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Abstract

We study classical M5 brane solutions in the probe limit in the AdS7 x S* spacetime
geometry with worldvolume 3-form flux. These solutions describe the holography of
codimension-4 defects in the 6d boundary dual N' = (0,2) supersymmetric gauge
theories. Starting from some half-BPS solutions which follow stricter BPS conditions,
we find a general 1—16—BPS solution. We show how some of the giant-like M5 brane
solutions here may be related to the codimension-2 surface operators in the 4d gauge
theory.
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1 Introduction

The study of branes as probes in the anti-de Sitter spacetime provides valuable information
about the non-local observables such as surface operators, Wilson lines, and other line opera-
tors in the boundary supersymmetric gauge theory [1-3], [4,5]. In the M-theory framework,
using the holographic AdS;/CFTg correspondence, M5 branes have been used as probes
to know more about the non-local Wilson surface operators [6,7] which are codimension-4
in the 6d boundary gauge theory, and as well as the codimension-2 defects in the the-
ory [8-10]. Codimension-4 Wilson surface operators have also been analyzed due to the
holography of probe M2 branes [11,12]. The codimension-2 defects upon the dimensional
reduction of the theory on a Torus T? become Gukov-Witten surface defects in the 4d
gauge theory [13,14], [8,15-19]. Whereas, in the literature, it has been discussed that the
codimension-4 defects upon a suitable dimensional reduction may become Wilson lines in
the large rank representations of the 5d SYM gauge theory [20], or they may become the
codimension-2 surface operators in the 4d gauge theory [8,16]. In [8] authors show how sur-
face operators in the 4d gauge theory obtained from the codimension-2 and codimension-4
non-local operators are equivalent objects by showing the equivalence of the twisted-chiral
superpotential functions that describe them in the IR regime.

In [9], we analyzed those M5 brane embedding solutions that are holographic duals of
the codimension-2 surface defects and they end in the boundary of the global AdS7 in an
R x S? submanifold. We found the most general BPS M5 brane solutions that preserved
just one spacetime supersymmetry. Out of these general %—BPS solutions, there were some
solutions with at least 2 preserved supercharges that were shown to hit the AdS; boundary



in 1 + 3 submanifold. For these %—BPS solutions, we also recovered the singularity profile
of the complex scalar in the (2,0) tensor multiplet theory when we took the large radius
limit for the AdS; boundary.

In this article, the point of discussion is towards the codimension-4 surface operators in
the 6d gauge theory. The holographic dual M5 branes hit the boundary of AdS; inal + 1
dimensional submanifold. The M5 brane solutions that we analyze here in the probe limit
can have self-dual 3-form flux turned on their world volume. Half-BPS solutions have the
world volume of AdS5 x S®, where the flux strength is proportional to the S® volume. There
are two kinds of solutions possible here: the first kinds are the ones for which the S part
of the worldvolume is inscribed in the S* part of the background global AdS; x S* space-
time geometry; the second kinds are the ones for which all of the AdSs x S* worldvolume
coordinates are identified with the AdS; coordinates. We will often refer to the first ones
as the “giant-like” solutions and the second ones as the “dual-giant-like”.

The “giant-like” solutions that we find here are similar to the ones discussed in [6, 7.
And like the “giant-like” solutions known from earlier, we are finding that the 3-form flux
can be turned off to zero value for a certain instance, and the M5 world volume is still a
stable supersymmetric solution. Another important result here is that we show these “giant-
like” solutions are part of the most general %—BPS embedding conditions found in [9] when
we analyzed the M5 brane solutions, which were the duals of codimension-2 defects in the
boundary theory. We will give more comments on the relation with our previous results in
subsection 3.1 and in the conclusion section 5. The “dual-giant-like” solutions that we find
are also similar to the solutions that authors in [7] have found, and over there, the presence
of the 3-form flux is indeed necessary to have a supersymmetric world volume. In section 2,
we begin by describing the coordinate frame we choose for the AdS; x S* metric to find the
desired solutions. In section 3, we give the details about the “giant-like” M5 solutions that
we find and then show the possibility of combining them in ways so that their intersections
preserve the common set of supercharges. The general “giant-like” M5 solutions preserve
just 2 common supercharges which we derive in subsection 3.1 and App B and present in
the equation (3.25). In section 4, we give the details of the “dual-giant-like” solutions that
we find. In section 5, we end with an analysis of our results with some extra details and
future outlooks from this work.

2 Probe Mb5s in AdS; x S* geometry

The metric that we consider for the eleven-dimensional AdS; x S* geometry is in the global
coordinates system

2 d 2
ds? g = — <1 + Z—p) dt* + (1+—7a_2) + r2dS2s (2.1)
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with dQs = da? + cos? ad¢? + sin® a (dﬁ2 + cos? B dg? + sin? B dqbg)
dsga = 1> (d0” + sin® 0(dx” + cos® x d&; + sin® x d&3)) (2.2)

The background 3-form potential field is given by
13
c® = 3 cosf (cos20 — 5) d2; (2.3)

Half~-BPS M5 branes

We now spell out the type of half-BPS M5 brane embeddings that we are going to analyze.
Such solutions will have the worldvolume of AdSs x S® metric. To find the desired super-
symmetric M5 solutions, we follow the method employed in [7] which followed the classical
equations obtained in the work [21] where the worldvolume superspace was considered to be
embedded in the 11-dimensional target superspace. These field equations have been shown
to be the same as Euler-Lagrange equations of motion [22], from the covariant action of
Pasti-Sorokin-Tonin (PST) [23,24], which is a Dirac-Born-Infeld like covariant action. Here
we only present the analysis of the xk-symmetry constraint equation but all the half-BPS
solutions to be discussed solve all the remaining classical equations. The S% part of the
induced metric has been understood to support the 3-form flux of the worldvolume. We
will consider two kinds of solutions:

i) giant-like: the ones which have the S® sphere expressed in terms of the coordinates that
parametrize S* of the 11d spacetime.

ii) dual-giant-like: the second kinds are the ones where all the M5 coordinates comes from
C AdS7 coordinates of 11d.

The three-form flux here is self-dual and follows the constraint i = x,h L. Hence we can
derive a form for the field strength desired for our analysis throughout this note

h = hflgd’]— N dUl VAN dUg + h345d0'3 A d0'4 N d05 (24)

Worldvolume self-duality constraint allows us to write this in terms of the explicit expression

where (3 is the volume of the S3 and the notation ¢ is for the induced worldvolume metric.

dr Ndoy N\ doy + /Q3dos A\ doy A da5> (2.5)

a is some common factor that turns out to be a constant in both the kinds of solutions that

'Flux field h here is related to the gauge-invariant field strength H as equation (28) of reference [22].
And H = C® 4 dB® where B is the gauge potential that describes the three on-shell degrees of freedom
of the M5 worldvolume theory.



we discuss here.

We will begin by enumerating all the possible solutions that we found in the first category.

3 Solutions of the kind I : S% ¢ S§*

The giant-like M5 solutions which appeared in the literature [6,7,20] were understood to
be related to the Wilson loop operators in the lower 5- and 4-dimensional gauge theories
charged in the large rank anti-symmetric representations of the SU(N) gauge group. The
holographic duals of such Wilson loops in the 4d gauge theories were D5 branes, which
were analyzed in detail in [25,26]. The world volume metric of those D5 branes were of
AdS; x S* type which hit the AdS boundary on the location of these Wilson lines. The
authors in [6,7] discuss an upper bound on the value of fluxes due to 3-form field strength
that can be allowed for probe M5 branes for such kind of embedding solutions in AdS; x S*
spacetime geometry. In here, we have also found such a bound in the value of constant a
in the 3-form field strength in (2.5), which will reflect that there is also an upper bound on
the flux value on the world volume.

The first two solutions that we found had the metric in the static gauge with the following
identification of the coordinates:

T—>¢0,0'1—>p,02—>Oé,0'3—>X,0'4—>£10'5—>£2. (31)
The induced worldvolume metric is of this form

ds?

= 4 (— costhdgb(Q) + dp* + sinthdQQ) + %sin? 6, (dx2 + cos? y d&} + sin2xd§§)
(3.2)

ind

The S* coordinate @ is a constant 6, that can take values between 0 and 7 and also controls
the size of S wrapped by the worldvolume. Here the k symmetry constraint equation [21,22]
is of this form

[.e = *+e (3.3)
where
1 40 mn s
I, = m <’le2345 + ag pa anphqrs) (3.4)

Yr12345 1S the product of six worldvolume I' matrices and the indices m,n, p,q,r, s are the
coordinate indices. ¢ is the Levi-Civita 6-tensor. Here

V112345 — 2[6 Sil’lh 2p Sin 2X (COShp F01289m + Sinh 1% F12489m) (35)



matrices I' here are the 11-dimensional matrices with the tangent space indices.

The non-zero components of the 3-form field strength are

13
hrpe = —4al® sinh 2p Pyerer = % sin® 0y sin 2 . (3.6)
which is obtained with the assumption that h obeys
1
h = 2 ( 2*9) Qs (3.7)

with Q3 being the volume form on the S3. And therefore, I, is equal to

1
:m (Vr123a5 + Vr12 hyeres — V345 Prpa)

= COShpF01289m + Sinhpl—‘12489m + CL(COShpFOlg + sinhpF124 + Fggm) . (38)
In the k-symmetry equation, after we commute all the 6-product and 3-product I' matri-

ces(in I'y) through the factor M in the killing spinor (A.5) we get the following

I'.M =M | —cosf (e’“gxe’mm&f‘ggm (cos el el2s®2 ) o 4 gin Bel 1491l 369 F013))

+ sin 6, (COS B€F14¢1 el2592 Loz + sin ﬁerl4¢1€F36¢3 F013)

~+ a cos b (cos pel14d1el2502 L0 4 gin Bel 1491 eF36¢3F013)
+a 6—1“78><6—F9m§11189m (sin 0 (COS /BGF14¢16F25¢2F012 + sin 56F14¢16F36¢3P013) + 1)
(3.9)

There are two solutions possible here that satisfy the x-constraint

1. Weset =0, ¢ = 0 and ¢ = 0 in (3.9) as the required embedding conditions
(whereas ¢3 angular direction shrinks to zero size and 6 coordinate has already been
set to a fixed 6p), we find that the worldvolume supersymmetry is preserved if the
following projection condition is there

Loiz€0 = €0, (3-10)
and the value of the constant set to
1 —sin (90
= — 3.11
“ cos 0y ( )

2. And on setting 8 = 7, ¢1 = 0 and ¢3 = 0 in (3.9) as the embedding conditions (and
¢9 angular direction is of zero size), we find that the worldvolume solution is half-BPS
with the following projection condition

Loz €0 = €0 (3.12)
with a set as (3.11).



Discussion: In the equation (3.9) on the RHS, obtained after commuting through the
matrix factor M, the parenthesis terms in the first two lines are contributions from the six-
product 7,12345, and the terms in the 3rd and 4th lines are from contributions due to the flux
terms in the x symmetry equation. Here the value of the 3-form field depends on the value
of y where the S* coordinate 6 is fixed. By choice from (3.7), h depends on the volume of
S3, which varies if the fixed value of § coordinate 6 is changed. And due to the condition
(3.11), a is also , dependent. But when S* vanishes at 6 equal to 0, and 7 (where the
world volume is not AdSs x S* anymore), these are no longer M5 brane solutions. Whereas

at 6 equal to 7, although the size of the S3 wrapped by the world volume is maximal, a

becomes zero here. So in the limit when value of § — 7, even with flux field & — 0, these

are still stable supersymmetric AdSs x S® probe M5 solutions.

There are four more half-BPS solutions that contain such 3-form flux field. Identifica-
tions for the M5 worldvolume coordinates of these are different from (3.1). I'y can also
be computed for all these four solutions separately and an equation similar to (3.9) can
be found. The value of the constant a for all these are the same as in (3.11). Below we
merely list these solutions with their embedding conditions and along with the respective
projection conditions. We find that the three of them can be nicely written in terms of the
complex AdS; coordinates defined in (A.1)

3: & =0and ¢3=0

In terms of the real coordinates the embedding conditions are: @ = 0 and 6§ = 6,. When
a = 0 the angular directions parametrized by the coordinates 3, ¢, and ¢3 shrink to zero
sizes. The identification of the worldvolume coordinate in the static gauge is

(Ta 01,02,03,04, 05) — (¢07 P ¢1a X5 617 52)
This solution is supersymmetric with xk-symmetry constraint true when
Loa€0 = €. (3.13)

4: @ =0 and &3 =0

In terms of the real coordinates the embedding conditions are: a = 7, 8 = 0 and, 6 = 6.

When o = 7 and 8 = 0 the angular directions parametrized by coordinates ¢; and ¢3 shrink
to zero size. The identification of the worldvolume coordinates is

(Ta 01,02,03, 04, 05) — (¢07 P, ¢2a X5 617 62)

The solution is supersymmetric with k-symmetry constraint true when

Logs €0 = €0 (3.14)



5 <I>1:0and<1>2:O

In terms of the real coordinates the embedding conditions are: o = 7, 8 = 7 and, 6 = 0.
When a = § and 8 = 7§ the angular directions parametrized by coordinates ¢; and ¢,

shrink to zero size. The identification of the worldvolume coordinates is

(7—7 01,02,03, 04, 05) — (¢07 P, ¢3a X5 gl’ §2>

The solution is supersymmetric when
F036 €0 = €o. (315)

6 : For the last solution, the real embedding conditions are: a = 7, 6 = 6, ¢ = 0
and ¢3 = 0. And the ¢; direction shrinks to zero size. With the following worldvolume
identification

(7,01,02,03,04,05) — (¢, p, B, X, &1,€2)

This solution is supersymmetric when

F023 €0 = €o- (316)

3.1 General giant-like solutions in kind I
It is also essential to identify the sets among these solutions that have common Supersym-
metries

th .
° i common supersymmetries:

1. Solution with projection (3.10) and the solution with projection (3.15).
2. Solution with projection (3.12) and the solution with projection (3.14).
3. Solution with projection (3.13) and the solution with projection (3.16).

Considering the above sets of projections this will give us the individual ith—BPS
embedding solutions separately.

" common supersymmetries: There is only one combination that is possible with

1
. =

8
projections of (3.13), (3.14) and (3.15) which we also rewrite as follows

F14 € = F25 €y = P36 €) = _FO €0 (317)

along with the %—BPS projections in (3.17) if we also consider 11-Gamma product
L1234..10 = 1 then the following is also true

060 = —T'so o (3.18)



In the remainder of the section, we aim to find a general expression solution that will
also include the three half-BPS solutions that preserve the common supersymmetry due to
(3.17). To find such an expression we further break the supersymmetry by introducing an
extra projector

F14 € — F25 €y = F36 €) = _FO €p = i€0. (319)

The %—BPS projections above will also preserve the single supercharge that was determined
by the 3% projections we wrote in [9] to calculate the most general 3—12—BPS solution. # equal

™

to § was another embedding condition for that solution. We rewrite the most general

solution of [9] for the convenience below

FO(Dy, @y, Dy, B3, Zy, Z5) =0 with I = 1,2, (3.20)

(1) (i _
Fi)—2) F =0. (321)

3
with the scaling condition on each F()
i=0 i=1,2

Since the 1—16—BPS solution, for the giant-like M5 brane that we are after, will also preserve
the single supersymmetry of (3.20). This will mean that it will be contained(as a subset
conditions) within the (3.20) expression. But because it preserves at least one more super-
symmetry than (3.20) the solution expression will be of a more constrained form. The form
of our £-BPS solution here will be different from the ones in equation (4.1) of [9] where
one of the Z coordinates of S C S* was put to zero. We rewrite this particular equation

as well

ZQ =0 and F (C(I)(), C(I)l, C(DQ, C@g) =0 (322)
where ¢ = v/Z; = ¢'%. This equation is of further constrained form from (3.20) that goes
on to describe the holographic duals of codimension-2 defects in the boundary 6d SCFT.
This above equation of [9], now labeled (3.22), describes another %G-BPS sector of Mb brane
solutions different from our current +-BPS sector here due to (3.19). M5 worldvolume
of (3.22) wraps an arbitrary 1d curve on the S* C S? and the remaining 1 + 4 directions
of the 6d worldvolume lie completely in the AdS; part. While in the present case, the
3-dimensional space due to sphere S® C S* wrapped by a giant-like M5 solutions is always

going to be the same, and hence the condition Z; = 0 will not enter here.

It is also easy to illustrate how the individual half-BPS solutions corresponding to (3.13),
(3.14) and (3.15) will fit into the general form of (3.20). For example, the half-BPS solution
due to (3.13) can also be expressed as

By =0 ®3=0. (3.23)



Hence we can take the holomorphic functions in (3.20) to be

F(l)((pO)@laq)Za(I)?)leaZQ) = ®2 =0
FO(Dy, Dy, Dy, 03,7,,7Z,) = B3 = 0. (3.24)

Now, since the worldvolume wrap all of S® C S*, coordinates Z;, Z, will not appear as
arguments. Therefore, it is natural to conclude that the answer for general 1—16—BPS M5
solution of this “giant-like” kind can be expressed in terms of two arbitrary holomorphic
conditions:

FO(@y 1, Dy, P3) =0  with I =1,2, (3.25)

along with the scaling condition

3
S0, FD (g, @y, dy, B5) =0 (3.26)

=0

with the coordinate # fixed to any arbitrary value 6y between 0 and 7. However, the most
general solution (3.20) from [9] did not have the 3-form field strength of the M5 world
volume turned on.

For completion, we give explicit proof for the general expression (3.25) in appendix B.
It does not involve any new detail(method-wise) that we have not discussed so far here and
in [9].

3.2 Boundary limit description

We can look at this general solution in the limit where the AdS radius is large. The complex
coordinates ®; € C3 chosen for the AdS; embedding take the form

(I)O = Tl (I)l = T (DQ = Ty (I)g = T3 (327)

where 7 = 2 sinh p and vy = €%, v; = cos e, v, = sina cos Be'??, v = sin asin Be's.
In this large r approximation(where the boundary theory lies), the induced metric is in the
conformal class of R x S°

—[d®o|* + |dD1|* + |dPs|* + |dDs|* =
r? (—d¢g + do® + cos® adgy + sin® o (dB® + cos® B d¢s + sin® Bd¢3))
(3.28)

Now we need to find the locus of zeros of the functions in (3.25) as we near the boundary. It
is important to note that the holomorphic functions F!) given in (3.25) with a differential
scaling condition given in (3.26) can be repackaged in the following way

Oy Oy Py

FO@, & Dy &) ~ HO [ L 2 2) = ¢ 3.29
(0) 1, ¥2, 3) (1)07(1)07(1)0 ( )

9



where H) are two arbitrary holomorphic functions. Near the boundary the functions
become H) <ﬂ “ ﬁ) So the worldvolume of the M5 brane intersects the boundary(at

vo’ o’ o

radial coordinate r = r.) at the common intersection of zeros of the functions
(O S R (3.30)
1/0’ 1/0’ IZ0)

Next, we show how to connect this general solution with a class of solutions that appeared
for Wilson surface operators in [28]. It can be seen that if we shrink the size of the S®
wrapped by the worldvolume(by moving to the 6 position § = 0) the resulting M2 branes
are valid solutions preserving the same supersymmetry before the general M5 brane becomes
degenerate, in this class of solutions. The M2 brane embedding will be described by the
same conditions in (3.25) and will not wrap any directions contained in the S part of the
11d background geometry.

First we do the Wick rotation 7z = —i 7, the functional conditions of (3.30) take the form
HD (e7Fyy, ePuy, ePug) = 0. (3.31)
Then we do the conformal coordinate transformation:
(21, 29, 23) = €F (cos a e, sinacos f €2, sinasin 8 ei¢3)

The metric transforms as follows

dri + da® + cos® a dgi+sin® o (d3* + cos® B d¢3 + sin® B d¢3)

e (drp + do® + cos® adgi + sin® a (dB? + cos® Bdd; + sin® Bdp3)) = |du|> + |dzo| + |dzs|?

It can now be seen that the functional conditions in (3.31) describe an arbitrary holomorphic
curve in the C? space

HWD (21, 29, 23) = 0 for I =1,2. (3.32)

Therefore, we have shown that after we make our general % BPS M5 brane solution de-
generate to M2 branes of the same supersymmetry(after shrinking the S? size to 0), in the
large AdS radius boundary limit, our derived functional conditions in (3.31) describe an
arbitrary holomorphic curve in the C? space, and which give the ‘type-C’ Wilson surfaces
obtained in the reference [28].

The direct one-to-one map to the solutions of [28] also makes sense with the understand-
ing that the ‘scalar couplings’ n!, which are defined in [28], were constant vectors along the

10



whole of Wilson surfaces only for the ‘type-C’ class surfaces. The n! vectors were unit
vectors that took values in R®, the same space in which the 5 scalar fields of the boundary
theory take their values. For our general solutions from (3.25), the associated n! vectors
for the boundary scalars are going to be constants by construction, since the holographic
dual M5 solutions always wrap all of the S3 directions inside S* (which are the orthogonal
directions to the AdS7 boundary) and are located at fixed 6 coordinate values. And in the
degenerate limit to get M2 branes 6 = 0, where S? size is zero.

Some comments: It is also worthwhile to note that because S* coordinates: Z; and Z,
are not the arguments of these holomorphic conditions(as they are all identified with the
worldvolume coordinates that describe the S® part wrapped by the general M5 solution),
they do not appear as arguments in the general embedding conditions we have presented
in (3.25). Due to this, we cannot do the analysis that we did for the profile of the scalar
fields singularities associated with the codimension-2 defects in the later part of section 4
in [9], where the coordinate Z; was still in the argument (refer (3.22)). And we had taken
the boundary limit for the AdS radial direction and then found the singularity profile of
the complex scalar in the boundary (2, 0) tensor multiplet theory.

Therefore, for these giant-like M5 branes, it appears that unlike the previous solutions
in [9], taking the large radius limit will not reflect any singular behaviour for the boundary
gauge theory scalar fields(when the codimension-4 defects are present). This is very much
consistent with what is known about surface operators and also discussed in [8,16] where,
upon dimensional reduction, the codimension-4 defects were associated with the coupled
2d/4d description of surface operators in the 4-dimensional gauge theory.

4 Solutions of the kind IT: S ¢ AdS-

The dual-giant-like solutions that have been known are also understood to be related to
those Wilson operators which are charged in the large rank symmetric representations of
the SU(N) gauge group of the 4- and 5-dimensional gauge theories. The holographic dual
probe D3 branes in the AdSs x S° spacetime were analyzed in [3,26] where world volume
metric is of AdSy x S? type and hit the AdS boundary on the location of such Wilson lines.
For the dual-giant-like kind that we present, there are three half-BPS solutions preserving
supersymmetries in the different sectors. Each has a respective projection condition on the
constant spinor €, required to satisfy the k-symmetry constraint. They all have the following
identification for the worldvolume coordinates

7'—)9250,0'1—>p,0'2-)9%)1,0'3-)5,0’4%9%)2,0’5—)9%)3. (41)

The three M5 brane solutions that we discuss here directly couple to the dual background
6-form potential field

cO = — (2[)6 sinh® pcos asin® awcos Bsin Bda AdB Addg A ... A dps . (4.2)

11



The embedding condition: sinhpsina = 1 is also the same for all three. The induced
worldvolume metric of AdSs; x S? topology has the following expression

4dp?

ds?> = 202 [ =2 cosh? pdp? + ——F
( p s 1 — csch?p

(4.3)
What is different are the following embedding conditions

e Solution 1: the point chosen is 6 = 7, x = 0 and §; = 0 where the circle parametrized
by &5 shrinks.

e Solution 2: the point chosen is § = 7, x = § and & = 0 where the circle parametrized
by &; shrinks.

e Solution 3: the point # = 0 is chosen where the size of S* C S* shrinks to zero.

We demonstrate our calculation a bit for Solution 1 here and later state the final answer
for all of them. For convenience we write the I'; matrix in its general form again:

1 40 mnpqrs
Fn = m (77'12345 + ag Pa anphqrs) (44)

For the chosen solution the matrix \/%etg’yﬂgg% is equal to

1
—— | coth pT’ —14/1—=sinh™2pT > 4.5
\/5 ( PL 023456 P 1013456 ( )

and the flux-dependent part is equal to

1
J=detg (Yr12 Pggass — V345 hrpgy )

—— % {\/ 1 — sinh 2 pls + (1 — sinh ™2 ,0) To1a
— cot P <F245 — cot pP025 + \/ 1-— Sinh_2 1% (F015 + F024)) :|
a /
+ E |:C0thpF346 — (Fogﬁ — 1— sinh_2 pF356):| (46)

Here the non-zero components of the self-dual field strength are

Brpg, = —4al®y/coshdp — 1 Rpgass = dal®sin2f3 (4.7)

After commuting all the six-product I' matrices in (4.5) and all the 3-product I" matrices in
(4.6) through the matrix factor M in the killing spinor € (A.5) we find that the k-symmetry
constraint is satisfied.

12

+ (cosh2p — 3) dgb%) + AP (dB* + cos® Bde; + sin® Bd¢3 )



The projection required on the constant spinor ¢; is the following
Lo148010 €0 = €0 - (4.8)
Along with this, we find that the value of the constant factor a in the h needs to be
a=1-v2 (4.9)

Similarly, the answers for the remaining two solutions are

- Solution 2 : with the real embedding conditions 6 = 7, x = 7 and §& =0
Lo147910 €0 = —€o (4.10)
- Solution 3 : with § = 0 condition
Lo1a €0 = € (4.11)

Here the contributions from both 7,12345 and the flux-dependent part in the I', matrix (4.4)
are needed in the xk-symmetry equation for the solutions to be supersymmetric. Therefore,
we find that for these half-BPS solutions the value of 3-form flux field A cannot vanish in
order to have a supersymmetric worldvolume of AdSs x S3. The same conclusion was also
found for the "dual-giant-like” solutions in [7].

This also means that it will not be possible for these solutions to be combined with those
that we saw in the previous section. Hence they will not belong to the same BPS sector
and they will not belong to the embedding conditions in (3.20) as done by those giant-like
kinds and also by the solutions in [9].

5 Discussion of the results and conclusion

In this article, we presented some probe M5 branes in the AdS; x S* spacetime with half-BPS
solutions having AdS; x S world volume. These solutions have the world volume 3-form
flux field turned on. Two kinds of solutions appeared in our discussion i) giant-like solutions
and ii) dual-giant-like solutions. Both the kinds of M5 solutions will hit the boundary region
of AdS; at the locations of 1 4+ 1 dimensional Wilson surface operators in the dual gauge
theory. From supersymmetry analysis, we found these solutions to be consistent with the
ones discussed earlier in the literature [6,7,20]. For the giant-like solutions, we see that
the worldvolume 3-form flux field value becomes maximum when the M5 brane is located
at a fixed point of 6y, which is somewhere between 0 and 7. An increment of 6y from this
'maximum point’ decreases the value of the flux field before it vanish at 6y = 7.

After this, we found that 3 of the half-BPS giant-like solutions can be combined such that
a general solution can be constructed that preserves the common four supersymmetries of
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Figure 1: This figure depicts the probe M5 brane dual to codimension-2 defects in the back-
ground spacetime geometry of AdS7; x S* getting deformed to become the M5 which is dual to
codimension-4 defects.

these. On further breaking the supersymmetry by an extra % factor, we found that the
common supersymmetries due to the 4 independent projections in equation (3.19) were
among the 55-BPS projections we found in [9]. In equation (3.25), we also determine the
expression for a more general 1—16—BPS solution that can have the 3-form flux field turned on.
By AdS/CFT holographic principle, this general solution will describe the probe M5 branes
that are dual to those %—BPS codimension-4 surface defects in the 6d boundary gauge
theory which would be charged in the higher rank representation of the gauge symmetry.
Towards the end of section 3, we further show how the general solution in (3.25) is mapped
to the ‘type-C’ Wilson surfaces of [28] (refer to [29] for surfaces of other general shapes and
classes). In [9], we also found a solution for the M5 duals of --BPS codimension-2 defects
in the gauge theory, which we write in (3.22). In this concluding section, we would like to
end with some comments on the relation between these two different 1—16—BPS solutions. In
the AdS; x S* background spacetime, the brane construction of these can be understood

from the table below

Oj1]2 (34|56 |7|8|9]10

M5y X | X | X | x| X — | =1 =
Mbeodim2 | X | X | X | X | —| — | x| —|—]—| X
Mbeodimed | X | X | — | — | — | — | x| —| x| x| X

Table 1: The construction of the probe M5 duals of codimension-2 and codimension-4 defects in
the background AdS; x S* spacetime geometry can be understood as above.

In [8], authors discussed this relationship between these two kinds of probe M5 branes in
terms of deformation, such that M5.,qim-2 brane that intersects with the boundary region of
AdS7 in four directions, can be deformed to an M5.qim.4 brane which has just two common
directions with the AdS boundary (also see fig. 1). For us this kind of deformation doesn’t
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change the number of supersymmetry preserved, but the deformed version, the M5.odim.4,
now belong to a different f—G—BPS sector of the solutions. However, for the construction
of Frenkel, Gukov and Teschner in [8], the BPS sector also remained the same after such
worldvolume deformation.

For our case, the equation below captures this deformation process in a precise way

Mbeogim—z : F(Z®y, Z®1, Z®y, ZP3) =0 — — World volume flux zero; 6 C S* = g :

|

on deformation

Mbeotim—a : FD (Pg, Py, Py, P3) =0 — — World volume flux vanish as § — g
The authors in [8] also discussed Hanany-Witten-like phenomenon [30] when such defor-
mation of M5 brane was considered. They show the emergence of M2 branes when the
deformed Mb5.oqim-4 brane is moved in the direction that is orthogonal to all the three kinds
of M5s shown in table 1. But here in the current scenario, such M2 branes, if present, should
be stretched along the radial AdS7 direction and also intersect the boundary at the same
1 + 1 dimensional location where M5.,qim-4 brane is hitting. But the presence of these M2
branes is obscured at the moment. Perhaps, a close analysis of the movement of Mb.ogim-4
brane along the § C S* coordinate will help us in recovering them. We will look forward
to addressing this shortly. Another direction that one can pursue is to also turn on the
flux field h on the worldvolume of Mbeogim 2 branes from reference [9]. Our analysis for
M>5¢odim-4 branes in this article suggests that changing the position of Mb5¢ogim-2 from ¢ = 7
to an arbitrary 6 may allow for such a possibility. Doing this may also shine more light on
the intricacies in the relation between the two descriptions of surface defects(which are of
codimension-2 and codimension-4) in the six-dimensional boundary gauge theories.

Acknowledgements: We are grateful to Sujay Ashok for the support and many discussions
throughout this work. We thank Nemani V. Suryanarayana for valuable comments and discussions
on the work that appeared here. We also like to thank K. Narayan for many related discussions.
We also thank Nadav Drukker and Maxime Trépanier for their comments on an earlier version of
the article. This work is partially supported by a grant to CMI from the Infosys Foundation.

A Choice of frame vielbeins

The global AdS7 coordinates in the equation (2.1) can be written in terms of the following complex
coordinates in C1»3

Py = lcoshpe’® &, =lsinhpcosae’® &y =IsinhpsinacosBe®? B3 = lsinh psinasin g e’
(A1)
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For the S C S* we define the complex cooordinates describing it embedded in C? space
Z, = cos y €1 Zy = sin y €2 . (A.2)

We choose the same frame vielbein that we had taken in [9] where the AdS7 part can be written as

a U(1) Hopf fibration over a Kiahler manifold cp’ (also refer to [27]). Here CP’ is the hyperbolic
version of the complex projective space and it is defined as the set of rays in the complex space
C13( in place of the C* space). Similarly for the S® C S* part, the frame vielbein are chosen so
that U(1) Hopf fibration over a Kihler manifold CP! becomes manifest. The frame vielbein that
we use are the following

¥ =21 (cosh2 pdpo — sinh? p (C082 adgy + sin® a cos? B dgs + sin® asin? 3 dqbg))

el =2ldp, €*=2lsinhpda, e =2lsinhpsinads

et = 2l cosh psinh p (cos2 adpor + sin? o cos? B dog2 + sin® o sin? I5] dqbgg)

e = 2l sinh p cos a sin o (COS2 B doz + sin® B deoz — dqb(n)

8 = 21 sinh psin o cos B sin B (dpoz — dpoz) (A.3)

where r = 2l sinh p, ¢g = % (the notation d¢g; here just means dog — d¢;), and

e’ =1df, €S =1sinfdy, e’ =1sinfcosysiny (d; — d&s) ,
el = sing (cos2 x d€; + sin® deg) . (A4)

The solution for the Killing spinor in the above coordinate is given by :
€ — e%(F04+F1’Y)PB%(F12+F45)&6%(F23+F56)56%F0’Y¢06*%F14¢1 e*%F25¢2 e*%F36¢3

1 1 1 1
x 37703 (T78+To10) Xezlmolip=3s0l2¢) = Mg (A.5)

where 7 denotes the four-product I'7gg1o.

B Proof of the general giant-like solution in (3.25)

In this appendix, we give the proof of our result in (3.25). The M5 brane solution that we seek
has a worldvolume 3-form field strength turned on. The value of the field strength will remain
proportional to the size of the S sphere wrapped by the world volume (3.7). The k-symmetry
equation is given by

ke = /—detge (B.1)
with 'y equal to

Ly = vr12345 + vr12 hygres — 7345 hri2 (B.2)

The world volume coordinates o3, 04, 05 are always going to be x, &1, and &9, respectively, which
are on S% C S* of AdS7; x S*. Therefore, the factors hye e, and 7345 are fixed constants here,
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proportional to the volume of the S3. And 7345 is simply equal to Q3 I'g910. So TI'y; can also be
written as

T = Q3 [yr120s010 + a2 — aTsgro (x423) ) (B.3)
where a is the same parameter we saw in section 3 which is equal to 1;021156.
coordinates T, o1 and oy are chosen from the AdS7 part. And we can again rewrite (B.3) as

The worldvolume

FK = Qg {eﬁel{eg Fabcrggm + a eiel{eg Fabc — arggm (*993)712}
=3 eﬁel{eg [Fabcf‘ggm + al“abc] + a+/—detg Fggm (B.4)

(here we have introduced the notation ¢f for pull-backs of the 11d frame vielbein as ¢f = ef;0; X*).

In the next step of this proof, we will show what the factor e®e%eS 'y yields in the Lh.s. of the

k-symmetry equation. For the four independent projection conditions from (3.19)
Tigeg = Taseg = T'ageg = —Tgeg = ieg (B.5)
the killing spinor reduces to this simplified form
e = e~3(0+361) 39170~ 5 (& +o)ls0c = Mey . (B.6)

Now we expand the term ¢2e8e¢§ I'ype in the x-symmetry equation

Capee® Ae® AeCe = [6012 Torz + " Tows + ¢ Toa + ¢ Tors + ¢”Toi6 + " Tz + ¢”* Tooa

+ o+ + ¢346 T'su6 + ¢396 I'ss56 + ¢ 456 Tys6] €.
(B.7)

We find 35 component terms. After using the 4 independent projections in (B.7), the terms inside
square bracket give
Ty (i Q012 4 015 024 | ie045) + Tus (—i (013 4 016 034 4 2-8046)
+ T3 (—i (023 4 026 _ 035 | ie056) + Ty (—i o124 _ 145 | 236 4 6356)
+T (i o125 4 ;o136 4 245 6346) + Ty (=i o134 _ 46 _ ;235 _ e256)
4T3 (e123 Lel26 o185 156 4 ;234 | 246 (345 ie456) 1014 | 025 | 036
(B.8)

We put the coefficients of every I factor to zero in the above equation. And with the help of the
following complex 1-form definitions

E! = ¢ — ¢t E? = ¢ —i¢® E? = ¢3 — i, (B.9)
we write down every constraint in the parenthesis brackets in (B.8) in these compact forms

ANE =0 E Nw=0 E NE"AE =0. (B.10)



These are 3 + 3 + 1 = 7 equations and here w is a real 2-form defined as
U.)E€14 + 225 + €36.

This exercise with the BPS constraints (B.10) suggests to us that the volume form ee}e§ eqp in
the 3-directions 7, o1, o2 (on the M5 world volume) is equal to

2014 025

+ V20 4 036

For the % BPS embedding solution that we are after, has the S* polar coordinate 6 fixed to
an arbitrary value. And the coordinates of S wrapped by the world volume are identified with ,
&1, & of S%. So we just need 4 real conditions to describe the embedding of this general M5 brane
solution. Therefore, we consider two arbitrary complex functional conditions

FU (¢, p, a0, B, b1, b2, 63) = 0. (B.11)

This leads to the differential constraints

3
I I
P|ED dp+ FD da+ FSD ap+ 3 FP dgi| =0 (B.12)
=0

where P denotes pullback onto the world volume. We rewrite this in terms of the complex one-
forms defined in (B.9) using the frame vielbeins in (A.3) and (A.4) (given in the appendix)

, I (T =T , I (T
E! FP(I)—Z Z Fq(bi) cothp—de()O)tanhp + E! F[EI)—I-Z Z FQEZ_) cothp+qu§O)tanhp
1=1,2,3 i=1,2,3

+ sinh ™! p | E? Fo(f) —1 Z Fd(nl) cot o +ing) tana | + E2 Fg) +1 Z F(g) cota — zF(z()? tan o
i=2,3 i=2,3

+ cscasinh™ p[E?’ (Fﬁ(” —iFD ot +iFL tanﬂ) +E3 (F“) +iF) ot f—i FLY tanﬁ) ]

8
3
+ SR = 0.
1=0
(B.13)

As the next step, we solve for ¢ from above (B.13) and substitute in the complex conjugate of
one of the equations in (B.10) which is

CAE'AEY = 0.
On account of the remaining 3-form constraints which are
JAEIAE? =0 E°Aw = 0 E'AE*AE? =0 (B.14)

the Lh.s. ¢ A E! A E® vanishes, if we also consider the following differential equations which are
the coefficients of El, E’and E’ in (B.13)

F[EI) +1 Z Fd()f) coth p +z’F¢E£) tanhp =0
i=1,2,3
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FD+i 3" FPcota—iFy tana =0
=23

FO iRl

s Deotf—iFD tanp =0, (B.15)

On solving these in (B.15), we find that the functional conditions F!) have holomorphic depen-
dence on AdS7 complex coordinates (defined in (A.1))

FO(®g, &1, By, P3) =0 (B.16)

for I equal to 1 and 2.

In addition to (B.15) the functional constraints F! also satisfy the scaling condition

3
305, FD (@0, 1, By, @3) = 0. (B.17)
i=0

This can be seen when we pick a 1-form E® and solve for it from (B.13) in terms of other 1-forms
and substitute in the 3-form constraint

EAw = 0. (B.18)

Now we go back to the expression for I'; in (B.4) and consider its action on the reduced killing
spinor in (B.6). After taking into account the BPS constraint of (B.10) and the projection condi-
tions (B.5) on €, for the L.h.s. of k-symmetry equation we get

T.e :\/Teth [6771“79 (—Fggm + CL) + GFSQQ} €0
= \/Tetg]\/[ [— cosI'gg190 + sinf + a (cos@ + I'so10 sin@) + arggm] €. (B.19)

For a = 1;;;‘59 this is equal to € and we confirm the supersymmetry of the solution in (3.25).
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