result of [16] is a proof of a
quantitative version of this conjecture. To state it, let

F(Q) 5={Z€Qﬂ[0,1]:w§Q}

denote the set of Farey fractions of order (). Moreover, for any o € (0, 1), let

Fo(Q) = F(Q)N[0,a), FQ)=F(@Q)N(1-a,1].
The main result of [16] then states that

1 1
(1.2) Q) xe%;(@) s(z) = 0 log @ + O(1).

Our main goal here is to prove the following generalisation of (1.2), allowing for
arbitrary cuts « in place of 1/2. For rational a we have the following result:

Theorem 1.1. Let a = v/w be a reduced rational number in (0,1/2]. Then

1 1 1
T Q) we;ﬂ(@)s(:c) = 12(1 — w2> log @ + O,(1).

The shape of the leading term in (1.2) raises the question as to how the corres-
ponding results for irrational o might look. We do not resolve this here in full
generality, as irrational o which are well approximable by rationals cause problems
in our analysis. Nevertheless, we can prove the following partial result:

Theorem 1.2. There is a subset § C [0,1/2] of full Lebesque measure such that
for every a € 8§ one has the asymptotic formula

WEQ) IE%Q) s(z) = 112 log @ + 04(log Q) (as Q — 00).
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1.2. Asymptotics for the number of steps of Euclidean algorithms. There
is a well-known link between Dedekind sums, continued fraction expansions and
Euclidean algorithms. To sketch this, we require some notation. Any rational
number z € [0,1) admits a continued fraction expansion

1
(1.3) r=1[0;a1,az,...,a,] =0+

ap +

R
Qp
with partial quotients ay,as, . ..,a, € N. When requiring that a, # 1, which we
shall do throughout the sequel, it is well known that n and the partial quotients
are uniquely determined by x. The number n, for which we also write L(z), admits
an interpretation as the number of steps of a certain variant of the Euclidean
algorithm, whereas the sum a; 4+ as + ... + a,, of partial quotients has a similar
interpretation. We also let

Eodd(aj) = Z aj, Eeven(x> = Z aj, E:I:(w) = Z:Odd<gj) - 2even(x)-
= =2

J odd J even

The link between Dedekind sums and continued fraction expansions is furnished by
a formula due to Barkan [2] and Hickerson [12]:

(-)™ -1 N x— (=1)"[0;an,...,a,a1] + Xi(2)
8 12 '

Consequently, the study of sums such as (1.1) is intimately linked with distribution
properties of continued fractions or statistical properties of the number of steps of
certain Euclidean algorithms.

The study of such properties has a long history and dates back to the seminal
work of Lochs [15] and Heilbronn [10], who identified the principal term of the
asymptotics for the average number of steps of the classical Euclidean algorithm

1 a 4 .
0 QZS% L<b>:A110gb+O((loglogb)) (as b — 00);

ged(a,b)=1

(1.4) s(x) =

here p(n) is the Euler totient function, A; is an explicitly given non-zero constant
and the error term is absolute. For the same average, an asymptotic formula with
two significant terms was obtained later by Porter [18]. These results are with
respect to averages over numerators and fixed denominator.

Concerning averages over both numerators and denominators, an asymptotic
formula with power-law fall-off in the error term was obtained by Vallée [23]. This
was improved by Ustinov [22], who obtained an asymptotic formula with better
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fall-off in the error term than the one that can be derived from Porter’s result

z L(z) = Bilog Q + B>+ O((10g Q)°/Q),

mei’i

ﬁJ

where B; and Bj are expllcltly given non-zero constants. While examining the
statistical properties of different variants of the Euclidean algorithm, Vallée [24]
obtained also the leading term of the asymptotic formula for the expectation of
the number of steps of the so-called by-excess Euclidean algorithm which generates
for a given rational number a/b € (0, 1] the minus continued fraction expansion

1

%: [1;1,00,...,b,] =1 —
by —

by —

1

by
Zhabitskaya [25] improved upon Vallée’s result by showing that if ¢(a/b) = m
denotes the number of partial quotients in the minus continued fraction expansion

of a/b, then

Z ((z) = C1(log Q)* + C2log Q + C5 + O((log Q)°/Q);

here C, Cy, C5 are exphc1tly given non-zero constants, the first two being given by
1 1 3 ¢'(2) >
1.5 Ci=-y Co=—[2y—2°—2
= e Tl

and v denoting the Euler-Mascheroni constant. For more results regarding the
expectation and the variance of the number of steps of the classical and by-excess
Euclidean algorithm, we also refer to the work of Baladi and Vallée [1], Bykovskit [4],
Dixon [7, 8], Hensley [11] and Ustinov [20, 21].

The approach to Ito’s conjecture pursued in [16] rests crucially on the observation
of Myerson [17, Lemma 5] that

(1.6) l(z) = Xoaa(z) —€(z) and £(1 —x) = Zeven(x) + €(2)
for some' €(z) € {0, 1}, and on establishing the asymptotic formula
> ) = aQ(10gQ)’ + Qg Q + 0(Q7),
T€F /2(Q)

where 2¢; = C and 2¢; = Cy + 3/4 with the constants C; and Cy given by (1.5).
Consequently, obtaining asymptotic formulas similar to the one above is a crucial
step in proving Theorem 1.1 and Theorem 1.2.

Here ¢ is some correction term which is related to our way of forcing uniqueness in the
continued fraction expansion (1.3).



ON RESTRICTED AVERAGES OF DEDEKIND SUMS 5

To state our next theorem we introduce for a reduced rational number o = v/w
in (0, 1] the quantity

F(a) = — 3" (1 — {ar})C(2 r/uw),

QW= .y

where

C(s,x) = Z 1

=0 (n+x)*

denotes the Hurwitz zeta-function.

(Rs > 1, x € (0,1)),

Theorem 1.3. Let Q) be a positive integer and o = v/w be a reduced rational
number in (0,1] with w < Q2. Let also E(a) := {(a) + (logw)?. Then

1 _alogQ)® alogQ () () oo 3 o
W(Qm;{x@)a@_ 202 @) (27 24(2)+F() 2>+0(E( ))-

Moreover, if « < 1, then

1 1 ,
1F(Q) ZE%(Q)E(@ T iF(Q) x%@)f(ﬂf) - <1 - wg> log Q + O(E(1 — ).

1.3. Structure of the paper. In § 2 we collect several technical lemmas. In § 3
we prove our results assuming Proposition 3.1, whose proof is given right after in
§ 4. Lastly, in § 5 we conclude with some remarks on Theorem 1.2.

1.4. Notation. We use the Landau notation f(z) = O(g(x)) and the Vinogradov
notation f(z) < ¢g(z) to mean that there exists some constant C' > 0 such that
|f(z)| < Cg(x) holds for all admissible values of 2 (where the meaning of ‘admissible’
will be clear from the context). Unless otherwise indicated, any dependence of C' on
other parameters is specified using subscripts. Similarly, we write ‘f(z) = o(g(z))
as x — oo’ if g(z) is positive for all sufficiently large values of = and f(x)/g(z)
tends to zero as x — oo.

Given two coprime integers a and ¢ # 0 we write inv,(a) for the least positive
integer in the residue class (a mod ¢)~'.

A sum with a star (Z*) is understood to involve the additional summation
condition ‘ged(p, ¢) = 1’ Sums like Z are understood to range over allm = 1,2, ...

n<x
not exceeding .

2. AUXILIARY RESULTS

2.1. Lemmas on modular inversion. We require information on the distribution
of modular inverses. The next lemma, itself a special case of a more general
distribution result (see [19, Theorem 13]), which follows from Weil’'s bound on
exponential sums, contains what we need.
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Lemma 2.1. Let p be a positive integer, a € (0,1], Xy > X7 > 0. Then, for any

e > 0, both sums
Z* 1 and Z* 1

X15¢< X X15¢< X
invy (¢)<ap invy(g)>(1—a)p

are asymptotically equal to

Xo— X1+
22 (Xo — X3) + Oe( e p)'
p p

Proof. The proof is identical to that of [16, Lemma A.1] where the special case
a = 1/2 is considered. We omit the details. 4

The next result allows one to pass from inv,(q) to inv,(p). A special case of this
was already used in [16, Lemma 4.1].

Lemma 2.2. Let p,q > 2 be coprime integers and o = v/w be a reduced rational
number in (0, 1] with w < p or w < q. Then

inv,(¢) < ap if and only if inv,(p) > (1 — a)q.
Proof. We start with the well-known identity
qinv,(q) + pinv,(p) = 1+ pq

(cf. [16, proof of Lemma 4.1]). From this, by rearranging terms, we infer that

inv,(q) < ap if and only if invy(p) > (1 —a)g + ;
Similarly,

inv,(p) > (1 —«)q if and only if inv,(q) < ap+ 2
The result now easily follows by appealing to either of the two assumptions w < p
orw < q. O

Lemma 2.3. Let a = v/w be a reduced rational number in (0, 1]. Suppose that

0ola) = )Z L and ralg)= £~ far) Zl a(4)

Then, one has that 0,(q) = ap(q) + Ka(q) for every integer ¢ > 1.

Proof. We begin by rewriting the summation condition ged(p,¢) = 1 implicit in
Z* using Mobius inversion. Hence,

bulg) = > >oould)=> pdf{peN:(1-a)g<p<qd|p}

(1—a)g<p<q d|gcd(p,q) dlq
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The sets on the right hand side have cardinality aq/d + {(1 — a))q/d}. Hence,

4q 4q
u(@) = a X (@ + S p(@{ (1 - )%},
dlq dlq
The first sum on the right hand side equals ¢(g). Upon grouping the terms of the
second sum by the residue d mod w, we obtain the function x,(q). 4

2.2. Continued fractions. The key step in the approach of Lochs [15] and Heil-
bronn [10] to statistics of lengths of (ordinary) continued fraction expansions is
the transference of the problem to a problem of counting solutions to certain
Diophantine inequalities. Here we require a version for minus continued fraction
expansions. Such a version was initially given by Zhabitskaya [25, Lemma 2]. In [16,
Lemma 4.3] the authors employed a restricted variant of this, which we generalize
below in the case of arbitrary rational cuts.

Lemma 2.4. Let a be a rational number in (0,1] and Q be a positive integer. If
No(Q) denotes the sum of the lengths of the minus continued fraction expansions
of the numbers a/b with 1 < a < ab, ¢ < Q, and T,(Q) denotes the number of
solutions (ay,qi,az,qa, m,n,a,b) € N® of the following system of equalities and
inequalitites

age —azqr =1, 1<a; <aq, 1<ay<qo,
(2.1) nas —ma; =a, ngp—mqg =5b, 1<a<b<qQ,
I <m<n, I<q1 <o,
then
Na(Q) = Ta(Q) + O(€()Q?).

Proof. Following [25, Lemma 2] we know that N,(Q) is, apart from an error O(Q?),
equal to the number of solutions of

a1qa —azqr =1, 1< a; <q, 1 <ay <q,
(2.2) nas —ma; =a, ng—mqg =>b, 1<a<ab<aQ,
1 <m<mn, 1 <q1 <q.

In particular, the pairs (pi, ¢1) and (pg, ¢2) generated from each solution of the above
system are successive convergents of the minus continued fraction expansion of a/b
other than a/b itself [25, Lemma 1]. Moreover, the sequence of these convergents is
monotonically decreasing to a/b. Therefore, if a; < agqy then a/b < a1/q1 < .

It is not generally true that if a/b is less than « then so is the case for its
convergents. However, if ¢(a/b) > {(«), then the ¢(«)-th convergent of a/b will
be less than or equal to a, and so will be the succeeding convergents since they
form a strictly decreasing sequence. Indeed, if a = [1;t4,...,t,] and a/b =
[1;s1...,8,] <« with u <wv, then [1;s1,...,s,] < a. For if [1;s;] < a then we
are done. Otherwise, the inequalities a/b < a < [1;s1] imply that s; = ;. If now
[1;t1, s2] < « then we are done. Otherwise, the inequalities a/b < a < [1;11, $2]
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imply that sy = t5. Repeating these steps at most £(«) times, we obtain the desired
inequality.

Hence, for each pair (a, b), the number of solutions of the systems (2.1) and (2.2)
differ by at most ¢(«). Since we count O(Q?) pairs (a,b), the lemma follows. [

The eight variables in Lemma 2.4 can be reduced to four. This is the contents of
the next lemma.

Lemma 2.5. Let a be a rational number in (0,1] and Q be a positive integer. If
R.(Q) denotes the number of solutions (p,q,n,m) € N* of the following system of
inequalities

ged(p,q) = 1, p>2 q>1,
(2.3) 2<ng+kp<Q, 1<k<n,
inVP(Q) S ap»
then
Na(Q) = Ra(Q) + O(U()Q?).
Proof. As in [16, Lemma 4.4], one shows that T, (Q) = R.(Q) + O(Q?). O

2.3. Auxiliary asymptotic formulae. We conclude this section with a list of
formulae which will be employed in the succeeding proofs.

Lemma 2.6. Let U(Q) = a@Q*(log Q)* + bQ*log Q + O(Q?). Then

3 u(@e(9) = 5@ 0sQ + i (0- 255 @row (@)

i<o ¢(2) ¢(2) ¢(2)
Proof. For a proof see, e.g., [25, Corollary 3. O
Lemma 2.7. The following asymptotic formulae hold for any x > 2:
22
() $0l0) = g7 + Ol losa),
plo) _ =
vla) _ 1<1 B C’(2)> O<10gx>
Ve s\ @) o)
v(q) _ (loga)*
(4) q; 2 log g = 2 +O(1).

If in addition « == v/w is a reduced rational in the unit interval and K, is defined
as in Lemma 2.3, then for x > w

> ralq) _ 3 (1 —{ar})¢(2,r/w) +O<10gfc>‘

g<lz q2 B r<w wQC(Q) x
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Proof. The first two formulae are well known and the proof of the third one can be
found in [3, Corollary 4.5]. Formula (4) can be deduced easily from (3) and partial
summation. The last formula follows directly from the definitions of k,(¢q) and
((s,z), and computations of well-known harmonic sums via the Euler-Maclaurin
summation formula. 0

Lemma 2.8. The followmg asymptotic formulae hold for any U > 2:

oy el B (o, S o)

¢(2) ¢(2) ¢(2)
k+q<U
so _ UlogU e(q)
2 +0(U) = —,
k+q<U k+q<U
ek _ U?logU 2 p(q
3 = +0(U?) = —.
”;? ¢ e o) EXES
k+q<U k4+q<U
Proof. They follow directly from the formulae of the previous lemma. 0

3. PROOFS OF THE MAIN RESULTS

In this section we state our main technical result (Proposition 3.1 below) and
show how to deduce Theorem 1.3 from it. We then proceed on proving Theorem 1.1
and Theorem 1.2. The proof of Proposition 3.1 is given in § 4.

The main step is counting the number of solutions to the systems (2.3) asymptot-
ically. For technical reasons, it turns out to be convenient to group these solutions
according to the size of their components and count the number of solutions in
each group individually. To fix the relevant notation, let U = Q'/2, and consider
the following five cases:

e p<q<U,; (‘Case 17)
e p<gq,U<ygq (‘Case 27)
e g <p<U; (‘Case 37)
e g<p U<p n<U, (‘Case 47)
e g<p U<p, U<n. (‘Case 57)

Proposition 3.1. Let a« = v/w be a reduced rational number in (0,1] and Q > 1
be real. Fori=1,2,3,4,5, let R; ,(U) denote the number of solutions (p,q,n, m)
to the systems (2.3) subject to the additional constraint that ‘Case i’ be satisfied.
Then we have the following asymptotic formulae:

(1) Bua(U) = O;é(zg)zm og U + O(U"),
(2) Roo(U) = a10g2U4logU+O(U4)
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(3) R3.(U)  a(logU)? alogU( _d©
Ut 4(2) 2¢(2) ¢(2)
_aU%logU)*  aU'logU

+ F(a) — log 2) + O((log w)?),

(4) RaalU) = R <v—1ogc2(>2 : ow),
_aU%logU)?*  aU'logU ¢ o) — 4
(5) Rso(U) = 22) + 22) <2 ) + F(a) 3) +O0(U%).

Assuming the conclusion of Proposition 3.1 for the moment, we are now in
position to prove our main results.

Proof of Theorem 1.3. Let @ > 1 be an integer and put U = Q'/2. From Lemma 2.5
and Proposition 3.1 we know that

Na(Q) = 3 Ria(U) + O(t(0)Q?)
_0@(0sQ) | 0Q%logQ(, () . 3 o
- (- Gy Fe - 5) rolE@e)

2
Moreover, by Mobius inversion,

> la)=3 u(d)Na<§)-

r€%Fa(Q) d<Q

The first formula of the theorem follows now from the above, Lemma 2.6 and the
well-known formula §F(Q) = Q*/(2¢(2)) + O(Q).
The second formula of the theorem follows from the first one by observing that

1 1
() = () — 14 o1 -
= CPRERE PRSI L)
and that
FO)— (1= a)F(1—a) = —(1—a)F(1 — a) = aF(a) — ¢(2) (1 - ;) 0
Proof of Theorem 1.1. If x has continued fraction expansion x = [0;ay,...,a,],

then, by (1.4), s(z) = Y (z)/12+ O(1), where the implied constant is absolute. In
view of (1.6) we obtain that

12 s(2)+0(Q) = Y () —tl-a)= > Ux)— > ()

€Fa(Q) r€Fa (Q) r€Fa(Q) zeF5(Q)

The theorem follows now from Theorem 1.3. ]

Proof of Theorem 1.2. Let

m<M

S = {a: 05 a1,a9,...1 € 0,1\ Q: Y an <a ¢M/2}’
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where ¢ is the golden ratio. One can easily show by standard techniques from the
metric theory of continued fractions (see for example [14]), that the set § is of full
Lebesgue measure.

Let o € § and f(Q) be a monotonically increasing positive function such that
f(Q) =o0(logQ) as Q — oo. If p,/q, = [0;a,...,a,] denotes the n-th convergent
of a, then we know that
lim inf 0g

n—oo

> log ¢.

We employ this property and the one describing the set § to prove Theorem 1.2.
Indeed, let () be any sufficiently large positive integer. There is a positive integer
N = N(Q), which we assume w.l.o.g. that is even, such that

(3.1) OV < (F(@)1og Q) < 0V < .
Observe that in view of (1.6)

E(pN>+£<1—> <£<pN“>+€<1—pN“>: Yo <o OV
qnN qn gN+1 dN+1 m<N+1

IOg gy < log gN+1 S log H (an + 1) <La ¢N/2-
m<N+1

and

Therefore, the error terms appearing in Theorem 1.3 for the case of 8 = py/qn
and = py+1/qn+1 are all bounded from above by Oa((f(Q) log Q)1/2).

Since  and [’ are successive convergents of a, we know that 8'— 8 = 1/(qngn+1)-
In addition to relation (3.1) and Theorem 1.3 we obtain that

1

A(B,B) = Uz 1e:
ﬂ (Q) xeg() xe%@)
(1 LG mﬁ)) 1og@+oa(?(g - (/1Q) 1og@>”2)
However,

BF@) - BF(B) = T (1‘2{5”"})(%2“1 +0<1>)+

r<gN+1 QN—l-l 7«2
(1—{8r}) (a%

r<gN

where the last sum is also O(1/qy) as can be seen from {fr}—{p'r} = —r/(qngn+1).
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In conclusion, we deduce that

log @
f(Q)

A similar computation shows that A(f, 5’) has the same asymptotics as A(F', ).
The theorem follows now from relation

12 > s(x) = A, o)

and the inequalities 5 < o < f" and A(B, ') < Ao, ) < A(F, B). O

A(B,8) =1logQ + 0a( +(f(Q)log Q)m)-

4. PROOF OF PROPOSITION 3.1

This section is devoted to the proof of Proposition 3.1, where we follow the same
procedure as in [16]. Therefore, we heavily refer to [16] to shorten certain parts of
the proof.

Case 1. We count the number of solutions R ,(U) of
ged(p, q) = 1, 2<p<q<U,
2<ng+kp<U? 1<k<n,
inv,(q) < ap.
Following [16, § 5, Case 1] with ap in place of p/2, we find that
U4 * 1 alog 2
Rio(U) = — +0(U?) = UtlogU + O(U*).
2 QSPSU,,SQZSU q(p+q) ( ) 2¢(2) ( )

invy(g)<ap

Case 2. We count the number of solutions Ry, (U) of

ged(p, q) = 1, 2<p<gq, U<y,
(4.1) 2<ng+kp<U? 1<k<n,
inv,(q) < ap.

Observe that in this case the inequalities n < U?/q < U hold as well.

Consider the pairs (n, k) € N? for which 1 < k < n and n+k > U. In that
case the number of solutions of the above system is smaller than the number of
solutions of the same system without the restrictions on coprimality and modular
inversion. This number has been estimated in [25, (54)—(56)] to be O(U*).

Let 6 := {(p,q) € Z* : ged(p,q) = 1}. Tt suffices to consider the number of
solutions of the system (4.1) with the additional restriction n + k < U. If we fix
such a pair (n, k), then the domain of solutions of (4.1) can be expressed as the
lattice

U? U? -k
i”La(n,k)Z{(p,q)EC@ﬂSpé

D .
o U<as— ,1nvp(q)§ap}

n -+
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without the lattice
2

+k’
The number of integer points of &£;(n, k) and £s(n, k) is equal to

U2 —k
S1a(n, k) = Z Ap.o) (U, p),

&Pz,a(n,k)Z{(p,Q)G%:U<p§n U<q§p,invp(q)§ap}-

p<U2/(n+k) n
and
Soa(n, k) = Y. ApwUp),
U<p<U?/(n+k)

respectively, where A, 4)(x,y) is defined as in Lemma 2.1. By following [16, § 5,

Case 2| with A, ) in place of A, 1/9), we obtain that

log 2

2¢(2)

Case 3. We count the number of solutions Rs,(U) of
ged(p,q) =1, 1<g<p<U,
2<ng+kp<Q, 1<k <n,
invp(Q) S Oép7

Similar to Case 1 (see also [25, (58)—(60)]), the number of solutions of the above
systems are, up to an error term of order O(U 3logU), equal to

(4.2) E:E:

p<U q<p q(p+aq)
invp(q)<ap

R27Q(U) =

UtlogU + O(U*).

We rewrite the first double sum above as

BIED DU SE) D S DU S 3 RCET)
w<p<Upl/2<qep P4 wap<tgeptz P4 p<w a<p P4 p<v q<p p(p+q
invy(g)<ap invy(q)<ap invp(q)<ap invp(q)<ap

By partial summation and Lemma 2.1 we obtain for fixed ¢ € (0,1/2) that

1] Apa(1,p) P Aoy (1, u)du alog2logU
13) Su(U) = [m>+/ L = +0(1).
(43) 5(U) pgz(:]p 2p 1 (utp) ¢(2) o

To estimate S;(U) we will first apply Lemma 2.2, obtaining

soy= ¥ Loy L

witeger 4 vg<pzv, P
invg(p)>(1—a)g
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where v, = max{w,q} and V, := min{U,¢?}. Then partial summation and
Lemma 2.1 yield that

Z* 1 B(g,a)(vg; Vo) +/Vq B(g,a)(vg, u)du
vg<p<V, P ‘/;1 v u?

invg(p)>(1-a)q _ovld) gﬁ L o. ( qfl/mﬁ)

q

Uq

Therefore, for fixed € € (0,1/4), we deduce that

2
ap\q q ap\q
wl/2<g<w w<q<U1/2

U
+ Z agpgq) log — + O(1)
Ul/2<q<U q

= 3 aplg) logg+ >, a¢lq) logg + O((log w)2>.

2 2
g<viz 4 vizcger 4

For S(a) we have the trivial bound O((logw)?).
It remains to estimate S3(U) to which we will apply first Lemma 2.2. Observe
here that to do so we will have to remove from Sy(U) the sum corresponding to
= 1. This sum is always included in S3(U) since p > w. Therefore,
SU=-% o+ ¥ - Y -
w<p<t P 2<g<UL/2 b wp<v P
invg(p)>(1—a)q

where u, = max{w, ¢*}. Since
x
tH{p<z:p=inv,(b) modq} = . +0(1)
for any coprime integers 1 < b < ¢, we obtain from partial summation that

1 1 U
—="log— +0O(q7?).
qugUp q Uq ( )

p=invy(b)
Hence,
U 1 « (1. U
So(U) =log— 4+ O(1) + Z - Z < log — + O(q_2>>
w 1/2 q — < q uq
2<q<U (1—a)g<b<q
U O U O U
Uy x U s 0,0 o
w 2<g<wl/2 q w wl/2<q<Ul/2 q q
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where 0,(q) < g was defined in Lemma 2.3. In view of the aforementioned lemma,
we conclude that

So(U) =logU Y logq +0((logw)?)
q<UL/2 q<Ut/2
=logU > OM -2 Z
q<U1/2 q<Ul/2
+logU > L -2 Z logq—|—0<(logw)2>.
qSUl/Q q<U1/2

Observe that k,(¢) < d(q), where d(n) denotes the number of divisors of n.
Therefore, the last sum in the last line above is O(1) and, thus,

)

U
S1(U) + So(U 90 logg%—logU v =

q<U q<U1/2

((1og w)2).

It follows now from Lemma 2.7 and relations (4.2) and (4.3) that

aU'(logU)?  aU* logU< ¢'(2) > A )
Rs,(U) = — + F(a) —log2 | +0O(U"(logw)”).
D=0 Tae Ve T (U ogw)’)
Case 4. We count the number of solutions R, (U) of
ged(p,q) = 1, 1<q<p, U <p,
(4.4) 2<ng+kp<U? 1<k<n<U,
inv,(q) < ap.

Similar to Case 2, we fix k and n, and count the number of solutions of the above
system, when n + k < U, and when n+ k > U.

If n+k > U, then the number of solutions of (4.4) is smaller than the number of
solutions of the same system without the restrictions on coprimality and modular
inversion. This number has been computed in [25, (64)—(65)] to be O(U*).

If now n + k < U, then the domain of solutions of (4.4) can be expressed as the
union of lattices
2

U
gl,a(n,k)={(p,q)€%:U<p§ -

s 1 < g < p, inv,(q) Sozp}
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without the lattice of integer points

U? U?
g3,a(n>k>:{<p71>:n+k <p§k}a

where we have also applied Lemma 2.2 in &, ,(n, k) and have introduced a parameter
6 € [0,1] which may vary. The number of points of &;(n, k), L3(n, k) and Lao(n, k)
is equal to

Sl’O‘(n’ k) = Z A(P»a)(17p)7 S3,oz(n7 k) = Z ].7
U<p<U?/(n+k) U?/(n+k)<p<U?/k
and
U? U? —-ngq
2<q<U?/(n+k)—0 "

respectively. Working as in [16, § 5, Case 4], and using Lemma 2.1, we obtain that

Sialn k)= > awz(puoe( Cox 1/12_)

U<p<UZ/(n+k) n+k U<p<U?/(ntk) P

OéU4 ) U2 U2 U3+25
S 1
ROCET OE<U LTy S s k)3/2+6>’
anU* nU? U? nU3+e
So.a(n, k) = O. 1
2 k) = S R <k(n R BTk B k:)3/2+6>
and
nU?
aln, k) K ———=.
Saaln M) < 20
Therefore, by fixing € € (0,1/4), we conclude that
a a
Rio(U) = ——U*(logU)* + —— (v —log2)U'log U + O(U*).
Case 5. We count the number of solutions R, (U) of
ged(p,q) =1, l<qg<p, U<p,
2<ng+kp<U? 1<k<n, U<n,
invp(Q) S ap,

which, apart from the number of solutions corresponding to ¢ = 1, is equivalent to

ged(p,q) = 1, 2<q<p, U<p,
(4.5) 2<ng+kp<U? 1<k<n, U<n,

inv,(p) > (1 — a)g,
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as can be seen from Lemma 2.2. We may restrict ourselves to the case k + ¢ < U
for, otherwise, the system (4.5) has no solution. If S(k,q) denotes the number of
solutions of (4.5) for fixed k and ¢, then

(4.6) RsoU)= > X > 1+X > S(ka),
k<U—-1U<n<U2-k[U| U<p<(U2—n)/k k g>2
k+q<U

where [z] is the ceiling function.
A straightforward computation yields

(4.7) 3 3 >oo1= [2]; +0(U*).

k<U-1U<n<U2—k[U] U<p<(U2—n)/k

On the other hand

S(k,q) = > > > 1
U<n<(U2—k[U])/q (1-a)q<b<q U<p<(U?-nq/k)
ged(b,q)=1 p=invgy(b)

1/U? —
-y oy (TMev) o)
U<n<(U2—k[U])/q (1—a)g<b<q \ 1
ged(b,q)=1

_ ¥ (‘MQ)(UQ;”Q —U) —i—O(q)).

U<n<(U—k[UT)/g\ 4

Recall that k4(q) < d(gq). We then have in view of Lemma 2.3 that, for ¢ > 1,

S(/{,q) — Oégp(q) Z <U2—nq _ U) + L@ Z (Uz - nq>+

7 y<n<U2—k[U))/q k kq n<(U2-k[U])/q

U3d U3d
q q
ka(q)U* ,  U3d(q) U3d(q)
= .
(k,q) + 2 +O<U + 7 + K

Similarly as in [16, § 5, Case 5] with « instead of 1/2, we obtain for ¢ > 1

ap(q)Ur  ap(q)U3  ap(q)U?  ap(q)kU?  ap(q)U?
Z(k7 ): 2kq2 - q2 - kq "‘ 2q2 + 2]{3 +O<U2)
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From (4.6) and (4.7), we infer that

vt aU' UMl -a) aU* ©(q)
BoalU) = 2. <2k_ ok 2k >+ 2 qu: R

k<U-1

k+q<U
Ut Ka(q) 5 (sO(Q) w(q))
+ = —alU +— |+
2 ;; kq? ;Zq: ¢ kg
k+q<U k+q<U
aU? e(q)k w(@) "
+— + 2 L o(uY).
;X (98 ) o)
k+q<U

Each of the above sums is computed in Lemma 2.7 and Lemma 2.8. Thus, we
conclude that
_aU'loglU)?*  aU* logU( '(2)

Foall) = =3¢ 2(2) 1)

— 3+ F(a)> +o(Uh).

5. REMARKS AND SOME HEURISTICS

In this final section we discuss briefly the result we obtained. In particular,
we want to formalize the intuition that the main contribution to the sample at
irrational cuts is carried by the points which are ‘arbitrarily’ close to 0. To this
end, we borrow an elementary argument from [5].

Lemma 5.1. Let g: R — R be a monotonically increasing function with xh_{glo g(x) =

oo and define the set

S(g,Q):{ZEQ:bSQ andzgg(l)}.

Then we have that
2

s(b,a —~ __log? .
es%@ (b.0) < oy 108™(Q)

Syl

Proof. We start by writing

Z s(b,a) = Z Z s(b,a)

$€8(9,Q) a<Q/9(Q) ag(Q)<b<Q

Since s(b,a) = s(l_), a), where b denotes the reduction of b modulo a, relation (1.1)
implies that

> s(k,a)

kesS

Y

> s(ba) < max
ag(Q)<b<Q
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where the maximum ranges over all subsets S of the set of the residue classes
modulo a. Moreover, it is known (see for example the introduction of [9]) that

Z* |s(k,a)| < alog®a.
k<a
Using the above facts we conclude that

> Y os(ha)< > alogiax 5
a<Q/9(Q) ag(@)<b<Q a<Q/9(Q) 9(Q)
Lemma 5.2. Let g(x) = logx and 8(g,Q) be as in Lemma 5.1. Then
1 1
—— > s(a,b) =-logQ+ O (loglog Q) .
F(@) se560 12

Proof. By the reciprocity law for Dedekind sums

1/b a 1 1
S(&,b)—i—S(b,a):lQ(a—i—b‘Fab) —Z

2

log*(Q). O

and Lemma 5.1 we obtain that

S0 s B (rpra) @) g T Lvo(@)

2€5(9,Q) 2¢5(g, 2e5(9,Q) ¢

The lemma follows by Mébius inversion and computing the resulting double sum. [J
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