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New applications of the Mellin transform
to automorphic L—functions

Laurent Clozel

Introduction
In an earlier paper [2], and its Appendix, written with Peter Sarnak, we
have obtained universal lower bounds on certain quadratic integrals of auto-

morphic L—functions. For instance, if 7 is a cuspidal unitary representation
of GL(m,Ag), and L(s) = L(s,m):

too .
(0.1) / ’M’th >
oo | 1/2 4t 2
Cf [2, Theorem D]. In this article, we follow some questions that arose nat-

urally in this context.

The first one was suggested by a remark of Sarnak, according to which we
cannot have such universal bounds for short intervals, e.g. for the integral
on [—1,1] in (0.1); at least such cannot be obtained if m is allowed to vary.
See the Introduction to [2], § 2.

The argument does not succeed if m is fixed; neither did the author suc-
ceed in finding, for m fixed, an absolute bound on a short interval. This
remains an interesting problem.

In Chapter 2, we obtain a universal lower bound, for m fixed, for the
integral on an interval [—Alog C, Alog C| where C'is the analytic conductor.
Even then, we could not obtain a fixed lower bound. Rather, we prove
that this integral is larger than c(logC)~'/? where ¢ > 0 is an absolute
constant. This may not be optimal, but it is commensurable with the Lindelof
conjecture. (We hope that an analytic number theorist familiar with the
use of the Mellin transform, as in the proof of the approximate functional
equation, will be able substantially to improve this result.) Moreover, we can
shift the ordinate and obtain a general result on an interval [X — T, X + T
where X is arbitrary and T is of the order of log X. See Theorem 2.2,
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Theorem 2.3. The proof relies on a theorem of Molteni [14], further improved
by Xiannan Li [12].

In Chapter 3, we follow a lead from [2, §3.3]. There we considered Vino-
gradov’s Conjecture on the order of the first quadratic non-residue and we
showed that it followed directly, via the Mellin transform, from the Lindelof
conjecture (including in the g—aspect) for the associated Dirichlet L—function.
(This may have been well-known to experts).

A similar problem is, given a non trivial representation p of a Galois group
Gal(E/F) of number fields, to determine “the” first prime p of ' — i.e. one
of smallest norm — where p is unramified and p(Frob,) # 1, Frob, being a
Frobenius element. The proof of [2] extends naturally. We have treated first
the case where p is a one-dimensional character, in Chapter 3, § 1-3. See
Theorem 3.1. When p is non—Abelian, the proof is more delicate and leads us
to introduce the unramified variant L(s, p) of the Artin L-function L(s, p).
See Theorem 3.2.

In §3.6, we show that our estimate is, in some cases, better that the known
unconditional estimates. (The relevant result here is the recent one of Zaman
[21]) However we have to assume that F' is a Galois extension of Q and, more
crucially, that L(s, p) is holomorphic. Note that we do not have to assume
that p is associated to an automorphic representation.

In Chapter 4, we have reviewed some odds and ends concerning the results
and arguments of [2]. In particular we point out that they apply to Rankin L—
functions — not only to the standard L-functions of [2]; and we develop the
remarks made in [2] about the relation between estimates on the summation
function Ag(x) — see § 2.1— and subconvexity for L(s, ).

Finally, in Chapter 1, we have recalled some “well-known” results con-
cerning the growth of L—functions in the critical strip, in term of the analytic
conductor. Fortunately we could rely on the very clear exposition of Har-
cos [5]. For the convenience of the reader, we also collect some formulas for
special functions.

We use notation standard in analytic number theory, in particular Lan-
dau’s symbols <, O( ), indexed when we want to specify the dependence of
the implicit constants. We use f < g (f, g positive functions) for f/g — 0.
We use A for an absolute constant (in the context), not always the same in
different occurrences.

Acknowledgement.- 1 thank Farrell Brumley, Jesse Thorner and Asif Za-
man for providing useful references, and Peter Sarnak for suggesting that



my lower bounds should be compared with the well-known bound of Ra-
machandra. I also thank the Fondation Simone et Cino del Duca for financial
support.

1 Majorations and formulas

1.1

In this preliminary chapter we have grouped together the majorations and
formulas which will be used in the text, and crucially in using an “absolute”
version, due to Molteni, of the Friedlander—Iwanie¢ estimate. We briefly
recall our set—up, which is that of [2]. We consider a unitary cuspidal rep-
resentation m of GL(m,A), or a product m = m X my X --+ X m, (parabolic
induction) of cuspidal representations m; of GL(m;, A), m =Y m;. Then

L(s, ) = HL(s,m).

is the standard L—function. The completed L—function
A(s,m) = D*/? L(s,ms) L(s,7),
where D is the conductor, an integer > 1, satisfies a functional equation
A(s,m) = e(m)A(1 — s, 7).

For details and a review of the other L—functions to which these theorems
apply, see [2], § 2.1].

We do not assume, as we did in [2], that 7 is self-dual. The functional
equation can than be written

(1.1) L(1 —s,m) =¢e(m)y(s)L(s, )
with

(7o) T (8, oo
(o) T (1 — 8, To0)

(s, 7o) :ﬁF(S;C])

3

1(s) = (7" D)2

and




with

1 1
Re(c;) = P R [13].

Following Iwanie¢ and Sarnak, we associate to 7 its conductor D = D()
and its analytic conductor
(1.2) C'=C(r)=D(m) [[2+Ie;])
j=1
as well as

C(s) =C(m,s)=C(m) (1 +|s])™.

(There is a finer version of C(s) ; cf [, p. 95] for a discussion of this.) We
will need uniform estimates, in terms of these data, for y(s) and L(s, 7) in a
strip Re(s) €] —¢e,1+¢€[.

1.2

We recall the known bounds on 7(s) and L(s). For «(s) a uniform bound
is derived by Harcos [5]. See however the corrections in [6], in particular [6)
(3)] which corrects [5], 3.22]@.

Lemma 1.1. (Harcos) For o > - — m21+1, Re(s) = o,

v(s) < C(s)7~ Y2,
We now assume the Ramanujan conjecture for w. Fix ¢ > 0 (small.)
Since 7 is tempered, we have L(s,7) < 1 for Re(s) = 1+ ¢, uniformly for
m fixed. For such a value of s, y(s) < C(s)"/?2*¢. The functional equation

then implies
L(s,m) < C(s)"/***

for Re(s) = —e.
We deduce from the Phragmén—Lindelof principle:

Proposition 1.1. Assume 7y tempered. For —e < Re(s) <1+¢,
L(s,m) <. C(s)="".
Cf. Iwaniec—Kowalski [7, p. 100].

T thank Farrell Brumley for this reference.
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1.3

Here we insert a few remarks on the analytic conductor. It is not true that,
for A > 0 fixed, there exist a finite number of representations 7 such that
C(m) < A. Indeed, if m = 1, and 7 = x is a Dirichlet character of conductor
D, twisted by ||% (a € iR), the analytic conductor is D(2 + |a|). This
phenomenon persists in higher rank m, but is essentially due to the center

GL(1) of GL(m).

Proposition 1.2. For any A > 0, there exist a finite number of cuspidal
representations ™ of GL(m,A) whose central character w verifies W|Ri =1

and such that C(m) < A.

Since D(m) < C(m) there is a finite number of possibilities for D(rw). Let S
denote the connected component of 1 in the center Z(R) = R* of GL(m,R).
Consider the space £ = L?,_ (S GL(m,Q)\GL(m,A)) of L*-cusp forms in-

cusp

variant by S. The Hecke algebra Q) #, (where Ho, = C°(GL(n,R)) and,

for v = p finite, H,, is the algebra of compactly supported smooth functions)
acts on Lgusp by right translations, and it is well-known that this action is
trace—class. Fix D > 1, and let K(D) C GL(m,Ay) be the congruence sub-
group defined by Jacquet, Piaterskii-Shapiro and Shalika [8 §5, Théoréme],

and ¢p € @ H, its characteristic function. Then ¢p projects £ onto its
p

subspace composed of the K (D)—-invariants in the cuspidal representations 7
(with wﬂ\Ri = 1). This is an infinite sum of representations p of GL(m,R);

a function ¢, € CX(GL(m,R)) acts on it by a trace—class operator. In par-
ticular, any compact subset of the unitary dual of GL(m,R) contains only a
finite number of such representations. But the set of representations p such
that Cx(p) = [[(2 + |¢;]) < A is compact. (See [2, § 2.2] for the relation
between the ¢; and the Langlands parameters of m.)

Assume again 7 cuspidal. For a € iR, let 7[a] = 7 ® |det |*. We can
choose a such that m[a] has trivial central character on R}. In view of this,
it is useful to know the relation between C(7) and C(wlal).

Again we refer to [2, § 2.2]. The representation 7, is associated to a sum
of real characters

v(z) = (sgnx)lel® (v €RY);e=0,1)



and of characters of C*:
p(z) =2"(2)% p—q €L

(The result of Luo-Rudnick-Sarnak [13] implies simple bounds on Re(c),
Re(p+q).)
The datum c; associated to v is ¢ + ¢; the data c¢; associated to u are

(¢q+1) if Re(p—q) <0
(p,p+1) if Re(p—q)>0.

If we twist by | |%, the ¢; are transformed into ¢; + a. Therefore
(1.3) C(rla]) < C(m)(1 + |a])™.

We also remark that if C(7) = 2™, D(w) = 1 and the ¢; are equal to 0.
Under this assumption, the number of 7 is therefore finite.

Finally, it is of interest to know when W|Ri = 1 in terms of the ¢;. However
the relation is not direct. The real characters v; contribute ¢; = ¢+ ¢, where
vj(x) = x° x > 0; A complex character p(z) determines a representation s
of GL(2,R) of central character zP*? (z > 0), and ¢;, ¢j equal to (¢,q + 1)
or (p,p+1). One checks that ¢; + ¢y =p+q+n wheren = |p—¢| > 0is

the ramification of 7. Therefore the central character of 7, on RY, is 24,

A= ch — Ram(mw),

Ram(my) = Za + Zn

is the ramification of m.,. To obtain a representation with W|Ri = 1, we have

where

to twist by | det|~4/™. The new conductor is (very roughly) bounded by
C(m)(L+[A/m|)™.

1.4

For the reader’s convenience we recall a few facts on special functions. We
will use the functions

Erf(zx) :/0 e~V dt,
Erfe(z) :/Ooe_tht:%\/_—Erf(a:).
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See [3 p. 147]. In particular we have the asymptotic expansion of Er fc(x)
for x > 0:

Erfe(x) = %e_IQ (z7' 4+ O(x7?)).

We will also need an estimate for

[(a,T) = / e Prdt (T 0).
T

This is best computed as an incomplete gamma function. With

o dt
I'(a,x) :/ e_tt“7,

I(a,T) = / e—tQt“H%

and the asymptotic expansion [3, p. 135]
1
P(a,2) = 2" e™*(1+ O(=))
x

now yields
1 2
I(a,T) = §Ta_1€_T (1+0(T72)).

L(1/2+it)

ot on short

2 The quadratic integral of L
intervals

2.1

In this section we assume m fixed; we consider 7 verifying the assumptions
n (1.1). We write



We assume given &, v > 0 and consider only 7 such that v > o.(7) where
o.(m) is the abscissa of convergence of L(s, ). We assume that we have, for
x > 1 and any ¢, an estimate

(2.1) Ag(z) <. C* ¥t

where the implicit constant depends only on ¢, and C' = C(). For a suitable
function f on RY, we define

M) = [ O

Lemma 2.1. (¢f. [2.§ 3.3]) For Re(s) > v, the integral defining MAo(s) is

absolutely convergent and .//\/lvAo(s) = @
Indeed
/X Az
()t
0 n<x
X
= Z an/ R
n<X n
1 —S 1 —S
= - apn~® — g< Z an)X
n<X n<X

Since Re(s) > o.(m), the first sum converges to L(s, ) for X — oo. The
second is dominated by X*+¢/2X—v=¢ — (.
For o > v, we then have

> _adx L(o+1it)
2.2 A d? A0
(2:2) /1 v Ao(w)rt o+ it

L(%+it)
1/2+it
[—T,T], we consider its scalar product with a Gaussian. Thus let, for o > 0:

In order to obtain a minoration of the L?>-norm of on an interval

ga(t) _ e—watQ'
We extend g, to a function of s, equal to g,(t) for s = 1/2 + it. Thus

GQ(S) — ewa(s—1/2)2'



This is a function of rapid decrease in t (s = o + it), uniformly in any
vertical strip. In particular, for o > v:

(2.3) /@Ga(s)dsﬂ/_ m%ga(t)dt

since L(s) and G,(s) have no poles. We estimate the left—-hand side using
the Fourier transform. We have by (2.2)

/ e "X Ag(eX)e N dX = M,
0 o+t
Le. L 1)

o+ CoX X

o+t Fle o(¢™))
where

Fh(t) = / m h(X)e "™ dX.

[e.e]

The inverse transformation is

+oo
(2.4) FU(X) = — / k(D)X dt.
27 J_o
The scalar product formula is
/ b (X)Ta(X)dX = 2i / b (o (t)dt.
T

However, (2.3) is a bilinear product, and then:

Therefore the left—hand side of (2.3) is equal to the product of i = /—1 and
of

(2.5) 27r/ e X Ag(e™)Go(—X)dX

0
where GQ(X) is given by (2.4) applied to k(t) = G4(o + it). Now
(26) Ga(U + Zt) — 6#&(0—1/2)26—7rat2e27ro¢(a—1/2)it.
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We have
X

27'(')

where Fy, Fy ! denote the usual Fourier transforms, normalised by 27. Now

1
-1 I o |
F(X) = o= Fi k(

Fo '(f()e* ™) = Fo f(X +B),

‘T_'O—l(e—watQ) — _6—§X2

Va
so Fy 'Go)(X) is, by (2.6), equal to

gralo-1/2? L _x(xXta(o-1/2)7
(6%
_ ie—gxz e—2mX(0-1/2) :

Va

and

1 x?
f—lGa(_X) — €_m€(o_1/2)X.
21/«

2.2

We now consider the integral (2.5), equal to
L /oo 6_JXA0(6X)€_%€(J_1/2)XCZX
va o

(2.7) 1 ooA o _x? oy
—ﬁ/o o(e™)e amae 2 :

(It is, as it should be in view of the translation of complex integrals, inde-
pendent of 0.)
For 1 <z <2, Ag(x) = 1. We first obtain a lower bound for

1 log 2 2
I = —/ e~ irme 7 dX.
va o

In the sequel, Landau’s symbols O( ), <, ..., unindexed, are used when the
implicit constants are absolute. We have

2

1 log 2 X
I > +\/1/2— TaradX.
e /\/a/o o
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We set X = v4maY'; the integral is then

log2/2v/Ta ,
2/ eV dy

= 2\/7?Ej"f<2li)/g%)

- va(gvr-Erie(5 )

For z — oo, Erfe(z) = Le (1 + O(25)). For small o, then,

T

I /12 - 0(Va %)

and I > 5 :=2c for a sufficiently small.
We now have to estimate the remainder, dominated by

R N e e

\/a log 2
Write 6 = v+ ¢ — 1/2, and set
Y =X — 2nfa.

The exponential term in the integrand is then

Y2 02
exXp < — m)€ .

We can neglect the constant since o will be small. Thus I is dominated by
I 1 /OO Céema’dX
3 = — T 5
va J,
¢ =log2 — 2mha.

for small @, so the part relative to [¢,1og 2] is dominated by C¢\/a - e/«
with a; > 0 fixed. We now consider

I = 05/ ey
1

og2 «
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The integral is equal to 2/7 Erfc(;:’/g%) (see the formulas in § 1); it
admits an expression

_log22 2 yiye’
(2.8) VT e (bvg . +0(a*?))

for small . This (multiplied by C¢) is of the same order as the integral
on the small segment.
We want to ensure that this is dominated by Iy, which is implied by

Va e 20 < ag

where az is a small constant, i.e.
1
—loga — 4z +&logC < —ay
2 «o
(ag > 0). We may assume « < 1, so we seek
(2.9) %2> au+€logC
a

Since C' > 2™, £logC' > a5 > 0 and
1 - 1
ay + ElogC' ™~ NElogC

for N such that ay < (N — 1){logC, so N is determined by constants inde-
pendent of 7.
Thus (2.9) is verified if

(2.10) a <
We summarise the result

Proposition 2.1. Assume m cuspidal, and o.(m) < v. There exist positive
constants ¢, by (depending only on &, v) such that if C = C(w) and

by
o< ——,
~ logC
then

‘ /+°° L(1/2 +it, )

(ydt| > c.
L 12+t go(t)dt| = c

12



2.3
We can now apply the previous proof by using a theorem of Molteni [14].

Theorem 2.1. (Molteni). Assume 7 is a cuspidal, unitary representation of
GL(m,A). Then

> laa| = 0.(C5xF) (x> 1),

n<x

(The implicit constant depends only on m and ¢.) In fact Molteni proves a

stronger result:
Z |an| O Cer 6)

Thus, in the previous proof, we may take v = 1, £ = . (This has been
improved by Xiannan Li [I2]; the improved estimate seems irrelevant to
us, but the theorem extends to automorphic representations satisfying the
conditions in §1.1) The assumption o.(7) < v is of course satisfied.

We have given an exposition of the proof valid for other exponents, be-
cause of the following fact. Consider only representations 7 that are tem-
pered, i.e. satisfy the Ramanujan Conjecture. Assume moreover m,, self-
dual. Then by a result of Friedlander and Iwanie¢, (2.1) is satisfied with
= m, v = 2;1 (See []; the self-duality condition is implicit there, and
made explicit in [2].) However Friedlander and Iwanie¢ consider only the
arithmetic conductor, so (2.1) is replaced by

Ao(z) < Dmiigmite,

They must also assume that 7., is bounded, ie. Cy(m) = J[(2 + |&])
bounded. Their estimate with respect to x is better, but this does not seem
to play any role in the present proof.
The fact that these representations 7 verify o.(7) < m— is proved in [2].
We will unfortunately have to assume the Ramanujan conjecture in the
next paragraph.
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24

In order to exploit Proposition 2.1 to obtain a lower bound on a “short”
interval, we must now estimate the tail

(r) = [ HEE D g oy

(and the opposite one). In order to have uniform estimates, we must now
assume that 7 verifies the Ramanujan Conjecture. We now have

1 ]
L(= +it) < C(t)7*e.

2

Fix go(t) = e~ with o = &5, For 7> 1,

(2.11) I(T) < Ci+€/ e T I g
T

We need an estimate for

/ e~ g g
T

1
e—ﬂatz tadt — §7T_1Oé_1Ta_16_ﬂaT2 .

(1 +O<%T‘2>>.

We want to ensure that |I5(T)| < ic; i.e.

as recalled in Chapter 1,

o0

1
(3t~ la1,—maT? (1 + O(—T‘2)) < 1L
o

We assume provisionally that 7" can be chosen such that éT‘2 is small. Then
this is implied by

1
(2.12) 51ogC—1ogomL(a— DlogT — maT? < —X
where X is a positive constant; here a = 7 — 1 + ¢; we replace a by a value
such that ¢ —1 > 0. With o = %~ we want to ensure

logC?

1
maT? —alogT > X —loga + §logC’,

14



which yelds
1
7 T? — alog C'logT > log C(X' 4 loglog C + 3 log C).
Assume T2 = A, log® C for a large positive constant. The left-hand side is

then
7h1 Ay log® C' — alog C(loglog C + log v/ A;) > Aylog® C

for A; sufficiently large and C' > 2™, and this dominates the right-hand side.
Moreover, 1772 < (log C') "' A;* < 1 for A; sufficiently large (independently
of C), as assumed previously. Therefore:

Lemma 2.2. For T = AlogC, where A is a sufficiently large positive con-

stant, and o = &
L(1/2 t
[t|>T 1/2+Zt 2

logC’
Now the absolute value of the integral for [t| < T is > 5. Thus

L(1/2+it)| _ ¢ /
2.13 Sup |2 C ‘ ()dt
(2.13) il 12+t 2 | ) ? (*)

L(1/2 + it)
1/2 + it

(2.14)

where the L?>-norms are computed in [T, T].

We now have to estimate the integral, and quadratic integral, of g, (t) on
[=T,T]. We have

T , vEar
/ e " dt :/ e (Vra) tds
0 0

az(log C)1/2 )
= ag(log 0)1/2/ e %ds

= (log O)*/?

and the same estimate is true for the quadratic integral. Therefore we obtain
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Theorem 2.2. There exist absolute, positive constants A, ¢y, co such that
for any cuspidal ™ verifying the Ramanujan Conjecture

. L(1/2+dt), _
Sup [HLZHDLT) S log )12

() Sw = | = alsC)
L(1/2+it),n 1
> /2

(ii) / T "Lt > o)

if T'> Alog C, C = C(m).

It may be noticed that in (i) the Lindel6f Conjecture yields an estimate
< (log C)¢ (for T of order AlogC).

We have used the cuspidality of 7 only in order to rely on Molteni’s result;
Xianan Li’s result makes this unnecessary.

We can now use the remarks in §1.3 on the translation of integrals to

obtain lower bounds on L(%+z’t, ) on short intervals, not necessarily centered
in 0. We have

L(s,n[X] = L(s +iX,n)
C(r[X]) < C(m)(1+ [X|)"
log C(n[X]) <logC(m) +mlog(l + | X|).
Let

L(1/2 + it w[X])
S= S :
te[_u%?ﬂ 1/2 + 1t

By Theorem 2.2, for T' > Alog C(n[X]):

S > ¢ (log C + mlog(1 + | X))~

However

L(1/2 +i(t + X
S= sup |[HI2EUEX)T) o G (LA/2+i(t + X, 7))
[~7,7) 1/2 + it te[-T,T]

Thus we have the following result on “short intervals”.

Theorem 2.3. There exist absolute, positive constants A, c3,cqy > 0 such
that for any cuspidal ™ verifying the Ramanujan Conjecture

(i)  Sup |L(1/2+it,m)| > c3- (log O(m) +mlog(l + | X))~ Y2

te[X —T,X+T)

16



X+T :
(ii) L(1/2.+zt,7r
x_r 11/24+1i(t—X)

if T'> A(log C +log(1 + | X|), C' = C(n).

The absolute constants depend only on m.

Sarnak suggested that the estimate (ii) should be compared with the lower
bound on short intervals obtained by Ramachandra in [1§]. (Ramachandra
notes that his proof, written for the Riemann zeta function, will extend to
L-functions with Euler products. See [18, Remark 3].) In fact, because of
the large denominator in the integral, our lower bound seems better than
the one that follows obviously from Ramachandra’s. We assume X positive
and large and T small with respect to X. (In the next lines the constant A
depends on the formula.) Then Ramachandra’s estimate is

2
dt > c4(log C(m) + mlog(1l + |X‘))_1/2

X4+T
/ |L(1/2 +it)|*dt > AT log T, T > Aloglog X
X

while here we obtain

XA L(1/2 + it 2
| dt > A(log C + log X )~/
/X_T 12+t = x)(| #=AlogC+logX)
for T > A(log C + log X).
For fixed C', our condition on 7" implies Ramachandra’s. We consider
T ~ AlogX. The denominator in our formula is smaller than 7. Thus
Ramachandra’s bound implies for the integral

/X+T L(1/2+dt, 7 |2
o 11240t — X)

a lower bound in AT !logT. But for T ~ Alog X, (log X) 'loglog X is
dominated by our bound (log X)~'/2. Thus, for fixed C, the results do not

seem commensurable. (It would be interesting to know how the conductor
enters in Ramachandra’s formula.)

dt
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3 The first non—trivial Frobenius element in
a (zalois representation

3.1

In this chapter we consider a non-trivial, irreducible representation p :
Gal(E/F) — GL(m,C), where E/F is a Galois extension of number fields.
If p is unramified at a prime p of F', we can consider the image p(Frob,), a
conjugacy class in GL(m,C). We want to obtain a lower bound (§ on the
first value of Np such that p is unramified and p(Froby,) # 1. Of course, this
is complicated by the presence of ramification, i.e., there may be a ramified
prime q such that Nq < . If m = 1, this applies to Artin characters of Aj.

3.2

We first consider the Abelian case, m = 1. If I = Q, we are looking
at primitive Dirichlet characters mod ¢ = D. If L(s,x) < (g|s|)**¢ for
Re(s) = %, it was shown in [2, § 3.3] that 8 < ¢**°. Since Petrow and
Young [I7] have proved the Weyl bound 1 < % we obtain by this simple

6
application of the Mellin transform

(3.1) For y a primitive Dirichlet character mod ¢, f(x) < ¢*/3*=.
€

Of course this is much weaker than Burgess’s bound (for ¢ prime)

1
e+€.

B(x) <L g

However, we can now extend the method to Artin characters of A} for an
arbitrary number field F'.

So let x be a character of finite order, and p the 1-dimensional represen-
tation of Gal(F)/F) associated to x by class field theory. We consider the
L—function L(s, x) as a L—function over Q. All the conditions in the paper of
Friedlander—Iwaniec are met — this will also be the case for a Galois repre-
sentation of degree > 1. We therefore have the properties of L(s, x) recalled
in § 2.3,

Rather than the formulas in [2], we use the Mellin transform as in § 2.1.

18



Thus let

n<x
and
~ * _ dx
(3.2) M Ay(z) = Ap(x)x —
1
Let vy be the exponent of Friedlander—Iwaniec:
d—1
=——,d=[F:Q
1% d I ]_’ [ Q]
SO
(3.3) Ao(x)fD%Hz”°+e (x> 1).

We note that the Archimedean data (c;) associated to x are uniformly
bounded, so the constant depends only on (d,¢). Moreover (3.2) is obtained
by Friedlander—Iwaniec for x > D2 (see a correction in [2, § 2.5]) but it is
trivial for < D'/? since |a,| < n® for any & > o.

The integral in (3.2) is absolutely convergent for Re(s) > vy, say Re(s) =
v > 1y. The function Ao( )z~ then belongs to L*(RY, %), It follows (cf.

Titchmarsh [19]) that 88 is L? on the line Re(s) = v, and that
L(s)

|2d:B
s

(3.4) /1 e Ao(2)

r  2n ‘ [dsl.

However, if v is close to vy, the convergence of the right—-hand side does not

follow from convexity: see [2, § 3.2]; we will review this in Chapter 4. As a

consequence we cannot use Proposition 1.1 to estimate the right—hand side.
By Proposition 1.1, we have p(v) < 4(1 —v), so pu(v) < 2 ifv > 1—1.

The convergence of the right-hand side then follows from convexity and we

have again by Proposition 1.1:

Lemma 3.1. Forv >1— é,

2
Q‘ |ds| < D+,

/Ls
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3.3

We now want to obtain a lower bound for the left-hand side of (3.4). We
consider the integral on [1, 5] where § is the norm of the first unramified
prime such that x(p) # 1.

Before doing so we recall the expression of the “absolute” conductor D.
Let Dp be the absolute value of the discriminant of F’; let f(x) be the con-
ductor of x (seen as a character of A%), an ideal of F. Then

(3.5) D = Dp Npof(x)-

We need an expression for Ag(z), for < 8. It is then given by
a, = Z a(a)
Na=n

where ) a(a)Na~® is the expression of L(s, x) as an L—function over F', and
Na < 3, which implies that the factorization of a involves only primes p with
Np < 3. We have

Ly(s,x) = (1 = Np~)~"
if x is unramified at p and Np < 3,

LC[(S’ X) = ]'

is x is ramified at q. If a = []q;* []p;” (where we use {q;} to denote all the
ramified primes), this implies that

a(a) =0

if a; > 0 for some ¢, and a(a) = 1 otherwise. Thus, up to x = 3, Ag(x) is a
variant of the summation function for (p:

(3.6) Ao(z) :Z Z 1

'I’leE Na=n
(9,0)=1

where the condition (q;,a) = 1 is imposed for all i. Let By(x) be the sum-
mation function for (r. The difference By — Aq is then

(3.7) DI

n<z Na=n
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where > is restricted by the condition
(3.8) 3 i qa.

At this point it is necessary to extend the main result of [4]. Very generally,
assume 7 is a tempered representation of G'L(m, A); assume 7 is a product
m X - - - m, of cuspidal representations (with at most a factor m; =1, m; = 1);
assume 7., self-dual. Let Ag(z) be the associated summation function. Let
k be the residue of L(s, ) at 1. We write D for the conductor of 7.

Proposition 3.1. Forz > 1,
Ao(z) = Kz + O(Dmii ey mi ¥9)
where the implicit constant depends only on m, € and the Archimedean pa-

rameters of .

For the function (g, the implicit constant depends only on d and €.
For z > D'/2 this is the result of [4]. For < D2 it was already noticed

in § 3.2 that Ap(z) < Dt g e, (This does not depend on the fact that
L(s) is holomorphic.) If z < DY2, Dasiz "+ > 1 and it suffices to check:

k < (Dx)*

which is true since k < D?, cf. [7, p. 100]. (For a zéta function, this is the
easy part of the Brauer—Siegel theorem.)

We can now apply this to By:
1 _
By(z) = kx + O(Dl‘ffﬁexz_ﬁ“)’

Kk = Ress—1(r(s). Now fix ¢ and consider the sum (3.7), the condition being
q:|a. By a change of variables,

> 1= 2.1
Na<z Nb< X
q;]a T
where ¢; = Nq; and b ranges over integral ideals. This can be expressed as

1 1
K+ O(DE™ " () q) T17).

)
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However, care has to be exercised. This is certainly true for x > ¢;, however
for x < ¢; the sum is empty and we have to check that

1
ke < DI (g g ma e
qi

(uniformly when d is fixed.) This reduces to

1
k< DEFT(z)q) T

but z/¢; <1 and k < D5%.
Now return to the sum (3.7). By the inclusion—exclusion principle, it is

equal to
D> Si=Y S+ S -

where

The same argument yields, with q=¢q;---qs, ¢ =¢; - - - qe:
1 _
Sij...g = K,E + O (Dgfl"'f(gj/q)g_é—i—e) .
di

The previous argument remains correct for z < ¢, with the same uniformity.

Let us write £ = % + ¢. We now have

(3.9) Aw) =TI (1~ l)m + O]+ 7 DE %),

qi

i

In (3.9), we can (brutally) replace Dy by D > Dp. We have to evaluate

Q=TI(1-2)and R=T](1+¢°).
Let p; be the prime divisor of ¢;. Then

1
Q=TI (1--).
1:[ pi
There may be several primes associated to p;, but fewer than d = [F' : Q).
Thus 14
Q=T[(1--)
-
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where the p; are now distinct. But p; divides Nf,, so p; < N = N¥, and

QzH(l-%)d.

p<N

Since [] (1-— %) = 12;;\,(1 + O(=2%)) we deduce that Q > A log(Nf,)~¢. (If

log N
p<N
X is everywhere unramified, @ = 1.).
Consider now R =[[(1+¢;*). Again, R < [[(1+p;*) < ([T(1+p;%))?,

J
with the same notation. But [](1 +pj_§) =0_¢(p1---pj) < oo(p1---pj) <K
(p1---pj)° < (Nfy)® and the same estimate obtains for R.

Now fix v > 1 — é and consider the integral

p dx
v A 2_‘
[ e o)

By (3.9) this is a sum of three terms, one of them exact:

B
h= [ Qe
SO
(3.10) I < Q*°k*B*%  (B>2).

The second term is dominated by

B
[2 — DWll_H:QH/ x2—ﬁ—2ud_z
1 Xz
using that R < D?, so
(3.11) I, < DEteQrp> %,

The third term is dominated by
2 B 4
[3 — DdJrl-i-a/ x—2l/+l—d—+1+adx
1

(rescaling € - - ).
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For v > 1 — é, the exponent in the integral is always < —1 (Assume
d > 1.) Thus

(3.12) Iy < Dte,
We now compare I; and I; we want to assume that [; is dominant, i.e.
Qk - Daritegarn,

We now assume that the extension F'/Q is Galois. By the Brauer—Siegel
theorem, x > Dy°, the implicit constant depending only on d. By our
estimate on (), we must have

Dy (log Nfy) ™ »= Dwint<g i
which is true, upon changing ¢, if
BatT = DT,
ie.
(3.13) B> Dzte,

Now consider I; and I3. In this case, using again the estimate on Qk, we
must have

52—21/ -~ D%+e;
for v close to 1 — é, we see that this yields

(3.14) B> DafTte,

We now compare I, assumed to be dominant, with the estimate given by
Lemma 3.1. This yields

DI—I/—I-E > Q2H2B2_2y;
since we can neglict () k, we obtain
ﬁ < D1/2+E.

The conclusion is: .
ﬁ > Dd_+1+€ = 5 < D1/2+E.

We conclude that g < DT for large D. There is a finite number of
pairs (F, x) such that DpN(f,) < A. Indeed there is then a finite number of
possibilities for F'; for F' fixed the primes and the ramification degrees of x
are bounded. Therefore:
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Theorem 3.1. Consider the Galois extensions F of degree d > 2 of Q, and
the non—trivial Artin characters x of F. Let 5 = Np where p is an unramified
prime of smallest norm such that x(p) # 1. Then

B < Daite

where D = DpN(fy) and the implicit constant depends only on d and €.

Remark. It may be possible to obtain a slightly better estimate, depending
of Nf,, by avoiding the change of Dp to D after (3.9).

3.4
Now let F' be a number field and

p:Gal(E/F)— GL(M,C)

an irreducible representation of degree M. We consider its Artin L—function
L(s, p), given by an Euler product of degree M over F. We can view it as
an L—function of degree m = Md over Q. We assume that p is non—trivial
and that the Artin Conjecture is true for p : L(s, p) is holomorphic. (For a
review of recent results on the Artin Conjecture see Calegari [Ca | and the
references therein.). We recall that the results of Friedlander—Iwaniec apply
to L(s,p) (cf. [2, § 2.1].)

The (absolute) conductor D of L(s, p) is equal to D} N(f,) where §,, an
ideal of F, is the Artin conductor of p, cf. Neukirch [16, Prop.11/7].

Let L(s,p) = > a,n~*. Its Euler product (over F') is
1

L(s,p) = [ [ det((1 — Frob,Np~*) | V/»)~!
p

where V' is the space of p and I, is the inertia. In particular, the ramified
primes introduce factors [[(1 — a;, Np~*)~!, where a;, is a root of unity

different from 1, that are not positive. In order to apply the method of § 3.2,
we introduce the unramified L—function

‘C(Sv p) = H LP(87 p)
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where the product ranges only over the unramified primes. Thus, with ¢
ranging over the ramified primes,

,C(S,p) = L(S,p) HDq(S,p)

where Dq(s,p) = [[(1 — i qNq™®). Let D(s,p) = [[ Dq(s, p). We need to
i q
control the growth of L(s,p) in the critical strip. For
Re(s) >0, Dy(s, p) <2M=1 Thus
|D(S,p)| < 2(M—1)r < 2d(M—1)t

where 7 is the number of ramified primes q and {p;,...p;} are the distinct
rational primes dividing one of the g;.
Fix d, and fix € > 0. We first show that

(3.15) [D(s, p)| < (Dy' Nf,)°

except for a finite number of pairs (F,f). Assume first r — oo. We have
r < dt, so t > [5]. Moreover p; | Nf,, so Nf, > [[p; > t! Thus (3.14) is
verified if 2M=D" < T([2] + 1)¢, thus if

o (1))

Since ¢ is fixed, this is true for large r by Stirling’s formula.

So assume now r < . Then |D(s, p)| < 2=V and (3.15) is true if Dp
is large, i.e., excluding a finite number of F'.

Again, for F fixed, (3.15) is true if Nf, is sufficiently large. If N, < A,
this leaves a finite number of possibilities for the places and degrees of f,.

Finally (3.15) is violated only for a finite number of values of (Ff,).
Therefore we have

D(s,p)| < A(DY NS, )*

for a sufficiently large constant A. By Proposition 1.1, then:
Lemma 3.2. For Re(s) > 0,

L(s,p) < C(s) 2"
where C(s) is the analytic conductor of L(s, p).
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We can now imitate the arguments of §2. Let 8 be the smallest norm Np
of an unramified prime such that p(Frob,) # 1. If L(s,p) = > bi(a)Na™*

is the Dirichlet series of L(s,p) over F', the coefficients by(a) coincide, for
Na < 8, with those of the Euler product (S = {q1,...,9qs})

L3(s,p) = [I(1—=Np=*)~"
pg¢s
= (Cp(s, p))™.

These coefficients are equal to 0 if a is divisible by one of the g;, and > 1
otherwise. (Using the explicit series for (1 — X)™ does not lead to better
estimates.). Thus, with q = [] q;:

(3.16) L(s,p) =Y byn*
where
(3.17) bh> > 1 (n<p)

Na=n
(a,9)=1

Now let By be the summation function of L(s, p):
Bo(z) = by
n<x

For # < 3, this is given by (3.16), and this has been analysed in § 3.3.
(See formulas (3.6) to (3.9).) In fact, with Ag(z) defined by (3.6), we now
have

Lemma 3.3. For x < f3,
By(x) = Ao()

where (for x < 3)
Ao(z) = Qrz + O(RDT g mTte),
Again, we have replaced D by D; k is the residue of (r.

However, we still have to check that the Mellin transform can be applied
to yield the summation function By(z), and for which values of s.
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3.5
We write simply D(s,p) = [[(1 — a;Ng;*) where q; ranges over ramified

j
primes and «; over the associated roots. Let ¢; = Nq;. With L(s,p) =

> a(n)n™?,

L(s,p)(1 —aq™) =) (a(n) = aa(n/q)n"*

where a,/, = 0 if ¢ f n. We deduce that L(s, p) = Y b,n"°, where
bn = a(n) = Y aja(n/q;) + 32 o 05,a(n/q;,q;2)—
J J1,J2
.. _I_ (_]_)Nal .. .aNa(n/ql e qN)’

N being the degree of D(s, p); the same condition on a(n/q - - - g,) applies.
Recall that m = dM. By the theorem of Friedlander—Iwaniec, we have

Ap(x) < D teg s te (x>1)

where Ay is the summation function for L(s, p), and we deduce that the same

estimate is true for By(z) if x is sufficiently large. In particular (Lemma 2.1)

2

//\/lvBo(s) is given by an absolutely convergent integral if Re(s) > 1 — =5,

and, for v = Re(s) > 1 — =,

(3.18) /

(See Lemma 3.1.)
By Lemma 3.3, the integral

p dz
VB 27
[ e Bt

p dz
v A 20
[l At

where the expression of Ag is recalled in Lemma 3.3. We now imitate the
calculation in § 3.3. We find first an explicit term, cf (3.10)

]1 -~ Q2/{:252—2I/.

2
‘Ci‘s)’ |d$| < Dl—l/-i-a

is larger than
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However, in the computation of I, the exponent 2 — -2~ — 2v is negative

d+1
forv>1-— %, SO
I, < D#TTQkR.
The same applies to the third term,

I; < DR,

Note that ), R and s depend on F', not on p. However Dp < D, so we
can use the estimates in § 3.3, and neglect these terms if F' is Galois over Q.
With v ~ 1 — %, we see that I; dominates I if

(3.19) B> D@
and that it dominates I3 if
(3.20) B> Darite,
Using (3.18) we see that

5 > Dﬁﬁa = B < D1/2+e'
The conclusion, as in §3.3, is that

B < Datite,

Theorem 3.2. Let p: Gal(E/F) — GL(M,C) be an irreducible, non trivial
representation and 5 = Np be the smallest norm of a prime p of F such that
p(Frobp) # 1. Then, if L(s, p) is holomorphic and F/Q Galois,

ﬁ < D#Ll-’_e

where d = [F : Q], m = Md, and D = D¥ N(§,).

The implicit constant depends only on M and d, but it is not effective
since we have used the Brauer—Siegel theorem.
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3.6

It is of course of interest to compare this result with earlier estimates. Assume
F is minimal, i.e., p : Gal(E/F) — GL(M,C) is injective; let G = Gal(E/F)
and g = |G|. If C is a conjugacy class in G, let P(C) be the set of primes p
of F such that p is unramified at p and p(Frob,) € C; let P;(C) be the subset
composed of primes such that f(p/p) = 1; i.e. Np = p. Let 5(C), 51 (C)
denote the smallest norm of elements in P(C), P1(C). Then the following
results are known:

(3.21) B(C) < (log Dg)*(loglog Dg)*
(Lagarias and Odlyzko, 1975, under the generalized Riemann hypothesis)
(3.22) 51(C) < Dg

(Lagarias, Montgomery and Odlyzko, 1979, unconditionaly) which has been
improved by Zaman (2017) to

(3.23) Bi(C) < DY.

In the last two results, the implicit constant is effective. See [10, [IT],20]. The
last estimate has been improved to £;(C) < D¢ for large D, see [9].

Clearly £1(C) > B(C) and 8 < Ilclf B(C), where C runs over non-trivial

conjugacy classes. Since the estimates are uniform with respect to C, (3.20)—
(3.22) give an upper bound for 5. However,

Dp = DpNro(0g/p),
equal by the Fiihrerdiskriminantenproduktformel to
(3.24) DL [(Nejof,) e,

P
to be compared with

m 2_d_
(3.25) D#r = D, "IN (f,) M,

M = dim p. We have M? < g, so the first factor of (3.25) is negligible with
respect to that of (3.24). Similarly, since M = dim p, the second factor of
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(3.25) is smaller that that of (3.24) relative to our chosen p. In general the
new bound is much better. However, our argument applies only to fields F,
and representations p, of bounded degrees d, M.

A more pertinent comparison, however, is with Zaman’s paper [21], which
gives an estimate for § (the smallest norm of a prime p of F' that does not
split in £; Zaman also assumes that p is of degree 1 over F'. ) For simplicity
we only consider the case where F' = Q. In this case |21, Cor.1.2], with
g = [F : Q], Zaman’s estimate is

1+e

A(g—1)
B Dy

< (JT v, )dmey s

p

with A & 1, to be compared with (this paper)
f< N(fﬁo)M/2+€a M = dim pg

where pg is our chosen representation. The comparison therefore depends
on the complexity of the Galois group G, in particular its number of large
representations and their ramification. For larger fields F' [21, Theorem1.1],
this is multiplied by a term at least of order exp(Ag(log Dr)?) (here A is again
an implicit constant) and the product will likely be larger that the estimate
of Theorem 3.2. Note also that Zaman does not assume the extensions to be
Galois.

Example: Assume p is associated to a normalised newform f of weight
1 on Iy(q). Then §f, = (¢) C Z, and Theorem 3.2 yields 8 < ¢'**.

4 Complements to [2] and remarks on a pa-
per of Friedlander—Iwaniec

4.1

The method of Friedlander-Iwanie¢, and the proof in the Appendix of [2],
use only the L—function of a (putative) representation 7. In particular, they
apply to the Rankin L—function L(s,m Xms) of two cuspidal representations
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of GL(my,A) and GL(ms, A). In particular, we have:

The lower bounds on the quadratic integrals
(4.1) of L(s) in Theorems A — D of [2lare true
if L(s) = L(s,m W my), m,m cuspidal.

Assume moreover 7y, Ty tempered, and 7y o, T2 o self-dual. Let

L(s,m W my) => a,n"* and
A(z) = > ayzn=*. Then

n<x

(4.2) A(z) = kx4 O(Dmsig'~msite)

where m = myms, and k is the usual residue, and D 1is the conductor of
L(s,m X m3).

The estimation of Ay(x) in [2, Thm. 2.2], also applies; for m; 2% 7| [,
this yields:

The abscissa of convergence of L(s,m X my)

satisfies o, < 1 =

(4.3)

4.2

However, the results of Chapter 2 on “short” integrals do not apply in general
to Rankin L—functions. Indeed Molteni uses the properties of L(s, 7 X 7);
for m = m X m,, this would assume the properties of the L—function of a
quadruple tensor product.

4.3

In [2, §3.4] we discussed the relation between the exponent v of an estimate
of Ag(x):
Ap(x) = O(z"™)

where Ag(z) is associated to a cuspidal 7, and the convexity estimates. For
simplicity we assume L(s, 7) holomorphic. We have the relation

/1 DR AC)

T S

32



(Re(s) > v). Suppose s = o +it, 0 > v. This can be written as
/ Ag(eX)e e X d X,
0

The function Ag(e®)e™¥ is exponentially decreasing, and therefore this
Fourier transform is a CY function of ¢; this implies that u(o) < 1.

The convexity estimate for (o) is (1 — o). Thus p(o) < 1 beats the
convexity estimate if o <1 — %

Friedlander and Iwaniec have shown that the exponent v = 1— % could be
obtained for L(s) = L(s,m)L(s,m) and m = my + mg, my,mg > 2. See [4],
§3]|§. We see that any improvement on v = 1— % would lead to subconvexity
(in the t—aspect) quite generally for GL(m) (and not only over Q.) B 1f we
assume the optimum value conjectured by them, v = 1 — -1 we obtain the

27 2m’
following approximation of the Lindelof Conjecture:

(4.4) uo) < - mm = 2) <1

(4.5) p(o) <

The restriction to two factors is not one when subconvexity is concerned,
because the estimate for L(s,m x ) implies one for L(s, 7).
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