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Abstract

We construct a smooth projective algebraic variety Xw that compact-
ifies an equivariant vector subbundle of the cotangent bundle of the flag
variety of GL(n) (corresponding to a root ideal W). The variety Xy car-
ries natural class of line bundles whose spaces of global sections realize the
Catalan functions defined in Chen-Haiman [thesis, UCBerkeley] and stud-
ied in Blasiak-Morse-Pun-Summers [J. Amer. Math. Soc. (2019), Invent.
Math. (2024)]. We prove the vanishing conjectures of Chen-Haiman and
(the tame case of that of) Blasiak-Morse-Pun, as well as the monotonicity
conjectures of Shimozono-Weyman [Electronic J. Combin. (2000)] using
geometry of Xy.

Introduction

In search of better understanding of the internal structure of Macdonald poly-
nomials ([25]) after Haiman’s solution ([I3]) of the Macdonald positivity con-
jecture, LaPointe-Lascoux-Morse [22] proposed the notion of k-Schur functions.
They are shown to represent Schubert classes of affine Grassmannians ([20]), and
hence has a role in the description of the quantum cohomology of the flag vari-
ety X of G = GL(n,C) (|32, 21]). However, we still do not fully understand its
precise relationship with the Macdonald polynomials (without specializations)
and computations in quantum cohomology.

Chen-Haiman [§] made remarkable conjectures on the internal structure of k-
Schur functions and its generalizations, sometimes called the Catalan functions,
by offering their geometric interpretations using certain vector bundles on X.
Their conjectures include the conjectures posed by Broer [3, 3.16] (for type A)
and Shimozono-Weyman [33] as their particular cases. Although the numerical
portion of their conjectures are established by Blasiak-Morse-Pun-Summers [3]
2], we still do not know some cohomology vanishing conjectures, that are further
refined in [2]. Since these conjectures are central in the geometric picture in [§]
and also in the logic in the monotonicity conjectures in [33] §2.10], we might say
that they are the final missing pieces to establish the framework anticipated by
many people for more than 30 years.

In this paper, we define and study a compactification Xy of a G-equivariant
vector subbundle T3 X C T*X employed by Chen-Haiman [8] indexed by a Dyck
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path W of size n. Let a(¥) denote the area statistic of ¥. Let P,, denote the set of
partitions of length < n. The set of irreducible polynomial representations of G
is parametrized by P, as P, 3 A — V(A) (up to isomorphisms). The character
of V() is the Schur polynomial sy. By recording the character of C* by ¢°, we
have the notion of the graded character gch V' of a rational (G x C*)-module
V. Then, the main results of this paper are summarized as follows:

Theorem A (= Theorems B4 and 1 + Corollary B7). There exists a projec-
tive variety Xy equipped with a (G x C*)-action with the following properties:

1. It is smooth of dimension 2dim X — a(¥);
2. We have an open embedding TgX C Xg;

3. For each A € P,,, we have a (G x G,)-equivariant line bundle Ox, () on
Xy such that

H>°(Xy,0x,(\) =0 and
geh HO(Xu, Ox, (V)" = [HoV)| .

q—q !
where Hg () is the Catalan polynomial ([3 (2.2)]);

4. There is a (G x C*)-equivariant effective Cartier divisor O supported on
Xy \ T3 X such that we have

H>O(X\p,(9x\l,(/\+ma)):0 )\Epn,TI’LEZZO.
In particular, we have

H>(T§X, Oryx (V) = lim H>*(Xy, Ox, (A +md)) =0 A€ Py

Theorem [A] 4) resolves the vanishing conjecture of Chen-Haiman [8, Con-
jecture 5.4.3 2)]. In conjunction with [2 Theorem 2.18], this establishes [8]
Conjecture 5.4.3] in its full generality. As [8 Conjecture 5.4.3] include conjec-
tures by Broer [5 3.16] (for type A, in the form that the desired supports are
always empty) and Shimozono-Weyman [33] §2.4], our consideration resolves
these conjectures as well (see also Remark[d.2]). When T5 X = T*X, our variety
Xy recovers a smooth resolution ([30} 27]) of the compatification ([24]) of the
nilpotent cone of gl(n, C).

The Catalan polynomials in Theorem [A] are the polynomial truncations of
the Hall-Littlewood polynomials ([8, Corollary 5.4.4]) when T5X = T*X. To
be more precise, Theorem [A] affords the formula

= > Kl\g sy AePa (01)

HEPn

gch HY(Xy, Ox, (V)" = {H@(A)}

q—q !
= Y q"sudim Homgyex (V (i) ® Cpns, H(T5 X, Ory x(\)Y),
HEPn,mEL<q

where K;f 1(g) is a Kostka polynomial associated to ¥ ([2, Introduction]), that
reduces to a usual Kostka-Foulkes polynomial ([25]) when T3 X = T*X. We
remark that the last two terms in (@.I]) are finite sums, while we have

dim H°(T; X, 01y x(N\)) = 00



in general. Thus, most of the irreducible rational representations of G appearing
in H(T} X, Or, x (X)) are not counted in (@), and they are precisely rational
but not polynomial representations of G.

As a corollary of Theorem [Al we find:

Corollary B (= Corollary 4)). There exists an action of GL(n,C[z]) X G,
on Xy that makes

H(T4 X, 0 x (V)Y —» H(X4,0x,(A)*, A€ Py
into a quotient as (graded) representations of gl(n,C[z]).
Analysis of the local chart of Xy further yields:

Theorem C (= Theorem EL8). For each A\ € Py, the space H*( Xy, Ox,()\))
has a simple head as a (graded) gl(n,C[z])-module.

As a bonus of our consideration, we have:

Corollary D (= Corollary [I0). Let ¥ C ¥ be an inclusion of Dyck paths
that yields Tg, X C T3 X. For each A\ € P, the restriction map

HO(T3 X, 01y x (V) — H°(T4, X, Or:, x(N))
1§ surjective.

Corollary [Dl resolves conjectures in [33, §2.10] as explained in Remark

Our construction of the variety Xy is an explicit construction of its coor-
dinate ring. The crucial idea behind the construction is that a natural cate-
gorification of the construction in [2] can be arranged into an algebraic variety,
but the structure of the resulting variety looks rather complicated in general.
However, if we seek a suitable reformulation of their expression (Proposition
28)), then we find an expression that is more suitable to analyze the resulting
variety (Theorem [B4]). Nevertheless, our exposition is logically independent of
[2] except for numerical assertions like (0.]) imported through Proposition [2Z.8

The organization of this paper is as follows: We fix notations and record basic
results §1. In §2, we exhibit another presentation of the rotation theorem in [2].
In §3, we construct our variety Xy, and establish the basic portion of Theorem
[Al We discuss consequences of our construction, including the remaining parts
of Theorem [A]l Corollary [Bl Theorem [C] and Corollary [Dlin §4.

A previous version of this paper contained claims on the full account of two
conjectures of Blasiak-Morse-Pun. Here we drop one portion (|3, Conjecture 3.4
ii)]) except for the tame case (Theorem 1)) as its proof contained a gap, while
we make the other portion ([3, Conjecture 3.4 iii)]) explicit as Corollary 3]

So far, we have introduced algebraic varieties that are natural geometric
counterparts of the Catalan functions. Here obvious questions include how to
place them in the context of topological field theories and geometric realizations
of Macdonald polynomials arising from G = GL(n). We hope to answer these
questions in the sequel.



1 Preliminaries

We work over the field C of complex numbers. A variety means a separated
(integral) normal scheme of finite type over C, and we may not distinguish a
variety X with its set of C-valued points X(C) (whenever the meaning is clear
from the context). In particular, the algebraic groups G,, and G, are the
multiplicative group C* and the additive group C, respectively.

For a C-vector space V, let SV = @, S*V denote its symmetric power
ring. Let L be an abelian free monoid. A L-graded C-vector space V is a C-
vector space V equipped with a direct sum decomposition V' = @, V, such
that dim V, < oo for each a € L. For a L-graded vector space V=P, Va, we

set
VY= @ V.

acL

acL

A L-graded ring R is an unital C-algebra that is a L-graded C-vector space such
that C1 = Rg and R, - Rys C Roya (a,a’ €L).
In case R is commutative, we set

Proj, R := (SpecR\j)/(Gm)rankL, (1.1)
where J C Spec R is the closed subscheme consisting of points on which the
action of (G,,)™ L is not free.

For a representation M, its head is understood to be its largest semi-simple
quotient module.
General references of this section are Kumar [19] and Chriss-Ginzburg [9].

1.1 Algebraic Groups

We fix an integer n > 0 and consider the algebraic group
G =GL(n) C M, =C".
We also define a (pro-)algebraic group G = GL(n, C[z]) over C. We set
G((2) == GL(n,C((2))

and regard it as a (topological) group. Let E;; € M, (1 < i,j < n) be the
matrix unit. Let T C G be the diagonal torus and let B C G (resp. B~ C G)
be the upper (resp. the lower) triangular part of G. The group N := [B, B] C B
is the group of upper unitriangular matrices. We have the evaluation map

evg: G — G z+— 0.

We set B := ev, !(B). Foreach 1 <i < n, weset P; C G (resp. P; C G) as the
(algebraic or pro-algebraic) subgroup generated by B (resp. B) and Id+CE;41 ;
inside G (resp. G). We set Py as the (pro-)algebraic group generated by B and
Id + C27'E;, inside G((2)). Note that we have the extra loop rotation G,,-
action on each of B C P; and G (that we denote by GI%'). We denote by
]§, IA)Z-, and G the semi-direct products of B, P;, and G with Go*, respectively.
In addition, the group G((z)) admits a central extension by C*, that induces a

(trivial) central extension P; (0 < i < n) of P; by G,, (that we denote by GS,).



Let SL(2,i) (0 < i < n) be the unique T-stable algebraic subgroup of P; that
is isomorphic to SL(2). We define extended tori

T:=TxG®x{1}CTxGxGS, =T

such that B := B x G¢, contains T and BNT =T. We also set G := G x Gj, D
B, G such that BN G = B. We have P; N P; = B when ¢ # j. For each
0 <1i < n, we define a map of algebraic groups

Eiiv1 (1 #0)

ui:Ga:CBle—i—inef’: where FE; := ) .
zE,1 (i=0)

We define B

G(2) =Gy x G((2) x Gy,
as a group. Let G~ C G((2)) be the subgroup generated by (T - G) and Id +
Cz7'E1,,. We warn that the groups G((z)) and G~ are not algebraic.

For 1 <i <n, we have a(n algebraic) character ¢; : T — G, that extracts
the i-th (diagonal) entry of 7. We set P := @, Ze¢; and consider its subsets

n
P:= ZZZOQ, Pt .= {Zx\iei EP[AM =X > >N}
i=1 i=1

For A =Y Nie; € P, we set [\ := Y. | \; € Z. The permutation of indices
define &,,-actions on P and P. We set PT := (PT N P) and identify it with the
set of partitions with its length at most n. The semi-group P is generated by

wW; =€+ -+ € 1< <n.

For A € P, we may write A > 0 whenever all the expansion coefficients of
w1, ..., wy are sufficiently large. We may regard w; as a character of T through
the projection to T'. Let p and ¢ denote the degree one character of Gf, and
GEe* extended to T trivially, respectively. We define another (non-standard) lift
of w; to T as:

ANi=wi+p 1<i<n), w,+gp (=0).

Extending by linearity defines a non-standard lift of a character of T to T in
general. We set Ipp:={0,1,...,(n—1)} and I:={1,2,...,(n —1)}. We fre-
quently identify the index 0 with n in the sequel, and hence {z;}; is indexed by
I.¢. Note that {w;}icr,, and {A;}ier,, corresponds to each other by restriction.
We set

Paf i= <@ Zm) ®Zo®LS and Pl = (> Zzol;) + Zwn + Z5 C Py

i=1 1€ Tar

The set Py is the character group of T.

The set of positive roots AT of G is AT := {e; — €jh1<icj<n C P. We set
;= (6 —€q1) for 1 <i < n, and ag := =9 + 6 with ¥ := ¢; — ¢,,. We define
an inner form on P, as:

<€i7€j> = 51’]’7 p,5 S Rad <., .> .



For a = (¢; —¢;) € AT, we set
Ja = (CEZ']‘ Cn:=LieN C M,.

We set Q := ZBGA+ ZB C P and call it the root lattice. The permutation
& ,,-action on P restricts to Q, and we set

S, =6, xQ.

We have an embedding &,, C G via the permutation matrices, that is prolonged
to &, — G((z)) through

P72 R ¢ 0
n 0 zH2 ... 0 n
Q3 pe—at=| . N =Yel()) > pi=0.
=1 . . : . =1
0 0 e Z'U'"

The group &, is generated by {s;}ic1.,, where s; = (i,i + 1) € &, for
1 <i<mnandsy=(1,n) x 27, We have s; € P; for each i € I,;. We have an
action of &,, on P, as:

Si(A) = A (<O¢i, A> + (SlQA(K))OéZ 1€ Iaf,
where K € Hom(Py¢, Z) is defined as
wi(K)=0 (i€Iyg), OK)=0, and p(K)=1.

We refer an element of én{ai}iglaf C P.s as an affine root.
For each w € &,,, we find an expression

’LU:SZ'ISiZ"'S” il,ig,...,iZEIaf (12)

and form a sequence i := (i1,42,...,47). If the length ¢ of i attains its minimal
among all possible expressions as in ([L2)), then we call i a reduced expression
of w and call ¢ the length of w. We define w < v for w,v € &, if a(n ordered)
subsequence of a reduced expression of v yields a reduced expression of w. We
denote the length of w € &,, by £(w).

Let wy € &,, denote the longest element, i.e. w(i) =n—i+1for 1 <i <n.

1.2 Recollection on root ideals

Definition 1.1 (Root ideals). A subset U C A™ is called a root ideal if and
only if
(U +AT)NAT C T,

It is easy to find that U is a root ideal if and only if (¢; — ¢;) € ¥ implies
(€ —€j),(ei—€j) € U for i’ <iandj < j'. For arootideal ¥ C A, we define

n(0) := @ga cn.

acW¥



Definition 1.2. For a root ideal ¥ C AT and 1 < i < n, we define
di(0):=#{i<j<n|E; ¢n(¥)}, €(V):=i+d;(¥), and
I(V):={1<i<n|e(V) <n,d(¥) < dip1(V)}.
We set £(¥) := |I(T)], enumerate as
{ei(¥)}icrw) = {e1(V) < e2(¥) <--- <er(V)}  where £ =((¥),

and set epy1 (V) = €,41(¥) := (n + 1). For each 1 < j < ¢, we find a unique
i € I(¥) such that e;(¥) = ¢;(¥) and set i;(¥) := i. We also set io(¥) =0
and eg(¥) = 1 by convention. We say that w € &, is ¥-tame if ws; < w for
each di (V) < i < mn. We set wy to be the longest element in

Grn—dy (1) = (Sey (1)s Ser (W) 415+ - - 5(n-1)) C Sp.
Example 1.3. Assume that n = 6, and
\IJ - {61 — €3,€] —€4,€1 — €5,€1 — €g,€2 — €3,€62 — €4,€2 — €5,€2 — €5, €3 — 66}'

We have dl(\I/) = 2, dg(\lf) = 1, dg(‘l’) = 3, d4(\I/) = 3, d5(\11) = 2, dﬁ(‘l’) = 1, and
hence

61(‘1’) = 3,62(‘1’) = 3,63(‘1’) = 6,64(‘1’) =7= el(\If) = 3,62(\11) = 6,[(\11) = 2.

In addition, we have 11 (V) = 2,15(¥) = 3.

Let us summarize basic properties of our invariants associated to the root
ideal W.

Lemma 1.4 (Cellini [6] §3). For a root ideal ¥ C A™T, the subspace n(¥) C n
is B-stable. In addition, every B-stable subspace of n arises in this way. O

Lemma 1.5. For a root ideal ¥ C AT and 1 <i < n, we have
dl(‘ll) < dH_l(\I/) +1, and i< 61'(\11) < €i+1(\I/) < (7’L + 1)
In addition, we have i;_1(¥) < 1;(¥) and 1;(¥) < e;(V) for 1 < j < (D).

Proof. Straight-forward. O

1.3 Representations

For a finite-dimensional rational representation V' of T', we define its character
as:
chV := Z e - dim Homp (Cy, V).
AeP
In particular, the character of a rational representation of G or P; makes sense
through restrictions. For a rational representation V' of T', we define

gchV = Z ¢me* - dim Homzygrot (Cayms, V).
AEP,MEZ



For two rational T-representations V and V', we denote gch V < gch V' if and
only if the inequality holds coefficientwise, namely:

dim Homzygrot (Cayms, V') < dim Homypygrot (Cyms, V)Y XXeP,melZ.

A rational representation of B (resp. P, foric Iaf) is understood to be a
representation V of B (resp. P;) such that the B-action (resp. the P;-action)
factors through a finite-dimensional quotient, that yields a rational representa-
tion of an algebraic group.

For each A € P, we have an irreducible finite dimensional module V' (\) of
G generated by a B-eigenvector vy of T-weight A\. By the natural &,-action on
V(A), we have a T-eigenvector v,,x € V() of weight w € P for each w € &,,.
For each A € Paf7
generated by a B- -eigenvector v of T- weight A. By the natural Sn -action on
L(A), we have a T-eigenvector v,z € L(A) of weight wA for each w € &,,.

For A € PT and w € &,,, we define a Demazure module of V() as:

we have an integrable highest weight module L( ) of G((2))

Vi (X) := Span (Bvy,n) C V().
For A € P}; and w € S, we define a (thin) Demazure module of L(A) as:

Lu(A) := Span <]§va> c L(A).

1.4 Flag varieties and Demazure functors

We set X := G/B and call it the flag manifold of G. For each A\ € P, we set
Ox(A) the G-equivariant line bundle on X whose fiber at the point B/B € X
is C_x. We set X (w) := BwB/B C X for each w € &,, and call it the Schubert
subvariety of X attached to w. The restriction of Ox () to X (w) is denoted by

OX(w)()‘)
Using Lemma [[L4] we define a (G x G,,)-equivariant vector subbundle

TpX =G xPa(@)cGxPn=T"X

for a root ideal ¥ C AT, where the G,,-actions are given by the dilation of the
fibers of vector bundles. Let mg : T§ X — X be the projection map. We set

Tp X (w) := 7y (X (w)) weS,.

By abuse of notation, we might denote the restriction of my to T3 X (w) by the
same letter.

For a sequence i := (i1, 42,...,1¢) of elements of I,¢, we define schemes with
B-actions:

X(i) =P, xBP;, xB...xBP,, and X(i):= X(i)/B. (1.3)
We understand that X () = pt.

Lemma 1.6 (Kumar [19] §7.1). Leti:= (i1,i2,...,1) be a sequence of elements
of T.¢. It holds:

1. Let i’ be the sequence obtained by forgetting the last element iy in i. Then,
X (i) is a P'-fibration over X (i) with its fiber isomorphic to PW/B



2. Let1 < j1 < jo< - < jm <L Weseti = (ij,,%5,,...,1,). Then,
we have a B-equivariant embedding X (') C X (i) induced from the group

homomorphism

mo 14 B

1P > (g:) = (95) € [] Py

t=1 j=1
wheregjzlef’)ifj;éjtforlgtgm. O

For a rational B-module M , we have a vector bundle
&(M) = X(i) xB MY — X(i).

In case M = Cy for a T-weight A, we set O;(A) := &(Cy). In view of Lemma
2), &(M) restricts to &/ (M) as a B-equivariant vector bundle.

Definition 1.7 (Demazure functors). The (covariant) functor assigning a ratio-
nal B-module M to I'(X (i), &(M))Y is called the Demazure functor associated
to the sequence i, that we denote by D;. In particular, D; denotes the De-

mazure functor corresponding to ¢ € I,s. We also define the covariant functor
Di(e) :=D;(eV)V.

In case a sequence i in I,¢ is the concatenation of a sequence i; followed by
iz, we have D; 2 D;, o Dy, by repeated applications of Lemma [[LG] 1).

Definition 1.8. Let L be a free abelian monoid, and let R be a L-graded C-
algebra. We say that R is B-equivariant if each R, (a € L) admits a rational
B-action such that the multiplication maps

Ra@RbHRaer a,bEL

are maps of ﬁ—modules, and Ry = C is the trivial representation of B.

Lemma 1.9. Let L be a free abelian monoid, and let R be a ﬁ—equivariant L-
graded C-algebra. For each i € I, the L-graded B-module SDZ(R) s again a
ﬁ—equivariant L-graded C-algebra. In addition, @I(R) is commutative if R is
commutative.

Proof. Note that R defines a L-graded P;-equivariant sheaf & (R) of algebras
over X (i) = X(i)/B = P;/B. Hence, its global section gives rise to a L-graded
algebra equipped with degreewise rational lSi—action, that is compatible with
the multiplication. The degree zero part of D;‘(R) is

C=T(X(i),0x@;) = (P!, Op).

If R is commutative, then the sheaf £;(R) is a commutative sheaf of algebras,
and hence @I (R) is also commutative. These complete the proof. O

Theorem 1.10 (Joseph [15]). For each i € Ia¢, it holds:
1. We have a natural transformation Id — D;;

2. We have an isomorphism of functors D; — D; 0 Dy;



3. For a rational ISi—module M, we have an isomorphism of functors
Di(M @)= MxD;(e);
4. For w € én and two of its reduced expressions i and i’ connected by a
sequence of braid relations, we have an isomorphism D; = Dy of functors.

In addition, D; sends a finite-dimensional rational B-module to a finite-dimensional
rational P;-module, that we may regard as a B-module by restriction.

By Theorem [[T04), we set D,, := D; for a reduced expression i of w € S

Then, we have a natural transformation D,, — D, when w < v in &,, by
Theorem [LT0 1).

Theorem 1.11 (Demazure character formula, see e.g. [19]). It holds:

1. Let \€ PT and w € &,,. Leti be a reduced expression of w. We have

H™(X(w), Ox(w)(N)" = H™(X (i), 0;(N))" = L7"D;(Cy) = {

2. Let A € P;'f. Let i be a sequence of elements of I,s. Then, there exists
w € &, such that

Ly(A)  (m=0)

H™(X(i), Os(A)) NLm@i(CA)N{O (m£0)

3. The line bundle Oi(A) on X (i) is base-point-free when A € P/

Proof. The first two assertions are special cases of [I9 8.1.26 Corollary|, while
the last one follows from the second assertion and [19, 7.1.15 Proposition]. [

1.5 Affine Demazure modules
For each A € P and k € Z~, we find w € (~‘5n such that
A+ kAo = wA € P}, (1.4)
by [I7, Corollary 10.1]. We set
D .= D, (Cx) = Lu(A) C L(A)

and call it the Demazure module (of level k). They are finite-dimensional ratio-
nal B-modules, and does not depend on the choice of w in (4.

Definition 1.12. Let k € Z~¢. A finite-dimensional B-module M is said to be
D) _filtered if it admits a finite filtration whose associated graded is the direct
sum of Demazure modules of level k.

Theorem 1.13 (Joseph [I6], see also [29, [18]). For each A € P and k € Z~y, it
holds:

10



1. For each i € I, the module Dg\k) ® Cp, s DAY _filtered;
2. For a DW)_filtered module M and i € T.¢, we have L<0D;(M) = 0 and
Di(M) is DF)filtered.

Proof. The first assertion is a special case of [16, 5.22 Theorem] ([29, Remark
4.15] for the n = 2 case, and [I8] for another proof). In view of the first
assertion, the second assertion follows from repeated applications of Theorem
[LIT2) using short exact sequences arising from the D*)-filtration. O

Corollary 1.14. Let k € Z~q and w € én For a D~(k) -filtered module M and
m € Z>o, we have L<D,,(Cyup, ® M) =0, and the B-module D, (Cy,p, ® M)
is DUMR) _filtered. In addition, we have

(C’ITLA'L @M C Dw(CmAi ® M) (15)

Proof. Consider a finite-dimensional f—semisimple B-module N that fits into a
short exact sequence
0—=N =+ N—=N;—=0

such that Ny is a Demazure module and Ny C D,,(N7). Applying the Leray
spectral sequence to L*D; for a reduced expression i of w, we deduce

L<°D,(N2) =0

by Theorem [[LT3]2). We have a commutative diagram of short exact sequences:

0 ]\f N N 0.
00— L_lDw(Ng) ——Dy(N1) ——=Dy(N) ——= Dy (N3) ——0
(1.6)

The map ¢ is injective by Theorem [[.T1] 2) and the inclusion relations of De-
mazure modules. Thus, the five lemma implies N C D, (N).

If we have L<D,,(N1) = 0 in addition, then we have L<D,,(N) = 0 by the
long exact sequence associated to the bottom line of ().

Therefore, we apply Theorem 1) m-times to obtain all the assertions
by induction on the length of the filtration by Demazure modules via the above
discussion. O

Proposition 1.15 (Joseph, see also [I8] Lemma 4.1). For each X € P and
k € Z~o, we have

gch D € Z[q)[ X1, ..., Xy,
where we set X; = e for1 <i<mn.
Proof. We set Ay to be the unique element in (&, ANP™), and set A_ := wo .
By the comparison of defining equations of DE\.,) (5 3.5], see [ Theorem
1] or [I8, Proof of Lemma 4.1] for explicit equations), we find that Df\li) is a

quotient of Dg\{) Moreover, D(A{) is the local Weyl module whose highest weight

is At by [7, Corollary 1.5.1]. We have

DYV 40 = A —pe > Zoos (1.7)

i€l
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by [7, Definition 1.2.1]. It follows that u € Pt (and A € P) implies u € P* under
the situation of (L1). Note that e/ (u € P) is a monomial in X, ..., X, if and
only if u € P. Therefore, we obtain

gch DSV € Z[g|[X1, ..., X,]®".

Taking Theorem [[LTT] 2) into account, we deduce D(Ak) C D(Ak) as the inclusion
relation of Demazure modules. Hence, we have

gch Dg\{) > gch Df\li) > gch DE\k).

Therefore, we conclude the assertion. [l

2 An interpretation of the rotation theorem
Keep the setting of §Il For each A € PT, we define

mi(A) == A1 — Ao, ma(A) i= Xy — A3, ..o ymp—1(N) i= A1 — Ay mn(A) i = A
For each 1 <i <n and 1 < e < n, we define the composition functors as:

G'L,e = (®i71 o ®'L72 o-++0 'De)
Cie(A)(®) :=(Di—10Djp0---0D,) (Cppy,(n)a. @ 9),
where the indices of D are understood to be modulo n, and the number of D’s
in each definition is (i +n —e) in total when ¢ < e < n, and (i — ¢) in total when

0<e<i.
For a root ideal ¥ C A* and 1 < j < ¢(V¥), we define

ey (X 0) = (eijmej(m@) © €y, (w)e;(m)+1(A) 00 Gijw»euﬂ)(m—l(A)) (o).

We also set

Using these, we define
NE() i= D (Cray @ (€F (V) 0 €F (N o+ Cfyy(W)(©)),  and  (21)
My (A) := Dy, (le(A)Al ® (C1e; (1) (Cruy (A @ Co ey (0) (Crny ()4, @
C3e50) (- (Conr_ s (A1 @ Cr—tier 1 (0) (Crny0)A,) )) (2.2)

for each w € &,,.

Proposition 2.1. Let ¥ C AT be a root ideal, w € &,,, and X\ € PT. We have
the following vanishing of the total homology complex:

L<° (Dw ((le(,\)A1 ®@ (C1e; (1) (Cra () @ oy (1) (Crny (M4 @

C.e5(1) ( (Conp s () An—1 @ Crimten 1 (0) (Crny)a,) - ))) =0.

12



Proof. The assertion follows from the Leray spectral sequence applied to re-
peated applications of Corollary [LT14l O

Theorem 2.2 (Blasiak-Morse-Pun [2] Theorem 2.2). Let ¥ C AT be a root
ideal. Assume that w € &,, is W-tame. Then, we have

H(W:; M\ w) = {gchMu‘Ij’(/\)} APt

q—qt
where H(U; X\;w) is borrowed from [2 (2.2)].

Remark 2.3. The automorphism @ in [2, (2.4)] is a lift of the affine Dynkin
diagram automorphism (of type Aéi)l) that satisfies

(I)Oﬂizﬂi+10q) 0<i</,

where 7; (1 < i < ¢) is the Demazure operator (the graded character counterpart
of the functor D;) borrowed from [2] (2.1)] (see also [19, 8.2.7]), and 7y = 7y is
defined here for the first time. Thus, we put all ® to the right to transform the
RHS of [2 (2.5)] into

gchﬂ4f(k)::gchihu(cnn(nAl@@"(CnuPJLMAn,Ngen—lxnfﬂqo(Cnm(MAn)'“))

obtained from (Z2)) and Proposition 2] (up to substitution ¢ — ¢~1). Here we
warn that ®(x¢) = gz1 in [2 (2.4)] should be interpreted as ®(X,) = ¢~ ' X; in
the convention of Proposition with n = £, that explains the substitution
g q .
Lemma 2.4. Let 1 <i<e<n. If Dj(M) =M for each 0 < j < 1, then we
have D;(C; (M)) = C; (M) for each 0 < j < i.

Proof. Let v' and v be the longest elements in
<Si,1, Si—2y .y 81> C <Si,1, Si—2y .y So> C Gn,

respectively, i.e. v’ is the longest element in &; and v is the longest element
of G;+1. We have D, (M) = M by assumption, and hence C; (D, (M)) =
Ci,e(M). We have vs; < v for 0 < j < i. Thus, we have

Gi,eogv/g(91'71O"'O®1090)0(971710"'09(3)0971/
~Dyo(Dyp_10---0D.) 2D, 0C;,

by inspection using Theorem 4) and 2). We have s;uv < v for 0 < j < 1.
Thus, we deduce D; o D, = D, by Theorem 4) and 2). This yields the
result. (|

Corollary 2.5. Let 1 <i<e<e <n. IfD;j(M)= M for each 0 < j <i and
each ¢’ < j < n, then we have D;(C;(M)) = C; (M) for each 0 < j < i and
e <j<n.

Proof. Taking into account the fact that the affine Dynkin diagram of type Afll_)l
is invariant under the cyclic rotation, we simply add (n — €’) to all the indices
(modulo n) to deduce the result from Lemma 24 O

13



Lemma 2.6. Let 1 <i<e<n. Foreache<j<nor0<j<i—1, we have
DjoCie=CieoDjtq.
Proof. By the isomorphism of functors
DjoDjt10D;=Djp10Dj0Dj,

that is a special case of Theorem [[L.T(]4), the assertion reduces to the fact that
Di—1,...,Djio commutes with D;, and D;_1,..., D, commutes with D, ;. O

Corollary 2.7. Let 1 <i<e<n. Foreache<ée <mnor0<e <i-—1, we
have
Cic1,er0Cie =2 Cie0Cyery.

Proof. Apply Lemma 28 to €;_1 . 0Cje =D;_90--- 0D 0C; . repeatedly to

deduce
Dijn0-0Der0Cie=CeoDjq0---0Deryy,

that is equivalent to the assertion. O

Proposition 2.8. Let W C AT be a root ideal. Assume that w € &,, is U-tame.
Then, we have NY(\) = MY () for each X € P+.

Example 2.9. Let us exhibit the contents of the proof of Proposition 2§ in
Example We need to transform

C2,30C240C50C36=(D1DyD5D4D3)(D1DoD5D4)(D1DoD5)(D2D1Dy)
into
(DoD5D41D3)(D1DoD5DsD3)(D2D1Do)(DsDaD1)(DyDsD2Dy) (2.3)

by applying a character C,, from the RHS, and let D3, Dy, D5 act freely from
the LHS. Note that (Z3) can be transformed into

(DoD5DyD3)(D1DoD5D4D3)(D2D1 D) (2.4)

as D;(Cyp,) = Cyp, for i # 0. Here, we have
Di(D1DeD5DyD3) = (D1DoD5D4D3)Diy1 i =3,4,5,0.

This transforms (24) into

(D1DoD5D4D3)(D1DoD5Dy)(D2D1Dy). (2.5)
For i = 3,4,5, we have

Di(D1DoD5D4D3)(D1DoD5Dy) = (D1DoD5DyD3)(D1DoD5Dy)Dita.

Hence, the left actions of D3, Dy, D5 allow us to rewrite (23] into

(@1@0@5@4@3)(@1@0@5@4)(@1@0@5)(@2@1@0) = 6213 @] 6214 o 6275 o 6376.
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Proof of Proposition [Z8 By Theorem[LI0, we find an isomorphism L*D;(Cy, ®
o) = Cy, ® L*D;(e) for distinct 4,5 € Io¢. In addition, we have L*D;(C) = C.
Using these two facts repeatedly, we shift the character twists to the left and
discard D;’s with trivial effects repeatedly to obtain

MU\I)}(/\) = Dy (C#O & (61761(‘11)(((:#1 ® 62,52(\11)(' o (C#T,l ® €T7e7‘(\1/) (C#T) oo )),

(2.6)
where 7 = max{l < s <n|[s+d(V); <n} =iy (¥), and
€i+1(\I/)71
p= 3 miA,.
j=ei(¥)

For 0 < j < {(¥), the value ex(¥) is constant for i;(V) < k < i;41(¥). In
particular, we have p; #0 (i > 1) only if ¢ € I(D).

In the below (during this proof), we drop ¥ from the notation of numbers
presented by the typesetting fonts (i.e. i and e). We discard C,,, with p; =0
in (Z8). Then, we inductively transform the sequence of terms

Cl‘i(]‘,l) & (Gi(j,l)Jrl,ej o Gi(j,1)+2,ej ©---0 Gijyej)(cﬂij ® .)7 (27)

that is a part of (Z8]), into

C'u'i(j—l) Y (eij,ej © eij,ejJrl 0--+0 eij,ijfl)((c#ij & .) (28)
for each 1 < j < £(¥) provided if we can freely apply
Diy_1y-1:Di_yy—25---, D, (2.9)

to ([27) from the LHS without modifying the total output ([2.6). For the initial
case j = 1, the functors in (Z9) arises from D,, since we have ws; < w for
e1(¥) < i < n, that implies D,, 2 D,, 0 D; for e1(¥) < i < n (and we have
ip = 0 by convention).

Note that each of the terms in ([Z9) commute with C#i(j,l) since we have

igony = L<igon +di;y) (V) =e(o1) <ej,

by Lemma In particular, we can add each of (29) freely in front of
Ciy i in (271). Applying Lemma 2.6 repeatedly, this is the same as adding
each of

'Dijfl,ﬁiij,.. '5®ej+ij*i(j71)' (210)

freely just after Ci, o, in () without modifying the output. Hence, we can
freely insert
Cujejtij—igsnyr- - -» Cijrtym1 (2.11)
just after C;, o, in addition to (ZI0).
By using Corollary 2.7 repeatedly, we have
Giu—l)*lvej © Giu—l)*?vej 0:--0C4;e; = Cije; 0Csj 6541070 GijvejJrij*iu—l)*l'
In conjunction with ([ZII), we obtain (Z8). Here the product of €’s in (ZJ)

gives a reduced expression of the longest element of

(85,15 1805- -+, 50;) C G, (2.12)
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Thus, we can add each of

Ds;~1,Di;-2,...,D

PTG+

just after Gij,ij—1 in ([2.8) without modifying the output. This proceeds the
induction on j. Hence, we can replace every ([27)) in (2.0) into (28)) inductively.
The terms

Gij,e(j+1) ) Gij,e(j+1)+1; Tty Gij,ijfl (213)

in 2.0) commutes with C,, , and can be moved to the component (ZJ) for j
replaced with (5 + 1). Each of (ZI3) is the composition of Demazure functors
corresponding to the simple reflections in ([2I2) for j replaced with (j + 1)
(as ij < i¢j41y). Thus, we can delete them making use of the expression
23) for j replaced with (5 4+ 1) when j < £(¥) and D;(Cyn,a,,) = Cinpn, for
1 <i <igy)(¥) and eyp) < k < n when j = (V) coming from Theorem [LT0
3).
This procedure further replaces (2.7) in (2:6) with

C‘“(y‘—l) ® (Cij.e; 0 Cyje54107 70 eijﬁ(ﬁl)*l)(cl‘w ® ).

This is isomorphic to the definition of €} ()), tensored by (C,h(v .
j—1
Therefore, we conclude the result. (I

Lemma 2.10. Let ¥ C A™ be a root ideal, and let w € &,,. We have
Ny(A) 2Ny, (A) AePT e(¥) <i<n.

Proof. 1t suffices to prove N () = NJ()) for each A € PT and e1(¥) <i<n
as the general case is obtained by the postcomposition of D,,. By Theorem
3) and Lemma 24}, we find that €} () in the definition of N()) can be
replaced with

(G}I’(A) © Cay (W) 0ny (@) © eij(‘P)ﬁij(‘lf)*l) (¢) (2.14)

by using an induction on 1 < j < ¢(¥) from the initial case j = ¢(¥) using the
monotonicity of 1;(¥) and e;(¥) as functions on j and the discussion around
[23). We can further replace [2Z.I4]) with

ej+1(¥)—1
Dy, (Cy, ®e) and  p; = Z ms(N)As
s=e; (V)
without modifying the output, where
Wi € (S3,(W)—1s---+50s -+ 56;(0)) = O, 4n—e;(w)41 C S,

is the longest element, using the commutativity of
Co.oa. (6j(W) < s <eyn(P)) and  Ciyuy (s<t<n,0<1<i;(V)).
The final case j = 1 implies that

NS (N) 2 Dy (N (V) 2 (Di 0 Dy ) (N (V) = Di(N (V)

fori=(n—1),(n—2),...,e1(V) as required. O
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3 Construction of the variety Xy

Keep the setting of the previous section.

Proposition 3.1. Let ¥ C AT be a root ideal, w € &,,, and X\ € PT. We have
the following vanishing of the total homology complex:

L< (Dy (Cawy @ (€7 () 0 €Y (V) 0 -+ €y, (W)(C) ) ) = 0.

Proof. The assertion follows from the Leray spectral sequence applied to re-
peated applications of Corollary [LT4] (as in the proof of Proposition 2I)). O

In the below, we sometimes identify A € P* with its non-standard lift A € P:f
in case the meaning is clear from the context.

Lemma 3.2. Let U C AT be a root ideal and let w € &,,. Then, the PT-graded

vector space
P N (3.1)
AEP+

acquires the structure of a P*-graded commutative C-algebra equipped with a
B-action. In addition, this algebra is integral.

Proof. Since the character twists in the construction of the modules N.¥()\)
are linear with respect to the monoid structure of P™, we apply Lemma
repeatedly to deduce the first assertion from the definition of N,¥ (\)’s.

The ring [BJ) is obtained as repeated applications of a character twist,
inflation to P! from a point by the SL(2)-action, and taking global sections.
Since each of the operations preserves the integrality, we conclude the second
assertion. O

For a root ideal ¥ C AT and w € &,,, we define a C-scheme

Xy (w) := Projp+ @ N;I’)()\)*

Aept

following () equipped with an action of B. In view of Lemma B2 Xg (w) is
an integral scheme. _

The graded components of the ring ([B1]) defines a B-equivariant line bundle
Oxy(w)(N) on Xg(w) for each A € PT, extended to A € P by taking the duals
and tensor products.

Corollary 3.3. Let ¥ C A% be a root ideal. Then, we have a ﬁ—equivariant
morphisms

Xo(wy) — [T POw(w))) = ] PELQA), (3:2)
Jj=e1(¥) JELas
where the second map is the closed embedding.

Proof. For each e1(¥) < j < n, the module N;I)’(\)I, (w;) is the (dual of the) space of

the global sections of the line bundle Oy (A;), where i’ is the sequence in In¢ read
out from (ZJ)) as the index of D’s in the definition of NY () (thanks to Lemma
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[Z10) until the character twist by Cx,. Let i be the sequence i’ corresponding
to the case j = n. Since i’ is a subsequence of i consisting of some of its first
entries, we have a map f : X (i) — X (i) by repeated applications of Lemma [[.6]
1). By Theorem [[.11] 3), the line bundle Oy (A;) is base-point-free over X (i').
Hence, f*Oy (A;) is base-point-free on X (i). Here X (i) maps onto Xy (wg') and
f*Oy(A;) is the pullback of a line bundle on Xy (wy) by the definition of D;
and (ZJ). Therefore, we find an induced map

Xy (wy') — P(Nyy ().
Collecting these yields the first map.
In view of Theorem [LTT 2), we have Ny (w;) C L(A;) for 1 < j < n.
0
Moreover, we have Ngq, (wj) = Cvy, for 1 < j < dy(V). This yields the second
0
embedding by sending all points to [va;] € P(L(Ay)) for 1 < j < di(¥). O

Theorem 3.4. Let U C A" be a root ideal. The scheme Xy (wy) is a smooth
variety, and we have

dim Xg(wy) = L(wy) + |¥|. (3.3)

For each e1(V) < k < n, we have a E—equivariant morphism

k
o Xu(wl) — [ PEM,). (3.4)
j=e1(¥)
that defines a smooth fibration over its image.
Proof. We drop w = wy from the notation during this proof for the sake of
simplicity. Note that Ny (A) = NY()) = NF¥()\) by Lemma IO Here the
0
P(L(A;))-component of the image of (B.2)) is Cvy; C L(Aj) for 1 < j < dy (V).
Thus, we obtain the E—equivariant morphism [B.4) for k = n.

We construct a sequence of schemes Y (") (r > 0) equipped with B-actions
from Y0 := [vy,] € P(L(Ag)) by the following rule:

e We read the definition of N ()\) from the right, and count the appearance
of the Demazure functor D; (j € Ia) and the character twist by Cy,a,
(e1(V) <i<mn):

1. If the (r + 1)-th operation is the character twist by C,,,s,, then we
take the product with P(L(A;)) by adding a factor [vy,] to obtain an
isomorphic scheme with a bigger ambient space;

2. If the (r + 1)-th operation is the application of D; (j € L), then we
set Y1) .= P;Y(") in the ambient space.

Here, the character twist by A; appears only once in the definition of N¥()) for
each i € Tat, and we apply additional Demazure functors only if e (V) < i < n.

Since f’l xBY (") is integral and proper, we find that Y "+1) is in fact an integral
(closed) subscheme of the RHS of (34) for & = n by induction.
As the definition of NY()\) consists of only finite steps, we obtain a closed

C-subscheme
y=v"c [ P@EW®).

r>0 e1(P)<i<n
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Note that the application of each Pg enlarges the G,,-grading of a finite-
dimensional B-module by a finite amplitude. Hence, we deduce that Y is of
finite type.

In the process of the construction of Y, we have a (consecutive sub)sequence
(of the definition of N'¥(\)) for each 1 < j < £(¥):

Ci, () k(A)(®) = (Di; )1+ Doo---0Dg)(Crpn, @0) (V) <k < ejta(¥).
(3.5)

Here, we have i;(¥) < e;(¥) < k. The Dynkin subdiagram of the affine Dynkin

diagram of type Agllzl formed by gathering indices in ([BH) yields the algebraic

group

G(k) :== (SL(2,i) | k<i<nor1<i<i;(¥))=SL(i(¥)+n—k+1) C G(=2)

for ;(¥) < k < €;41(¥) (1 < j < £(¥)). Therefore, the application of the
corresponding P;’s to [va,] € P(L(Ax)) yields PLi(Y)+n=F  In particular, we

have
() ej1(¥)—1

dim Y>> > (1;(¥) +n—k) (3.6)

J=1 k=e;(¥)
by counting the dimension of the base direction for each 1 < j < ¢(¥). As the
RHS of ([3.0) is precisely the number of Demazure functors appearing in the

construction of Y, and each application of 15z for a B-stable variety increases
the dimension at most one, we deduce

£(T) ej 1 (T)—1

dim Y < Z Z )+n—k). (3.7)

J=1 k=e; (V)
The comparison of (30) and (B.7) implies

() ejp1(F)—

dim Y =" Z ) +n— k). (3.8)

J=1 k=e;(T)

We have
n L(P)ejr1(P)—1
n—e(V))(n—di(¥))
ity = AN (n=k) (39)
k=e; () J=1 k=e;(¥)
and

|| = Z(n +1—¢;(¥)) = Z(GHI(‘I’) —ei(V))i
i=1 =1
o) (V) ejr1(¥)—1

=Y (e - ()5 =3 Y m), (310

j=1 k:ej(\ll)

where the second equality comes from changing the row-wise counting to the
column-wise counting. The comparison of (B.8]), (.9), and (BI0) implies

dim YV = l(wy) + ||

For each e; (V) < k < n, we set Y (k) to be Y(") such that the r-th step (the
last step) is the character twist by C,,,_,a,_,. Consider the condition
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(e Y (k) C [Ti_, P(L(As)) is stable under the action of P; for k <i<n and
1<i< lj(\I/) when ej(\Il) <k< ej+1(\P).

We have Y (n+1) = Y = pt € P(L(Ag)), that is in fact invariant with respect
to G, and hence (x),4+1 holds. We have

Y (k) 2 Py, (w)-1Ps, w2 -Po- - PrY(k+1) C H P(L(A;)),
=k

where j is borrowed from (x);. By induction hypothesis, we find that Y (k + 1)

is stable under applications of P;_ (g)_1,... ,1~)k+1. It follows that we have a
diagram
Y (k) & Gk) xPB Y (k+ 1) — G(k)/P(k) = Pti(W)Fn—k, (3.11)

where 7, is the action map, and P(k) is the algebraic subgroup of G(k) generated
by Imug and SL(2,7) for k < ¢ < nand 1 < ¢ < i;(V). Here 7 is an
isomorphism of topological spaces. As the both of Y (k) and G(k) xP®) Y (k+1)
define integral subschemes of []_, P(L(As)) (of finite types) with identical sets
of closed points (as Y (k+1) is integral), we conclude that 7, is an isomorphism
of varieties. Therefore, Y (k) satisfies () if Y'(k + 1) satisfies (x)(y41), and
hence (%) holds by the downward induction from the case of k = (n + 1).
For each 1 < j < {(¥) and e;(V) < k < ej411(¥), we set

i (k) = (1;(0) — 1,1,() —2,...,0,..., k).

We have amap fy : X (i (k)) — G(k)/P(k) such that Og )/ p) = (fr)«Ox (k)
(see e.g. [19, 8.2.2 Theorem (c)]). The adjunction formula asserts that ZDZUC) (R)
for a P(k)-stable ring R is the space of global sections of a sheaf of rings over
G(k)/P(k). We set i to be the concatenation of i {(e1 (¥)) ,i{e1(¥) +1),...,i(n).
Note that i is the same sequence as in the proof of Corollary B3l We interpret
the construction of Xg using (B3] in a parallel way to the construction of Y
(with repeated applications of Corollary 2.8 and Og)/pk) = (fr)«Ox (i) for
e1(¥) <k < n). Then, the set X¢(C) is the quotient of X (i)(C) with respect
to the equivalence relation that contains identification of points in X (i (k))(C)
with (G(k)/P(k))(C) through fi for each k. Therefore, Y(C) is obtained as
taking the quotient of X (i)(C) with respect to the equivalence relation that is
contained in the equivalence relation that defines Xy (C). In particular, we have

Y — Xy — f[ P(L(A5)),

Jj=e1(¥)

where the first map yields a surjection of (closed) points, and the composition
map is the closed embedding constructed in the above. Therefore, we conclude
Y = Xy since Xy is an integral scheme. This verifies (33), and also exhibits
that Xy is a projective variety.

From these, we find that the induced map from Xy to Im 9’}, is a fibration
whose fiber is isomorphic to Y (k 4+ 1). As both of the base and the fiber are
successive projective space fibrations, we conclude that that 9’}, induces a smooth
fibration. In particular, Xy is a smooth variety.

These complete the proof. [l
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Corollary 3.5. Keep the setting of Theorem [32)} Let XY be the fiber of 0%,
in B4) for e;(V) < k < ej41(V), where 1 < j < (V). We understand that

X3 = Xy (w¥). Setr:=i,(U)+n—k+1. We have:
1. There exist an embedding
GL(r) € G(»)
such that (TNGL(r)) gives rise to a mazimal torus of GL(r), and we have
GL(r) D {s1,;(¥)=1,---» 51,50, 5n—1,- -+, 8k} C S,.
It gives rise to an action of GL(r) on X5~ through (34 that makes X5~ !
into a GL(r)-equivariant X% -fibration over PT—1;
2. The intersections
GL(r)NG, and GL(r)NnG~
define parabolic subgroups of GL(r) with their common Levi subgroup
GL(i;(¥)) x GL(n —k+ 1)
that contains {S;;(w)—1,-++s51,Sn—1,+, Sk} -

Proof. We borrow the convention of the proof of Theorem B4 The first asser-
tion paraphrases (B.I1]) with the group SL enhanced into GL by adding Im€;.
The second assertion follows as Im ug is the only one-parameter subgroup (cor-
responding to a simple positive root) of GL(r) that has non-zero G,,,-degree. [

Corollary 3.6. Let ¥ C AT be a root ideal, and let w € &,, be U-tame. We
have the following G-equivariant closed embedding

X (wo) = G x? Xg(wy) — ﬁ]P’(L(Ai)), (3.12)

=1

where Q C G 1is the parabolic subgroup generated by P; (e1 (V) < i < n). We
have

dim Xyg(w) = (w) + |¥]. (3.13)
The variety Xg(w) is smooth if and only if X (w) is smooth.

Proof. Since each P; (e1(¥) < i < n) preserves Xy (wy) by construction, we
find that Q preserves Xy (wy ). Since Q preserves

dy (U

)
{va 2" e T PLs)),

and the effect of the application of @LW\P is the same as taking the space of
0

global sections of the corresponding vector bundle on G/@Q), we have an embed-
ding
Xu(wo) = G x? Xg(wy') = ] P(L(A:))

1€1,¢
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induced from ([2). In particular, the projection map

dq (W)
X (wo) = .H P(L(A;)) — H P(L(A;))

induces a locally trivial Xy (wy )-fibration over the image G/Q of the composi-
tion map, that we denote by pr.

Since w is W-tame, we have w = vwy for some v € &,, such that {(w) =
{(v) + (wy). Let v = 54,8, -~ 55, be a reduced expression of v, that we record
as i. We set

Y(w) := BwQ/Q C G/Q.
The variety Y (w) is normal of dimension ¢(v), equipped with a resolution

o

X)L Y(w)  such that Oy = £.0xq) (3.14)

(see e.g. [19, 8.2.2 Theorem (c)]). By the locally trivial fibration structure of
pr, we deduce that the subscheme pr=1(Y (w)) is normal of dimension

dim Xg(wy ) + £(v) = £(v) + L(wy) + 9| = L(w) + ||

It is smooth if and only if Y (w) is smooth. Taking into account the locally
trivial )/ B-fibration structure of G/B — G/Q, it is also equivalent to X (w)
being smooth.

In view of Corollary [[T4] we find that the homogeneous coordinate ring of
Xy (w) is a quotient of that of Xy (wp). Hence, the image of

X(i) xB Xo(wy) =2 X (i) XY (w) pr 1 (Y(w)) — pr (Y (w)) € Xg(wy) (3.15)

is identified with Xy (w) through the construction of its homogeneous coordinate
ring via successive applications of @;f’s. Therefore, we conclude the result. [

Corollary 3.7. Let ¥ C A% be a root ideal, and let w € &,, be ¥-tame. For
each \ € PT, we have:

1. H>%(Xu(w), Oxy () (V) = 0;
2. HO(Xg(w), Oxy(wy(N)* = NY(X) as B-modules;

3. the module N)Y () admits a DV filtration, and H°(Xg(w), Oxy w)(A))
admits an excellent filtration when regarded as a B-module in the sense of
van der Kallen [34).

Proof. We replace w with w(wy )~ by Lemma to achieve
U(wwy) = €(w) + L(wy)

with keeping N,Y(A\) (A € P*) as the original. Let i be the sequence in I,
extracted from the definition of N,¥ (\) (A € PT) by fixing a reduced expression
of w. In particular, the length ¢ of i is dim Xy (w) by the definition of N,¥()\),

Lemma 2T0] and BI3).
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By construction, we have a ﬁ—equivariant surjection
I X(i) — X\y(’w)

of varieties. We have m.Ox ) = Oxy (w) by Lemma [3.21
We assume R>O7T*Ox(i) # 0 to deduce contradiction. We have

Hk’ (X\I}(w), (]Rkﬂ'*ox(i)) ®OX\p(w) OX\p(w) (A)) =0 A>0

for each k' > 0 by the Serre vanishing theorem. By the degeneration of the
Leray spectral sequence, we find that

HO(X\I/(w>a (Rkﬂ-*oX(l)) ®OX‘I,(1U) OX\I/(’LU)()\>> 7é 0 A>0

yields
Hk(X(i)aﬁ*OX\p(w)(A» %0 A>0,

that contradicts with Proposition Bl Therefore, we have necessarily
R>O7T*OX(i) =0.
By Proposition Bl and ([Z1]), we find

for each A € P*. This proves the first two assertions. The B-module NE(N)
admits a DA1)-filtration by applying Corollary [LI4 repeatedly to the definition
of NY()\). Taking into account the fact that Dg\k) admits a D+ _filtration for
each k > 0 (Theorem [[T3) and D&k/) (1 € P) is a Demazure module of G for
k' > 0 (that can be read off from [I5], 3.5] and [I1, Theorem 1]), we conclude
the third assertion (cf. [I8, Theorem BJ). O

Corollary 3.8. Let ¥ C A% be a root ideal and let w € &,, be U-tame. For
each \ € PT, we have

geh HO (Xw (w), Oxy () (V)" = [H(T; M w)],

—q— 1"
Proof. Combine Corollary B.17 with Theorem O

For each i € I, we have an embedding V (w;) C L(A;) of G-modules, that
can be also understood to be the G,,-fixed part of L(A;). We also have a G-
module embedding C = V(0) C L(Ag). These induce a (N;‘r-equivariant closed
embedding

[[P(V(@i) = T] PLA)).

i€l 1€ Lar

Lemma 3.9. For a root ideal ¥ C AT and w € &,, that is U-tame, the inter-
section

Xo(w) N [[B(V ()

is isomorphic to X (w).
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Proof. Thanks to the construction of Xy (wy ) in the proof of Theorem B4} we
find that the image of the composition map

n

fir Xa(wy) = [[P(L(A)) — P(L(A;))  1<i<n

satisfies (Im f; NP(V (w;))) = [V, ] for 1 <i < dy (D).
We prove:

(W) GL(0 — di(O){[ver, [}, (g = (008 NI, o) PV ()))

for k > e1(¥), where GL(n — d1(¥)) C G is borrowed from Corollary B 2).
The assertion (#)., (y) follows as the image is the projective space homogeneous
under the action of GL(i1 (V) 4+ n — dy(V)), and its G,,-attracting fixed points
are homogeneous under the action of GL(n —d;(¥)) by Corollary[BEl Then, we
examine the fiber structure offered by Corollary B repeatedly to deduce that
(#)k+1 holds when (&) holds.

Therefore, the induction proceeds and (#); holds for each k > e;(¥). In
particular, we have

w(wy HHIP’ X (wy).

i€l

We have Xy (s;w) = (P; N G)Xg(w) when w € &, is U-tame and s;w > w by
BI3). Since (P; N G) preserves HjEI P(V(w;j)), we conclude

(siw) N[ P(V iNG)(Xe(w) N [PV
Jel JjeI
in this case. Therefore, we conclude the assertion by induction on w. [l

Theorem 3.10. For a root ideal ¥ C AT, the G, -attracting set of X =
X (wo) C Xw(wo) is open dense, and is isomorphic to T X .

Proof. Since Xg(wp) is a connected smooth variety and X C Xg(wg) is a
connected component of its G,,-fixed part, we find that the attracting locus
Xy C Xy (wp) is defined as the intersection of the product of attracting loci of
the spaces P(V(w;)) C P(L(A;)) (i € Ia¢) and Xy (wp) through the embedding
@ID). In particular, X¢(wo) is a Zariski open subset of Xy (wp).

By Bialnyki-Birula’s theorem [1], we find that Xy is an affine bundle over
X, that admits an action of (G x G,,). By X = G/B, we take a base point
p = X(e) = B/B. We have a direct sum decomposition

T, X (wo) = T,X & E, (3.16)

where T, X admits trivial G,,-action and E has strictly negative G,,-degree.
Note that each direct summand of (3I6) is B-stable. In view of the fiber bundle
structure of Xy (wp), the T-character of E is calculated from the tangent spaces
the projective spaces

P(GL(i;(¥)+n—k+1)va,) CP(L(Ag)) €;(P) <k<ejr1(¥),1<7 <L),
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borrowed from Corollary 3.5l Here we note that

GL(i;(¥)+n—k+1)vy, C L(Ag)

defines a vector subspace, that is in fact a subrepresentation of GL(1;(¥)+n —
k + 1) isomorphic to its vector representation. In particular, we find

Tiv,, ) IP(GL(3;(¥) +n —k+1)va,) g @ (Cesfq @( @ Cétfek*5)

k<s<n 1<t<i (W)

(3.18)
by inspection. Let us denote by IIj the set of T- weights appearing in BI8).

We find that the T-character contribution of E is precisely the T—welghts of
n(¥) ® C_s counted with multiplicities.

For cach B € Iy (e1(¥) < k < n), we have a T-stable connected one-

dimensional unipotent subgroup Ug C G((2) such that Cs = LieUg as T-
modules. Each Us (8 € II;,) preserves X&' by Us C GL(r), where X5~ ! and
r are borrowed from Corollary 3.0l We have

UBVAk = VA, ﬁ € Il for E >k

since the T-weight (B8+ Ag)-part of L(Ay) is zero by inspection (e.g. soAr = Ay
for 1 <k < n). Thus, we can apply U,’s (v € IIi/) to p = {[va,]}ier from the
case of k' = n and then lowering k' consecutively to obtain a well-defined action
map

. k
At Xe =TT vs)C IT Us)--- (] Us)p — X3, (3.19)
BEM k41 BEM k12 BT,

for each di(V) < k < n. We have >, _,, ., [llir| = dim X% by Corollary BT
for each d;(¥) < k < n, and hence ([B19) defines an open subset of the RHS.

Gathering these gives rise to a T-equivariant surjection
Lie N~ & (0(¥) @ C_5) —» TpXw(wo)
by Corollary .6l Here B acts on (n(¥) @ C_s) viewed as a subspace of
g®Cz ' 2g®27'Clz7!] mod g® 272 Clz7}]

since the Lie algebras of the unipotent groups in middle term of ([BI9]) generates
a Lie subalgebra of g ® C[z7!] that contains

n(¥)®C_ s 2n(¥)®@Cz' mod g® 272 Clz71].

(We note that any T-module map g @ z~2 Clz~'] — T,Xg(wo) is zero by
the comparison of weights.) Thus, we have necessarily E = n(¥) ® C_;s as
B-modules. Therefore, we conclude that

Xg2GxP W) @C_s)=TiX
as required. [l

Corollary 3.11 (Corollary of the proof of Theorem BI0). Keep the setting of
Theorem[ZI0. The fiber of Ty X as a vector bundle on X injects into P(L(Ao))
through the projection from the RHS of (312). O
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By the comparison with Lusztig [24], we find:
Corollary 3.12 (Ng6 [30] and Mirkovi¢-Vybrnov [27]). The composition map

Xar(wo) = [ PIL(A)) = P(L(A))

1€I,¢

defines a resolution of a compactification of the nilpotent cone of gl(n, C) realized
in the affine Grassmannian of G. O

For each A € P, let Or; x(\) be the restriction of Ox (u,)(A) through The-
orem

Corollary 3.13. For each A € P, the restriction of Oxy(w,)(N) to TgX is
isomorphic to 75O x (A).

Proof. Since both of the line bundles are G-homogeneous, it suffices to compare
them along the fiber of T; X over B/B € X as B-equivariant line bundles. As
a E—equivariant line bundle on the affine space n(¥) is completely determined
by the character at the T-fixed point, we conclude the result by the character
comparison. O

Let us record the nef cone (see [23] Definition 1.4.1] for definition) of X (wp):

Corollary 3.14. For a root ideal ) # ¥ C AT, we have Pic Xg(wg) = P. For
each A € P, the line bundle Ox, () () is nef if and only if X € PT.

Proof. Corollary 35 and Corollary 3.8 implies that Xy (wp) is a n-times succes-
sive projective space fibration realized as the projectifications of vector bundles.
Here each Ox, (w,)(@i) (1 < i < n) yields the primitive ample line bundle of the
fiber at the i-th step. Hence, we find P 2 Pic Xy (wg) by repeated applications
of [[4, T Ex. 7.9].

The restriction of Ox, (w)(A) (A € P) to X is Ox(A), and hence it is nef if
and only if A\; — A\j4+1 > 0 for each 1 <7 < n. Consider the subspace

igewy(P)
Y =P 2 P(Cop, @ @) C(z7'Ein)ua,) C n(¥) C P(L(Ag))

t=1

arising from the fiber direction of T3 X at B/B (cf. proof of Theorem BI0).
Then, the restriction of Ox, (ue)(A) to Y is O(\,) as mu(A) = A, in the
construction of Ny (A) in @I) (cf. Corollary B7). Thus, the restriction of
Oxy(wo)(A) to Y is nef only if A, > 0. Hence, Ox,, (w,)(A) is nef only if A € PT.

For each 1 <4 < n, the embedding (B.12) implies Ox,, (w)(w@;) is nef. Thus,
Oxy(wo)(A) is nef if X € PT as required. O

Corollary 3.15. For a root ideal ¥V C AT and w € &,, that is U-tame, the
G, -attracting set of X (w) C Xy (w) is isomorphic to Ty X (w).

Proof. Since Xy (w) is realized as the restriction of B.12]) to BwQ/Q C G/Q in
(the proof of) Corollary B.6l we conclude the assertion from Theorem O
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4 Consequences

Keep the setting of the previous section.

Theorem 4.1. Let W C AT be a root ideal. Then, the line bundle Ox, (1) (@n)
corresponds to an effective Cartier divisor D such that

supp D = Xy (wo) \ TgX.
Moreover, we have

H (T3 X (w), Org x(w) (V) = ling H' (Xg (w), Oxy (w) (A + mw0)) @ Ciner,, (4.1)

for each i € Z and A € P whenever w is U-tame. In this case, we have

Proof. Let us fix D as the divisor realized by imposing zero in the coefficient of
vy, through the map

Since D is T—stable, we have
suppDNTHX =0

by the description of Xy (wo) near the T-fixed point {[va,]}ier,, in Theorem
5. 10

By CorollaryB.11] the boundary of the closure of a fiber of Ty X is contained
in supp D. Taking the G-action into account, we conclude

supp D = Xy (wo) \ T3 X,

that is the first assertion. It follows that the embedding 7§ X C Xy (wyp) is affine.
Thus, so is T X (w) C Xg(w) by BI2) and Corollary BI8 In particular, we
have

H Ty X (), 7y Ox (w)(N) = H' (Xu (w), 75, Ox(w)(N) i € Z,
where 7: Ty X (w) — Xg(w) is an inclusion. We have

j*ﬂ.\zOX(w) = h_r>nOXq,(w) ()‘ + mwn) oY men,a

m

where the transition maps in the RHS are the multiplications by the (homoge-
neous) coordinate function of v,,. From these, we conclude that

HY(T5 X (w), 75 Ox () () = lim H' (X (w), Oxy () (A + m@n)) @ Criss,
for each i € Z by the commutation of the cohomology with direct limits ([T4}
II, Proposition 2.9]). This is the second assertion.

We combine the second assertion with Corollary B.7] to conclude the third
assertion. These complete the proof. O
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Remark 4.2. The vanishing assertion (£2) is precisely the tame case of the van-
ishing conjecture of Blasiak-Morse-Pun [2, Conjecture 3.4 ii)], that implies the
vanishing conjectures of Chen-Haiman [8, Conjecture 5.4.3 2)] and Shimozono-
Weyman [33] Conjecture 5]. It is previously known for sufficiently dominant
A (31l 26]) or some other special cases ([} [5, 12]). However, those results do
not completely cover the case when H(W;\;wp) is a k-Schur polynomial ([3])
or the case when n(¥) is the Lie algebra of the unipotent radical of a parabolic

subgroup of G ([33]).

Corollary 4.3 (Conjecture 3.4 iii) in Blasiak-Morse-Pun [2]). Let ¥ C AT be
a root ideal and let w € &,, be W-tame. Then, the space

0 * +
H (T‘I,X(’UJ), OT‘;X(w)()\» )\ S P
admits an excellent filtration in the sense of van der Kallen [3).

Proof. In view of Corollary B 3), each component of the RHS of (@1l admits
an excellent filtration. By [34, Corollary 1.8], the inductive limit of modules
that admit excellent filtrations again admits an excellent filtration. (|

Corollary 4.4. For a root ideal W C AT, we have an infinitesimal action
of gl(n,Clz]) on TgX. This equips H*(TyX,Or;x(N)Y (A € PY) with the
structure of a graded gl(n,C[z])-module, and makes the quotient

H(Ty X, Oryx (N)" —» H(Xu (wo), Oxy (we)(N)
into the quotient of graded gl(n, C[z])-modules.

Proof. The action of G on Xy (wp) differentiates into the action of its Lie alge-
bra, and this Lie algebra action is well-defined on an open subset 73 .X. Thus,
we obtain the desired action and the quotient map. O

Remark 4.5. We warn that the gl(n, C[z])-action on
HY(T3X,O0r:x(N)  Aept
is not compatible with ([£I]). This is parallel to the fact that the g-module map
H°(X,0x(\)) = H’(woBwoB/B,0x()\)) A€PT,

is not compatible with the character twists as n-modules.
Theorem 4.6. For a root ideal ¥ C AT, the G-module

H°(Xy(w0), Oxyuwy)(N) A €PT
has a simple head.

Proof. Let Uld;(¥)] be the unipotent radical of @ borrowed from Corollary
B8 and let U~ [dy ()] be its opposite unipotent subgroup in G (whose Lie
algebra is dual to that of Uldy(¥)]). For each e1(¥) < k < n, let U[k] be the
unipotent radical of the parabolic subgroup of GL(r) that stabilizes the B-fixed
point of the base space P"~! (that is the image of Xff, through the projection
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X\’f,_l — P"1) in Corollary BH 1), and let U~ [k] be its opposite subgroup. We
have U[k] C B for d; (V) < k <n. We set

M (d(¥)) := H(Xw(w), Oxy o) (), M(er(¥)) := H*(Xu(wg), Oxy () (M),

and M (k) (e1(¥) < k <n+1) to be the space of global sections of Ox,, (1) ()
restricted to X&' in Corollary B5 The restriction map

M(k) — M(k+1) di(¥)<k<n (4.3)

is surjective by construction (see Corollary [[T4] and the proof of Theorem [3.4)).
The space M (k)Y *] consist of sections of the vector bundle associated to M (k+
1) over G/Q (k = d1(¥)) or over P"~! borrowed from Corollary B.5 1) (k >
e1(¥)) that are constant on its open dense U~ [k]-stable subset. Let p denote
the T-fixed point of the open dense U~ [k]-stable affine subset of G/Q or PT—1.
We refer these open dense U~ [k]-stable neighborhoods of p by U. We trivialize
the vector bundle associated to M (k + 1) over U and call it V.

We suppose that an element 1 # 0 of M (k)V ¥ defines 0 € M(k 4 1) by
the evaluation at p to deduce contradiction. Since ) is U~ [k]-invariant and U is
U~ [k]-homogeneous, we find that ¢ defines 0 at all points of /. In other words,
we have

0=t eCU @ M(k+1)=CU k]| ® M(k+1) = TU,V).

It follows that
0=v e Mk)cT'U,V),

that is a contradiction. Thus, ¢ defines a non-zero element in M (k 4 1) by the
evaluation at p.

In other words, [@3) is injective when restricted to M (k)Y [¥l. Here M (k)Y [¥]
is understood to be a direct summand of M (k) and M (k+ 1) as modules of the
Levi subgroup of the parabolic subgroup of (T - G) (k = d1(¥)) or (T - GL(r))
(k > di(V)) that contains 7' and its unipotent radical is U[k]. In particular,
M (k)Y Ikl generates M (k) by the action of U[k]. In other words, we find that
the head of M (k) as a (T - U[k])-module is contained in M (k + 1).

In view of BIF), the T-weights of Lie U[k] (d1(¥) < k < n) are distinct. In
addition, we find that a T-weight of Lie Ulk] cannot be obtained as the sum of
T-weights of LieU[k'] (k < k' < n) by inspection. Thus, we deduce that the
head of H(Xg(wo), Ox, (wy) (V) as a B-module is contained in M(n + 1) by
induction using the above argument. Since M (n + 1) is one-dimensional (as X
is a point), we conclude the assertion by BcCG. O

Corollary 4.7. Let ¥ C AT be a root ideal and let w € &, be V-tame. For
each A € PT, the B-module H°(Xy(w), Ox, (w)(A)) has a simple head.

Proof. We employ the setting of the proof of Theorem .6l A reduced expression
i’ of w can be complemented into a reduced expression i of wy by adding letters
in T in front of i’. By repeated applications of Corollary[[.T4lto the presentations
in (7)), we find a surjective B-module map

H° (X (wo), Oxy (o) (V) — H* (X (W), Oxy () (N))- (4.4)
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By Theorem (or the last paragraph in its proof), we find that the LHS

of (Z7) has a simple head as a B-module. Thus, so is the RHS of ([@4) as
required. [l

Proposition 4.8. Let ¥/ C W C A% be two root ideals, and let w',w € &,
be W-tame elements such that X (w') C X (w). For each A € P, we have an
inclusion

NY (AN CNY()\)  as B-modules.

Proof. Note that a U-tame element is automatically ¥'-tame by dy (') > dy (),
and hence w’ is U/-tame. Thanks to Proposition 2.8 we can replace N,» (\) and
NY/(A) with MY (\) and MY (N).

By interpreting ([22) as successive applications of Demazure functors to-
gether with the character twists, we have a sequence i of elements of I,¢ of
length ¢ such that

(M ()" = H(X (i), L),
where X (i) is defined in ([3]), and £y is defined as: {Lz, }ie1,, is a collection
of B-equivariant line bundles on X (i) obtained as the pullback of Oj;j(A;) on
X (i[é]) (using the maps offered in Lemma [[.6]), where i[i] is the truncation of
the sequence i up to the place where C,,, 5, appears in ([22]). For general \ € P,
we extend this definition by tensor products to obtain L.

Examining the sequence offered in (2.2)), we have its subsequence i’ that re-
alizes MY, (\). In particular, we have X (i') C X (i). Hence we have a restriction
map

My (N = HO(X (1), £) — HO(X(i), £2) = My (V)" (4.5)

The T—Weights of simple heads of the both sides of (LI, provided by Corollary
L7 are the same as they are realized as (the dual of) the fiber of £y at the
T-fixed point X () € X(i’) C X(i). Hence, we deduce that EJ) is surjective.
Therefore, we conclude the assertion by taking their duals. [l

Proposition 4.9. Let V' C ¥ C AT be root ideals, and let w',w € &,, be ¥-
tame elements such that X (w') C X (w). Then, we have an inclusion Xy (w') C
Xy (w) that induces a surjection

H°(Xy(w), Oxy () (V) — H*(Xw ('), Oxyy(X) A€ P

Proof. Recall that the homogeneous coordinate ring of Xy (w) is @ cp+ (Nyy (A))*
By Proposition 4.8 we find that the natural map

N (V) — N/ ()

is surjective for each A € PT. This implies that the homogeneous coordinate
ring of Xy (w') is a quotient of that of Xg(w). In view of Corollary B, we
conclude the desired surjection. O

Corollary 4.10. Let W' C ¥ C AT be root ideals, and let w',w € &,, be ¥-tame
elements such that X (w') C X (w). The natural restriction map

H (T3 X (w), Oxq (w)(N) — HY(T3: X (@), Ox,,wn(N) A €PF
18 surjective. In addition, we have

Xy (’LU/) = Tq;/X(’LU/) C Xq;(’u})
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Proof. Note that w’ is ¥'-tame. By Proposition [£9, we have the following
commutative diagram

HO(T X (w), Oxy (w) (V) HO(Ty X (w'), Oxy (w) ()

HO(X‘IJ(w)v OXw(w)()‘ +mw,)) ® Cri, —> HO(X‘IV (w'), OXq,r(w’)(/\ +mwy)) @ Cricw,

for each A\ € PT and m > 0. Thus, Theorem [£]] yields the first assertion.
The second assertion is immediate from the comparison of the homogeneous
coordinate rings coming from the above commutative diagram. O

For a root ideal ¥ C AT and A, i € PT, we set

K,\\Ilnu(Q) = Z qm dim HomGXGﬁt (V()‘)IZlC—m5a HO(T&;Xa OX\p(wo)(M))v) € Z[[q]]
meZ

Corollary 4.11. Let W' C W C AT be root ideals. We have
EXu(a) S KXu(@)  ApePr

Proof. The rational representations of (G x GI°') are completely reducible.
Hence, K/\'I’ (@) counts the graded multiplicities of V/(A) in

H®(T5 X (w0), Oxty (wo) ()" -
Therefore, the w = w’ = wy case of Corollary 10 yields the assertion. O
Remark 4.12. By Corollary 10 we find that the composition map
Spec H* (T4 X, Or; x) — Spec HY(T* X, O+ x) C sl(n)

defines a closed subschemd] that is irreducible and reduced. Thus, it must be
the closure of a nilpotent orbit that we denote by Oy.
Taking into account the fact that w,, is the determinant character of G, we
find that
Oxy (wo) (@n)|Tzx= Or: x ® C_,,
for each ¥ C AT,
From these, we have

K¥ o (0) < K¥o (@) keZAePt

if U, ' C At satisfies Oy C Qg (and the equality holds when Qg = Qy).

This is (a generalization of) the contents of [33, Conjecture 13] since the dom-
inance ordering appearing there corresponds to Oy, C Oy, and their condition
p = (k™) corresponds to employ Or; x @ C_k, . In a similar manner, Corollary
1T provides a wide extension of the speculations in [33] §2.10], including [33]
Conjecture 12].
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1This feature no longer holds if we replace G with other type even if we employ an equivari-
ant vector subbundle of T*(G/B) corresponding to the pullback of T*(G/P) for a parabolic

subgroup P C G (see e.g. [10, 28]).
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