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Control of quantum matter through resonant electromagnetic cavities is a promising route to-
wards establishing control over material phases and functionalities. Quantum paraelectric insula-
tors—materials which are nearly ferroelectric—are particularly promising candidate systems for this
purpose since they have strongly fluctuating collective modes which directly couple to the electric
field. In this work we explore this possibility in a system comprised of a quantum paraelectric sand-
wiched between two high-quality metal mirrors, realizing a Fabry-Perot type cavity. By developing
a full multimode, continuum description we are able to study the effect of the cavity in a spatially
resolved way for a variety of system sizes and temperatures. Surprisingly, we find that once a contin-
uum of transverse modes are included the cavity ends up suppressing ferroelectric correlations. This
effect arises from the screening out of transverse photons at the cavity boundaries and as a result is
confined to the surface of the paraelectric sample. We also explore the temperature dependence of
this effect and find it vanishes at high temperatures, indicating it is a purely quantum mechanical
effect. We connect our result to calculations of Casimir and Van der Waals forces, which we argue
are closely related to the dipolar fluctuations in the quantum paraelectric. Our results are based on
a general formalism and are expected to be widely applicable, paving the way towards studies of

the quantum electrodynamics of heterostructures featuring multiple materials and phases.

I. INTRODUCTION

Optically engineering properties of quantum materials
may potentially allow for the design and development of
novel technologies and the creation of phases of matter
which are otherwise difficult to obtain and study. Ideally,
one would like to think of this as adding a new “con-
trol knob” to the toolbox of solid-state physics just like
temperature, pressure, external field, and twist-angle, al-
lowing for new explorations of physical systems and de-
vice structures [1]. For instance, intense electromagnetic
radiation can induce nonequilibrium phases of matter
and generate new phase diagrams, with sometimes no
counterpart in equilibrium [2-13]. However, the nonequi-
librium route towards optical control has a number of
drawbacks which impede its practical application, chief
among them are problems related to heating, optical ac-
cess, and complicated theoretical modeling. Therefore, it
would be desirable to obtain a similar degree of optical
control without leaving thermal equilibrium. Recently, it
has been argued that this may be done by instead shaping
the environment of electromagnetic fluctuations through
the use of optical cavities, resonators, and metamateri-
als [14, 15]. Many systems have recently been proposed
to be amenable to control in this way, including super-
conductors [6, 16-18], excitonic insulators [19], antiferro-
magnets [20, 21], spin-liquids [22], semiconductors [23],
quantum Hall fluids [24], and ferroelectrics [25-29], with
a great deal more proposed to exhibit strong coupling
between material and optical excitations [30, 31]. Recent
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experiments on the metal-insulator transition in 17-TaS,
even seem to have seen promising signatures of cavity
control on the transition temperature [32]. Experiments
have also seen fascinating phenomena occur when un-
conventional superconductors are strongly coupled to the
quantum electromagnetic bath [33, 34].

Ferroelectrics are particularly promising candi-
dates since the relevant fluctuations—phonon polari-
tons—directly couple strongly to the electromagnetic
field via the electric dipole transition even down
to atomic scale [31, 35-37]. Furthermore, there are
a number of appealing candidate systems, such as
SrTiOz [38-42] and various moiré and Van der Waals
materials [43-47] which may be suitable for proof-of-
principle experiments. Intrinsic SrTiOs is believed a
quantum paraelectric (QPE) [38-42], lying right at the
border of the ferroelectric phase, with long-range order
suppressed by quantum fluctuations. Strain, chemical,
and isotope substitution have all been shown to tip the
system over the edge in to the ordered phase [39], and
recently resonant optical excitation of the lattice [40, 48]
have also been shown to seemingly induce a transition
into the ordered phase [49, 50], making this a prime
candidate for demonstrating cavity control over the
phase diagram [25, 26, 28]. Previous theoretical investi-
gations have largely been limited to single-mode, dipole
coupling, and translationally invariant approximations.
In this Article we show that going beyond these simpli-
fying assumptions can lead to a qualitatively different
behavior making our approach necessary in order to
describe realistic experiments [51].

In this work, we extend our analysis of fluctuating
quantum paraelectric to a fully multimode [23], spatially
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resolved system beyond the standard dipole approxima-
tion —the standard optical approximation which treats
the electromagnetic field as homogeneous across the sam-
ple. In fact, this is a crucial technical development, giving
a number of predictions which starkly differ from previ-
ous simplified models. By making use of connections to
the study of Casimir-Polder and Van der Waals forces,
we are able to efficiently solve the full multimode prob-
lem including a continuum of electromagnetic modes. In
doing so, we find that in fact the presence of the cavity
suppresses ferroelectric fluctuations in the system—the
opposite of what is expected based on a single- or few-
mode calculations. This surprising result then has impor-
tant implications for future experiments on cavity control
of ferroelectricity and potentially other phases of mat-
ter [32—-34].

The key insight is using the fluctuation dissipation re-
lation to reformulate the problem in terms of the dielec-
tric response and its variational dependence on material
parameters, thereby encapsulating the effect of electro-
magnetic fluctuations in terms of well-known frequency-
dependent electric-field correlation function. The behav-
ior of this correlations function is very well studied, dat-
ing back to seminal work on the Casimir force [52-55] and
is by now well documented and experimentally verified.
In fact, cavity control over the QPE fluctuations in a ma-
terial is closely related to the problem of using the cavity
to modify the Van-der Waals forces between virtual dipo-
lar excitations in the cavity [56]. Furthermore, we argue
our technique can be easily extended to include phonon
loss, anisotropy, and mode couplings provided the dielec-
tric constant dispersion €(w) is known well enough, and
may even be extended to include more complicated het-
erostructure geometries such as interfaces between quan-
tum paraelectrics and metals, air, or more exotic two-
dimensional systems via characterization in terms of the
reflection coefficients at interfaces [55]. In a rough sense,
the problem is similar to calculating the Casimir force
but instead of computing the energy as a function of the
boundary separation, we keep the boundary conditions
fixed and directly compute the photon and phonon fluc-
tuations inside the cavity.

After obtaining these general relations, we use our
method to compute the local behavior of the QPE fluc-
tuations by considering a Fabry-Perot type system with
perfect metallic boundaries sandwiching a QPE, illus-
trated in Fig. 1 in a cross-sectional view. We find as
our key result that actually towards the boundaries of
the sample the phonon fluctuations (Q?(r,t)) increase,
resulting in a blue-shift of the soft-mode transverse
frequency €7 due to the anharmonic coupling of the
phonon mode, characterized by the local displacement
field Q(r,t). This leads to an overall thickness depen-
dence which may be pronounced for thinner cavities and
results in a diminished low-frequency dielectric constant
€(0), signaling a hardening of the soft polar mode.

We also find that this effect—the difference between
the surface and bulk fluctuations—vanishes at higher
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FIG. 1. Schematic depiction of cavity. Two perfect metal
plates are located in the zy plane at z = +L/2, and the elec-
tromagnetic field and phonon modes coexist within the inte-
rior. The system has translational symmetry in the xy plane,
which leads to a conserved in-plane momentum q, which can
be taken along q || €, and obeys ideal metallic boundary con-
ditions at z = +L/2. Due to metallic boundary conditions,
the photonic part of the wavefunction is suppressed near the
boundary, leading to enhanced phonon fluctuations.

temperatures, indicating the origin of this effect is of
a truly quantum origin, and should drop off once T' 2
hQr/Kp. For materials such as SrTiOsz, with Qp ~
2THz, this provides an important ceiling on the temper-
ature of experiments which is roughly of order 100K.

The remainder of our Paper is structured as follows. In
Sec. IT we use the fluctuation-dissipation theorem to con-
nect the phonon fluctuations to the dielectric response of
the material. We first do this in real-time formalism in
Sec. IT A, followed by a reformulation on the Matsubara
axis for finite-temperature calculations in Sec. IIB. In
Sec. III we demonstrate how our results connect to the
more familiar method based on phonon-polaritons in the
case of a bulk translationally invariant system. In partic-
ular, in Sec. [T A we show how at high-temperatures the
photons decouple highlighting that the cavity control is
a manifestation of quantum effects. In Sec. IV we apply
this technique to derive the local QPE fluctuations in a
Fabry-Perot geometry which does not preserve transla-
tional symmetry. We then conclude by discussing gen-
eral aspects of our results beyond our cavity-QPE model
and highlighting potential directions for future study in
Sec. V.

II. FLUCTUATION-DISSIPATION THEOREM

In the following we will focus on the case of a lo-
cal [57], isotropic, polar phonon mode. In particular, since
the phonon group velocity is much slower than the pho-
ton, the approximation of a non-dispersion phonon mode
should be suitable for studying electrodynamic effects.
Going beyond this approximation to include the phonon
dispersion would be an interesting direction for future
studies and may be important very close to the ferroelec-
tric critical point or in the ordered phase, which we will



not study in this work.

‘We thus consider a model of a local polar phonon mode
Q(r) with transverse optical (TO) mode frequency Qr
and effective charge n coupled to the electromagnetic
field, described by E and B. This system is most sim-
ply described in terms of a Lagrangian which generates
the equations of motion. We have

L= Lem+ Loh + Lint. (1)

The Maxwell Lagrangian is

1 1
Lrv = -E* — B~ 2
o= 5B~ @
In terms of the gauge potentials, the electromagnetic
fields are expressed as

E=-VA4, - 9,A (3a)
B=VxA. (3b)

Here and throughout we use units where i = ¢ = kp =
€ = 1.

The phonon Lagrangian, in the absence of dispersion,

is purely local and is simply given by:

o=y [0QF - 2@] - F(@), @)
where )y is the bare TO mode frequency, and A is the
phonon-phonon interaction strength. Due to symmetry,
these are the only local terms allowed at up to quartic
order and second order in time-derivatives.

Finally, we have the dipole-coupling between the
phonons and the electric field. The phonon displacement
field Q generates a polarization which then couples to E,
via

»Cint = +77Q . [—VA() — atA] . (5)
Here, n is the light-matter interaction constant and it
sets, among other things, the size of the splitting between
the longitudinal optical (LO) and transverse optical fre-
quency splitting due to the Coulomb part of the elec-
tromagnetic interaction (the so-called LO-TO splitting).
Before proceeding, in order to perform calculations we
must fix a gauge. In this work, we will employ the ”Weyl
gauge”, which is obtained by demanding Ag = 0.

We proceed by treating the phonon nonlinearity in the
Hartree approximation, such that the system is essen-

tially linear, albeit with a renormalized phonon frequency
of

OF = Q5 + MQ(r,1)). (6)

In general, we allow for spatially varying fluctuations of
Q, and therefore the phonon frequency may be renor-
malized in an inhomogeneous way, which is the subject
of this investigation.

Therefore, our primary objective is to compute the spa-
tially resolved phonon fluctuations, (Q?(r,t)). We do this

by the familiar linear-response formalism, obtaining the
equilibrium fluctuations of Q by solving for the causal
response to an external perturbation. We thus introduce
a source field F(z) which couples to the phonon mode
via

Lsource = F(I‘, t) : Q(I‘, t), (7)
such that
b(r.a') = ~S20 | = =i - 1)), QW)

(8)
for causal response function. Here and throughout, when
confusion is not likely, we will use x = (r,t) to repre-
sent a spacetime four-coordinate, while r as a spatial
three-coordinate. From this we can apply the fluctuation-
dissipation relation [58] to obtain

/ — coth

This then allows to characterize the local density of
phonon fluctuations.

(Q(z) - S [trDf (r, r;w)| . (9)

A. Real-Time Equations of Motion

The relevant equations of motion can be written down,
including the source term which acts on the phonon field.
This gives us the equations in the frequency domain

[~w? 4+ Q7] Q(r,w) = nE(r,w) + F(r,w) (10a)
+iwB(r,w) =V x E(r,w) (10b)
—iw [E(r,w) + nQ(r,w)] = V x B(r,w) (10c)

We compute the response function of Q as follows. Let
us first introduce the bare response function for Q(r,w)
of

1
Xo(w) = ma (11)

such that we can obtain the response of Q as

Q(r,w) = xo(w) [nE(r,w) + F(r,w)].  (12)

Our job is not done because we need the response of the
phonon not to the total force, which is nE + F, but only
to the external force F, which is partly screened by the
electromagnetic field.

This screening is found by solving the equations of mo-
tion for the electromagnetic field. We have

+ iwB(r,w) = V x E(r,w) (13a)
—iw (E(r,w) + nxo(w) [ME(r,w) + F(r,w)]) = V x B(r,w)
(13b)

The second equation contains the dependence on the forc-
ing field; we can eliminate the magnetic field to derive a



closed equation for the response of E, which we use to
find the depolarizing field, from which we find the effec-
tive force acting on the phonon mode due to the external
force.

We get
We(w)E(r,w) — V x V x E(r,w) = —w?nxo(w)F(r,w).
Here we have introduced the dielectric constant "
e(w) =1+ n*xo(w). (15)

We now can use this to eliminate the electric field for-
mally as

E(r,w) = /d3r’GR(r7r’;w) [—anXO(w)F(r’,w)] (16)
where
GR(r,1;w) = [we(w)l — V x Vx]_l . an
We can evaluate this Greens’s function in a manner of
our choosing; in a bulk system it makes sense to use mo-
mentum space functions.

The full response of the phonons, dressed by the pho-
tons,

Q(r,w) = /d?’r']ﬁ)R(r,r’;w)F(r’,w), (18)

is given as a function of the photon Green’s function:

DR (r,r'5w) = xo(w) [°(r = )1 = n’w?xo()GF (r.1'5w)]

(19)

In the absence of phonon dispersion the first term is com-

pletely local, and exhibits a resonance at the bare TO

mode frequency, while the second term involves disper-

sion of the phonon polaritons in the system, as it involves
€(w), and therefore is sensitive to the cavity geometry.

We note we can write this in an elegant way by using

2 Oe(w)

—n* (xo(w))” = 550, (20)

to obtain

B. Matsubara Formalism

The result presented is derived using a real-time linear-
response formalism, which is the most transparent pre-
sentation. In Appendix A, we equivalently derive this re-
sult using the equilibrium Matsubara frequency represen-
tation, as well as yet a third way of deriving this result

based on a variational procedure for the Matsubara free-
energy functional in Appendix B.

The Matsubara frequency representation is particu-
larly useful since it allows for a more efficient implemen-
tation of the result in terms of a well-behaved, conver-
gent sum over Matsubara frequencies. For more details,
we refer the reader to the relevant Appendices. However,
we present the end formula here as it is relevant for the
results to follow.

The dielectric function is analytically continued to
bosonic Matsubara frequencies w — iw,, = 2mimT as

772

B+ ()
allowing for a locally varying TO mode frequency. Like-
wise, the unscreened phonon propagator becomes
- 1
Do(r,v0p) = ———5—
wp, + Q7(r)

and the photon propagator becomes

€(iwm;r) =1+ (22)

83(r—r'), (23)

G(r,v';wm) = [whe(iwm,r) + V x erl . (24)

m

The local phonon fluctuations as a function of temper-
ature are calculated by combining equations (9),(21),
which is conveniently expressed in terms of a Matsub-
ara sum as

(@) =Ty

or | Fo(eryom) + 62, 29m D g0 v | (25)
a2,

Note that

: 2

8e(zwn21,r) _ 7 i (26)
o7 (Wi +Q7(r))?
is negative semidefinite, while the other terms in the
equation are positive semidefinite. This leads to a natural
conclusion that the electric field actually has the effect of
reducing phonon fluctuations, since it subtracts spectral
weight away from the otherwise unscreened phonons. We
also see that the result can be implemented by a sum over
terms which are non-singular, greatly aiding the numeri-
cal evaluation of this expression. This is somewhat similar
to the recent approach of Ref. [28], though extended to
the multimode formalism. Nevertheless, the concept of a
1/N expansion would be useful to apply in this context
as well.

We can then ultimately express quantities in terms of
the effective frequency renormalization as compared to
the bulk value

307(r) = A [(Q%(r)) — (Q*)buid] - (27)

For each configuration, this is done by extracting the bulk
value as the value computed as system size tends to in-
finity. We can then visualize the predicted spatial devia-
tions of the frequency away from the bulk value. We now
roughly estimate the size of the coupling A, the momen-
tum space cutoff A, and other relevant parameters.




C. Parameters

Following Ref. [48], we first extract the value of the
anharmonic potential U(?) as a function of the ionic dis-
placement coordinate u, for the case of SrTiOj3, estimated
from spectroscopy to give vy ~ 35THz> /pm?. This is
obtained from nonlinear terahertz spectroscopy by mea-
suring Q2.(u) ~ Q2 + vru? + O(u?). However, this is
not directly related to the long-wavelength order param-
eter [59], which in general involves a complicated coarse-
graining of the microscopic degrees of freedom. By di-
mensional analysis, we see that the long-wavelength cou-
pling constant can be related to a microscopic parameter
through A ~ vrVeg /Mg where Mg is an effective mass
scale and Vg is an effective volume scale. For the pur-
poses of our crude model, we use a single effective mass to
characterize the mode, which we take to be the titanium
ionic mass Meg ~ Mr; ~ 50amu,

Finally, in the spirit of a real-space renormalization
group procedure, we anticipate that the effective volume
Vegg which appears in the relation between the order-
parameter and the microscopic degrees of freedom should
be related to the momentum space cutoff we place on
our model, A ~ 1/a with a the size of the coarse-grained
“blocks.” As a result, we estimate that Vg ~ 1/A% ~ a3.
We thus identify the long-wavelength coupling as A =
advp /M. This leads to the cutoff-dependent estimate
of

A =32 x 10'THz?a?, (28)

which we use in this work.

Finally, by ignoring the gradient terms ~ VQ, our
model treats the phonon fluctuations as purely local. In
reality, we expect this approximation to breakdown be-
low a length scale a, roughly related to the correlation
length of the ferroelectric order parameter Q(r). On the
one hand, near the critical point this length scale may
become large as correlations develop across longer length
scales. One the other hand, treating physics at a length
scale | < a requires a more complicated theory than the
one we develop here. In this work we are interested in
macroscopic physics, with samples of order L ~ 50um or
larger; as a result, we will consider a cutoff of ¢ = 5pum.

In the future it would be particularly interesting to
consider going even closer to the critical point, so that
a ~ L, in which case electrodynamic control may be even
more important. This is because the photon dispersion
is much faster than the phonon, and thus the region in
reciprocal space amenable to cavity control is roughly
q%ED ~ (1THz/c)® ~ (.3mm)~3, which is to be compared
against the volume of the Brillouin zone which exhibits
fluctuations, which goes roughly as 1/a3. As such, we ex-
pect the physics we consider to be most important mate-
rials which are close to the ferroelectric instability, such
that a=! ~ gqrp. However, in this regime a more elabo-
rate model which considers the role of phonon dispersion
and spatial gradients is required. Evidently, a more elab-
orate scaling theory of the transition is needed in the

future. We elaborate on this slightly later, in Sec. V.

Finally, we must fix the phonon TO and LO mode
frequencies. For the bulk TO frequency Qp and LO-
TO splitting ~ 7, we take Qpr = .5THz to emulate
the ferroelectric soft mode, and n = 10THz, such that
€(0) ~ n? /2% ~ 400 is large, as is the case for many in-
cipient ferroelectrics. We also ignore the temperature de-
pendence of these parameters for simplicity, though this
could be accounted for more careful if we were modeling
a specific material.

Finally, for numerical purposes we take a Matsubara
frequency cutoff of w, = 40THz, well above all other
frequency scales; this is not expected to be an important
parameter, provided it is large enough. In order to make
the calculations simpler and more transparent we also
relax the self-consistency demand on the TO frequency,
and instead simply evaluate the perturbative correction
to the bulk value. In principle, this should be addressed
though if the shift is small it is likely to be qualitatively
correct.

III. HOMOGENEOUS SYSTEM

Before proceeding on to our main calculation, we
briefly outline how the calculation works in the case of
a system with full translational symmetry. In this case,
momentum is a good quantum number in all directions.
We can then go to the plane-wave basis.

Using

VXxV—=—qgqxqx=q’1l-q®q (29)

we find the electromagnetic correlation function splits
into two decoupled subspaces: the transverse modes and
longitudinal modes, with

wizg(wma q) =
® 1
=49 - +
a®  e(iwm)

2

q®q Win
1-— . (30
q2 > w2 e(iwm) + g2 (30)

We easily recognize the first term as the dynamical
Coulomb portion of the electric field, while the second
term comes from the transverse photon modes. The un-
screened phonon propagator is trivial in this case, with

- 1

—@0(wqu) = "5 02 (31)
w2, + Q2.

We find for the overall result, with UV cutoff on mo-
mentum A,

@ - TZ /q|<A

Wm

3 n O¢(iwm,) 1 n 2w2,
w2, + Q% 004 \e(iwn) wie(iwm)+aq?/)|’
(32)



This simplifies into one longitudinal mode and d—1 trans-
verse modes (with d the spatial dimensionality), with the
longitudinal modes contributing (per momentum space
mode)

1
T
> oarar *

Wm

Oe(iwy) 1
002 e(iwnm)
coth(8r/2)

=g 3

The momentum space integral will then simply yield a
factor of A3/672, with the cubic divergence due to the
dispersionless nature of the model.

The transverse modes are more difficult to evaluate.
Evaluating the Matsubara sums and performing the an-
alytical continuation to real frequencies reveals that the
overall result including the longitudinal and two trans-
verse modes is

<Q2> - /q<A [COthgf;zL/Q)

coth(8y 4/2) %, — ¢

+2x
20, 0 ,-0,
coth(BQ_,/2) Q% ,— ¢ }
+2x : ’ . (34)
204 Q%,q o Q%r,q

The dispersion of the upper polariton branch (24 ,) and
lower polariton branch (€2_ ;) are found to be

QQ_'_Q QQ_'_Q 2
qui\/<L2q> _QQTQZ- (35)

Qi,q =

This is in accordance with the result one would expect
from Bogoliubov transformation and diagonalizing the
quasiparticle Hamiltonian.

A. High-Temperature Limit

We also can look at the temperature dependence of this
effect, and in particular at high-temperatures we obtain,
after simplifying terms

@4 = T/q|<A {Ql?: " QQ2T] (36)

This is exact and independent of momentum q.

In this case we see the electromagnetic field only serves
to split the longitudinal modes away from the transverse
modes, which then essentially decouple form the electro-
magnetic field fluctuations. All the non-trivial electro-
dynamic effects end up vanishing as 1/T, which can be
interpreted as them being a true manifestation of quan-
tum effects. This is evident from examining the relevant
Matsubara sums, which end up going as w2, /¢* at low
frequencies, and therefore vanish in the static w,, = 0

Q%

Quantum Classical

Surface

Bulk

T~Q, T

FIG. 2. Schematic depiction of temperature dependence of
phonon fluctuations (Q?) as a function of temperature in the
bulk and near the surface of the sample-cavity boundary. At
high temperatures the fluctuations are independent of electro-
dynamic details and therefore are ignorant of the proximity to
the surface. At lower temperatures, the electrodynamic con-
tribution becomes important and leads to a more pronounced
fluctuations near the surface as compared to the bulk.

limit. The finite Matsubara frequencies are in turn arising
from dynamical quantum fluctuations of the field, which
are ultimately the source of the polaritonic splittings.
We emphasize that this does not mean that the fluc-
tuations of (Q?) diminish with increasing temperature,
but rather that the contribution from the electromag-
netic field falls off. As a result, if one performs a high-
temperature expansion of (Q?) in the bulk one would
get (Q%)puk ~ abuT + bpui/T + ..., with the leading
term the classical equipartition result and the sublead-
ing terms coming from the high-temperature expansion
of coth(wB/2) (which is odd, so the series has only odd
powers of temperature). Performing the same expansion
for the fluctuations near the surface (which as we will
show, differs in that it doesn’t couple to the transverse
photons due to boundary conditions) we get (Q?)gurt ~
asurtT + bsure /T + ... and find that apyk = dgur, so that
the effects of the boundary conditions are subleading in
T and due to truly quantum effects. This is illustrated
in Fig. 2 schematically, which shows that at high tem-
peratures the classical result dominates and only at low
temperatures is the interaction with photons relevant.
This is reminiscent of the Bohr-Van Leeuwen theorem
in classical mechanics, and can be heuristically under-
stood as a consequence of the current and displacement
being canonically conjugate for the phonon. This is ex-
plored more technically in detail Appendix C; here we
provide a simple heuristic. Essentially, photons don’t ac-
tually couple directly to the phonon displacement Q, but
rather couple to the displacement current J ~ 9;Q as-
sociated to transverse oscillations in the charge distri-
bution. This current is canonically conjugate to the ob-



ject of interest, Q, via [Q(r),J(r)] x iAd3(r — r') and
therefore in the quantum system (at low temperatures)
they are not independently fluctuating. Thus, modify-
ing the fluctuations of the current J can in turn induce
changes in the fluctuations of Q. However, this coupling
is purely due to the canonical commutation relations be-
tween the two fields, and therefore at high-temperatures
(i.e. in the classical limit), the two variables become in-
dependently fluctuating, just as ¢ and p are independent
in a classical system. Therefore, the photon decouples
from the fluctuations of Q since this is now independent
from the current. We also see that this is not the case
for the longitudinal part, which instead directly couples
the electrostatic potential to the induced phonon charge
p ~ V-Q, and indeed the LO-TO splitting due to this
interaction remains unaffected in the high-temperature
classical limit.

To summarize, we see directly from this calculation
that the coupling to the electric field reduces the fluc-
tuations of the phonons, both by dressing the eigen-
frequencies, and also by reducing the projection of the
quasiparticle wavefunction onto the phononic subsystem.
Therefore, we uncover a counter-intuitive heuristic that
coupling to the quantum electromagnetic field actually
facilitates ferroelectric order, by virtue of reducing the
fluctuation-induced shift of phonon frequency. In the fol-
lowing section we will apply this formalism to the case of
an inhomogeneous slab structure, and demonstrate how
this is potentially visible in terms of a local shift in the
phonon mode frequency.

IV. PLANAR GEOMETRY

We now evaluate the correlation functions needed to
compute the frequency shift. In particular, we focus on
the electromagnetic Green’s function since the phonon
correlation function is local and trivial to solve. More
over, this term will essentially be a bulk background con-
tribution, and in this work we are focused on the contri-
bution from the degrees of freedom we can change by the
boundary conditions (the photons).

In the planar geometry we can utilize in-plane trans-
lation symmetry to reduce the problem to a one-

J

dimensional differential equation in terms of the spatial
coordinate z. It turns out this can still be solved analyti-
cally utilizing the transfer matrix method, at least in the
case of a homogeneous dielectric constant, as was origi-
nally done a long time ago for the purposes of calculating
Casimir-Polder forces (which turns out to be a closely re-
lated problem) [53-55]. We can take the momentum to
lie in the z-direction, such that the Green’s function for
the gauge potential ¢ reads

—0? 0 190,
wWie(iwa )+ 0 ¢2=02 0 G(2,2") =16(2—2").
igd, 0 q?

(37)
This system is depicted schematically in Fig. 1, illustrat-
ing the metal-paraelectric-metal geometry. In this work,
we take the physically reasonable limit of infinite plasma
frequency in the metal, such that the metal mirrors can
be modeled by Dirichlet boundary conditions on the tan-
gential components of E and normal component of B.
We take the cavity plates to be located at z = +L/2
such that L is the total size of the cavity, and also the
full extent of the paraelectric is all the way up to the
boundaries.

This is solved in detail in Appendix D, we will only
present the final result here. We find that the trace of the
Green’s function evaluated at coincident spatial points
tré(z, z) is given in closed form as

sinhk(L/2 — z)sinh k(L/2 + z)
2k sinh kL

1
* w2 e(iwpm,) 2(0)-

trY(z,z) =

(38)

Here k = 2 e(iwm) + ¢ governs the length-scale for
the recovery to the bulk value for a given frequency and
in-plane momentum. We see that this involves the diver-
gent quantity 6(0), which is understood as lim,._,, §(z —
z'). This quantity is in fact independent of system-size
and geometry and thus ends up getting renormalized
away by the counter-term Q2. In particular, we only com-
pare this result to result obtained for L — oo (with z fi-
nite), which ultimately gives the closed-form formula for
the renormalization of the phonon-frequency shift due to
the cavity, as a function of position, as

sinhk(L/2 — z)sinh k(L/2 + z) B 1

2
m

d?q Oe(iwm) w
(AQT cav ATZ/ H2 892 )

We note this expression does still depend on the cutoff
A = 7/a. While this is much easier to evaluate than the
full Green’s function, it is still not completely trivial due
to the subtle behavior of the integrand at w,,, — 0, which
governs to the high-temperature limit of the effect. For all

2K

sinh kL 2

non-zero Matsubara frequencies, this is easily evaluated
by numerically summing, for w,, = 0 there is an issue
about how the limit of zero frequency is taken; on the one
hand, the numerator involves a power of w2, which then
vanishes quadratically at small frequency. On the other
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FIG. 3. First order correction to phonon frequency due to
cavity boundary conditions at z = +L/2. We here fix the
temperature to 7' = 10K, which is lower than the coher-
ence temperature for the phonon frequency of Qr = .5THz
(we note the coherence frequency involves a factor 27 so that
27T < Qr). We explicitly note that this is the correction to
the phonon frequency due to the cavity and in particular, this
blue shifts at lower temperature, unlike the typical phonon
anharmonicity which blue shifts at higher temperatures. The
blue shift due to the anharmonicity is renormalized away in
this treatment; here we only plot the additional shift observed
between the bulk and finite systems at the same temperature.

hand, the denominator involves x sinh £ L, which for ¢ —
0 also vanishes quadratically as |wy,|sinh |wp,|+/€(0)L.

Careful examination of the limit reveals that the nu-
merator ends up winning and thus, we are to discard al-
together the zeroth frequency contribution. This is again
a manifestation of the quantum mechanical origin of the
effect, as explained in Sec. III A and shown in greater
detail in the Appendix C. We are now able to efficiently
evaluate this effect in order to obtain not just the phonon
frequency shift but its entire spatial dependence. We also
comment that this expression is clearly manifestly posi-
tive, owing to the inequality sinh x(L/2 — 2) sinh k(L /2+
z)/sinh kL < 5. As aresult, we find the frequency shift is
always positive, with AQZ(z) > 0, such that the cavity in
fact suppresses the ferroelectric order. We will comment
on this more later.

In particular, it is interesting to analyze the depen-
dence of the renormalized frequnecy on system size L and
temperature T (we consider the value in the midpoint of
the cavity). This is shown in Fig. 3. We indeed see that
for “bulk systems” with large system size L, there is no
effect due to the boundary conditions (which is expected
on grounds of locality). For smaller systems however, the
typical phonon frequency strongly blue shifts as the sur-
face effects set in. For very small systems, the entire sys-
tem is essentially “surface” and thus we see the first char-
acteristic prediction which is a significant blue-shifting of
the soft-mode frequency for thin samples.

We next confirm the temperature dependence of this
effect; namely, that at high-temperatures any signature
of the cavity should disappear. This is seen explicitly in
Fig. 4. Indeed we see that in all system sizes, the fre-
quency shift vanishes at high temperature irrespective of
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FIG. 4. First order correction to phonon frequency due to
the cavity as a function of temperature 7. Here we consider
two cases: a small system with L = 50pm (a), and a larger
system with L = 70pm (b). In the inset we depict schematic
profiles of the renormalized frequency, illustrating how the
effect is larger for smaller systems since the surface effects
are still dominant, whereas in a larger system the frequency
converges to the bulk value.

the system size L. At lower temperatures, the phonon
frequency shift sets in, but for larger systems the effect
is small since it ultimately must recover to the bulk as
L — oo. For smaller systems however, the shift may be-
come sizeable at the cavity midpoint.

These results are best understood by simply looking at
the spatial profile for the renormalized frequency Q2 (2),
depicted in Fig. 5. For a cavity size of 100pm we see that
the phonon frequency significantly blue-shifts near the
boundary at low temperatures, while it remains essen-
tially equal to the bulk value at high temperatures and
in the center of the cavity z ~ 0). This is inline with the
previous arguments we have given, namely that the cav-
ity renormalization is (i) a purely quantum effect setting
in once 27T ~ Qr, and (ii) that it is a surface effect in re-
sponse to the boundary conditions at z = +L /2. We also
always see that the frequency blue-shifts—this is in some
tension with a number of previous theoretical investiga-
tions [25, 26, 28, 29], which all seem to find that cavities
tend to enhance ferroelectric order. We now reconcile our
calculation with these previous studies.

We believe the origin of this tension is in the way that
the UV cutoff on the electromagnetic fluctuations is im-
posed, and ultimately scaled to the continuum limit (or
not). In particular, in a real physical system (with an
appropriate UV cutoff) the number of electromagnetic
modes is proportional to system size, with a finite num-
ber of modes (e.g. lattice points) per unit volume, albeit
of potentially high frequency and thus far from resonance.
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FIG. 5. Perturbatively renormalized phonon frequency Qr(z)
including the electrodynamic correction due to cavity bound-
ary conditions as a function of spatial coordinate z. System
size is fized at L = 100pm, with coordinate z referenced from
the midpoint, as shown in the inset. Temperature varies from
high temperature of T' = 100K (with little effect) down to low
tmeperature of T'= 10K, with a pronounced blue-shift in the
local phonon frequency occurring at the boundary.

We again emphasize that it is qualitatively important to
take into account the multimode nature of the electro-
magnetic fluctuations [23, 60].

In our new formalism, which up to, and including
Eqn. (39) is an analytically exact solution to the prob-
lem, the UV cutoff is essentially scaled in this fashion, so
that the density of modes per unit volume is constant.
This is also in congruence with known and experimen-
tally verified results on Casimir forces [52-55]. In con-
trast, previous studies have essentially imposed a cutoff
on number of cavity eigenfunctions taken, selecting the
lowest N, modes to include in an eigenmode expansion
for the Green’s function ¢ regardless of system size. This
assumption leads to the unphysical result that number of
electromagnetic modes per unit volume ~ N,/L? is scal-
ing to zero for a bulk system! It turns out that, unfortu-
nately this has exactly the opposite behavior as what we
find using the more complicated analytical solution [61].

While our approach draws upon parallels with Casimir
forces, it is however investigating a distinct phenomenon
and thus it still warrants experimental confirmation. We
now briefly discuss the prospects for this in the next sec-
tion.

V. DISCUSSION

As we saw in the previous sections, the effect of the
cavity ends up being largely confined to surface of the
material, with the net result being a blue shift of the
soft phonon mode near the boundaries. This would re-
sult in an apparent diminishing of the dielectric constant
e(w = 0) ~ n?/Q2 for a small sample in comparison
to the bulk value. In fact, this effect has already been
observed and known for quite some time as the “dead-
layer” effect [62]. Canonically, this effect was found in
exactly this sort of system, comprised of a thin layer of
SrTiO3 sandwiched between two electrodes to form a ca-
pacitor [63]. Historically, the dead-layer effect has been
attributed largely to strain effects [64] between the two
interfaces which also acts to blue-shift the soft mode,
however it seems the matter has not been entirely set-
tled [65]. It is quite interesting then in the light of this
new work and interpretation to re-open the investigation
and determine if any effects due to quantum electrody-
namics may be relevant. To this end, experiments may
want to try experiments with different metallic interfaces
that induce varying levels of strain, to see how sensi-
tive the dead-layer is to the level of strain, as opposed
to the dielectric environment. Indeed, experiments inves-
tigating the interplay between electromagnetic response
and the surrounding dielectric environment [66] have al-
ready shown promising results [67-69]. Theoretically, this
would also warrant further calculations which have open
(air) boundary conditions for the SrTiOjs layer, rather
than the metallic interface conditions.

Our results also point to another interesting connec-
tion which ties our results to studies of the Casimir
force [52, 54, 55]. This is most apparent if one returns
to Eqn. 39, which closely mirrors the results for Casimir
forces (see, e.g. Ref. [55]). This makes sense since our
setup is very similar to the one considered originally by
Casimir except in this case the fluctuation force does
work on the dielectric constant of the QPE (which is de-
termined self-consistently) rather than the plates of the
cavity [41]. It may be interesting to turn this around and
try to utilize Casimir force spectroscopy to probe incip-
ient or critical ferroelectric fluctuations via the effect of
fluctuations on radiative forces.

A closely related phenomenon is that of the Van der
Waals force, which is also an entropic force due to virtual
electromagnetic fluctuations. Van der Waals forces typi-
cally act between polarizeable molecules and is notably
attractive, leading to the total energy being lowered as
a result of the coupling to electromagnetic fields [52-54].
Similarly, the infrared-active phonon field can be thought
of as a lattice of polarizeable molecules undergoing vir-
tual polar fluctuations. The primary difference between
the two cases is that in the case of the phonon polaritons
the molecules are arranged in a regular lattice, whereas
in a fluid the molecules are spatially disordered. When
placed in a cavity, the metallic boundary serves to screen
the electromagnetic field, leading to a net increase in the



free-energy as compared to the bulk system, since the Van
der Waals forces which get screened out are attractive.

In fact, the extended many-mode nature of this prob-
lem is paramount. This is seen by contrasting our re-
sults with the simpler case of a single fluctuating dipole
localized near a metallic surface. In the localized case,
the interaction between the single dipole and its image
charge (which is a manifestation of the cavity screen-
ing) is attractive and reduces the cost of a fluctuating
dipolar moment. However, when we consider an extended
distribution of dipoles (as realized by the bulk paraelec-
tric), the result is very different. In particular, one can
check that in the long-wavelength, longitudinally polar-
ized ¢ — 0 modes remain unaffected by the screening.
To see this, consider an infinite line of longitudinally-
polarized dipoles interacting with its image, which is also
an infinite line with opposite in-plane component of the
dipole moment. In contrast to the localized case, now the
overall interaction is zero since the attractive tip-to-tail
interaction for small transverse separations is cancelled
by the interaction between distant dipoles, which are
essentially tip-to-tip oriented. This naturally manifests
in our calculations as the LO-TO splitting of the long-
wavelength modes remaining unchanged by the bound-
ary conditions. Transverse modes on the other hand, do
interact with the screening effect and this ends up most
easily diagnosed by recasting the problem as determining
€(w, ) rather than directly determining the dipole-dipole
interactions, which become very complicated once quan-
tum dynamics are included. Our result is also consistent
with various recent no-go theorems pertaining to super-
radiance in cavities [70, 71].

One may alternatively view this renormalization of the
phonon stiffness as a realization of the concept of dy-
namical localization [25, 26, 51]. This renormalization
comes because when the phonon mode oscillates it also
linearly couples to the electromagnetic vacuum, and thus
the energy and inertia of that mode receive contributions
also from the cloud of photons which are attached to the
phonon. By using the cavity to suppress the electromag-
netic field, we are essentially decoupling the phonon from
its photonic cloud, and this is reflected in the evaluation
of the correlation functions for the given geometry. What
is somewhat unanticipated is that this cloud of photons
actually makes the phonon mode “lighter,” delocalizing
the phonon coordinate.

We also can understand the purely quantum origin of
the effect in this way. Cavity photons directly couple to
the transverse component of the current, J ~ 9,Q and by
using the cavity one can change the radiative renormal-
ization of the current fluctuations. This can only influ-
ence the actual phonon displacement (Q?) via the canon-
ical commutation relations, which couple the charge and
current together. Therefore, observation of this experi-
mentally would truly demonstrate the principle of “quan-
tum control of quantum materials.”

As discussed earlier, in Sec. I1 C, we expect our theory
to be valid not too close to the critical point, due to the
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local nature of the approximation we use for the phonon
fluctuations. We now elaborate slightly on how this may
breakdown, and what a more complete theory may look
like. In particular, the key approximation we made is that
the phonon correlation function is purely local, so that
(Q(z)Q(z")) ~ é(r—r’). This then allowed us to integrate
the phonons out in favor of a theory purely in terms of
the local dielectric response, €(iw,, ). This approximation
is motivated by the observation that since the photon
group velocity is much larger than the phonon velocity,
all phonon dispersion in the vicinity of the light-cone can
be ignored. Naively, this is a very good approximation,
but we do have reason to expect this to breakdown close
to the critical point, since at the critical point lattice
fluctuations become correlated over much larger length
scales than the naive lattice estimate indicates, as one
expects from the general theory of critical phenomena.

In order to properly accommodate these correlations,
one must introduce phonon dispersion in to the model,
with the simplest modification to our current theory
given by the imaginary-time Lagrangian (using the same
conventions we use in the rest of the paper)

S 1(0Q\? 1.5 Ao . OA
Eeff2(a7_) +§QOQ +Z(Q) +ZT]Q78T
1 /0A\* 1 )

+ %vﬁ (V-Q)?° + %vi (Vx Q). (40)

spatial correlations

We have emphasize the new terms to be added to ac-
commodate the spatial correlations of the phonon field,
which by symmetry in an isotropic medium are charac-
terized by two sound velocities; a transverse mode ve-
locity v and a longitudinal mode velocity v);. Unfortu-
nately, including these terms makes the solution tech-
nique we employ in this paper more difficult to apply,
since it relied on the local nature of the phonon fluctua-
tions. In principle, since this modification is only needed
near the critical point anyways, it then also makes the
mean-field treatment we use for the phonon frequency
shift somewhat inapplicable as well. Instead, in order to
proceed we propose employing a renormalization-group
(RG) type procedure to handle this theory. This would
then be able to quantitatively assess the degree to which
the phonon correlations become important and poten-
tially search for modifications to the critical phenomena
due to the long-wavelength modifications due to the cav-
ity geometry, though this is certainly beyond the scope
of this paper. Physically though, it may be interesting to
look for modifications to the lattice structure factor and
diffuse x-ray scattering due to the presence of the cavity
near the critical point, since this may reflect changes to
the range of spatial correlations in the incipient lattice
distortion.

We also comment on the relation between what we



propose here and recent experiments which seem to in-
dicate optically induced ferroelectricity in SrTiO3 using
strong terahertz driving [49, 50]. It seems likely that in
both the present paper and in the terahertz driven exper-
iments [49, 50], it is important that there be strong pre-
cursor fluctuations of a polar soft-mode present in equi-
librium. However, since a conclusive theoretical expla-
nation for the induced ferroelectricity in these systems is
still pending, it is difficult to draw a concrete connection.
In particular, owing to the larger magnitudes of electric
field accessible in an optically driven material, nonlin-
ear phononic effects may become important [40] which
can complicate the picture by effectively inducing higher
order couplings between the electric field and the soft-
mode fluctuations. On the other hand, since the cavity
fluctuations are much weaker in amplitude, it is expected
that these will more selectively couple to the soft-mode
directly, and do so through a predominantly linear po-
laritonic interaction. Therefore, it is hard to say with
certainty how the mechanism of driven terahertz control
is related to the mechanism of cavity control we outline
here, other than the fact that both require preexisting
fluctuations.

To summarize, we have developed an approach to
studying local phonon fluctuations in a QPE interact-
ing with a quantized cavity electromagnetic field. Rather
than making a single-mode approximation or invoking
the dipole approximation, we have included a complete
continuum of modes which all couple locally to the QPE
material. This allowed us to study the variation in the
blue shift of the phonon modes in a spatially resolved
way, and we found that near to the cavity walls the fluc-
tuations increase due to the screening of the electric field
by the cavity. This approach was then connected to the
study of Casimir and Van-der Waals forces, both of which
are manifestations of forces induced by electromagnetic
fluctuations.

In the future it would be extremely interesting to
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extend this approach to include more complex het-
erostructures which feature multiple types material [72,
73] including metals [74], insulators [75], superconduc-
tors [76, 77], semiconductors [23], ferroelectrics [43-47],
magnets [78-84], and multiferroics [85]—all of which are
phases of matter which can be characterized by their cou-
plings to electromagnetic fields and which are now real-
izeable down to the two-dimensional limit [86]. In the fu-
ture it would be very interesting to consider the mutual
coupling of different stacked phases through their shared
quantum electrodynamic environment. It is also interest-
ing to extend these calculations into the ordered phase,
where the order parameter as well as the fluctuations be-
come important. Finally, probably the most important
direction for future research are experimental realizations
and confirmations of this theory. To that end, it is likely
necessary to use more accurately obtained parameters
and electromagnetic solvers. We therefore would envision
interfacing this framework with ab initio calculations of
microscopic parameters [87-89], as well as finite-element
Maxwell-equation solvers. Conceptually, this is relatively
straightforward but likely requires a large degree of tech-
nical work before it can be widely applied.
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Appendix A: Matsubara Formalism

In the Matsubara approach, we introduce the partition
function via functional integral

7= [ DIQ.A e s, (A1)

The Matsubara action is written in the Weyl gauge with
¢ = 0. In principle this gauge is not unique and requires
a further gauge fixing since the vector potential may still
be shifted by a static gradient of the form A — A +
Vx where x is time independent. However, we believe
this remaining ambiguity does not cause problems in the
treatment of the path integral.Nevertheless, in the future
a more rigorous and sophisticated method such as the
Fadeev-Popov method should be employed.

There is a subtlety about writing the electromagnetic
field in the Matsubara formalism, which is that since the
electric field E is in fact a canonical momentum (it is the
time derivative of the coordinate A), it carries an addi-
tional factor of i when coupling to the polarization. Thus,
the action is written as the integral of the Lagrangian

1| /0A\? 2 (0Q\ o
L= 5 l(&) +(Vx A+ <8T> +Q:Q
0A 1 1
+nQ- 5- +isx(@)Q" + X7 (A2)
over space and imaginary time 7 € [0, §]. Here we see the
hybridization between the phonon and photon through
the electric dipole coupling Q - i0;A — Q - E upon re-
turning to real time. Since the electromagnetic field ex-
periences dispersion (due to the magnetic induction), it
must also be subjected to boundary conditions which in
this case are the same perfect-metal conditions we used
previously.

The last term is a Hubbard-Stratonovich term used to
decouple the quartic phonon-phonon interaction in the
Hartree channel. Here the factor of i reflects the inter-
action is repulsive. Integration over y can be performed,
and this returns the theory to its standard form in terms
of A and Q with a nonlinearity ~ A\(Q?)2. Qualitatively,
x represents the renormalization of the phonon frequency
from bare value €y to the physical value Qp, which is
renormalized by the phonon-phonon interactions.

We now show that up to one-loop order this also yields
the same result as the FDT calculation above. In partic-
ular, we expect the saddle-point in x to correspond to


https://doi.org/10.1038/s41578-019-0124-1
https://doi.org/10.1038/s41578-019-0124-1
https://doi.org/10.1038/NPHYS3538
https://doi.org/10.1038/s41586-019-1718-x
https://doi.org/10.1038/s41586-019-1718-x
https://doi.org/10.1002/adma.202201000
https://doi.org/10.1002/adma.202201000
https://doi.org/10.1002/adma.202201000
https://doi.org/10.1002/adma.202201000
https://doi.org/10.1021/acs.nanolett.1c00219
https://doi.org/10.48550/arXiv.2207.02884
https://doi.org/10.48550/arXiv.2207.02884
https://doi.org/10.48550/arXiv.2207.02884
https://arxiv.org/abs/2207.02884
https://doi.org/10.48550/arXiv.2205.13456
https://doi.org/10.48550/arXiv.2205.13456
https://doi.org/10.48550/arXiv.2205.13456
https://arxiv.org/abs/2205.13456
https://doi.org/10.1126/science.abd5146
https://arxiv.org/abs/2006.07605
https://doi.org/10.48550/arXiv.2107.00037
https://doi.org/10.48550/arXiv.2107.00037
https://doi.org/10.48550/arXiv.2107.00037
https://arxiv.org/abs/2107.00037
https://doi.org/10.1038/s41586-021-04337-x
https://doi.org/10.1126/science.aac9439
https://doi.org/10.1073/pnas.1518224112
https://doi.org/10.1021/acsphotonics.9b00768
https://doi.org/10.1021/acsphotonics.9b00768
https://doi.org/10.1103/PhysRevA.90.012508
https://doi.org/10.1103/PhysRevA.90.012508

the self-consistent Hartree approximation. We can ob-
tain this formally exactly by integrating out the phonon
and photon, which now appear quadratically, to get

B SWix] _
with functional determinant
1
W] = 5TrlogK[A] (A4)

where the kernel can be identified as the Gaussian part
of the Matsubara action.

This expression is simplified if we make an ansatz that
the self-energy x is time-independent in the saddle-point.
Then, we can perform a shift to “complete the square”
for Q, writing in the frequency domain

NWm
The first term characterizes the “unscreened” fluctua-
tions, as we argued in the first section, while the second
term describes the screening due to the electromagnetic
field. By writing x(r) we have allowed for the possibility
of an inhomogeneous shift in the phonon self-energy, as
we expect near the boundary of the system.

With this transformation the kernel decouples into the
part due to Q(z) and the part due to the dielectric en-
ergy. We also see that the variation with respect to x
can be framed as a variation with respect to the dressed
phonon frequency, since they are related by

o _, 0
ox(r) —6(Q%(r))

We find, after performing the transformation that the
functional has two contributions;

(A5)

OF(r) = Qf + ix(r) =

(A6)

Wolx Z’I‘rlog [16%(r' — 1) (w2, + Q%(r))] (A7)

from the unscreened response (in the absence of phonon

dispersion this is purely local and diverges with UV cutoff
as A?), and

WSCT [X]

(A8)
from the dielectric screening. Now, all of the dependence
on x is captured through

772
p A (49)

We therefore can easily evaluate the derivative in terms

of the Matsubara Green’s functions (note the minus sign
is different than the usual definition here)

Do(r,1;wy) = [L63(r' — 1) (w2, + Q7(r))]  (Al0a)

G (r, ' wp) = [6°(@ — 1) (€(iwm, r)wil — V> + VV)]

(A10b)

(Al0c)

€(iwm,r) =1+

= %ZTrlog [6%(r" — 1) (e(iwm, r)wi 1 — V> + VV- )

-1

15

as

Wix] 1 ) o O€(iwm) .

() i3 thr Do(r,15Wm) + wi, b2 G(r,r;wn)| -
(A11)

We therefore find an equation for ix(r) = Q2 (r) — Q3 of

1
Loz - o)
o 0€(iWm, )

=T Z tr {90 (r,150m) + wy, 59% 9 (r,r; wm)] .
" (A12)

02 is a counter term which is set by the renormalization
condition that Q2%(r) match the bulk value at a given
temperature.

We now recover the result from the previous section
if we evaluate the right-hand side to lowest order (i.e.
not self-consistently) in A, taking Q2 (r) = Q2 to be
the bulk TO mode frequency. Then the right-hand side
is nothing but (Q(r,t)?) evaluated as a Matsubara sum.
This can now be evaluated efficiently, and in an unbiased
manner, provided one can evaluate the Green’s functions.

Appendix B: Variational Approach

As a final sanity check, we also provide a derivation
based on a variational approach for the thermodynamic
free energy. We again work in Matsubara formalism, but
instead of using a Hubbard-Stratonovich transformation
we employ the Feynman-Gibbs-Bogoliubov inequality. To
this end, we write the partition function as

/DQA

The effective action is then chosen to constitute the vari-
ational ansatz. We use

- ferxlie-

Wm

/DQ A —Sett o= (S—Seir) (Bl)

w +QT( ))Qu + 1Nwm Q- - A

+ SMaxwelh (B2)
which essentially replaces the bare TO frequency and in-
teractions with a local, effective TO frequency. Note this
differs from the analysis of Ref. [25] so far only in the
choice of a local variational TO frequency as opposed to
a single global parameter. With respect to this ansatz,
correlation functions may be calculated easily using the
above frameworks, since the effective action used in the
ansatz is quadratic and time independent.

We then obtain an upper bound on the free energy as
a functional of our ansatz via the Feynman-Bogoliubov-
Gibbs inequality as

WI[Q2(r)] < Weg + (S — Seft)ort (B3)



The first term is simply the free energy of the noninter-
acting ansatz, while the second term becomes
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and the dielectric constant is found as

,,72

) ms =1 a5 -
€(iwm, 1) + o2+ R

(B8)

_ 4 Aoz o Loz 2 2
(S—Sett)et = /d r {4<(Q (2))) + 5(90 = Q7(r))(Q7(2)) 'We note as well that by direct examination, we have

(B4)
This can be evaluated using Wick’s theorem. We now
vary the parameter Q2(r) to find the best approximation
to the free energy. The evaluation is aided by perform-

ing a canonical transformation, as done in Appendix A.

We shift Q = 6Q — #{%@)A This then allows us to

express the free energy derivative as

Wer 1 - Oe(iwm, ) o a0
502 (1) = ig:trﬁo(r,r, Wi )+ 502 (1) wotrd (r,r; wn,)
(B5)
where the two Green’s functions are
Do(r, v wm) = (6Q_uw(r)0Qu (') et (B6)
and
G (r,1';wm) = (A (1) Au(r'))en (B7)

J

W =W + /dSr’(Qg —Q%4(r))

Now, we take a derivative with respect to the parameter
Q2.(r). After applying the chain rule, one finds

ow oF U 2 oF
— = F-F+[02-02 ——+2—(14+-)F—5
502 (r) 8% = ()] Faz +2 501+ P 5oz
where F' = jﬂvgie(% is the local phonon fluctuation den-
T

sity. The first two terms cancel and the derivative of the
phonon density is in general dependent on the TO fre-
quency, so this leaves the variational equation simplified

J

1
+5 <v¢+

1 [[(0Q)? | oo
3—2[(57) 020

o
or

1

— [ (@) =5 Q) Qule)r

Wm

5chf
503 (r)

(B9)
which implies that the local TO frequency is a variational
parameter which is conjugate to the local phonon fluctu-
ations.

We can now prove that this is equivalent to the previ-
ous two approaches. We first use Wick’s theorem to derive
the quartic term in terms of the quadratic propagator. In
the isotropic, paraelectric phase, we have

(Q*(2)Q"Q"(2)Q"())

I
—~
o
—
&

[ V)
~

~—
+

(B10)
where d is the spatial dimension. In the large d limit this
is simply the Hartree term, with the Fock term being
subleading in that limit.

We can now write our variational functional, using the
expression for the interaction derived above and the re-
lation between (Q(x)?) and the derivative of Weg to get
the exact result

Wer w2 [ Weg \°
sz 50+ 2 (s (31
[
as
[QF — QF.(r)] +2uT(1+ 2) Wer _ 0. (B12)

d’ 6Q%(r)
We note that other than the factor of 2/d due to the Fock
correction at finite d, this exactly matches our condition
from the Hubbard-Stranovich method.

Appendix C: High-Temperature Behavior

Here we provide another argument for why the
transverse electromagnetic modes decouple at high-
temperature. We begin with the quantum finite-
temperature Lagrangian describing the phonons and
their coupling to the electromagnetic field in a gauge in-
dependent form

)2-1-(V><A)2 +inQ'(aa?+V¢)- (C1)
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We can make the argument more clear if we do partial integration on the coupling term, so express it directly in terms

of the gauge fields

1 [(0Q\? | o 1
ot [(2y i

2 *3

We choose the Coulomb gauge, where V-A = 0, such that
A clearly couples to the transverse currents induced by
the phonon modes, as these are the true radiative degrees
of freedom.

We can then separate the longitudinal and transverse
parts of the radiation coupling as

2, =5 (Vo) —inov Q. (3)

This clearly endows the LO phonon mode with the long-
range Coulomb interaction. It also clearly couples to the
phonon coordinate Q and makes perfect sense in the clas-
sical limit, where Q and ¢ become “time-independent”
and the integral over Matsubara time becomes simply
J2dr — 1T

On the other hand, the transverse modes couple via

L_1(0A) 1 2y 09
iﬂim_2 or +2(VXA) nA or

(C4)

We note a number of important points. The first is that
the radiative electric field has both retardation (due to
the first term), and intrinsic dynamics due to the induc-
tive response of the second term. Second, we see that
the field couples to the transverse phonon current. In
the classical limit high-temperature limit the retardation
due to (0,A)? goes away as the cost of a thermal tun-
neling event ~ T becomes suppressed, and we are left
with

L = %(v x A)? —iA - Jt (C5)
In this case the current J* = 70,Q is essentially the
canonical momentum associated to the dielectric polar-
ization, but at high-temperatures this becomes uncorre-
lated with Q. Therefore, the photon field indeed dresses
the expectation value for the phonon current fluctuations
{(J+)?), but this now is independent of the phonon fluc-
tuations (Q?). In this way, we see that this is a quantum
effect since the photons only couple to the phonon dis-
placement through the commutation relations between
the phonon displacement and current [Q,J] # 0, and at
high-temperatures this vanishes.

Appendix D: Evaluation of Green’s Function in
Cavity

Here we elaborate on the details for the calculations of
the Green’s function in the slab geometry. This largely

2
(v¢+8£) +(V><A)2] —in[¢V-Q+A- :

0Q
or (C2)

(

follows Ref. [90], which calculates nearly the same quan-
tity we need but only evaluates at the boundary of the
Fabry-Perot geometry; we want to evaluate it locally in
the bulk. We must obtain the Matsubara Green’s func-
tion for the vector potential in the Weyl gauge. This sat-
isfies the equation

—0? 0 190,

wWeliwn)+ | 0 ¢—-02 0
190, 0 q?

G(z,2') = 8(2—2)

(D1)
where ¢ is the in-plane momentum, which we have taken
to lie along &, (this can be done provided there is in-plane
isotropy.

Clearly, the problem decoules in to the transverse elec-
tric (TE) modes, which solve

[wie(iwm) + ¢° — 2] Gyy(z,2') =0(z—2")  (D2)

(they have the electric field polarized along &, which is
transverse to the momentum), and the transverse mag-
netic (TM) and longitudinal (L) modes which are coupled
and solve

{wfne(iwm) + (Z_q?; 2‘2‘3)] G(z,2') = 6(z— 2). (D3)

We also have boundary conditions on the x, y components
at +L/2.

We begin with the TE modes. These can be solved for
analytically by the method of matching. We can write
down the solution almost immediately (after some deep
introspection)

Gyy(z,2') = Asinhk(L/2 — z)sinh k(2" + L/2) 2> 2
) = dinbn(L /2 — ) sinbc + 12) = <
(D4)

We have introduced k = /w2 €(iwn,) + ¢°. What now re-
mains is to impose continuity of the derivative at z = 2.
Integrating across the singularity and utilizing hyperbolic

trig identities we obtain the relation
ArsinhkL = 1. (D5)

We therefore obtain the TE mode Green’s function in
analytical form of

1
Co(2:%) = L
" sinh k(L/2 — z)sinhk(2' + L/2) z> 2 (D6)
sinhk(L/2 — 2')sinhk(z+ L/2) z< 2z



The case of the remaining two modes is harder, in par-
ticular since the equations are second order and coupled,

(W2 e(iwm) — 02)Gou(2,2') +iq0.GLu(2, 7)) = 6(2 — 2') (D7a)
K2G..(2,2) +i90.Gu(2,2) = 6(2 — 2') (D7b)
(W e(iwm) — 02)Gaz(2,2') +i90.G..(2,2) =0 (D7c)
190, G px(2,2") + nszz(z, 2')=0. (D7d)

We can locally eliminate G, to get

1
G.z(2,2) = —Eiqasz(z,z') (D8)

giving
2
2 /- 2, 4 a2
(wi€e(iwm) — 07 + Eaz)Gm(z, Z)=68(z—2") (D9)

for the in-plane component. This simplifies slightly to
produce

I<32

(k? = 0%)Gpu(z,2) = 5(z—2) (D10)

w2, €(iwm)

In fact, this can be solved just as trivially as the TE
modes since we need only replace the constant prefactor
A. We obtain

N K
Goalz,2) = w2, e(iwp, ) sinh kL
" sinh k(L/2 — z)sinh (2’ + L/2) z> 7 (D11)
sinhk(L/2 — 2")sinh k(2 + L/2) z< 2.

Allin all we then obtain for the contributions G4 (z, z)+
Gyy(z, z) together

tI'GH(Z,Z)
_ sinhk(L/2 — z)sinh k(L/2 + z) {14— K ] .

sinh kL

While this is not itself singular, we are reminded that
we still must perform the integral over ¢ and this will in
general incur a cutoff dependence.
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allowing for the potential for a fourth order equation
upon decoupling. Let us write out all the equations ex-
plicitly

The last step is the most difficult; we must determine
the normal component of G. The normal component is
found following Ref. [90], whereby we first obtain the off-
diagonal component

Guo(22) = =50.Gral(2, ). (D13)
It then seems that an assumption has been made in
Ref. [90], which seems we must make as well, which is
that the Green’s function is reciprocal in the sense that
we can interchange G, and G, so as to close the equa-
tions. This seems valid provided time-reversal, or more
importantly, reciprocity of the system is preserved.

If we make this simplification, then we can obtain G,
from G, ultimately giving

K2G .. (2,2) = (W2 e(iwm) — 0%)Gan(z, 7). (D14)

We can in turn utilize the equation for G, to remove the
derivative, which is very singular acting on the Green’s
function. We then instead recover an inhomogeneous
equation of

nzGZZ(z, 2 = fq2Gm(Z,Z') +

such that we have

2 1

G..(z,2) = _%Gm@,z'” 5(z—2'). (D16)

w2 e(iwpm)

In fact, the last term is the origin of the most severe sin-
gularity, since the Green’s function itself is singular at
z = 2, not merely non-differentiable. However, we are
saved by the fact that this term is essentially constant
and independent of the geometry. We therefore obtain the
complete expression for the local vector-potential fluctu-
ations as



sinhx(L/2 — z)sinh k(L/2 + z)

trG(z,2) = sinh KL

The quantity in brackets can be simplified as

1 n K q? 2
ko wle(iwy,) Kwle(ivy,)]| &

(D18)

We therefore obtain the result for the electric-field fluc-
tuations, which are weighted by an additional w2, factor.
This gives

w2 trG(z, z) =
%smhm(L/? —.z)sinh/{(L/Z—i—z) n .1 5(0).
2k sinh kL €(iwm)

(D19)

We now must subtract the part which is independent of
geometry or system size. In particular, what matters for
the Casimir formula is

A(EE) = w?, [trG(z, z) — trG(0,0) (D20)

L—>oo:| |

d%q Oe(iwy,) w?
2 m m
AQ%(z) = AT § :/ % om

S 00%

This is to be numerically evaluated. We do need to be

2 A e w? 772
AQZ(z) = 27§ = ml
() = 5 mZ[ (2, + P

w2, €(iwm)

The first terms are the quantum corrections, which are
evaluated by summing over the m = +1,+2, ... Matsub-
ara frequencies, and this can be evaluated relatively eas-
ily numerically. The last term is the classical contribution

1 2
x[+ "4

w2 e(iwm)+A?
|/ d

K?Iﬁ:

n? A
[—4} lim w2/
QT w—0 w /e(O)
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5(0). (D17)

1
ko w2 e(iwn) nw?ne(iwm)} w2, €(iwm,)

(

We find a simple result of

A(EE) =

w2, (sinhk(L/2 — z)sinhk(L/2+2) 1
2K ( sinh kL 2
(D21)

Therefore, the result ends up being relatively simple (we
still do need to integrate over ¢ and sum over w,,, to be
clear).

We can already see however that this is going to be
positive comparing the bulk and surface. In particular,
we have

2
— A(EE)(0) = 72’7: sinh?(kL/2)/ sinh kL.
(D22)

This is therefore manifestly negative; now if we recall
that the overall contribution goes as —(E?) due to the
change in dielectric constant being inverse to the phonon
frequency, we find that this will lead to a mode hardening
at the boundary.

In total, we find that the final result including the Mat-
subara sum and momentum integral is

A(EEY(L/2)

<Sinhm(L/2 —z)sinhw(L/2+2) 1) _ (D23)

sinh kL 2

(

careful since the integrand is singular in small ¢, w
We therefore numerically compute

1 (sinhk(L/2 —2)sinhk(L/2+2) 1
sinh kL 2

1 (sinhk(L/2—z)sinhk(L/24+2) 1
"ok ( sinh kL 2)" (D24)

(

which is tricky to evaluate due to the singular limit as
w — 0. the last term does indeed vanish in this limit. This
is seen by first manipulating the integrand via x = kL
and utilizing trig identities to get



lim w?
w—0

wy/e(0) 2K sinh kL

We can now apply L’Hospital’s rule to this to determine
J

sinhz(% — s)sinhx(3 + s)

2 LA 1
lim & / g 2 2 = lim
w=0 4 Jr, () T sinh z

1+ sinhz(3 — s)sinh (2 + s)

/A dr L <Sinh K(L/2 = z)sinhk(L/2 + 2)
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sinhz(3 — s)sinhz(3 + s)

w2 [EA dz[
i

wg}) Z Lwy/e(0) & sinh x
(D25)
[
the result. Applying this once we find
L 117 sinhz (3 — s)sinhz(3 + s)}
3 : .
w—0 Q/w 4z sinh x G
(D26)

(

The first term in the brackets is non-singular so we find

sinhz(3 — s)sinh (2 + s)]

sinh w=0 8 L,/e(0) sinh z . e(O)w.
(D27)
[
To proceed further we write
. 1 . 1 1
sinh :1:(5 — $)sinh x(i +3s) = §(coshx — cosh 2xs).
Once again, the first term is not singular enough to possi-
bly cancel the w? numerator. so we find the only possible
way out is from evaluating
. ig /LA dx |:_ N sinh 1:(% — s) sinh :c(% + ) . w? 1 cosh2w/e( (D28)
w=0 4 Jro, ) ¥ sinh z w—)O 16 L+/€(0) sinh Ly/e(0)w

Since z is ultimately bounded by L/2 this also cannot
scale with z fast enough to possibly yield a singular limit,
so we see that applying L’Hospitals rule once more we will
find this limit vanishes. Thus, we can disregard the clas-
sical component altogether, since it does not contribute

J

We

A 27T n
TRV S S T
r 2m mZ:l (w72n + Q%)2 w2 e(twm)

2 e(iwm)+A2

[
to this quantity.

This establishes that the electrostatic fluctuations do
not end up contributing, and we find that the result is
simply due to the quantum fluctuations wvis a vis

(D29)

1 (sinhk(L/2 —z)sinhk(L/2+2) 1
"o sinh kL 2)°
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