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We investigate the spectrum of spin conductivity for a miscible two-component Bose-Einstein
condensate (BEC) that exhibits spin superfluidity. By using the Bogoliubov theory, the regular
part being the spin conductivity at finite ac frequency and the spin Drude weight characterizing
the delta-function peak at zero frequency are analytically computed. We demonstrate that the
spectrum exhibits a power-law behavior at low frequency, reflecting gapless density and spin modes
specific to the binary BEC. At the phase transition points into immiscible and quantum-droplet
states, the change in quasiparticle dispersion relations modifies the power law. In addition, the spin
Drude weight becomes finite, indicating zero spin resistivity due to spin superfluidity. Our results
also suggest that the Andreev-Bashkin drag density is accessible by measuring the spin conductivity

spectrum.

I. INTRODUCTION

Transport of spin has been extensively studied in vari-
ous subfields of physics. In solids, the spin Hall effect [1]
plays a central role in the context of spintronics [2]. Gen-
eration of spin currents by the spin-vorticity coupling
has been observed in liquid mercury [3]. A similar phe-
nomenon has also been reported for heavy ion collisions
in nuclear physics [4]. In atomic physics, the advent of
ultracold atoms has opened up a precious opportunity
to investigate physics of spin transport because one can
widely tune various parameters of the systems, control
spatial configuration of spin, and observe dynamics of
spin-resolved densities [5-7].

Recently, the present authors have suggested that
ac spin conductivity called optical spin conductivity is
accessible with existing methods of cold-atom experi-
ments [8], while its measurement in condensed-matter
materials is demanding. This quantity would be a valu-
able probe for various quantum states of matter because
it is the spin counterpart of optical conductivity, which
plays a crucial role to experimentally investigate exotic
electron systems such as high-T, superconductors [9] and
graphene [10]. In addition, understanding of ac spin
transport with cold atoms may provide guidelines for ap-
plication of ac spin currents in spintronics.

Compared to the optical mass conductivity [11-13], the
optical spin conductivity has advantages to examine ul-
tracold atomic gases in which disorder effects are usually
negligible [8, 14]. (Note that, in the case of charge neu-
tral atoms, transport of mass or particle number corre-
sponds to charge transport in electron systems.) In the
cases of harmonically trapped or homogeneous systems,
the dependence of the optical mass conductivity on ac
frequency is completely determined at the algebraic level
by the generalized Kohn’s theorem [12, 15-17]. As a re-
sult, the conductivity spectrum is independent of details

of many-body states including interatomic interactions
and is useless as a probe. Therefore, the presence of an
optical lattice or impurity potentials is essential to probe
cold-atom systems by the mass conductivity [13]. On
the other hand, a spin current is generally affected by in-
teractions between particles of different spin components
even in the absence of lattices or disorder [14, 18]. There-
fore, the optical spin conductivity is sensitive to details
of quantum many-body states and works as a probe for
both continuum and lattice systems.

So far, several theoretical studies show that the optical
spin conductivity provides information on a wide range of
physical quantities: a spin drag coefficient, Tan’s contact,
superfluid gap, and quasiparticle excitations in a Fermi
gas [8, 14], spin excitations and quantum corrections in a
spinor Bose-Einstein condensate (BEC) [8], a Tomonaga-
Luttinger liquid parameter of spin in one-dimensional
systems [8], and topological phase transition [19].

Here, we consider a binary mixture of BECs, where
two components are regarded as spin-up and spin-down,
and theoretically investigate the spectrum of its optical
spin conductivity. Unlike in the previous cases, this Bose
mixture is known to exhibit unique spin dynamics due
to spontaneous symmetry breaking associated with spin
degree of freedom [20-22]. We focus on a Zy symmetric
mixture, which is invariant under the exchange of spin-
up and spin-down atoms. Such a mixture is realized with
Z3Na atoms [23] and considered as a spin superfluid [24],
whose evidences have been reported by recent experi-
ments [25, 26].

In addition, we wish to shed light on the Andreev-
Bashkin effect [27] in the Bose mixture, where a super-
flow of one component drives the mass current of the
other without dissipation. The Andreev-Bashkin effect
is a beyond-mean-field phenomenon and therefore has
stirred up many theoretical studies [28-38]. It is also
known that this nondissipative phenomenon affects var-



ious spin dynamics such as a spin sound wave and spin
dipole oscillation [28, 35]. The Andreev-Bashkin effect
has also been discussed in the contexts of liquid *He [39],
superconductors [40], and the mixture of superconduct-
ing protons and superfluid neutrons in neutron stars [41].

In this paper, we clarify how the spectrum of the spin
conductivity reflects excitation properties, in particular,
two gapless modes arising from spontaneous symmetry
breaking. We then investigate the impact of quantum
phase transitions to immiscible [21] and quantum-droplet
phases [42, 43] on the spectrum. Furthermore, we com-
pute the spin Drude weight, which characterizes the delta
function peak at zero frequency in the optical spin con-
ductivity. The spin Drude weight is found to take a finite
value, indicating that the mixture has a zero spin resis-
tivity intrinsic to a spin superfluid. We also connect the
optical spin conductivity with the Andreev-Bashkin ef-
fect.

This paper is organized as follows: In Sec. II, we pro-
vide the model of the binary mixture of BECs and the
analysis of the optical spin conductivity within the Bo-
goliubov theory. Sections III is devoted to investigations
of the regular part of the spin conductivity at finite fre-
quency. In Sec. IV, we discuss the spin Drude weight
and its connection with the Andreev-Bashkin effect. We
conclude in Sec. V. In this paper, we set kg = h = 1.

II. MODEL

We consider a homogeneous miscible two-component
BEC in which interatomic interactions are solely charac-
terized with s-wave scattering lengths [21]. The two com-
ponents are referred to as spin-up (7 = 1) and spin-down
(r = |) states. We focus on a Zs symmetric mixture,
where both components have the same particle number
Ny = Ny = N/2, mass mq = m = m, and intracompo-
nent scattering length a4+ = a;) = a > 0. In the miscible
phase, the intercomponent scattering length aq satisfies
lat,| < a, while a4; = a and a4 = —a correspond to the
quantum phase transition points to an immiscible mix-
ture and a quantum droplet, respectively.

The Hamiltonian of the binary mixture is given by [21]
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where ¢, = k*/(2m) is the kinetic energy, ag , is the an-

nihilation operator of bosons with momentum k and spin
__ 4ma d _ dmaqy . .

7,9 = =, and gy = —_— are Intra- and intercompo-

nent coupling constants, respectively, and V is the vol-

ume. To investigate this system, we employ the Bogoli-

ubov theory applicable to a weakly interacting mixture at

low temperature T'. Within the Bogoliubov theory, ag -
is replaced with y/N/2, and operators with nonzero mo-
menta in Eq. (1) are retained up to the quadratic terms.
The resulting H can be diagonalized by using combina-
tion of unitary and conventional Bogoliubov transforma-
tions given by
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where b ¢ and by s are annihilation operators of quasi-
particles associated with density and spin fluctuations,
respectively. For convenience, a new label a = d,s
describing density and spin modes and new couplings
= 991 apnd gs = % are defined. The coefficients

gd = D)
in Eq. (2) are given by ug o = %(E"gk& + 1) and

Vka =1/ 3 (W - 1), where n = N/V is the number

density and

Ei.o = Eo(er) = Veg(er + 2g4n) (3)
is the excitation energy of a quasiparticle in the o mode
with momentum k. The diagonalized H has the form of

H= "3 Bpabl bk (4)
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where the ground state energy irrelevant to spin trans-
port was ignored. In the presence of the intercomponent
interaction (gyy # 0), the two modes are not degenerate
(Er,a # Ek.s).

For the sake of simplicity, we throughout focus on
the situation where the depletion of the condensate is
negligibly small. As shown in Appendix A, this condi-
tion is satisfied when the gas parameters /nad < 1
are sufficiently small and temperature T is very low
compared to max{gsn, gsn} and T9gc, where T9pc =
21(n/[2¢(3/2)])?/3 /m is the BEC transition temperature
for a binary mixture of noninteracting bosons and ((z) is
the zeta function. Therefore, the condensate density ng
can be approximated as ng ~ n.

A. Optical spin conductivity

In this section, we evaluate the optical spin conductiv-
ity of a binary mixture of BECs. Following our previous
paper [8], we consider the mixture in the presence of a
weak spin-driving force f4(t) to induce an ac spin cur-
rent. In ultracold atomic gases, such an external force
can be generated by a magnetic-field gradient [44, 45]
or optical Stern-Gerlach effect [46]. In frequency space,
the induced global spin current Jy(w) at frequency w is
given by J(w) = Vo (w) fs(w), where o4(w) is the opti-
cal spin conductivity and fs (w) is the Fourier transform



of fs(t). The Kubo formula provides the expression of
os(w) as [8]!

(= + X)) (5)
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where wt = w + 0T,

Xalw) = [T a0, 00 ©

is the spin-current response function with the spin cur-
rent operator J, = Dk %(a};ﬁakﬁ - CLLWk,U, and (---)
denotes the thermal average at temperature T'. In exper-
iments, os(w) can be extracted by monitoring the spin-
resolved center of mass motion (see Ref. [8] for details).
In this paper, we focus on the real part of o4(w) re-
lated to dissipation. Note that Imog(w) can be recon-
structed from Reos(w) by using the Kramers-Kronig re-
lation. From Eq. (5), the real part has the general form
of
Reo,(w) = DP3(w) + 0™ (w), (7)
where the spin Drude weight DY and the regular part
o'°8(w) at finite frequencies are given by

DE :D0+7TReXss(O)7 (8)
0% (w) = ~Im Lz}“"), (9)

respectively. The total spectral weight Dy characterizes
the following f-sum rule, which is an exact relation for
the integral of Reos(w) over w [8, 49]:

/OodwReos(w) =Dy = ™, (10)
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To evaluate Reog(w), we compute xss(w) in Eq. (6)
within the Bogoliubov theory. Using Egs. (2) and (4), we

can express J,(t) = /' J e in terms of by o. The
operator has two contributions J,(t) = Jo(¢t) + J_(¢)
given by

N k .
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1 In Ref. [8], a perturbation given by spin-dependent scalar poten-
tials 0V4, (r,t) = Ffs(t) - r is considered. While there is no
problem for trapped systems, formalism with this perturbation
sometimes leads to incorrect results in the case of Bose systems
with periodic boundary conditions. Indeed, the contribution of
condensates with zero momentum to n/m in Eq. (5) is lost. This
problem can be avoided by expressing fs(t) in terms of spin-
dependent vector potentials in a similar way as for that of an
electric field in the case of charge transport [47, 48]
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Ey(er) = Ea(er) £ Es(ex) (12)
determines the the time evolution of J4 (t). While J (¢)
involves creation or annihilation of a pair of quasiparticles
in density and spin modes, J_(t) involves transition from
the spin (density) to density (spin) modes.

Here, we point out behaviors of F (¢€) as functions of e.
We can easily see that E (¢) and |E_(€)| are monotoni-
cally increasing functions of e. While E (€) takes values
from 0 to oo, E_(¢€) does from 0 to g+ n with increasing
€ > 0 and its sign depends on whether the intercompo-
nent interaction gy is repulsive or attractive.

Substituting Egs. (11) into Eq. (6), we can evalu-
ate the current response function. The cross terms
([J+,2(t), J5,2(0)]) vanish and thus x.s(w) is found to
be
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Here B(ep) = (A¥)? = Bz’ ooy =1
+ €k k 1By (er)Es(en)? ©F Ek) +
I8(Ex,a)+fB(Eks), F-(ex) = fo(Ek,s)— fB(Ek,q), where
fa(E) = 1/(e?/T — 1) is the Bose distribution function.
Note that because of rotational invariance of the ther-
mal state we replaced k2 — k?/3 in Eq. (13). From the
distribution functions in Fy(€), we see that the v = —
terms in Eq. (13) arise from thermally excited quasipar-
ticles and vanish at zero temperature, while the v = +
ones survive even at T = 0. By substituting Eq. (13)
into Eq. (5), one can confirm that o4(w) obtained in the

Bogoliubov theory satisfies the f-sum rule in Eq. (10).

III. REGULAR PART

This section is devoted to analyzing the regular part of
the optical spin conductivity. Within the Bogoliubov the-
ory, 05°8(w) can be analytically computed. Since o%°8(w)
is an even function of w by definition, we can focus on
the case of w > 0 without loss of generality. For g1 > 0,
substituting Eq. (13) into Eq. (9) yields

B/QB
v==+ (6)
X 5(w — Ey(e)). (14)

reg

The delta function shows that 0%°8(w) is sensitive to the
sum and difference of the quasiparticle energies. As men-
tioned above, E,(¢) are monotonic functions of €. The
equation E, (¢) = w has a single solution ¢ = ¢ for any
w > 0, while the equation E_(¢) = w does € = ¢, only if



0 <w < gy n. These solutions are given by
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By using Eq. (15), the analytic form of ¢%°8(w) can be
obtained. The regular part for g4} < 0 is also calculated
in a similar way. Finally, 058 (w) is found to be

0B (W) = ol (W) + o (W)0(lgrln —w),  (16)

€

(15)

where
2m (et))® By (e) [Fu(€3)]
3w G, (€%)

is the contribution from the v = £ process with G4 (¢) =

€+gan + €+gsn
Eq(e) Es(e€)

w) in Eq. (16) arises from the upper limit of |E_(€)|, so
that o (w) contributes to the spin conductivity in a low
frequency regime. The result of Eq. (16) is independent
of the sign of the intercomponent coupling gy, o aq.
Such insensitivity to the sign is also pointed out in the
context of the Andreev-Bashkin effect within the Bogoli-
ubov theory [28]. For this reason, we consider only the
case of 0 < aq; < a in Figs. 1-4 below without loss of
generality.

ol(w) = (17)

. The Heaviside step function 6(|gy |n —

A. Zero-temperature case

First, we focus on 0%°8(w) at zero temperature. In this
case, 0, (w) in Eq. (16) vanishes because it results from
thermally excited quasiparticles, leading to

2m (e)3 €
i) = VSN B (18)

3w Gy(ed)

Figure 1 shows the spectra of 0% (w) for various inter-
action strengths, where v, = 1/gan/m is the sound ve-
locity of the o mode. The spectrum for a4 /a = 1 corre-
sponds to the result at the transition point, while those
at as;/a = 0.3, 0.6 are for the Bose mixtures inside the
miscible phase. As the ratio aq;/a increases, 0.8 (w) is
enhanced in the whole frequency regime. This is caused
by the fact that o%°8(w) reflects scatterings between dif-
ferent spin components. With aq/a > 0 increasing the
effect of the scatterings becomes stronger, so that 0% (w)
is enhanced. One can also see that 01 (w) at T'= 0 has
a peak around w ~ ggn, where transition of quasiparti-
cle excitations between phonon-like to free-particle-like
regimes occurs.

Slopes in the low frequency regime in Fig. 1 imply that
058 (w — 40) for |ar)| < a and ay; = +a obeys different
power laws. Indeed, expanding Eq. (18) in small w yields

Ci(7) 3
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FIG. 1. Spectrum of the regular part of the optical spin con-
ductivity o°¥(w) = oF(w) at T = 0. The low-frequency
power law at the transition point (a+; = a) is different from
those inside the miscible phase (0 < a4; < a) [see Egs. (19)],

while the power law at high frequency is identical [Eq.(21)].

where v = gs/g9a = (a —aqy)/(a+a4)), = /gn/m, and

Ci(y) = LM (20)
24m (1 4+ /7)°

This change of the power law at a4, = +a is related to ex-
citation properties of quasiparticles specific to the phase
transition points. As mentioned previously, oi8(w) is
sensitive to the quasiparticle spectra. In the case of the
mixture inside the miscible phase (Jay;| < a), both den-
sity and spin modes show linear dispersions. On the other
hand, at a4, = =+a, one of the modes has a quadratic
dispersion F,(e;) = €, while the other still shows the
linear behavior. Equation (19) implies that the precur-
sors of the phase transitions are captured by the change
of the low-frequency behavior of o7 (w) 2.

At high frequency, the dispersion relations of quasipar-
ticles contributing to %% (w — 00) become quadratic in
momenta [E, () ~ €], which lead to a power-law tail
of the optical spin conductivity. By expanding Eq. (18)
in large w, we obtain

Vim(gyn)* (21)

127w3/2

08 (w — 00) =

This frequency dependence ~ w~?3/? is the same as those
of three-dimensional Fermi gases in both normal and su-
perfluid phases [8, 14, 50], a spinor BEC in the polar
phase [8], and a one-dimensional Fermi superfluid with
p-wave attraction [19].

2 More specifically, the different power laws result from the fact
that two limits w — +0 and gy — +g for B4 (e}) do not com-
mute.
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FIG. 2. Regular part of the optical spin conductivity ¢;°®(w)
at various T' with a4+ /a = 0.3 fixed. (a) Temperature depen-
dence of 05*®(w). At finite temperature, an additional peak

appears around w ~ T. (b) Contributions of o (w) to ¢=°8(w)

at T'/(gan) = 0.1 and at;/a = 0.3.

B. Finite-temperature case

We next discuss the regular part at a finite but suffi-
ciently low temperature. In this case, o, (w) in Eq. (16)
contributes to the spin conductivity in a low-frequency
regime. First, we start with analysis of asymptotic be-
haviors at low frequencies. At T > 0, the appearance
of the temperature scale modifies the power law at small
w in a similar way as for the momentum distribution at
small momentum [21]. Expanding Eq. (16), we obtain

C(MT
0 w? (lapy| < a),
08 (w — 40) = T d (22)
— ==+
37 (at, = *a),
where
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Compared with Eq. (19) at T'= 0, 0:°¢(w — +0) decays
more slowly for the mixture inside the miscible phase
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FIG. 3. Spectrum of the regular part oi°®(w) at the phase
transition point a4y = a.

(lary| < a), while the spectra at the transition points
(a+; = +a) exhibit plateaus in the low-frequency regime.
Furthermore, the asymptotic forms in Eq. (22) indicate
that the magnitude of 0.8 (w) is enhanced as temper-
ature increases. This results from the increasing num-
bers of thermally excited quasiparticles relevant to the
v = — process. On the other hand, the asymptotic form
at high frequency is identical with Eq. (21) in the zero-
temperature case and not sensitive to T'. This is because
at high frequency o (w) never contributes and the ther-
mal effect on o (w) vanishes [F (€) ~ 1].

Figure 2 illustrates the impact of temperature on
058 (w) inside the miscible phase with a4 /a = 0.3 fixed.
In Fig. 2a, 0%°8(w) at T > 0 has two peaks around w ~ T
and w ~ ggn. The peak in the lower frequency side arises
from o, (w) associated with thermally excited quasipar-
ticles (see Fig. 2b). As implied by Eq. (22), this peak
is enhanced as temperature increases. In particular, the
peak at T/(gqn) = 0.1 becomes higher than the other.
On the other hand, the peak in the higher frequency side
arises from o} (w) (see Fig. 2b) and is not sensitive to T
because distribution functions in F)y (¢]7) are vanishingly
small for w ~ ggn > T. Figure 3 shows the tempera-
ture dependence of o8 (w) at the phase transition point

S

ar; = a. As presented by Eq. (22), o°8(w) at T > 0 ex-
hibits the plateau at low frequency, which becomes higher

with increasing T'.

In the above analysis based on the Bogoliubov theory,
we focused on the low-temperature regime of a weakly
interacting Bose mixture, where depletion of the conden-
sate density is negligible. In this case, the thermal effect
on 058 (w) arises only through distribution functions in
Fi(eX). For a higher temperature, on the other hand,
the thermal depletion becomes significant and the peak
of 018 (w) around w ~ ggn would be affected by the ther-
mal effects.



TABLE I. Summary of Drude and superfluid weights in charge
(upper) and spin (lower) transport at 7' = 0

—Charge transport—
Metal
D°>0,D" =0 D°=D%=0

Superconductor Insulator

DP >0, DSF >0

—Spin transport—
Spin insulator
DSF =0

Spin metal
DP >0, D5F =0 DP =

Spin superfluid
DP >0, DS¥ >0

IV. SPIN DRUDE WEIGHT

In this section, we discuss the spin Drude weight DP
and its connection with the Andreev-Bashkin effect. As
mentioned previously, the Zs symmetric mixture is con-
sidered as a spin superfluid [24-26]. To clarify the im-
portance of DP in a spin superfluid, we start with a brief
review of work by Scalapino, White, and Zhang, who pro-
vided the criteria to determine whether an electron sys-
tem is superconducting, metallic, or insulating [51, 52].
This previous work has suggested that a superconductor,
metal, and insulator are distinguished by the two prop-
erties in electric transport. The first one is the Drude
weight DP, which characterizes the delta-function peak
of optical conductivity o(w) at w = 0 as the spin Drude
weight DP in Eq. (7). A finite DP corresponds to ballis-
tic charge transport with diverging dc conductivity, i.e.,
zero resistivity. The latter one is the superfluid weight
DSF proportional to the superfluid density relevant to
the Meissner effect for a charged system.

At T =0, a superconductor has finite DP and DSF, a
metal without impurities has finite D and DSF = 0, and
an insulator has D® = DSF = 0. Even at finite temper-
ature, a superconductor still has DP > 0 and D3 > 0
and exhibits dissipationless transport as long as the cor-
responding order exists. On the other hand, a metal at
finite temperature or in the presence of impurities is gen-
erally expected to have DP = 0 and become resistive
with a finite dc conductivity o(w — 0) > 0 3. In this
way, DP and DSF distinguish a superconductor from a
metal and insulator in terms of electric transport prop-
erties. Table I summarizes classification of ground states
by the Drude and superfluid weights.

Similarly, the spin Drude weight D? and spin super-
fluid weight DS¥ are essential to identify a quantum
many-body state as a spin superfluid. In analogy with
charge transport, the spin superfluidity is characterized
by both DP > 0 and DS¥ > 0, while a ground state with
DP > 0 and DS¥ = 0 and that with DP = DSF = 0 may

3 Integrable systems are considered to be exceptional cases with
finite Drude weights at 7" > 0 [53].

be referred to as spin metal and spin insulator, respec-
tively, which are not discussed mainly in this paper. In
the next subsection, we evaluate DY within the Bogoli-
ubov theory. On the other hand, the discussion on DSF
for the binary mixture is presented in Appendix B.

A. Computation within the Bogoliubov theory

We first rewrite Eq. (8) by using the Kramers-Kronig
relation for x,s(w) and 58 (w) = 058 (—w):

DY = Dy — D%, (24)
preE — 9 / s 075 (w0). (25)
0
These equations mean that DY is reduced from the total
spectral weight Dy due to the weight D:°® originating

from the regular part. To compute Di®, we substitute
Eq. (14) into Eq. (25), leading to

Dres  2,/2m3 e3/2B,(€)F, (e
Do _ 3nn Z/ e)) ()’ (26)

which holds in the whole range of 0 < |a4;| < a. For
convenience, we define a, by g, = 4”# and a scaled
weight D8 = D€ /(Dy+/na3), which is a dimensionless
function of a4 /a and T'/gqn.

Figure 4 shows the scaled weight Dgeg of the regular
part for 0 < aq) < a at low temperature. Figure 4a indi-
cates how Dgeg depends on the dimensionless strength of
the intercomponent interaction as)/a with T fixed. At
T = 0, we can analytically perform the integration in
Eq. (26) and find the following expression:

64 (1—y37)° (v+3/7+1)
157 NeES!

DI = DI ()

(27)

with v = (a — ary)/(a + ayy). As ay)/a increases, D8
grows and becomes maximum at the transition point
ary/a = 1, which is consistent with enhancement of the
spectra in Fig. 1. With increasing aq/a the effect of
scatterings between different spin components becomes
stronger, leading to the growth of Di®8. At aq;/a = 0,
where the intercomponent interaction vanishes, [);eg be-
comes zero. This is because in this case the global spin
current J(t) is a conserved quantity, leading to a trivial
form of the conductivity Re os(w) = Dyd(w).

Figure 4b shows the temperature dependence of Dgeg
with a4 /a fixed. The weight of the regular part increases
with increasing temperature as expected from the en-
hancement of the spectrum in Fig. 2a. Inside the misci-
ble phase 0 < a4, < a, the temperature dependence of
D;eg is very weak at low temperature as shown by yel-
low dashed and green dotted lines in Fig. 4b. In fact, by
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FIG. 4. Scaled weight D8 = D™°8 /(Dg+/na3) of the regular
part. (a) Dependence on apy/a with T fixed. D® takes
its maximum value at the transition point a4, /a = 1. (b)
Dependence on T for aty/a =1 (blue solid line), a4ty /a = 0.8
(yellow dashed line), and a4y /a = 0.6 (green dotted line).

expanding Eq. (26) with respect to T', we obtain

- 3 e, T *
Dy D) +Cal) (o) o 29)
gan
with
471'7/2 (,73_;'_75/24_472_’_473/2_’_4,7_'_\/7_’_ 1)
Cs(v) = .

45 (7 + 1) 7572
(29)

On the other hand, at a;; = a (the blue solid line in
Fig. 4b), D8 is more sensitive to T" as

3 3/2
pre= o)+ B (DT

We now discuss the value of the spin Drude weight DY.
The above evaluations show D;eg ~ 1 at sufficiently low
temperature (T < gqn), leading to D8 ~ Dyvna® <
Dy for the weakly interacting mixture. Therefore, DY in

Eq. (24) is found to be finite DP > 0, indicating that the
binary mixture of BECs exhibits a zero spin resistivity
resulting from spin superfluidity. It is worth emphasizing
the difference of DP from the Drude weight DD in optical
mass conductivity. Because of the Kohn’s theorem [15],
the optical mass conductivity gives DY = Dy for any
scattering lengths and temperature. In contrast, Eq. (24)
indicates that DY is reduced from Dy because the spec-
tral weight is transferred to the regular part o'°8(w) at

S
finite frequency due to the interactions. As |aq)| or T

increase with vna3 < 1 fixed, the excitations at finite
momenta contributing to D& are enhanced and thus DY
decreases. As in the case of superconductor with finite
DP [52], DP is however expected to survive at higher
temperature as long as the mixture is in the miscible
phase of BECs. On the other hand, DY is expected to
vanish with finite spin resistivity above the transition
temperature. In this way, one can see that the optical
spin conductivity including DY are useful probes for spin
superfluid properties of homogeneous mixtures.

B. Connection with the Andreev-Bashkin effect

Here, we discuss the relation of the spin Drude weight
to the spin superfluid weight DSF and the Andreev-
Bashkin effect. We start by considering difference of
definitions between DY and DSF. As shown in Ap-
pendix B, both weights are written as limiting behaviors
of Dy(qr,qL,w) = Doy + mRe xss(q,w), where x,(q,w)
is a momentum-resolved current response function in
Eq. (B2) and gr and gy, are the components of momen-
tum g perpendicular and parallel to the current, respec-
tively. By taking limits gv — 0, qr, — 0, and w — 0
in different order, we obtain DP = D,(0,0,w — 0) and
DSF = D,(gr — 0,0,0).

The spin superfluid weight DSF is related to the
Andreev-Bashkin drag density py; characterizing how
sensitive the mass current of one component is to the su-
perfluid velocity of the other. As shown in Appendix B,
one can express DSF in terms of py and the normal fluid
density pNF as

v
DS¥ = D — 2 (4p1y +0N7) . (31)

At T = 0 with pNF = 0, DS¥ is reduced from Dy due to
the drag differently from its mass counterpart DS¥ = Dy.
At finite temperature, the appearance of the normal fluid
also decreases the spin superfluid weight. The drag and
normal fluid densities have been computed in Refs. [28,
35, 37].

Applying the Bogoliubov theory to yss(g,w), we find
DP = DSF at T > 0. The detailed analyses are pre-
sented in Appendix C. We emphasize that this equiva-
lence between Drude and superfluid weights is not self-
evident. In general, it is not guaranteed that the two
limits gr — 0 and w — 0 are commutable. Indeed,
there are several examples of gapless systems where the



Drude and superfluid weights for mass take different val-
ues. A homogeneous ideal Fermi gas has D2 = Dj and
DS¥ = 0, exhibiting metallic features. For the two-
component BEC focused on in this paper, Kohn’s the-
orem provides D2 = Dy for any T, while DSF < Dy is
sensitive to the normal-fluid density at finite tempera-
ture (see Appendixes B and C for details). On the other
hand, there is a rigorous proof that the Drude and super-
fluid weights are identical with each other for a gapped
systems at T' = 0 [52].

Finally, we discuss the connection of the optical spin
conductivity to the Andreev-Bashkin effect. At 7' = 0
with pNF' = 0, DP = DS¥ combined with Eqs. (24) and
(31) provides

re 47
D = WPN- (32)

This result states that the spectral weight of Reos(w)
at finite w corresponds to the drag density p;;. There-
fore, the optical spin conductivity could be a probe to
observe the Andreev-Bashkin effect, which has yet to be
confirmed in experiments.

The relation DE = DEF proposes that measurement
of the optical spin conductivity is useful to detect the
Andreev-Bashkin effect even at finite temperature. At
T > 0, the drag density is rewritten as

_ m2 reg 1 NF

Pry = 47 Ds 4p . (33)
When temperature is sufficiently low (T' < gn), pq) is
still estimated by measuring D% because pN' = O(T4)
is small as in the single-component case [21]. At higher
temperature, the normal fluid fraction is not negligible
and py) deviates from T—:D;eg. Indeed, pq, is a decreas-
ing functions of T [37], while Fig. 4b indicates D¢ as an
increasing function of 7. Over the temperature regime
where the Bogoliubov theory is applicable yet pNF is not
negligible in Eq. (33), py; is experimentally accessible
by measuring both D¢ and p™F. We expect that pNF
of the binary BEC can be experimentally determined in
a similar way as for single-component bosons [54] and
fermions [55, 56]. It would be an interesting future work
whether Eq. (33) or D? = DS¥ is valid beyond the Bo-
goliubov theory.

V. CONCLUSION

In this paper, we investigated the optical spin con-
ductivity for a binary mixture of BECs in the misci-
ble phase. The regular part of the spin conductivity
was analytically evaluated with the Bogoliubov theory
in Sec. III. Reflecting the two gapless modes specific to
the Bose mixture, two processes v = + are relevant to
the spin conductivity spectrum. At zero temperature,
the regular part o%°8(w) obeys power laws for both high-

and low-frequency regimes [Egs. (19) and (21)] and ex-
hibits a peak in the intermediate frequency regime (see

Fig. 1). In particular, the power law at low frequency
changes at the transition points (a4 = =%a), which re-
sults from the fact that one of the gapless modes has the
parabolic dispersion. At finite temperature, the v = —
process associated with thermal excitations of quasiparti-
cles contributes to the regular part, leading to the change
of the low-frequency behavior [Eq. (22)] and appearance
of the additional peak around w ~ T (see Fig. 2). In
Sec. IV, we investigated the spin Drude weight DY at
low temperature by computing the spectral weight aris-
ing from the regular part [Eqgs. (26)—(30)] and we found
DP > 0. This indicates that the two-component BEC
exhibits spin-superfluid characteristics with a zero spin
resistivity as a superconductor has a zero electrical re-
sistivity. Furthermore, we showed that within the Bo-
goliubov theory the spin Drude weight equals the spin
superfluid weight at T' > 0. This suggests that at T'= 0
the spectral weight of the regular part becomes propor-
tional to the Andreev-Bashkin drag density [Eq. (32)].
Therefore, the optical spin conductivity can be regarded
as a probe for the Andreev-Bashkin effect.

Regarding future works on the optical spin conductiv-
ity of Bose mixtures, there are several directions. The
first one is extension of our study to a mixture in a har-
monic trap potential. In such a situation, the peak in the
spin conductivity spectrum would be shifted at a finite
frequency [13]. Comparison of the extended results with
spin dipole oscillation in recent experiments [23, 25] could
deepen our understanding of spin superfluidity. Second,
how the regular part and spin Drude weight change at
higher temperature would be of interest. In this case,
the thermal depletion of the condensate density ngy can-
not be neglected and damping of quasiparticles may be
important [57-59]. In the context of connection to the
Andreev-Bashkin effect, it would be important to clarify
whether the equivalence between the Drude and super-
fluid weights of spin survives or not beyond the Bogoli-
ubov theory. It would be also interesting to investigate
optical spin conductivity in the presence of optical lat-
tices [60-62] and in the quantum droplet phase [63, 64].
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Appendix A: Depletion of the condensate

Here, we show that the difference of the condensate
density ng from the total density n is negligibly small for
a weakly interacting mixture at low temperature, leading
to ng = n. To this end, We compute

n—mno 1
Tldep = 77] = N an,
k#0

(A1)

where ng = ZT:TL<QL ~ag,7) is the momentum distri-
bution. Using the transformation of ag .in Eq. (2), we
obtain

Tldep = Z (nc?ep,a + ngep,a)’ (AQ)

a=d,s

where the first term independent of T provides quantum
depletion

1 dk 8
A 2 =2 /nad A3
ndep,oz n / (271_)3 Uk,a 3ﬁ nag, ( )
and the latter term denotes thermal depletion
1 dk
T 2 2
Ndep,a = E/ (27‘(’)3 (uk,a +'Uk,a)fB(Ek,a)' (A4)
At low temperature ngep}a is expanded as
2v/ 73 T \?
T _z2v: / 3 i A
ndep,a 3 nag, (gaTL) ( 5)
for T < gon or
T \3/2
ndTep7a =2 (TO ) (A6)
BEC

for gon < T < THgpe. From Egs. (A1)-(A6), we
can find ngep <« 1 for a weakly interacting mixture
(v/na? < 1) at sufficiently low temperature (T <
max{gan, gsn}, Topc), leading to ng ~ n.

Appendix B: Superfluid weights

Here, we discuss the superfluid weights and relate DS
to the Andreev-Bashkin drag density. It is worth clar-
ifying the difference of the superfluid weights between
mass (or particle-number) and spin transport as well as
the difference from the Drude weights. In order to define
these weights in a unified manner, we introduce

D)\(qu QL,W) = DO + 7Re X)\)\(qaw)a (Bl)

where A labels particle-number (A = n) and spin (A =
s) degrees of freedom and gr = (0,¢y,q.) and q, =

(42,0,0).

function is

The momentum-resolved current response

@) = 3 [ e G (00,3 (a0
(82

~ 2%k .
where j,/s(q) = >, Q;q(a};ﬁaquﬁ + aL7¢ak+q,¢) is

a current density operator in momentum space®. The
Drude weight D)I\) and superfluid weight D§F are given
by taking the zero-momentum and zero-frequency limits
of Dyx(qr, q1,,w) in different order:

DY = lim D,(0,0,w), (B3)
w—0

DS¥ = lim Dy (qr,0,0), (B4)
qT—>O

while the other order of taking limits exactly provides

lim D(0,q,0) =0, (B5)
qr,—0

which reflects the sum rules of density and spin structure
factors [21, 35]. Equation (B3) is consistent with Eq. (8).
For a homogeneous mixture of BECs, the Drude weight
for mass is identical with the total spectral weight for
any temperature and interaction strengths:

DP = Dj. (B6)

This result is called Kohn’s theorem and comes from the
fact that 7,(0,t) = P/m with the total momentum P is
conserved due to the translational invariance.

In the case of a binary mixture of BECs, the superfluid
weights DSF and DSF are related to mass densities in the
three-fluid hydrodynamics. To confirm this, we follow the
formalism in Ref. [35]. In the hydrodynamic limit, the
mass current densities mj, with 7 =1, ] are given by

mjr = py N 4 pppoft 4 ppyft, (B7a)
mgy, = P N 4 pppod® 4 pyopt, (B7Db)
where vNF and vPF are normal-fluid and superfluid ve-

locities, respectively, and pN¥ and p,,/ are mass densities
of the normal fluid and superfluids, respectively. The
off-diagonal terms py; = p;+ of the superfluid density
matrix denote the Andreev-Bashkin drag density, which
determines the contribution of the superfluid velocity of
one component to the mass current of the other. In
the homogeneous case, the invariance of Egs. (B7) under
the Galilean transformation leads to the mass relation
mnr = pEF + prr + p1-

4 The spin current response function contributing to os(w) in
Eq. (5) is expressed as Xss(w) = Xxss(0,w).



By using the linear response theory, the densities pN

and p,, are related to current response functions as fol-
lows [35]:

pr = mx}). (B8a)
prr = mn, +m2xL (B8b)
(B8c)

2 § : T
m Xrr/s
T/

=1

where n, is the number density of the 7= =1
,4 component, xL, = limgr—0Xr(gr,0), and

Xer(@w) = T [ dte™ [jr.(q,t), 55 (g, 0)]) with

JT(Q) k 2;::7’(1(1]1 +Ak+q,T- By using Xnn/ss = X1 +
X1, E£2x+, and Egs. (B1) and (B8), the superfluid weights

in Eq. (B4) are found to be

DS¥F = % (mn — pNF) , (B9a)

DY = m2 (mn —p F dpty) (B9b)

where n = ny+ny and pNF = pTNF—l—p?F. Equations (B9)
show that DSF is independent of the drag density, while
DSF is affected by pr). Equation (B9b) is Eq. (31).

Next, we confirm the meaning of DSF and DSF in the
hydrodynamic picture. The hydrodynamic relations in
Egs. (B7) can be rewritten in A = n, s basis as

mgn = PN N + 0B+ ppsvlt, (B10a)
mgs = pat VN + penviF + pysvsF, (B10b)
|
n (Qac) By, E,,
Waw) = g B (e B ),
> \w 8 Wt LEgp

2
(uk,auk’,a’) — Uk, aUk' o' Vk,aVk! o'

10
where j/s = g £ 4, pNF = pF — )T, and oS, =
(’U?F + va)/Z. The superfluid weights correspond to the
diagonal components of superfluid densities,

2DSF

Prn = M n o — o, (Blla)
™
2DSF

Pss = st =mn — pNF - 4pTi7 (Bllb)

while the off-diagonal ones are p,s = psn = pr+ — pyy-
In the spin balanced case with pYF = pns =0, 3, and
js are decoupled [26]: mj, = pNFolNF + pnn'uSF and

SF
m]s = PssUsg

Appendix C: Current response functions within the
Bogoliubov theory

Here, we calculate xx\(g,w) in Eq. (B2) for the Z
symmetric mixture within the Bogoliubov theory. As
in the case of yss(w) = xss(g@ = O,w) in Sec. ITA,
we can straightforwardly perform the computation. By
using ag—o,, = +/N/2 and the Bogoliubov transfor-
mations for finite momentum [Eq. (2)], 5’n/s(q) =
ok %(a;Tczk/,T + aiwak%) with k' = k 4 q can be
expressed in terms of quasiparticle operators by, . Sub-
stituting the obtained expressions into Eq. (B2), we find

n(g,w) = x (g, w) + x50 (@ @) + X\ (g,0), (C1)

where

(C2)

9 -
(vk,avk’,a’) — Uk, aUk' o' Vk,aVk! o'

XE\A _ Z Z <k +k/)

k;éO —q a=d,s

X [fB(Eka) — fB(Ek )],

wt — (Ek',a’ —

2
(V0 Uk 07 )® = Uk,a Uk’ 0/ Vk,aVk? 0!

Ek7a) wt + (Ek’7a’ - Ek:,oc)
(C3)

9 i
(uk,avk’,a’) — Uk, aUk' o’ Vk,a V' o'

X(M Z Z<k+k>

k:;éO —q a=d,s

X [1+ fB(Ek,a) + fB(Ek )]

Here, the label 8 takes S =d for A\ =n (8 = s for A = s).
In the case of xnn(gq,w), &' is identical with a (o/ =
«). On the other hand, for the spin current response
Xss(@,w), o denotes the mode opposite to a. Taking
g = 0 in Egs. (C1)-(C4), we can reproduce Eq. (13).
Equations (C1)—(C4) for xss(g,w) show that the trans-
verse limit and zero-frequency limit are commutable:

Re xss(gr — 0,0) = Re xs5(0,w — +0)

wt — (Ek’,a/ + Ek,a)

wt + (Ek’,a’ + Ek,a)
(C4)

4 gun ek
= — Ch
3mV fam Ed(ek ; 37 ( )

where we used Ej 4 # Ej s in the presence of the in-
tercomponent interaction (g, # 0). By combining this
with Egs. (B1), (B3), and (B4), our results with the Bo-
goliubov theory suggest that the Drude and superfluid
weights for spin are identical:

DY = D5F, (C6)



In contrast to the spin current response, Ynn(g,w) is
sensitive to the order of taking gv — 0 and w — +0:

k* O fs(Ex 0f5(Ey,a)
V Z Z 3m2 6Ek ’ (07)

k#0 «
Re xnn(0,w — +0) = 0. (C8)

Rexm( qr — 0 0

This results from the fact that Ejs o in Egs. (C3) and
(C4) approaches Ej , in the limit of g — 0 for the mass
current response with o/ = «. This sensitivity to the
order of taking limits is physically reasonable because
Eq. (C7) together with Eq. (B8c) leads to the normal
fluid density [28]

which is finite at T > 0, while Eq. (C8) is consistent with
the statement of the Kohn’s theorem [Eq. (B6)].

We next rederive the drag density py for a Zs sym-
metric mixture. In terms of spin and mass current
responses, the drag density in Eq. (B8a) is given by

11

Pty = %[Rex,m(qT — 0,0) — Re xss(gr — 0,0)]. Sub-
stituting Egs. (C5) and (C7) into this yields [28]

grin)?(e F,(ex)
PHL =3y Z E;tk - (ex) Z [E,,(G:)P

v=1+

m O (Ek,a)
— —_ C10
o2 2 o, (C10)

k#0 « ’
In particular, the drag density at T'= 0 is

prL = %\/ nadz*F(z), (Clla)

1_ 22
F2) = 256 2+ 3V z (Cl1b)

4527 [/2(1 — 2) + 1/2(1 + 2)]3

with z = a4 /a.

We finally note the longitudinal current responses
within the Bogoliubov theory. As pointed out in Ref. [35],
it has the shortcoming such that the exact sum rules are
explicitly broken. Such a shortcoming should be cured
by considering vertex corrections in a similar manner to
superconductors [48].
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