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RATIONAL SINGULARITIES AND ¢-BIRATIONAL MORPHISMS
DONGHYEON KIM

ABSTRACT. In this paper, we generalize the notion of rational singularities for any
reflexive sheaf of rank 1, link our notion of rational singularities with the notion of
rational singularities in [ ], and prove generalizations of standard facts about ra-
tional singularities. Moreover, by using a definition of non-rational locus, we introduce
the notion of (Bgy1) as a dual notion of well-known Serre’s notion of (Sg+1), and prove
a theorem about g¢-birational morphisms.

1. INTRODUCTION

In this paper, ¢ > 2 is an integer, and k is any algebraically closed field of arbitrary
characteristic. Any variety is quasi-projective, separated, finite type and integral scheme
over k. Any divisor is assumed to be Cartier unless otherwise stated.

Throughout the paper, we will assume that for any normal variety X, there is a
proper birational morphism f : X’ — X where X’ is smooth and f is an isomorphism
outside of the singular locus of X. We call such a map a resolution of X. If k is of
characteristic 0, our assumption follows from Hironaka’s resolution of singularities, and
if k is of positive characteristic, only the threefold case is known to be affirmative (see
[ | and | ]). Moreover, for a pair (X, A), a log resolution f: X" — X of (X, A)
is a resolution f: X’ — X of X such that Supp f, 'AUExc(f) is simple normal crossing.

A variety X is said to have rational singularities if for any resolution f : X' — X,
[:O0xr = Ox, R f.Ox; = 0 and R'f.wy, = 0 for i > 1 (see | |, Definition 2.76,
and | ], ). The notion of rational singularities plays an important role in algebraic
geometry. For instance, if X is a variety with rational singularities and f: X’ — X is a
resolution of X, we have

HY(X' f*€)~ H(X,E)
for any ¢ > 0 and any vector bundle £ on X. In this paper, we generalize the notion to
any reflexive sheaf of rank 1.

The fundamental property of the notion of rational singularities is that if X has rational
singularities, then X is CM. In this paper, from this perspective, we will define another
analogous notion of rational singularities for a reflexive sheaf F of rank 1 on a normal
variety X.
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Definition 1.1. Let X be any normal variety and F any coherent sheaf on X. Let us
define dual of F by FP := Homo, (F,wx), and double dual by FPP = ((F)P)P.

Definition-Theorem 1.2. Let X be any normal variety and F any reflexive sheaf of
rank 1 on X. Suppose that f : X’ — X is a generically finite morphism with X’ smooth.
Then we have a natural map

0r 5 : RE(f*F)P = RHomo, (F,w)[— dim X].

Moreover, if f is a resolution, the following are equivalent:

(a) O is a quasi-isomorphism.
(b) Rif(f*F)PP =0 fori > 1.
(¢) The natural map

Hy (X, Fo) = Hpor () (X5, (FF)77)
is an isomorphism for each ¢ > 0 and each point z € X.

We say that f is a weakly rational resolution of F if one of the above is true for f,
and F has weakly rational singularities if one of the resolutions of X is weakly rational
resolution of F.

Definition 1.3. Let X be any normal variety and F any reflexive shaef of rank 1 on X.

(a) If F has weakly rational singularities and is CM, then we say F has rational
singularities.

(b) We say that a Weil divisor D on X has rational singularities if Ox (D) has rational
singularities.

It is worth noting that F is (K Vg x) if and only if for some resolution f: X' — X,
R'f.(f*F)P =0fori> 0.

Note that our definition bears a similarity to Definition 2.5 in | | and Definition
2.78 in | |. Let us recall the definition of rational singularities for a reduced pair
(X, D).

Definition 1.4 (See Definition 2.5, and Theorem 2.9 in | |). Let X be a normal

variety, and D a reduced Weil divisor on X. We say (X, D) has rational singularities if
there is a log resolution f : (X', Dx/) — (X, D) such that

(a) (X, D) isanormal pair in the sense that the natural map Ox(—D) — f.Ox/(—Dx)
is an isomorphism, and
(b) Rif*OX/(—DX/) = (0 for 7 > O,

where Dy is the strict transform of D along f.

Here, we highlight the distinctions between our definition and those in | | and
[Kol13]:

e We used double dual to define the notion of rational singularities instead of strict

transform. The advantage of using double dual is that the notion of normal pair
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in | ] is unnecessary, and if we consider Proposition 4.7, our definition of
rational singularities is minimal in sense of the requirement of the vanishing of
higher direct image and CM-ness. See Corollary 4.8.

In particular, if a pair (X, D) has rational singularities in the sense of | ]
and [ |, then —D has rational singularities in the our sense.

e [t is obvious that some Cartier divisor on X has rational singularities in our
sense if and only if X has rational singularities, and in contrast to our notion,
it is far from obvious that for some reduced, effective and Cartier divisor D on
X, (X, D) has rational singularities in the sense of | | if and only if X has
rational singularities. For the only if assertion, see Corollary 2.13 in | ].
Note that the proof of Corollary 2.13 in | | implicitly used our notion of
rational singularities.

e We defined the notion of rational singularities for any reflexive sheaf of rank 1,
not only for a reduced Weil divisor.

One of the fundamental properties of klt and strongly F'-regular varieties is that klt
varieties over a characteristic 0 field and strongly F-regular varieties over a positive
characteristic field have rational singularities (see | I, | and | ). The

same principle holds in our definition of rational singularities for reflexive sheaves of rank
1.

Theorem 1.5. Let X be any normal variety over a characteristic 0 field, A any effective
Q- Weil divisor such that (X, A) is dit and D any Q-Cartier Weil divisor on X. Then
D has rational singularities.

Theorem 1.6. Let X be any strongly F'-reqular variety over a positive characteristic
field, and D any Weil divisor on X such that there is an integer r which is relatively
prime to p, and rD s Cartier. Then D has rational singularities.

Note that Theorem 4.10 is a generalization of Corollary 5.25 in | | and the proof
does not require the cyclic covering theory.

One of the advantages of our notion is that our notion of rational singularities is well-
behaved under finite morphisms under mild conditions, and it provides a partial answer
to a question posed by Kollar (see Remark 2.81 (3) in | D).

Theorem 1.7. Let X,Y be normal varieties over a characteristic O field, p : Y — X
any finite étale morphism and F any reflexive sheaf of rank 1 on X. If p*F has (resp.
weakly) rational singularities, then F has (resp. weakly) rational singularities.

Theorem 1.8. Let X,Y be normal varieties over a characteristic O field, p : Y — X
any finite morphism and F any reflexive sheaf of rank 1 on X. If F is (KVgmx), and
p*F has rational singularities, then F has rational singularities.

For a normal variety X, one may want to measure how far a non-rational singularity
is from being rational. For this purpose, the notion of non-rational locus is defined in
[ | and | ]. We also consider an analogous notion here.
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Definition 1.9. Let X be any normal variety, F any reflexive sheaf of rank 1 on X, and
f: X’ — X a resolution.

(a) We say that f is (KV,) about F if the support of R'f.(f*F)P has codimension
> i+q+1for any i > 1. We call F (KV) if one of the resolutions of X is (K'V,)
about F.

(b) We say that f is (RS,) about F if

(i) fis (KV,) about F, and
(ii) for any point x € X with codimyx x < ¢, 0 is a quasi-isomorphism after
localizing 0r ¢ at x.
We call F (RS,) if there is a resolution of X which is (RS,) about F.

Remark 1.10. In Definition 1.9, F is (RSqmx) if and only if F has rational singular-
ities. Also in Definition 1.9, condition (b) is equivalent to following: For any i > 1,
R f.(f*F)PP has the support of codimension > ¢ + 1.

Note that for a normal variety X and a coherent sheaf F on X, F is reflexive if and
only if the natural map F — FPP is an isomorphism. See Lemma 3.4.

Let us say F is (R,) if there is an open subscheme U C X of X such that codimy (X \
U) > q+1, U is smooth and F|y is a vector bundle on U. The codimension of singular
locus of X determines the property of (RS,) of a reflexive sheaf F on X of rank 1.

Lemma 1.11. Let X be any normal variety and F any reflexive sheaf of rank 1 on X
with (KV,). If X is (R,), then F is (RS,).

Example 1.12. We can give examples of reflexive sheaves of rank 1 with (RS,). Let
X be any normal variety over C and suppose A is an effective Weil divisor such that
(X, A) is log canonical. If D is a Q-Cartier Weil divisor on X, then D is (RS,41), where
q is the codimension of the union of the non-klt centers of (X, A).

It would be interesting to know whether any closed subvariety defined by the points
x € X in which (£ ), is not a quasi-isomorphism for some resolution f: X' — X is a
non-klt center of (X, A) or not. Note that if D = 0, then there is an affirmative answer.
See Theorem 1.2 in | l.

By adopting the idea of proof of Lemma 3.3 in | |, we can define the notion of
(By+1) as a dual of the notion of (S,4+1) and prove a duality theorem about a reflexive
sheaf of rank 1 with rationality condition.

We say F is (S,11) if HL(X, F) = 0 for i < min{g+1, codimy z} and any point z € X.
In (4.3) in | |, Kolldr remarked that Ox is (S3) does not imply the condition that
wy is (S3), and therefore it is hard to say that the depth condition on wy is a formal
consequence of the depth condition on Ox. Our result might answer what the formal
consequence of the depth condition on Ox about condition of wx should be.

Definition 1.13. Let X be any normal variety and F any reflexive sheaf of rank 1 on
X. We say F is (Byy1) if HL(X,F) =0 for any dim X — ¢ < i < dim X and any closed
point x € X.
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Theorem 1.14. Let X be any normal projective variety and F any reflexive sheaf of
rank 1 on X, which is (RS,). Then the following are equivalent:
(a) F is (Syr).
(b) For any resolution f : X' — X with f (RS,) about F, R f.(f*F)PP =0 for any
1<1<yq.
(c) FP is (By1).

Using the notions of (B,y1) and (RS,), we can prove the following theorem about the
CM-ness of normal Q-factorial varieties.

Corollary 1.15. Let X be any normal Q-factorial variety with (R,). Assume that any
Weil divisor on X is (KVy), and (Sgt1). If ¢ > [9XH then any Weil divisor on X
1s CM. In particular, X s CM itself.

Let us define the notion of g-birational morphism which is firstly defined in | .

Definition 1.16. Let X, X’ be any normal varieties and f : X’ — X any proper
birational morphism.

(a) The center of f is the reduced closed subscheme C' of X which is the image of
exceptional locus along f.

(b) We say f is a g-birational morphism if the exceptional locus has codimension 1
and the center of f has codimension > ¢ + 1.

Remark 1.17. For any ¢-birational morphism f : X’ — X between normal varieties, if
X' is smooth, then X is (R,).

The argument of the proof of Theorem 1.14 can be used to generalize Theorem 3.4 in
[ | as follows:

Theorem 1.18 (See Theorem 6.3). Let X, X’ be any varieties over a characteristic 0
field such that X is normal and X' is smooth. Let f : X' — X be any q-birational
morphism. Suppose that D is any anti f-nef divisor on X' such that f.D is Q-Cartier
and (Sy+1). Then R f.Ox:/(D) =0 for 1 <i<q.

The rest of the paper is organized as follows. We begin Section 2 by defining some basic
notions and by stating and proving basic theorems. Section 3 is devoted to proving basic
results about reflexive sheaves. In Section 4, we define (weakly) rational singularities and
prove some basic theorems. In Section 5, we define the notion of (B,41) and prove the
main theorem about that notion. Section 6 is devoted to defining g-birational morphisms
and proving the main theorems about g-birational morphisms.
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and corrections of the previous version of this paper. We would like to acknowledge the
assistance of ChatGPT in polishing the wording.
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2. PRELIMINARIES

The section is devoted to collecting basic definitions and facts used in the paper.

Notation 2.1. Given two normal varieties X, X', and a proper morphism [ : X’ — X,
and a (not necessarily closed) point x € X, we use the following notation:
o X! =X xx SpecOx,,
e dim z denotes the dimension of the closure of z,
e codimy z := dim X — dim x.
For any coherent sheaves F, F' on X, X’ respectively and the inclusion j: X, — X',
we denote
o Fl = j*F,
[ ] OX’,;): = (OX’)m7 wxgm = (wX/)m.
Note that if f: X’ — X is a resolution of X, then X is a regular scheme.
For simplicity, if # > 0, a point € X and a coherent sheaf F on X are given, set

H(X,F):= H (X, Fy).

Also, under the same conditions as above, if a resolution f : X’ — X and a coherent
sheaf F' on X' are given, let

Hpoi (X' F') o= Hjoa (X, F).
Definition 2.2. Let X be any normal variety and F any torsion-free sheaf on X.

(a) Wesay F is (R,) if there is an open subscheme U C X such that codimyx (X\U) >
g+ 1, U is smooth and F|y is a vector bundle on U.

(b) We say X is (R,) if Ox is (R,).

(c) We say F is (S,41) if HL(X,F) =0 for i < min{q + 1, codimy 2} and any point
reX.

(d) We say F is Cohen-Macaulay (CM) if F is (Sgim x)-

(e) We say X is Cohen-Macaulay (CM) if Ox is CM.

(f) We say F is reflexive if F is (S3).

Remark 2.3. If X is any normal variety with (R,), then any reflexive sheaf of rank 1 on X
is also (R,). An analogue for (S,;+1) does not hold. Indeed, let X := Spec k[z, y, z, w]/(zy—
zw). Then X is CM but not any reflexive sheaf of rank 1 on X is CM. See 3.15 in | -

We will use derived category machinery in the paper, especially in Section 4 and
Section 5. Hence, it is worth stating the local duality and the Grothendieck duality. For
a separated scheme X over k, let us define the notion of normalized dualizing complex
w% of X by f'wspeck, where f: X — Speck is the structure morphism.

Theorem 2.4 (See Lemma 0AS85 in | ). Let X be any variety, x € X any closed

point and E the injective hull of the residue field of Ox . Write myx, the mazimal ideal
of Ox, and Z =V . Then

RHomop, ,(K,w%), = RHome, , (RI'z(K), E[0])
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for any i and K € D(X), where (=), denotes the derived completion along myx ., and
D(X) denotes the derived category of bounded complexes of coherent sheaves on X.

Theorem 2.5 (See 0AU3, (4) in | ). Let X, X' be any noetherian separated schemes
over k, f: X' — X any proper morphism of varieties. For any K € D(X'),

RHomo, (Rf.K,wk) = Rf.RHomo ., (K, w%,) in D(X).

Let us prove the following duality result. For a similar lemma, see Proposition 11.6 in
[Kol97].

Lemma 2.6. Let f: X' — X be any proper birational morphism between normal vari-
eties and E any vector bundle on X'. Fiz any point x € X. Suppose X' is Gorenstein.
Then fori >0, (R f.£), = 0 if and only if H;?C}I(IE)X X wxr @ EY) = 0.

Proof. Let k be the residue field of Ox , and E the injective hull of k as an Ox ,-module.
We have
RFf—l(m)(Xl, wWxr & 5\/) = RFx(X, Rf*(wX/ X 5\/))
= Homo, , (RHomoy (Rf«(wx: ® EVa,s w;m), E)
>~ Homo, , (Rf.RHomo,, (wx ® €Y, wxs)z[codimy 2], E)
= Homo, , (Rf.Homo,, (wx @ £, wxr)z[codimy z], E)
= Homoy , ((Rf.€)[codimy z], E),
where we used the Leray spectral sequence in the first equality, the local duality in the
second equality, the Grothendieck duality in the third equality, the fact that wx is a line

bundle on X’ in the forth equality. Hence, since E is an injective Oy ,-module, we have
the assertion. U

Let us prove the following corollary.

Corollary 2.7 (See Lemma 3.5.10 in | | and Corollary 11.7 in | ). Let X be
any normal projective variety over a field of characteristic 0, f : X' — X any resolution
of X and D any Q-Cartier Weil divisor on X', which is anti f-nef. Then f.Ox/ (D) =
Ox(f.D).

Proof. Note that both Ox (f.D) and (f.Ox:(D))"" are reflexive, and they are isomorphic
in codimension 1. Hence, Ox(f.D) = (f.Ox/(D))" by Theorem 1.12 in | ], and
thus it suffices to show that f,Ox/ (D) is reflexive. Let 2 € X be any point of codimension
> 2.

Consider the following spectral sequence

E;t _ Hi(X, Rtf*OX/<D)) _— H;ff(x)<X/70X/<D))

Inspecting the spectral sequence, we have F3° = E1°. Hence, by considering the edge map
E!Y — E' it suffices to show that H},l(gﬁ) (X',O0x:(D)) = 0. Note that by the relative
Kawamata-Viehweg vanishing theorem (Theorem 1-2-3 in | ), Rf.Ox(Kx —
D) =0 for i > 1. Thus, by Lemma 2.6, we have the assertion. O
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Remark 2.8. Note that it is a special case of | |, Lemma 3.5.10. Nakayama proved
the lemma using the relative Zariski decomposition.

We will use the following lemma without any mention.

Lemma 2.9 (See Lemma 2.2 in | |). For any normal variety X and any coherent
sheaf F on X, we have

Home, (F,w)[— dim X| = Home, (F,wx).
Proof. We may consider the following exact triangle
wx[—dim X] - w§ — C —

for some complex C' in D(X). If we apply RHomo, (F,—) to this triangle, then we
obtain the following exact triangle

RHome, (F,wx|—dim X]) - RHomo, (F,w%) = RHome, (F,C) — .

Note that C' has cohomological degree > 1 and hence Home, (F,C) = 0. Thus, the long
exact cohomology sequence gives us the assertion. O

3. REFLEXIVE SHEAVES

In this section, we collect important facts about reflexive sheaves. For a variety X,
the generic point n € X and a coherent sheaf F on X, rank F denotes the dimension of
JF,, over the function field of X.

Definition 3.1 (See | |, Definition 1.1.7). Let X be any variety and F any coherent
sheaf on X. We define F? := Homo, (F,wx).

Remark 3.2. For any normal Gorenstein variety X and any reflexive sheaf F of rank 1
on X, FP = FY ® wx.Moreover, we can construct a natural map F — FPP. Indeed,
for any local section a € F, consider a map

0: F = FPP aws (f = fla)) for f € FP :=Homo, (F,wx).

Note that if X is normal, the map FP — FPPP is an isomorphism, because F? is a
reflexive sheaf. See Lemma 0AY4 in | |, Lemma 0AWE in | ], and Lemma 3.4
below.

Now, let us prove the following two lemmas.

Lemma 3.3. Let X be any normal variety and F any coherent sheaf on X. Then the
following are equivalent:

(a) F is torsion-free.
(b) The map F — FPP is injective.
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Proof. 1t is worth noting that for any variety X, wy is (S2). See Lemma 0AWE in
[ |. Hence, if X is normal, then wy is reflexive.

If F is torsion-free, then the kernel I of the map is torsion-free because any subsheaf
of a torsion-free sheaf is also torsion-free. Furthermore, since wy is reflexive, FPP is
torsion-free by Lemma 0AY4 in | |. Consider the fact that for every point x € X
of codimension 1, F, — FPP is an isomorphism (which follows from Lemma 0CC4 in
[ |, and the fact that Ox, is a discrete valuation ring). Then K = 0 because
rank IC = 0.

For the converse, FPP is torsion-free. By our assumption, F is torsion-free because
any subsheaf of a torsion-free sheaf is also torsion-free. O

Lemma 3.4. Let X be any normal variety and F any coherent sheaf on X. Then the
following are equivalent:

(a) F is reflexive.

(b) The natural map F — FPP is an isomorphism.

Proof. Let us assume that F is reflexive. By Lemma 0AY4 in | ], we know that
FPP g also reflexive and F — FPP is an isomorphism outside a codimension > 2 closed
subscheme of X. Hence the map is an isomorphism by | |, Proposition 1.11.

For the converse, let & — & — FP — 0 be any resolution of F in which &, &, are
vector bundles. By taking Homo, (—,wx), we have the following exact sequence

0> F2FPP 58P &l
and EP are reflexive for i = 0, 1. Hence, F is reflexive (see Lemma 0EBG in | . O

Remark 3.5. If X is not normal, then such an equivalence is false. See Remark 0AY1 in
[ J

Let us note an important fact about reflexive sheaves. For any normal variety X
and any reflexive sheaf F on X, F is a vector bundle outside codimension > 2 closed
subscheme of X. See Lemma 0AY6 in | ]

We will use the following three lemmas without any mention. We believe that they are
well-known to experts but we cannot find any reference about them. Hence, we include
their proof.

Lemma 3.6. Let X be any variety and ¢ : F — G any map between torsion-free sheaves
on X . Suppose that @ is generically injective. Then ¢ is an injection.

Proof. Let IC be the kernel of . Note that IC is a subsheaf of a torsion-free sheaf F. By
the condition on ¢, rank K = 0 and hence K = 0, because any subsheaf of torsion-free
sheaf is also torsion-free. O

Lemma 3.7. Let X, X' be any normal varieties and f : X' — X any proper birational
morphism. Suppose that F is any reflexive sheaf on X. Then F = f,(f*F)PP.
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Proof. Let us consider the adjunction property
Homo, (F, f.(f*F)PP) = fHomo , (f*F, (f*F)PP)

and the map f*F — (f*F)PP. Then we can construct the following map F —
f.(f*F)PP. Note that the map is an injection because it is an isomorphism on the
regular locus of X and F, f,(f*F)PP are torsion-free sheaves.

Let Q be the cokernel. Then we have the following exact sequence

0= F = f(ffF)PP =9 —o0.

Note that the support of Q has codimension > 2. Let x € X be any point of codimension
> 2. Then the local cohomology exact sequence tells us that H2(X, Q) = 0. Hence x
is not an associated point of Q (cf. Lemma 0EEZ in | ). Thus Q = 0 by Lemma
05AG in | ]. O

Lemma 3.8. Let X,Y be any normal varieties and p : X' — X any proper flat mor-
phism. Suppose that F is any coherent sheaf on X. Then (p*F)PP = p*(FPP).

Proof. Note that the pullback of a reflexive sheaf along a flat morphism is also reflexive.
See Proposition 1.8 in | ].

Taking the natural map F — FPP we have a map ¢ : (p*F)PP — p*(FPP). We
know that both (p*F)PP p*(FPP) on Y are reflexive and ¢ is an isomorphism outside
codimension > 2 closed subscheme of Y (see Lemma 3.4). Hence by | |, Proposition
1.11, we have the assertion. O

4. RATIONAL SINGULARITIES

Throughout the remainder of this paper, for simplicity, assume that any reflexive sheaf
has rank 1, unless explicitly mentioned otherwise. Note that the condition of being rank
1 is only used in the proof of Definition-Theorem 4.1 to ensure that

Eat! X,((f*]:)DD,wX/) =0fori>0

if we use the notations in Definition-Theorem 4.1 below, and hence we believe such
condition can be loosened easily.

Definition-Theorem 4.1. Let X be any normal variety and F any reflexive sheaf of
rank 1 on X. Suppose that f : X’ — X is a generically finite morphism with X’ smooth.
Then we have a natural map

0r ¢ Rf(f*F)P = RHomo, (F,w)[— dim X].

Moreover, if f is a resolution, the following are equivalent:

(a) O s is a quasi-isomorphism.

(b) Rif.(f*F)PP =0 fori > 1.
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(¢) The natural map
Hy (X, Fu) = Hpor (o (X5, (FF)Z7)
is an isomorphism for each ¢ > 0 and each point z € X.

We say that f is a weakly rational resolution of F if one of the above is true for f, and
that F has weakly rational singularities if one of the resolutions of X is weakly rational
resolution of F.

Proof. The following proof is inspired by the argument in the proof of Lemma 3.7 in

[STO8].
Let us construct 0z ;. Consider a composition F — f.(f*F)PP — Rf.(f*F)PP. We
may take RHomo, (—,w%) on the map and it gives

RHomo, (Rf.(f*F)PP wy) = RHomo, (F,w%).
Now, we may compute the left-hand side by the Grothendieck duality as follows:
RHomoy (Rf(f*F)PP ,wk) = Rf.RHomo ,((f*F)"P, wx)[dim X]
= Rf*HomoX/((f*.F)DD,wX/)[dimX]
= Rf.(f*F)P|dim X],

where we used the fact that (f*F)P” is a line bundle on X’ on the second equality.
Therefore, we have a map

0r 5 : RE(f*F)P = RHomo, (F,w)[— dim X].

For (a) <= (b), if (b) is true, then F = Rf,(f*F)PP. Thus, 0, is a quasi-
isomorphism and (a) is true. For the converse, we may take RHomo, (—, w%) on 0z f.
See 0AU3 (3) in | ].

For (a) <= (c), we may take the local duality to 6r ;. Note that the dual of £ s is

RU4(X,, Fy) = RUo(Xa, RE(f*F)PP)
and the right hand side is RI j—1((4)) (XL, (f*F)”?) by the Leray spectral sequence. [
Remark 4.2. If we use the notions of Definition-Theorem 4.1, then H°(0x ;) is
HO(0rs) : fo(f*F)P = FP = Homo, (F,wx).

If we let F = Ox, then H°(Ar ;) is the trace map introduced in | ], Proposition
5.77.

Let f: X' — X, g: X" — X'be generically finite morphisms between normal varieties,
and F any coherent sheaf on X. If X', X" are smooth, then the map

HO(OF pog) : (f 0 9)u((fog)* F)P — FP
can be factored as follows:

(fog)((fog)F)P

HO(G(f*]:)DD’g)
_

f(prFP D o
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Indeed, let u : (f*F)PP — Rg.((f o g)*F)PP be the natural map. Then by definition,
0,.(7- 700 = RHomo , (u, wk,)[— dim X].

If we consider
F = RESFPP Y R(f 0 g).((f 0 ) )PP,
by taking RHome, (—,w%) on that, then we have the maps
(4.1) R(fog)((fog)"F)” = RE(fF)” = Homoy (F,wk)[~ dim X].
If we use the Grothendieck duality, then we obtain
a = Rf,o RHomo,,(u,wk)[—dim X] = Rf, 00y s«rpp.
If we apply H° on (4.1), then we have the assertion.

Proposition 4.3. Let X be any normal variety and F any reflexive sheaf of rank 1 on
X which has weakly rational singularities. Then the following are equivalent:
(a) F is (Sys):
(b) For some weakly rational resolution f : X' — X, the support of R*f.(f*F)P has
codimension > i+ q+ 1 for any i > 1.
(c) The support of R'f.(f*F)P has codimension > i+ q+ 1 for anyi > 1 and any
weakly rational resolution f: X' — X of X.

Proof. For (a) = (c), given any weakly rational resolution f : X’ — X, by our
assumption, there is an isomorphism

0r 5 : Rf(f*F)P = RHomo, (F,w)[— dim X].

Moreover, for any point x € X with codimyx z < i + ¢, H°imx*=i(X F) = 0 holds,
because F is (S;41). Hence, by the local duality, Extg);‘?jimx T Fys wk) = 0 for such
i. Thus, R f.(f*F)P = 0 and the support of R f.(f*F)P does not contain z.

(¢) = (b) is trivial.

For (b) = (a), consider a point z € X. If codimy z < ¢, then R'f,(f*F)P =0 and
Exty, Cmx # i (F, w%,) = 0 hold for any i > 1. Therefore, the local duality gives

X,z
Hgodimxx—i(X, F) =0 for any ¢ > 1.

If codimy x > ¢+ 1 and R'f,(f*F)P = 0, by the local duality, Hodmxe=i( X F) = (.
Furthermore, if codimyxx — i < ¢, then R'f.(f*F)? = 0. Hence, for 0 < j < g,
HI(X,F)=0. O

Now, we can define the notion of rational singularities for any reflexive sheaf of rank
1.

Definition 4.4. Let X be any normal variety, F any reflexive sheaf of rank 1 on X.

(a) We say that F has rational singularities if F has weakly rational singularities

and F is CM.
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(b) We say that a Weil divisor D on X has rational singularities if Ox (D) has rational
singularities.

(c) Let f: X' — X be a resolution. We say f is (KV,) about F if the support of
R'f.(f*F)P has codimension > i+ ¢+ 1 for any ¢ > 1. We call F (KV,) if there
is a resolution of X which is (K'V) about F.

Example 4.5. Having weakly rational singularities does not ensure having rational
singularities.

For example, take X := Spec k[z,y, z,w]/(zy — zw), A := {x = z = 0}, the blowup
f: X’ — X along A and the exceptional divisor E on X’. We know that f is a small reso-
lution and (f*Ox(—mA))PP = Ox:(—=mE). Then for m > 0, R f.(f*Ox(—mA))PP =
0 for 4+ > 1. Thus, —mA has weakly rational singularities for such m. However, for
m > 2, —mA is not CM as in (3.15) in | ] and hence —mA does not have rational
singularities.

Let us prove the following lemma. Similar statements are proved in Lemma 3.2 in
[ ] and Theorem 7.1.1 in | .

Lemma 4.6. Let f: X' — X be any proper birational morphism of varieties and F, F’
any coherent sheaves on X'. For any given positive integer n > 1, suppose the three
conditions hold:
(1) There is an injection v : F — F',
(2) @ induces an isomorphism f.JF = f.F', and
(3) Rif.F' =0 for1<i<n.
Then we have R f.F =0 for 1 <i < n.
Proof. Consider any point z € X. We have the following two spectral sequences
By = HAX, R L.F) = HH,) (X', F),
By’ = Hy(X,R'f.F) = HH (X', F).
From (3), we deduce 2EY = 2E making the edge map ?EY — 2E* injective for all
0 <i <n. Using (1), we have the following diagram:

B = H ) (XL F) —— = I

] q

B = HU(X, .F) — 2B = HI(X, [.F)

(X', F")

Given (2), for any 4, 7; is an isomorphism. Since f; is an injection for 1 < i < n, q; is
also an injection for such 1.

Now, we may use induction. Indeed, suppose for a positive integer 1 < n’ < n,
Rf.F =0for1<i<mn'. Ourgoal is to show R" f.F = 0. By the induction hypothesis,
we have 'EJ" = 'E% and 1E§",+1)0 = 1RO, Hence, there is an exact sequence

/ / 1 Bn’ /
0 — LB — LR HD0 Pt gl
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Since Bu4q is an isomorphism, we obtain H(X, RV ' f,F) = 1E§",+1)0 = 0 and hence
RV f,F does not have (the arbitrary point) x € X as an associated point. Thus
R"+1f,F = 0 and we have the assertion. O

Now, we have an alternative description of the notion of rational singularities.

Proposition 4.7. Let X be any normal variety and F any reflexive sheaf of rank 1 on
X. Then F has rational singularities if and only if for a resolution f : X' — X, there
is a line bundle Lx s on X' such that the three following conditions hold:

(7;) f*ﬁf,f = ‘F;
(1) R fLr ;=0 fori>1, and

(i) R'f.LE ;=0 fori>1.

Proof. For the only if direction, set Lz ; := (f*F)PP. Now, apply Lemma 3.7 and
Definition-Theorem 4.1.

For the if direction, let us consider the counit map f*f.Lr ; — Lr ¢. By taking double
dual, we obtain an injection (f*f.Lr ;)PP — Lzx;. Since (i) holds, (f*f.Lr )PP =
(f*F)PP. Thus, there is an injection (f*F)PP — Lz ;.

Considering Lemma 3.7, Lemma 4.6, (i) and (ii), we have R’ f,(f*F)PP =0 for i > 1.
Let us use the notations in Lemma 4.6. By (iii) and Lemma 2.6, we obtain

Hjc—l(m) (X', Lrs) =0 for i < codimy .
Since (; is an isomorphism for ¢ > 1, we deduce
HL(X,F) = H;c—l(x)<Xl,£f,f> =0 for i < codimy
and hence F is CM. Thus F has rational singularities. O

Now, we can see that our notion of rational singularities is weaker than the notion of
rational singularities in | | and | |.

Corollary 4.8. Let X be a normal variety over a characteristic 0 field, and D a reduced
Weil divisor on X. If (X, D) has rational singularities in the sense of | |, then —D
has rational singularities.

Proof. Let f : (X', Dx/) — (X, D) be a log resolution of (X, D). Then we may put
Loy (-p),f = Ox/(—Dxs) and use Proposition 4.7. Now, use Theorem 2.9 in | . O

Before proving any Q-Cartier Weil divisor on a dlt pair (X, A) over a characteristic 0
field has rational singularities, let us prove the following lemma.

Lemma 4.9. Let X be a normal variety, f : X' — X a resolution and D a Q-Cartier
Weil divisor on X. For a Cartier divisor L on X' such that Ox/(L) = (f*Ox(D))PP
holds, there is an effective f-exceptional divisor E such that L + E ~q f*D holds.
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Proof. Let d be a positive integer such that dD is Cartier. Let us consider the following
map

Then by applying f* to both sides, and reflexing, we have an injection
Ox/(dL) = (f'Ox(D)® -+ ® f*Ox(D))"” = Ox/(f*(dD)).

Thus f*(dD) — dL is effective. We may choose L so that f.L = D holds. Moreover,
since f.(f*(dD) —dL) = dD —dD = 0 holds, f*(dD) — dL is f-exceptional. Now, put
E :=1(f*(dD) — dL). O

Now, we prove the following two properties.

Theorem 4.10. Let X any normal variety over a characteristic 0 field, A any effective
Q- Weil divisor such that (X, A) is dit and D any Q-Cartier Weil divisor on X. Then
D has rational singularities.

Proof. 1t suffices to prove the case of (X, A) klt. In fact, by Proposition 2.43 in | ],
for any ample Cartier divisor H on X, there is 0 < ¢ < 1, a rational number ¢ > 0, and
an effective Q-divisor D = A + ¢H such that (X, (1 —e)A + D) is klt. Now, replace A
with (1 —¢)A+ D.

Suppose f : X' — X is any log resolution of (X, A), and write

Ky = f*(Kx +A)+ F — F,

where F' is an effective, f-exceptional Cartier divisor and F” is a simple normal crossing
divisor with |F'| = 0. Then F ~qg Kx — f*(Kx + A) + F'. If we pick a divisor L
on X’ such that Ox/(L) = (f*Ox:(D))PP, then by Lemma 4.9, there is an effective
f-exceptional divisor E such that L + E' ~¢ f*D holds, and we have

F4+ L+ |E] ~g Kx+F —{E}+ (f*D — f*(Kx + A)).

Now, let us use Proposition 4.7 to prove this assertion with Lz ; = Ox/(L + | E|).

For (i), if we consider an injection ¢ : f,.Ox/ (L) — f.Ox/(L + | F]) which is induced
by Ox/(L) — Ox/(L + |E]), ¢ is an isomorphism outside of codimension > 2 closed
subset of X. If we let Q to be the cokernerl of ¢, then we have an exact sequence

The first isomorphism is by Lemma 3.7. As the proof of Lemma 3.7, by taking the
local cohomology spectral sequence, we obtain H2(X, Q) = 0 for a point x € X with
codimension > 2, and we can prove Q = 0.

For (ii), let E; be the prime f-exceptional divisors, and let us define

a; -

1 if multg, (F' —{F}) <0, and
0 elsewhere,
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and
El = Z (IZEZ

Then
F+ L+ |E|+E ~qgf Ky +F —{E}+ F,

and |[F' —{FE}+ E’| = 0. Therefore, by the relative Kawamata-Viehweg vanishing
theorem (Theorem 1-2-3 in | ), Rf.Ox(F + L+ |E]+ E') = 0. If we consider
the injection Ox(L+ |E]) = Ox(F+ L+ | FE|+E’), then we have R'f,Ox(L+|E]) =0
by Lemma 4.6.

For (iii), by the relative Kawamata-Viehweg vanishing theorem,

R'f,0x/(Kx — (L+ |E|)) = R'f,Ox:(Kx: +{E}) = 0 for i > 0.

Thus, we achieved all the conditions listed in Proposition 4.7, and thus we deduce the
assertion. U

Theorem 4.11. Let X any strongly F'-reqular variety over a field of characteristic p > 0
and D any Weil divisor such that there is an integer r such that rD is linearly equivalent
to a Cartier divisor and r s relatively prime to p. Then D has rational singularities.

Proof. Since having rational singularities is a local property, we may assume X := Spec R
is an affine scheme and rD ~ 0. Moreover, by multiplying some integer on r, we may
take r = p® — 1 for sufficiently large e. Let x € X be a point of X and f: X’ — X any
resolution. We follow the proof of Theorem 3.1 in | -

We may equip an endomorphism F¢ : Hedmx2(X Oy (D)) — Hedmxz(X Ox(D))
on Hedmxe(X Oy (D)) as an endomorphism of an abelian group. Indeed, if we con-
sider the inclusion Oy C FfOx, then by tensoring Ox (D) and reflexing, we have a
map Ox(D) — FfOx(pD). Since (p¢ — 1)D ~ 0 holds, we obtain a map Ox (D) —
FfOx(D). Taking local cohomology gives the desired map. Let us call a submodule
K C Heedmxz(X Oy (D)) F-stable if F¢(K) C K.

Let R" be the completion of R along x, K C HeWmx*(X Oy (D)) any F-stable
submodule of H®dmx (X Ox(D)). It is worth noting that Hedmx (X Ox (D)), and
its submodules are also R"“-modules.

Suppose ¢ € AnngaK is any nontrivial element of AnngiK. Note that such an
element exists because of the Matlis duality. Indeed, if we let N* := R"N for any
R-module N, and N’ is the R-module corresponding to Ox (D), then the inclusion
K C Hedmxz(X Oy (D)) gives us a surjection

Hompga ((N')", wgna) — Hompa (K, E),

where E is the injective hull of the residue field of R (see Theorem 3.5.8 in | D).
Since wrn, (N')" are torsion-free,

0 # Annpga(Hompn (K, E)) = Anngn K.
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Note that R” is also strongly F-regular. There is a positive integer ¢’ and a map
¢ : FYR" — R such that the composition

(4.2) R — FYRN LY pepr & R

is the identity. We may assume e|e’ and hence (p¢ — 1)|(p¢ — 1). Twisting by Ox (D)
and reflexing on (4.2), we have the following composition which is the identity

(N')" = FE (NN = F2 (NN = (N
Now, taking local cohomology gives us
H s (X, 0x (D))
— HEmx e (X F€ Oy (D))

Pk peodimxe (X, YO (D))
— HCMmxT(X O (D)).
Since K is F-stable and ¢K = 0 holds, K = 0.

We may mimic the argument of Smith (see | ], Theorem 3.1). Let f: X' — X
be a resolution. Now, consider the Leray spectral sequence

(4.3) By' = Hy(X, R'f.(f*Ox(D))"P) = H{H (X', (f"Ox(D))"")

and its edge map dp : HWmx2(X Ox (D)) — H;?C}i&])xx(X, (f*Ox(D))PP). Let Kp be

the kernel of §p. If we consider Proposition 1.12 in | | and set ¢ by
v (fOx(D)PP — Fi(f*Ox(p°D))"”,

then we have a diagram

codimyx x / * Fe codimyx x / *
HESES (X, (f*Ox (D))PP) —— HPSEx (X, (f*Ox(D))PP)

54 T(SD

Hpmx (X, Ox (D)) ——— H"™> (X, 0x(D))
by considering the argument in the proof of Theorem 3.1 in | | almost unchangingly.

For any ¢ € Kp, 6p(Ff(c)) = FE(dp(c)) = 0 and hence Kp is F-stable. Therefore
Kp = 0. It means dp is an injection.

We may use induction. Suppose n > 2 is an integer and assume R f,(f*Ox(D))PP =0
for 1 <i <mn —1. Then by inspecting (4.3), we obtain an exact sequence

0 — HYX, R" [.(f*Ox(D))PP) — HI(X, 0x(D)) ¥ Hjoay (X7, (fOx(D))"P).

For n < codimy z, we know Ox(D) is CM by Theorem 3.2 in | ] and hence
dn,p is an injection. Moreover, we have proven that dcodimy z,p 1S an injection. Thus,

HY(X, R "f.(f*Ox(D))PP) = 0 and R"f.(f*Ox(D))PP does not have an associated
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point as z. This argument works for any point € X and therefore R* 1 f,(f*Ox(D))PP =
0. By considering Definition-Theorem 4.1, D has weakly rational singularities.

The remaining is to show R'f.(f*Ox(D))? = 0 for i > 1. By Lemma 2.6, it suffices
to show H;‘icli(rif THX (f*Ox(D))PPY = 0 for i > 1. If we consider (4.3), then Ej5f =0
for s +t < codimy = and hence F°dimx =i — () and that is the assertion. O
Example 4.12. Consider klt varieties over fields with positive characteristic.

On the positive side, let X be a normal threefold over a field with characteristic p > 5.
Suppose there exists an effective Q-divisor A on X such that (X, A) is klt. Referring
to Theorem 3 in | | and following a similar approach as in Theorem 4.10, it can be
shown that any Q-Cartier Weil divisor D on X possesses rational singularities.

On the negative side, when the characteristic of k is 3, there exists a klt Q-factorial
threefold X where X lacks rational singularities, as seen in Theorem 1.2 of | . Ad-
ditionally, for any prime p > 2 and any field k of characteristic p, an example of a variety
exhibiting terminal singularities without rational singularities is given in Corollary 2.2

of | l.
Let us the following lemma before proving Theorem 1.7, and Theorem 1.8.

Lemma 4.13. Let XY be normal varieties, p : Y — X any finite flat morphism, and
F any coherent sheaf on X. If p*F is CM, then F is CM.

Proof. Since p is finite flat, p is a surjection, and thus p is faithfully flat. By Lemma
O0LM in | |, for any point x € X, any regular sequence of F, comes from a regular
sequence of F,, where p(y) = x. Thus, we have the assertion. O

We aim to establish that the property of having rational singularities remains stable
under finite étale morphisms. This may provide a partial resolution to Remark 2.81 (3)
in | ].

Theorem 4.14. Let X,Y be normal varieties over characteristic 0 field, p : ¥ — X
any finite étale morphism and F any reflexive sheaf of rank 1 on X. If p*F has (resp.
weakly) rational singularities, then F has (resp. weakly) rational singularities.

Proof. By the functoriality of resolution of singularities (see Theorem 3.36 in [ D,
for some resolution f : X’ — X there is a resolution f’: Y’ — Y such that f, f’ fit in
the following Cartesian diagram:

V2 X % Y — sy

g |
X’ — X.

Note that p’ is finite étale because being finite étale is stable under base change (see
Lemma 01TS and Lemma 02GO in | ). Moreover, we have a split injection

(F*F)PP — (p). () (f*F)PP by Lemma 3.17 in | ].
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Note that for any coherent sheaf G on Y, R‘p,G = 0 for ¢ > 1 by Lemma 020E in
[ |. Now, we consider the following two Grothendieck spectral sequences

ES' = R (RU(f)((f) (0" F)PP) = R (po f1).((f) (0" F))"
By = R L(R')(0) (fFF)PP) = RF(fop) () (fF)PP).
Note that
(S @ F)NPP = (o ') F)PP = ((f oy F)PP = (o) (f*F)PP = ) (f*F)"P.
Hence, by inspecting the spectral sequences, we obtain
P(R(f)((f) (0" F))PP) = R £((0)o () (£ F)PP))
for any ¢ > 0.

Suppose p*F has weakly rational singularities so that R'(f').((f")*(p*F))PP = 0 for
i > 1. Then R'f,((p)).((p)*(f*F)PP)) = 0 for i > 1. By the splitting

(4.4) (S F)PP = )W) (P F)PP = (fFF)PP

and taking R'f. on (4.4), we also have R'f,(f*F)PP = 0 for i > 1. Therefore F has
weakly rational singularities. If p*F is CM, then F is CM because of Lemma 4.13, and
thus if p*F has rational singularities, then F has rational singularities. O

Remark 4.15. We hope that Theorem 4.14 is true for any field k£ of positive character-
istic. The difficulty is that there may be no splitting (f*F)PP — (p').(p)*(f*F)PP —
(f*F)PP if the degree of p is coprime to the characteristic of k. Also we hope that
Theorem 4.14 is true only when p is finite but not necessarily étale.

In Theorem 4.14, if p is a quotient by a finite group which may not be étale, then the
major problem for proving Theorem 4.14 is we cannot ensure the splitting of (f*F)PP —
() () (f*F)PP if ' is generically finite.

Using the notation introduced in Theorem 4.14, suppose that F is (K Vgin x). In this
case, the requirement that p be étale can be relaxed to be flat.

Theorem 4.16. Let X, Y be normal varieties over characteristic 0 field, p : Y — X any
finite flat morphism and F any reflexive sheaf of rank 1 on X. If F is (KVgmx), and
p*F has rational singularities, then F has rational singularities.

Proof. We borrow the proof of Theorem 1 in | |. We have proven if p*F is CM,
then F is CM in Lemma 4.13.
Let
I
bk
x 1 x

be a diagram, where f, f' are proper birational morphisms, p’ is a proper morphism and
X' Y' are smooth.
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Consider the diagram

F = > Rp.(p*F)

lﬁ b

Rf(f*F)PP —— R(po f').((po f')*F)PP.

By Lemma 3.17 in [ |, there is a left inverse o’ of o. Moreover, 7 is a quasi-
isomorphism because p*F has rational singularities. Thus, § has a left inverse ' :=
o' oylod.

Now, we may consider a resolution f : X’ — X which is (KVg, x) about F. If we
take RHome, (—,w%) on

’

FLRL(fF)PP S F,
then we have
FP = f(f*F)P = FP
because F is CM and f is (KVgmx) about F. Thus f.(f*F)? = FP. If we con-

sider Definition-Theorem 4.1, 0 ; is a quasi-isomorphism and, therefore, F has rational
singularities. 0

Now, we define the following notion.

Definition 4.17. Let X be any normal variety, F any reflexive sheaf of rank 1 on X,
and f: X’ — X a resolution. We say that f is (RS,) about F if
(a) fis (KV,) about F, and
(b) for any point x € X with codimyxz < ¢, 6r is a quasi-isomoprhism after
localizing 0r ¢ at x.

We call F (RS,) if there is a resolution of X which is (RS,) about F.

Lemma 4.18. Let X be any normal variety and F any reflexive sheaf of rank 1 on X
with (KV,). If X is (R,), then F is (RS,).

Proof. Let f : X’ — X be any resolution. By dualizing r , it suffices to show that
Rif.(f*F)PP has support of codimension > ¢ + 1 for i > 1. For any point z € X with
codimy x < ¢, F, = Ox,. Hence (R'f.(f*F))PP = (R f.Ox), for i > 0 by Corollary
3.8.21in | |. Thus, by Theorem 1.1 in | |, we have the assertion. O

5. NOTION OF (B,1)

The goal of this section is to introduce the notion of (B,1).

Definition 5.1. Let X be a normal variety and let F be a reflexive sheaf of rank 1 on
X. We define F to be (By;1) if, for every closed point z € X, we have H:(X,F) = 0
whenever dim X — ¢ <@ < dim X.
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For any normal variety X, X is CM if and only if wy is CM. This equivalence is
established in Lemma 0AWS of | ]. Nonetheless, when ¢ < dim X —1, the statement
that X is (S,41) if and only if wx is (S,41) does not hold. It appears to us that the more
appropriate property for wyx might be (Byy1) rather than (S,41). For further discussion
on this topic, one can refer to Section 4.3 in | ].

Theorem 5.2. Let X be any normal projective variety and F any reflexive sheaf of rank
1 on X, which is (RS,). Then the following are equivalent:
(@) F is (Sys1).
(b) For any resolution f : X' — X with f (RS,) about F, R f.(f*F)PP =0 for any
1<1<yq.
(c) FP is (Byyr).

Proof. Let f: X" — X be any resolution of X which is (RS,) about F. For (a) = (b),
we consider the following spectral sequence

(5.1) Ey' = Hy(X,R'[.(f*"F)PP) = H{A (X', (f*F)P7).

We may use induction. Indeed, let us fix any positive integer 2 < n < g and assume
that R'f.(f*F)PP =0for1 <i<n-—1.

Given any point x € X with codimxz > ¢ + 1, since f is (KV,) about F, and
Lemma 2.6 holds, we have H}_l(x) (X', (f*F)PP) =0 for i < ¢. By the spectral sequence
(5.1), we obtain the following exact sequence

0 — H)(X,R"fu(f*F)PP) = HY (X, F) = Hj (o (X', (fF)PP).

From the above exact sequence, H(X, R"' f,(f*F)PP) = H*(X, F) and if we use (a),
then HO(X, R* 1 f.(f*F)PP) = 0 holds. Thus, R"1f,(f*F)PP does not have z as an
associated point, and thus any generic point of Supp R" ! f.(f*F)P? has codimension
> ¢ if there exists. Let us assume codimy x < ¢. Then since f is (RS,) about F,
(R f.(f*F))s = 0 for i > 1. Hence, we have R"~!f,(f*F)PP = 0.

For (b) = (a), since r  is a quasi-isomorphism at x € X with codimy z < ¢, we
deduce (R'f.(f*F)P), = Sxt(_g;‘?jimx x“((f*]:)fD,w;(,x). Hence the fact that f is (K'V})
about F and the local duality gives us H:(X,F) = 0 for i < codimy .

If codimx x > ¢q + 1, by inspecting the spectral sequence (5.1), E5° = E*0 for s < q.
Considering the edge map E — FE* = H;;,l(x)(X’,(f*}")DD) for such s, if we use
Lemma 2.6, then we obtain the assertion.

For (a) <= (c), let us consider the following exact sequence

0 —— f(pFRP 0 Lo 40

for a coherent sheaf Q on X. Since f is (RS,) about F, the support of Q has codimension
> ¢+ 1 and hence H:(X,Q) =0 for i > dim X — q.
By taking local cohomology on the above exact sequence, we obtain

HL(X, f.(f*F)P) = H(X,FP) for any dim X — ¢ < i < ¢ and any closed point z € X.
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Hence, FP is (By41) if and only if H: (X, f.(f*F)P) =0 for any dim X — ¢ < i < dim X
and any closed point z € X.
Let x € X be any closed point and consider the Leray spectral sequence

By = HXX,R'L(J'F)?) — Hi* (X, (J'F)P).

Then, by the fact that f is (KV}) about F and the dimension counting, E5* = 0 for
s+t > dimX — ¢q. Hence, by inspecting the spectral sequence, E5° = E2 for s >
dim X — g. Moreover, E = E* for s > dim X — ¢. Thus, F? is (B,;;) if and only if
H}_l(m)(X’, (f*F)P) =0 for any dim X — ¢ < i < dim X and any closed point z € X. If
we use Lemma 2.6, then we have the assertion. O

Remark 5.3. In Theorem 5.2, the argument of the proof of (a) <= (b) is similar to
the argument of the proof of Lemma 3.1 in | | and Proposition 7.1.7 in | .
Moreover, the idea of the proof of (a) <= (c) is inspired by the proof of Lemma 3.3 in

[ J

There is an interesting corollary of Theorem 5.2.

Corollary 5.4. Assume that q > {%W Let X be any normal Q-factorial variety
over a characteristic 0 field and any Weil divisor on X is (RS,) and (Sg+1). Then any
Weil divisor on X is CM. In particular, X is CM itself.

Proof. Note that any reflexive sheaf F on X of rank 1 is (RS,) because F is (K'V,) by
assumption, X is (R,), and thus F is (RS,) by Lemma 4.18. Since (Ox (D))" is (S,)
and Ox (D) = (Ox(D))PP is (B,) by Theorem 5.2, Ox (D) is CM. O

Remark 5.5. Corollary 5.4 proves that in the setting of chark = 0, for any factorial
variety X, if X is (RS(%W) and (S[%p, then X is CM. Indeed, any reflexive
sheaf on X of rank 1 is a line bundle, and thus the Grauert-Riemenschneider vanishing
theorem ensures R’ f,(f*F)P = 0 for any reflexive sheaf F on X of rank 1, any resolution
f:X"— X, and any ¢ > 1. Thus, Corollary 5.4 gives us the claim.

One may think that Theorem 1.6 in | ] is similar to Corollary 5.4. Hence, if we
assume X is (R,), then one can believe that there is a simple proof of Corollary 5.4 using
the local duality only.

6. g-BIRATIONAL MORPHISMS
In this section, we always assume that the ground field £ is of characteristic 0.

Definition 6.1 (See Definition 3.1, | ]). Let X, X’ be any normal varieties over a
characteristic 0 field and f : X’ — X any proper birational morphism.

(a) The center of f is the reduced closed subscheme C' of X which is the image of
the exceptional locus of f.

(b) We say f is a g-birational morphism if the exceptional locus has codimension 1
and the center of f has codimension > ¢ + 1.
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Let us prove the following lemma which can be regarded as a partial converse of
Lemma 4.6.

Lemma 6.2. Let X be any normal variety, F any reflexive sheaf of rank 1 on X which
is (Sg+1), [+ X' — X any resolution, and ¢ : L — L' are line bundles on X' such that

(a) there is an isomorphism F = f.L, and f.p is an isomorphism, and
(b) R f.LP =0 fori>1.
If f is q-birational, then R f.L' =0 for 1 <i < gq.

Proof. We may use a similar argument as in the proof of (a) <= (c¢) in Theorem 5.2.
By taking dual on ¢, we obtain an injection ¢ : (£)P — L. Let Q be the cokernel
of f.oP. Then we have the following exact sequence

(6.1) 0— fu(LHP — f.LP - Q—0.
Since f is g-birational, the support of Q has codimension > ¢+ 1, and H.(X, Q) = 0 for
1> dim X —q.
By taking local cohomology on (6.1), we have isomorphisms
HY(X, f.(£YP) = H (X, f.L£P) for any closed point 2 € X and any dim X—¢ < i < dim X.

Let us prove H'(X, f.LP) = 0 using the argument of the proof of (a) <= (c) in
Theorem 5.2. Consider

B3 = Hy(X,R'f.L7) = H{, (X', L7).

By (b) in the statement, we deduce that E5' = 0 for s+t > dim X —¢. Hence, inspecting
the spectral sequence, E3° = E3° = E* for s > dim X — ¢. Thus, it suffices to show

H]icfl(x) (XI, LD) - O

for any dim X — ¢ < i < dim X, and we can apply Lemma 2.6 to prove the claim.
Consider the Leray spectral sequence
B = I RUL(E)P) = Hi (X (£)7),
By inspecting the spectral sequence, we obtain H},l(gﬁ) (X', (£)P) = 0 for any dim X —q <
1 < dim X and any closed point x € X. Now, we may apply Lemma 2.6 and obtain the
assertion. U

Using Lemma 6.2, we have the following theorem.

Theorem 6.3. Let X, X' be any normal varieties, X' smooth and f : X' — X any
q-birational morphism. Suppose that D is any anti f-nef Cartier divisor on X' such that

f+D is Q-Cartier and (S;41). Then R f.Ox/(D) =0 for1 <i<gq.

Proof. Since f,D is Q-Cartier, we may consider the Q-divisor f*f.D. If we define a
divisor L on X’ such that Ox/(L) = (f*Ox(f.D))PP, there is an effective f-exceptional
divisor E such that f*f.D ~q L+ FE by Lemma 4.9 and hence D —(L+FE) ~q D— f*f.D
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is anti f-nef. Thus D — (L+ E),and D — (L+ |F]) = D — (L+ FE) + {E} are effective
f-exceptional divisors on X’ by the Negativity lemma.

For applying Lemma 6.2, put £ := Ox/(L + |F]) and £ = Ox/(D). Then there is
an injection £ — £’, and (a) in Lemma 6.2 is satisfied. For (b) in Lemma 6.2, as in the
proof of Theorem 4.10, we can prove R'f.Ox/(L + |E]) = 0 for ¢ > 1. Thus, we can
apply Lemma 6.2 to prove the assertion. O

We can write Theorem 6.3 as an absolute cohomology vanishing. For a similar result,
see Corollary 3.8 in | -

Corollary 6.4. Let X, X’ be any normal projective varieties, X' smooth and f : X' — X
any q-birational morphism. Suppose that D is any anti f-nef Cartier divisor on X' such
that f.D is a Q-divisor and (S,41) on X and E is any effective f-exceptional Cartier
divisor on X'. Then

H' (X', Ox:/(D + E)) = H(X, Ox(f.D)) = H(X',Ox:(D))
for0<i<gq.
Proof. We may use the Leray spectral sequence

Ej' = H(X,R'f.Ox/(D + E)) = H*"(X',Ox/(D + E))

and hence H(X, Ox(f.D)) = H(X',Ox:(D + E)) for 0 < i < ¢ by Theorem 6.3.
Let Ox/(D) — Ox:/(D + E) be an injection. Then by taking f., and applying Corol-
lary 2.7, we obtain an injection

Ox/(f.D) — f.Ox/(D + E).

By the same argument to Lemma 3.7, we have that the above map is an isomorphism,

and thus we obtain the assertion. O
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