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Abstract

Quantum Dots (QDs) are very attractive nanostructures from an application point of view due
to their unique optical properties. Optical properties and Valence Band (VB) states character
was numerically investigated from the effect of nanostructure geometry and composition.
Numerical simulation was carried out using Luttinger—Kohn model adapted to the particular
use case of QDs in inverted pyramids. We present the source code of the 4-band Luttinger—
Kohn model that can be used to model AlGaAs or InGaAs nanostructures. Here we focus on
the optical properties study of GaAs/AlGaAs [111] QDs and Quantum Dot Molecules (QDMs).
We examine the dependence of Ground State (GS) optical properties on their structural
parameters and predict optimal parameters of the QD/QDM systems to achieve the dynamic
control of GS polarization by the applied electric field.

1. Introduction

Low-dimensional nanostructures have unique optical characteristics influenced by geometry
and composition. Nanostructures found a wide range of applications, for example, in solar cells
[1], LEDs [2], lasers [3], and so on [4]. Dimensionality plays a curtail role in light-matter
interaction and charges carrier’s properties, thus the optical properties of the nanostructure. In
Quantum Wells (QWs), light emission happens due to the recombination of electrons with
heavy holes [5] in opposition to Quantum Wires (QWRs), where electrons recombine with light
holes [6]. This difference has an impact on emitted light polarization. QDs are proven sources
of single photons and are considered for integration in integrated quantum photonic circuits
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QDs have a complex spectral structure where carrier states can be as heavy and light. Previously
has been shown that the hole character (heavy or light) in the Valence Band (VB) can be
modified in a variety of nanostructures [10][11][12] by QD structure and material composition.
Also, there are a few ways to achieve dynamic control over QD optical properties, such as the
application of external electromagnetic fields [13][14] and strain [15]. Several groups have
demonstrated electrically driven position control of QD in photonic crystals [16] and cavity and
polarization control in micropillar cavities [17][18]. Also, wavelength emission control by



applying additional stress [19] has been demonstrated. The study of dynamic control over QD
band structure is fundamental for novel functional materials and devices in a wide range of
applications.

QD band structure can be calculated by several different methods ab initio [20][21] , empirical
pseudopotential method [22], and [23] etc. They require lots of computation time and power,
making them impractical to simulate heterostructure electronic structures. On the other hand,
the kp methods are widely applied to describe III-V semiconductor heterostructures' optical
properties. Application of 4-band and 6-band Luttinger—Kohn kp models for (111)-oriented
systems were introduced in [24][25] [26][27]. There are even higher dimensional models, 8-
band [28][29], 10-band [30], and even 30-band models[31], but no source code with data to
verify the findings. A larger model gives more accurate predictions, allowing us to consider
more accurate effects like a decrease of optical gain for InGaAs/GaAs QWs with an increase in
the hydrostatic pressure [32] (10-band vs 8-band). However, the needed accuracy depends on
the application and experimental setup. Here to describe nanostructure VB properties, we use a
relatively simple 4-band kp model implemented in the code, which agrees with experimental
data obtained in previous studies. The 4-band kp model is a fast solution that well describes the
VB structure. The detailed model description is presented in Section 2 of this article. Here we
theoretically study the transition process between Light and Heavy holes like VB ground state
(GS) characters in QDs of different geometries. We use the same modeling approach as in
[33][34]1[35].

As a structure to model, we study QDs grown in inverted pyramids [36][37]. Nanostructures in
inverted pyramids are well studied experimentally and demonstrate the ability to control the
structure composition and geometry with high precision during material deposition. The
MOVPE growth technique allows the growing of all possible varieties of nanostructures by
controlling heterostructure composition along the growth direction. The schematic structure
illustrations are presented in Figure 1. Each nanostructure in Figure 1 represents a nanostructure
type that has been experimentally fabricated and reported in the literature; it is QWRs (Figure
1 a) [38], QDs (Figure 1 b) [12], tailored QDs [35][39][38] (Figure 1 e), Quantum Dot
Molecules (QDMs) [33] (Figure 1 d) Dot-in-Dot (DiD) [34] (Figure 1 c). Different colors
correspond to Al content in the structure in Figure 1 (a), schematically presented QWR
(symmetry center) in an inverted pyramid. Due to the physical processes of nanostructure
growth, QWR formation is always accompanied by the formation of side nanostructures QWs.
In Figure 1 (a), such side nanostructures are colored green for Vertical QW and blue for Vicinal
QWs colors. Summarily to QWR, the QD also forms its side nanostructures, Lateral QWRs.
Thus, QD formation in QWR is presented in Figure 1 (b). Tailoring of Al content during the
growth allows to realize in solid all possible nanostructures. In this study, we consider the
central QWR region. In earlier work [12], pyramidal AlxGai.xAs QDs with heights of 10-100
nm were realized, and as it was reported by changing the QD size, it’s possible to control
polarization properties. But in [12], little attention was paid to the related VB states structure.
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Figure 1. Schematic illustration of different kinds of AlGaAs nanostructures embedded in
inverted pyramids. (a) “Long” quantum wire (QWR) laterally bounded by “vertical” QWs, (b)
Quantum Dot, and (c) QD-in-QD heterostructure. (d) QDM of two coupled ODs. (e) Tailored
potential QWR/QD. The color codes scale the Al mole fraction in the different parties of the
heterostructures.

Achievement of dynamic control over light polarization emitted by the nanostructures in the
inverted pyramid is also possible. Dynamic control of the GS emission polarization of quantum
Dot in Dot (DiD) pyramidal nanostructure was proposed in [40]. However, the study used
geometrical assumptions of the nanostructure that do not match experimental results, and the
source code is not available. In [41] polarization optical properties of DiD in magnetic field
study were reported, but polarization switching requires high magnetic field intensities and
hence is not feasible for applications.

In this paper, we theoretically study VB GSs evolution in pyramidal QD/QDM systems from
its geometry and material composition that forms the potential profile. The paper is divided into
a few parts; in Section 2 introduces the simulation method (subsection 2.1) and approximations
that we use for structure design (subsection 2.2). Section 3 is dedicated to simulation results; in
subsection 3.1, we present single QD simulation results of GS VB evolution from its length and
electric field. In subsection 3.2, we study QDM system evolution. In section 4, we conclude
your findings. The Appendix contains the 4x4 Luttinger Hamiltonian derivation used in this
study.

2. Method

2.1 Theory



Here we introduce the model with assumptions we used and implemented in the code [42]. As
a basis, we start with the so-called mean field (Hartree-Fock) approximation. The result is a
mean-field Hamiltonian for single electrons:
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H :Zp—+V(r)+H so where V(r) is the mean-field potential, spin-orbit interaction term
m,

h .
Hy, =———0-[VVxp] and m, is the electron mass.
4m,c

Exploiting the lattice periodicity, we first look for solutions in the form of Bloch waves:
v () =u (e, w” (r)=u" (r+a)

Substituting the Bloch wave function into the Hamiltonian and neglecting parts with fast
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the Schrédinger equation looks like:
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Where o are Paul matrixes, V' the gradient of atomic mean field potential. Our model works
with this Hamiltonian and solves it in a 4-bands (S and P orbitals) approximation. To take into
account infinite number of other bands Lowdin perturbation theory [27] was implied. See the
supplementary material in Appendix for more details.

To each pair of electron and hole corresponds exciton energy and definer as follows:

E,=E,+E,+E, - E<h

Coulomb

Where E,, E, are the state energies in CB and VB, and E." . is Coulomb interaction

energy. These values depend on QD geometry and material composition. Usually, in small QDs
confinement energy is strong compared to the Coulomb interaction. The Coulomb interaction
in the case of strong confinement can be considered as a perturbation [44]. The perturbation to
the Hamiltonian is then written as:
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where are the valence and conduction band wavefunctions, r ,r the electron and
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hole positions.



Observed light intensity and polarization dependence proportional to dipole moment matrix
element [45]:
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Where e is polarization, p is the momentum operator and u is Bloch wavefunction. The identical
polarization dependence corresponds to photon from electron-hole recombination in exciton.
The final expression for polarization dependence in the case of orthogonal LH and HH
wavefunctions along and perpendicular z direction is:

I, o G(% ¢LH>2) Ly < [(% P >2J

Spectral measurements often use the degree of linear polarization (DOLP) value. Here we

Pun >2 + %<¢e

I.—1
define DOLP as DOLP = ]Z ]"y For VB states with pure HH character, this yields
+

z Xy

DOLP = -1 whereas for pure LH states it gives DOLP =0.6.

2.2 Modeling of structure composition

The material distribution and geometry parameters are taken from previous studies [38]. The
design of the structure's special parameters is based on a simplified model of the “effective”
Al-content resulting from the capillarity-driven Al-Ga segregation at the sharp wedges of the.
The ratio between “effective” and “nominal” Al content:

X

X = e

x+K(1-x)

where x is the nominal (bulk) Al concentration. For different arias of the pyramidal
nanostructure K parameter is unique, so K=38.9 for the central QWR region and K=2.7 for side
QWs [24]. Since the x¢ in an Al content, by definition, is associated with QWR spectral line
[38], it leads to an overestimation of actual Al by the blue shift of ~30meV (or ~2% Al content).
The overestimation is constant in all points of QWR; thus, it does not affect CB or VB structure.
This statement is consistent with experimental results. Effective Al content permits calculating
the bandgap profile of the corresponding components of the 3D pyramidal heterostructure. In

(1)

this paper, we implement one more assumption, due to similar Al content to the bulk, we neglect
LQWs regions (blue color in Figure 1(a)), assuming Al content to be the same as in the bulk.
More geometry details and the ratio of material distribution are also well described in previous
studies [38] [35]. The bandgap dependence over Al content in GaAs is known from the literature
[46]:

E, (Al.Ga,_ As) = (l—x)Eg (GaAs)erEg (Alds)-x(1-x)C (2)



where C is the bowing parameter, E (GaAs)= 1.519¢V and E (AlAs)= 3.1eV (low

temperature values). According to (2) each 1% of Al content gives ~15 meV to the band gap.
The ratio between the CB and VB offsets was taken as ACB/ AVB ~67/33[47][48].

AlxGajxAs [111] nanostructures in inverted pyramids are implemented in the code; however,
users can set any 3D structure. The option to add /n content to GaAs and correspondent
Hamiltonian is also implemented. Note that InxGaixAs compound is a material with internal
strain, and the Hamiltonian presented above has to be modified. We do not deliver Hamiltonian
with strain; however, it is also implemented in the code. The numerical solution of the
Hamiltonian was performed by the finite difference method.

The example of the model structure geometry is presented in Figure 2, 10 nm thick GaAs QD
embedded in AlGaAs barriers. The modeled area is 40x40 nm size is enough to make sure that
border conditions (infinite barriers) do not have an effect on exciton structure in the area of
interest. The calculation grid parameter is chosen as 0.1 nm for all simulation results presented
in this paper. The diameter of the QD/QWR cylinders is kept at 18 nm. Figure 2 b illustrates
the Al distribution in the ZX plane (Y~0). Here we will remind the main numbers. The effective
Al content in the core cylinder of the QD is ~2.8%, and in the vertical barrier cylinders, it is
~7.2% (for 40% nominal Al content).
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Figure 2. (a) 3D isosurface of Al content (x=0.4) in a simulated 10 nm thick GaAs QD
nanostructure. (b) Z-X cut of the simulated nanostructure showing Al content distribution.

3. Results and discussion
3.1 LH and HH states evolution in QD

Figure 3 (a) presents the calculated confinement energies of the lowest CB and VB (Figure 3
(b)) states versus the QD thickness ¢, without Coulomb interaction. The height ¢ of the QD
cylinder (the QD “thickness®) is varied between 8 to 20 nm (see inset in Fig. 3(a)). The effective
Al content in the core cylinder of the QD is ~2.7% (for 20% nominal Al content. In the vertical
barrier cylinders, it is ~7.2% (for 40% nominal Al content), which is illustrated in Figure 3 (e)



t ~13 (see Figure 3 (b)). Remarkably,
this transition also shows up in the VB mixing characteristic (Figure 3 (d)), where at the
crossing point the HH and the LH WF potions are the same for the first two VB states. For
t <13 nm, the ground state is HH-like, with smaller ¢ the structure behaves in his respect as a
“thin” QD. For t >13 nm, the ground state is LH-like, with larger t the structure behaves as a
“QWR” or elongated QD. These results suggest the searching aria to choose of QD parameters
for achieving a structure at the border between HH and LH behavior of the VB ground state.
To achieve more accurate results, the Coulomb interaction must be taken into account.

The calculated polarization-resolved optical spectra of this QD structure are shown in Figure 3
(c) for various thicknesses #; red and blue curves correspond to linear polarization normal and
parallel to the growth direction. Figure 3 (e) schematically presents light polarization axes with
respect to the nanostructure. Line broadening of 2 meV was applied, and Coulomb interaction
was taken into account as a perturbation. This set of spectra shows how the GS transition
gradually changes its character from LH to HH with a reduction of QD thickness. Interestingly,
the switching from HH to LH — like lowest energy state occurs near t =14nm (as in Figure
3(b)), which is different on Inm from switching simulated without coulomb interaction.
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Figure 3. (a) Calculated dependence of energy of first CB state from QD thickness. (b)
Calculated dependence of energy of first two VB states from QD thickness. Blue color
corresponds to LH transitions, and red color to HH transitions. (c) Calculated absorption
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correspond to different polarizations. Blue is emission polarized in the Z direction and red in
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We see that in a range of t ~14 nm, the QD GS transition changes its polarization with the
switching of the VB ground state character from LH to HH. Since, around this point, small
variations in the confinement potential can yield such GS character switching, such QD can
serve as a base for achieving the desired dynamic transition using an electric field. Here we
analyze the effect of an electric field on such “equilibrium”: QD structure.

To illustrate the effect of an electric field, we consider the same QD structure discussed above
with fixed QD thickness at ¢ =14 nm. The confined CB and VB states are then computed by
adding an electric field E oriented in the growth direction z. From the experimental point of
view, considering the structure size of L<1um the voltage magnitude at T =10K that can be

applied is about 3V, give us a feasible range of electric field simulation up to E__ =30000
[V/em].

Figure 4 (a) shows the calculated optical spectra of the QD structure for an electric field of
amplitude E =20000 [V/cm], oriented along the growth direction. We would like to highlight
two significant differences compared to the spectrum for E =0. First, the absorption edge is
red-shifted due to a quantum confined Stark effect [13]. Secondly, the lowest energy transition
line with nearly equal H and V light intensity components develops for E >0 into a richer
structure with characteristic polarization features. This is illustrated by DOLP spectrum, which
shows an HH-like feature at low energies instead of DOLP ~0 for E =0. The reason is the
electric field that changes the QD potential profile in such way that the lowest VB state becomes
HH-like, and the Stark shifts are different for the different VB states. Thus, applying an electric
field can dynamically tune the QD structure to change the polarization state of light emitted by
the QD ground states. The impact of the electric field on the lowest transition states energy is
displayed on the right panel of Figure 4. The spectral lines near 1.595¢V in Figure 4 are related
to the first CB and first two VB transitions. Note that the polarization is determined by the part
(LH or HH) of the VB wavefunction that best overlaps with the CB state.
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Figure 4. QD (t=14 nm), subject to an electric field E=20000 V/cm, applied in the z direction.
Left panel: (a) Calculated optical spectra taking into account Coulomb interaction and 2 meV
broadening. (b) DOLP spectra. Right panel: schematic presentation of QD in an inverted
pyramid with electric contact and wavefunctions iso-surfaces of the GS CB state and parts of
two lowest VB states that overlap with GS CB: green — electron, red — HH; blue - LH.

3.2 QDM Polarization control by barrier adjustment
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Figure 5. Schematic illustration of two QDs system (OD molecule) embedded in an inverted
pyramid. The color illustrates the Al mole fraction in the different parties of the
heterostructures.

QDM systems contain many parameters that affect QDs coupling strength, and thus system
optical properties, the main geometrical parameters, are illustrated schematically in Figure 5.
For example, here, we show the effect of barrier height on the polarization switching of the
QDM GS emission. Figure 6 presents the dependence of the lowest CB and VB states on Al
content (in ‘nominal’ values) in the outer barrier (nominal Al content in QD core: 20%; in
external barriers: 40%, QD thickness t =7 nm; barrier thickness d =5nm). The GS of the CB
increases with increasing Al content as the potential energy of the barrier increases. The VB
states dependence is more complex: in between the two extreme barrier heights, the VB GS
changes its character from LH- to HH- like with increasing Al content (see Figure 6 b).
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Figure 6. (a) Calculated energy dependence of the first CB state versus the QDM barrier
composition (in ‘nominal’ values of Al content). (b) Calculated energy of the first two VB states
from QD barrier composition. The blue line corresponds to LH transitions, red to HH
transitions. The inset is a schematic of the QDM core part.

Figure 7 (a) summarizes the calculated optical spectra, considering Coulomb interaction as a
perturbation and a line broadening of 2 meV. The lowest energy transition is mainly LH-like
for low barriers and becomes degenerate with the HH-like one at ~40% Al. The spectra show
the evolution of the HH and LH transition lines, their crossing when Al content becomes ~40%,
and at 50%, the complete change of the GS to HH one. Figure 7 (b) shows the spectral positions
of the GS and the first excited transition versus the barrier Al content, indicating the VB
character (red color for HH, blue for LH). Figure 7 (¢) shows the VB mixing dependence on
the barrier height. Summarizing, the common trend for all structures is that at certain inner QDs
coupling regimes (from strong to low), the GS transition changes between LH to HH-like. As
a consequence, the emission polarization of the GS also changes. This figure illustrates the two
regimes of behavior, with two different GS transition types and polarization of emitted light.



The QDM system at the intermediate point where the HH and LH states are almost degenerate
opens an opportunity to change the GS emission character dynamically by applying an external
electric field due to the sensitivity of such structure.
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Figure 7. (a) Calculated absorption spectra of the QDM for different heights of the barrier (in
‘nominal’ values Al content). Lines corresponding to HH-like and LH-like transitions are
indicated. (b) Calculated energies of the lowest energy transitions (a) versus QDM thickness
barrier height. Different colors correspond to different transition types, the red line between
CB and HH transition blue line between CB and LH transition. (c) Major wavefunction parts
of the first two VB states dependence, HH - red and LH - blue.

Next, we consider the effect of an external electric field in a QDM with the following structural
parameters: QD cores of 20% Al content and thickness ¢ =7 nm each, QD external barriers of
40% Al content, QD inner barrier thickness d =5nm and 35% Al content. Figure 8 shows the
simulation results of the system without an external electric field (E =0). Figure 8 (a) presents
the calculated optical spectra, and Figure 8 (b) the corresponding DOLP spectra. In this
configuration, the GS LH and HH transition is almost at the same energy, with a more complex
structure of the excited states transitions. The right panel of Figure 8 shows a side view of the
lowest CB and VB states WFs isosurfaces.
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Figure 8. QDM structure (see text for parameters) without an electric field. Left panel: (a)
Calculated absorption spectra taking into account Coulomb interaction and 2 meV broadening.
(b) DOLP spectra. Right panel: wavefunctions iso-surfaces of the GS CB state and parts of two
lowest VB states that overlap with GS CB: green — electron; red — HH; blue - LH.

For the same QDM structure, the other potential asymmetry induced by an external electric
field of E=9000 [V/cm] aligned in the growth direction dramatically changes the optical
spectra and WFs shapes (Figure 9). As in the case of the single QD with the applied electric
field, the polarization of the GS transition and its energy change. In contrast to the case E =0,
the lowest energy transition now has DOLP =—0.6 instead of DOLP =0.5 to its more important
HH character of the VB state involved. As usual, the electric field pushes the CB and VB WFs
in the opposite direction for a Stark effect. This also leads to a reduction in the transition
strength due to the smaller WF overlaps.
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Figure 9. QDM structure (see text for parameters) subject to an electric field E=9000 V/cm,
applied in the +z direction. Left panel: (a) Calculated absorption spectra taking into account
Coulomb interaction and 2 meV broadening. (b) DOLP spectra. Right panel: wavefunctions
iso-surfaces of the GS CB state and parts of two lowest VB states that overlap with GS CB:
green — electron; red — HH, blue - LH.

The case of two-QDs molecule can be extended to N QDs (QDSLs), which leads us to the
formation of minibands [49], as was also shown in the case of QW superlattices [50]. Such
systems can also be realized experimentally in inverted pyramids as a vertically aligned coupled
QD array. In QDSLs, the barriers' height and width are crucial parameters that define the
coupling strength between the QDs. In such systems with modulated internal potential in a low
coupling regime, GS HH WFs can have as large as LH WF in QDs with flat potential. However,
the corresponding emission will have a different polarization. The consequence of low coupling
is that a "forest" of close-spaced optical transition lines appears. Under the application of an
electric field, the exited CB and VB WFs overlap due to tunneling to neighbor QDs, while the
first CB and VB states are separate and do not overlap [51]. From an experimental point of
view, it's hard to fabricate and analyze the VB structure of N QDs due to structural complexity,
optical line merging, and non-linear effects during the nanostructure growth.

4. Conclusion

The sensitivity of VB state structure to the environment of QD and QDM makes them good
candidates for polarization-controlled single photon sources. A number of QDs were simulated by
4-band Luttinger—Kohn kp model with QDs thickness from 8 nm and 23 nm in length. The
“equilibrium” point where LH and HH have the same energy positions was found between ~14 nm
long QD. Applying an electric field along the QD allows us to control the VB structure so that VB
GS character becomes HH or LH; which can be observed experimentally by measuring DOLP.
Modulating the coupling strength in QDM by the potential variations in the barrier between the
QDs we study QDM sensitivity of optical properties to its structural parameters. We show that



QDMs are more sensitive to an external electric field than single QDs and demonstrate how it affects
QDM absorption spectra. This knowledge will be helpful for the construction of future polarization-
switching devices.

The model source code may be useful for similar studies or educational purposes. The code is
available on Github: Attps.//github.com/Mikelazarev/Low-dimensional-band-structure-model-
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6. Appendix

The Hamiltonian in matrix form, taking into account SO interaction, looks like this:
H=H,+H'+H* where:

E,+¢ iRk, iRk, ik,
(Hl oj -iPk., E +¢&¢ 0 0
H,= where H, =| |
0 H, -iRk, 0 E+& 0
—iPk. 0 0 E +¢
00 0 0 0 00
00 — 0 0 0 1
0 i 0 0 0 00
g0 B[00 0 0 0 -1 i 0
3]0 0 0 0 0 00
00 0 -10 i 0
00 0 — 0 — 00
01 i 00 0 00
, (Hz 0]
H'= where
0 H,
0 0 0 0
0 L'k} +Mk; +Mk; N'k k, N'k k,
=1y Nk k, MK + L'K? + MKk? Nk k.,
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A’, B, L’, M, N’ are second order interactions due to Lowdin renormalization involving states
n’k?

2m,

outside the S, P subspace. &= and A, is the spin-orbit splitting:

A

_ _—3in <X8_V _8_V
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Y). In case of GaAs, B=0.

0 2
4m,c

This Hamiltonian contains four atomic bands, kinetic, spin-orbit, perturbation of five next
bands, and atomic potential in terms of mean-field. Because the transition rate is proportional

to (@, le-p
convenient to change the basis of this Hamiltonian to the basis of eigenfunctions of the

momentum operator (HH and LH basis). A set of new basis wavefunctions are presented in the
following Table 1 [52].

govb> where P is momentum e is a polarization vector. For optical studies, it’s more

Eigenvalues and corresponding eigenstates at k= 0.

Energy First Kramers Set Second Kramers Set Name
E, L =|s 1) L=]s1) Electron
E \g,g) = Ll(x+ir)1) |§,-§) = 2|[(x-ir)})  Heavy Hole

E |%,%>=7‘;_(X+1'Y)J,—2ZT> |§ 1): L|(X-i¥)1+2Z ) Light Hole

272
E;-A, [LD)=F|(X+ir)+Z1)

=

;_,>= +|(x-ir)t-z|) SO Hole

2 2 3

Table 1 Eigenvalues and corresponding eigenstates of the CB and VB states.

New matrix elements in this basis looks like:

E+e 0 4 0 I o U v
E+e 22U =By o v ' U
vt U0 E 0 0 0 0 0
0 =B 0 E, 0 0 0 0
H, = .
NEI4 0 0 0 E 0 0 0
2ut v 0 0 0 E, 0 0
Ut Ny 0 0 0 0 E 0
VU 0 0 0 0 0 E




000000 0 O
000000 0 O
001000 0 0
so_ 8|0 00 100 0 0
3/00001 0 0 0
0000O0T1 0 0
000000 -2 0
000000 0 -2
00 0 0 0 0 0 0
00 0 0 0 0 0 0
00 —-P+Q -5 R 0 325 20
00 -S -P-Q 0 R 2R Ji/25
=00 = 0 -P-0 0 128" 2R
00 0 R 0  -P+0 20 328
0 0 328" 2R Ji2s 20 @ -P 0
0 0 20 \ij2s" 2R 325 0 P
Where:g=ﬁ,U=ikZ,V=i(kx+ikz),P=h—2y1(kf+k?+kj),
2m, 3 J6 2m, !
0= Ui 7, (K +k2=2k2), S =243 Ui 75 (k k. —ik k),
AU 2y 2 ik~ ik k.
R= L (72 (k2 = K2)-2ipsk k,),ylz—gm—f(L'+2M)—l PRELL I VAY
2m, VIV o 3 h 3

Where A is spin-orbit splitting and V¥ ¥ is Luttinger parameters [53]. In the case of GaAs

7, =698 y,=2.06 y,=2.93[46]. In constant media, Luttinger parameters do not depend on
coordinates. In the GaAs media case, effective masses of light and heavy holes depend on the
direction of hole propagation. In case of AlxGai.xAs Luttinger parameters are chosen as a linear
interpolation between the GaAs and AlAs. In AlAs, Luttinger parameters y, =3.76, y, =0.82

, V3 =142,

The Luttinger Hamiltonian we discussed so far is written in the x, y, and z directions
corresponding to the principal crystallographic directions [hhe]. We consider structures with
modulated potential along the z [111] direction. Thus, the Hamiltonian needs to be rewritten to



a new basis. Since SO and CB bands are far from LH and HH for simplicity, and we decouple
them. Thus, the 3D Schrodinger equation with effective mass for conduction band electrons can
be solved separately from Luttinger Hamiltonian for VB. The Luttinger Hamiltonian, in a new
basis, looks like [54]:

Where
h |0 0 0 0o 0 0
D, =———|—y,+7r) —+—(r,+rs) —+—(r, —2p;)— |+V
HH 2m€|:ax(71 73)8)6 ay(?/l 7/3)8)/ a2(7/1 73)az:|
h |0 o 0 0 0 0
D, =——/|—(y,—1,)—+—(y, =7, )—+—(y, + 2y, )— |+V
i 2miax(y‘ naty gt 7/3)62}
R f3 Q(Mji_i(ﬂji_ii{ﬂji_ii(mji .
2m, ox 3 ox Oy 3 oy Ox 3 oy Oy 3 Ox
h 2|0 0o 0 0o .0 0o .0 0
t——= (s =7 )—+— (s =7, ) —+i— (s =7, ) —+i—(ys -1, ) —
m, \6 ﬁx(73 7/2)82 82(73 yz)@x l&y(73 ]/2)82 162(73 yz)éy}
s-_ " Q(L%ji+£(L%ji_ii(ﬂji_,ﬁ(ﬂji _
2m, ox 3 0z Oz 3 ox Oy 3 0z Oz 3 oy
__h 2 i( _ )ﬁ_i( _ )iﬂ-ﬁ( _ )Qﬂ-i( _ )ﬁ
2m, \ 3| ox 7 ox Oy 7 oy Ox 77 dy oy 7 Ox
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	Where ,   are the state energies in CB and VB, and  is Coulomb interaction energy. These values depend on QD geometry and material composition. Usually, in small QDs confinement energy is strong compared to the Coulomb interaction. The Coulomb interac...

