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We study the collective excitation modes of the Chern insulator states in magic-angle twisted
bilayer graphene aligned with hexagonal boron nitride (TBG/BN) at odd integer fillings (v) of the
flat bands. For the 1 x 1 commensurate double moiré superlattices in TBG/BN at three twist angles
(") between BN and graphene, self-consistent Hartree-Fock calculations show that the electron-
electron interaction and the broken C. symmetry lead to the Chern-insulator ground states with
valley-spin flavor polarized HF bands at odd v. In the active-band approximation, the HF bands in
the same flavor of TBG/BN are much more separated than those of the pristine TBG with TBG/BN
having a larger intra-flavor band gap so that the energies of the lowest intra-flavor exciton modes
of TBG/BN computed within the time-dependent HF method are much higher than those of TBG
and reach about 20 meV, and the exciton wavefunctions of TBG/BN become less localized than
those of TBG. The inter-flavor valley-wave modes in TBG/BN have excitation energies higher than
2.5 meV which is also much larger than that of TBG, while the spin-wave modes all have zero
excitation gap. In contrast to TBG with particle-hole symmetric excitation modes for positive and
negative v, the excitation spectrums and gaps of TBG/BN at positive v are rather different from
those at negative v. The quantitative behavior of the excitation spectrum of TBG/BN also varies
with @’. Full HF calculations demonstrate that more HF bands besides the two central bands can
have rather large contributions from the single-particle flat-band states, then the lowest exciton
modes that determine the optical properties of the Chern insulator states in TBG/BN are generally
the ones between the remote and flat-like bands, while the valley-wave modes have similar energies

as those in the active-band approximation.

I. INTRODUCTION

Flat bands with vanishing band widths and well sep-
arated from other remote bands occur around the Fermi
level in magic-angle twisted bilayer graphene (TBG)*7,
and the experimental realization of such TBG intrigued
great interest in exploring various electronic, transport
and optical properties associated with the flat bands®3°.
The emergence of correlated insulator states at integer
filling of the flat bands in TBG and the superconductiv-
ity in the vicinity of these insulating states have been
observed and theoretically comprehended® 222431755,
There are eight single-particle flat bands taking into ac-
count the spin and valley degrees in TBG, then the elec-
tron filling of the flat bands per moiré supercell rela-
tive to charge neutrality point (CNP) is in the range of
-4 to 4. At odd v, the ground states are Chern insu-
lators with spontaneously broken symmetry in the val-
ley and spin degrees due to the electron-electron (e-e)
interaction3941:43:46748,50.51.55 © The alignment of TBG
with BN breaks the C5, symmetry in the relaxed atomic
structure and the single-particle Hamiltonian®!*6-6! and
thus enhances the energy gaps of such Chern insula-
tor states3?43:46:51  In particular, the quantum anoma-
lous Hall effect associated with their finite Chern num-
bers has been experimentally realized in TBG aligned
with BN (TBG/BN)%2:63. For such insulating correlated
states, low-energy collective excitation states may appear
within the gap due to the Coulomb interaction between

the particle and hole states. In experiments, the ob-
served Pomeranchuk effect from the measured electron
compressibility in TBG at extremely low temperatures
implies the presence of the low-energy collective excita-
tions for the correlated insulator states?’. The optical
excitations in the infrared regime have also been observed
in twisted graphene systems around the integer fillings of
the flat bands?3:2%-26,

For the pristine TBG or the TBG with a sublat-
tice potential difference?6:53:5464  theoretical analysis or
Hartree-Fock (HF) calculations indeed demonstrated the
occurrence of the low-energy collective excitation modes
of inter-flavor spin wave, valley wave and intra-flavor ex-
citon at odd v. The spin-wave excitation states are Gold-
stone modes with a zero excitation gap?6:°3:°4.64  The
valley-wave modes have an extremely small excitation
gap for the pristine TBG®*, and a sublattice potential
difference increases their excitation energies*®. For the
pristine TBG, low energy exciton states of a few meV
also appear®. We note that all the previous calcula-
tions focused on one odd v of -3 or 3 and adopted the
active-band approximation that considers only the exci-
tations between flat bands?%:54. A full HF calculation of
the excitation states at all odd v may provide more ex-
citation modes and can influence the excitation energy
spectrums. For TBG/BN with enhanced Chern insula-
tor states at odd v, previous studies have established
that BN induces not only the sublattice potential differ-
ence in graphene but also spatially varying effective moiré
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FIG. 1. (Color online) The single-particle and HF band structures of TBG and TBG/BN. (a) The schematic view of the
commensurate double moiré superlattices in TBG/BN. The twist angle (6) between the graphene layers and that (0') between
graphene and BN are labeled. (b) The single-particle band structures of TBG at the magic § = 1.08° and a commensurate
supercell of TBG/BN at 6’ = 0.54°. The red and blue lines represent bands in the £ = + valley and the £ = — valley,
respectively. (¢) The HF band structures of the Chern-insulator ground states at odd v in the active-band approximation for
the TBG and TBG/BN systems in (b). The HF bands of each flavor are plotted separately along the k-point path same as that
in (b), and the flavor is labeled by the valley (+ or -) and spin (1 or |) indices. The conduction and valence bands are represented
by the red and blue lines, respectively. The intra-flavor energy gap (Asntre) between the conduction and valence bands in the
same flavor and the inter-favor energy gap (Ainter) between the highest valence band in one flavor and the lowest conduction
band in another flavor are labeled by the green shades. The spin-wave excitation between the valence and conduction bands
in two different flavors with the same valley index but the opposite spin indices, and the valley-wave excitation between the
bands in two flavors with the same spin index but the opposite valley indices, and the exciton excitation between bands in the

same flavor are indicated by the dashed green lines.

potentials, and the structural deformation due to the in-
terlayer vdW interaction between BN and graphene also
strongly breaks the Cs, symmetry of the single-particle
Hamiltonian®"°7. Moreover, the correlated band struc-
ture of TBG/BN changes with the twist angle (6) be-
tween TBG and BN®126, Therefore, it is desirable to
explore systematically the collective excitation modes at
all odd v for all the possible commensurate configurations
of TBG/BN.

Here, we demonstrate that the energies of the lowest
intra-flavor exciton modes of TBG/BN are much higher
than those of TBG and reach about 20 meV, the inter-
flavor valley-wave modes have excitation energies higher
than 2.5 meV which is also much larger than that of
TBG, while the spin-wave modes all have zero excitation
gap. The excitation spectrums and gaps of TBG/BN at
positive v are rather different from those at negative v,
which contrasts with the particle-hole symmetric excita-
tion modes for positive and negative v in TBG. Full HF
calculations indicate that the lowest exciton modes that
determine the optical properties of the Chern insulator
states in TBG/BN are generally the ones between the
remote and flat-like bands, while the valley-wave modes
have similar energies as those in the active-band approx-
imation. Moreover, the quantitative behavior of the ex-
citation spectrum of TBG/BN also varies with 6'.

I1II. HF BANDS AND EXCITATIONS IN THE
ACTIVE-BAND APPROXIMATION

For TBG with the magic twist angle of § = 1.08°
aligned with BN, we consider the 1 x 1 commensurate su-
percells of TBG/BN at three twist angles ¢’ between BN
and its adjacent graphene layer of 1.64°, 0.54°, —0.56°,
as seen in Fig. 1(a), and their structural parameters are
detailed in the Supplemental Material (SM). At the ori-
gin of the TBG/BN supercell, both the local stackings
between the graphene layers and between graphene and
BN are taken to be the AA stacking. The moiré superlat-
tices of TBG/BN and the pristine TBG are fully relaxed
based on the continuum elastic theory to obtain their
stable atomic structures®!+>7.

For the fully relaxed TBG/BN, an effective single-
particle tight-binding model (H°) of the graphene lay-
ers can be built taking into account the relaxation effect
and the full moiré Hamiltonian induced by BN°"57, The
parameters in H? and its expression in the planewave-
like basis are detailed in the SM. The single-particle flat
bands around the Fermi level (Ef) in TBG are well sep-
arated by the effective moiré potentials induced by BN,
as shown in Fig. 1(b). The Cs, symmetry in the pristine
TBG is broken in TBG/BN. In a rigid TBG/BN, the
effective Hamiltonian induced by BN lacks the Cy, sym-
metry as reflected in the in-plane inversion asymmetric
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FIG. 2. (Color online) The collective excitation modes of TBG/BN and the pristine TBG at odd v. (a) The energy spectrums of
the two or one lowest excitation modes as a function of the wave vector q for the spin-wave, valley-wave and exciton excitations.

The blue and red lines represent the excitation bands of the p

ristine TBG and the TBG/BN at ¢’ = 0.54°, respectively. K’

in the k-point path is just the opposite of K. The valley-wave excitation gap (Ainter) and the exciton excitation gap (Aintra)

at g = 0 are labeled by the green shades. (b) The HF band
TBG/BN and TBG.

terms of the moiré potentials. The structural relaxation
of TBG/BN also leads to the in-plane atomic deforma-
tion without the C,, symmetry. The strength of the ef-
fective moiré potential by BN varies with ¢, giving rising
to 6'-dependent flat bands, as shown in Fig. S1(a) of the
SM. The widths of the flat bands are much larger at 6’
0.54° and —0.56° than those at 1.64°, while the valence
and conduction bands are more separated at 6/ = —0.56°.
The system at §/ = —0.56° also has a much smaller en-
ergy difference between the flat and remote bands due to
the wider flat bands and the larger gap at Ep.

Upon inclusion of the e-e interaction, TBG/BN and
TBG become Chern insulators at odd v. We employ
the self-consistent HF (SCHF) method*®! to obtain the
mean-field ground states of the systems at odd v, then the
time dependent HF (TDHF) approach®6:54 is adopted to
explore the collective excitations of TBG/BN and TBG
based on the SCHF ground states as detailed in the Ap-
pendix. We first perform the HF calculations in the
active-band approximation, and the computationally ex-
pensive full HF calculations are then done for further ex-
ploration of the collective excitations as presented in the
next section. For the active-space approximation, only
the two central HF bands of each flavor are updated dur-
ing the SCHF iterations and they are only expanded in

gaps and the corresponding excitation gaps at different v for

the basis of the single-particle flat bands, and the lower
remote bands are kept frozen but still contribute to the
mean-field Hartree and Fock operators of the active-band
Hamiltonian. In addition, the HF operators contributed
by the isolated fixed and rotated graphene layers with
Er at CNP are subtracted from the HF Hamiltonian to
avoid double-counting of the e-e interaction.

The HF band structures of the Chern-insulator ground
states at odd v are exhibited in Fig. 1(c) for TBG/BN
with #” = 0.54° and the pristine TBG. In TBG, sublat-
tice polarization within one layer spontaneously occurs at
odd v. In the £ = + valley, the lower band has a Chern
number of +1 and the higher band has a Chern number
of —1. The Chern numbers of the bands in the £ = —
valley are just opposite to those in the £ = + valley. At
each odd v, the ground states of TBG and TBG/BN are
Chern insulators with the total Chern numbers of +1.
For each v, three of the four flavors have the same quan-
titative band properties, such as the intra-flavor band
gaps and the band widths, and one flavor has different
properties, which is taken to be the (+, 1) valley-spin fla-
vor, as shown in Fig. 1(c). At a flavor with the two bands
both filled or empty, the two bands of TBG/BN are well
separated, while those of the pristine TBG have close en-
ergies around the K point. For TBG/BN at v = —3,
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FIG. 3. (Color online) The spatial distribution (|¥(r.,rs)|?)
of the exciton wavefunction of the lowest mode at q = 0 as a
function of the electron position r. with the hole position ry,
at the origin of a supercell where the bilayer is locally AA-
stacked for TBG at v = —3 (a), v = 3 (b), and TBG/BN
with ¢/ = 0.54° at v = =3 (c), v = 3 (d).

the two empty bands in the same flavor are separated by
17 meV. When one flat band is filled and the other one
is empty in a flavor, the intra-flavor band gap (Ainira)
between them in TBG/BN is much larger than that in
the pristine TBG. Compared to Aj,irq, the inter-favor
band gap (Ajnter) between the highest valence band in
one flavor and the lowest conduction band in another fla-
vor generally has a smaller value, so the global band gap
is juSt Ainter-

The HF bands at ¥ = 3 and v = 1 appear to be the
particle-hole symmetric correspondences of the bands at
v = —3 and v = —1, respectively, while the band gaps
can still be quite different between positive and negative
v, as shown in Figs. 1(c) and 2(b). The ¢ of TBG/BN
influences the quantitative properties of the HF bands,
as seen in Fig. S1(b). At v = £3, Ajpier at 8 = 0.54°
is much larger than those at other 6. The Ajnirq at
0’ = —0.56° is the largest for » = 3. In addition, when
two bands in a flavor are both filled or empty, they have
a much larger energy difference at 8’ = —0.56°.

We employ the TDHF method to obtain the collective
excitation modes based on the HF ground states at odd
v. We consider the collective modes with the momentum

q expressed as?6:64

|¥ry(a) = Zul,k(Q)f;I,kJrqfh,,k
Tk

0), (1)

where |0) is the HF ground state, I represents an excita-
tion process from the occupied band with index h; to the
empty band with the index py, and the operator f anni-
hilates an electron in the HF band states. A collective
mode is characterized by its set of excitation processes,
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FIG. 4. (Color online) The energy spectrums of the lowest
spin-wave, valley-wave and exciton excitation modes at dif-
ferent v for TBG/BN with ' = 1.64°, 0.54°, and —0.56°.

which are labeled in Fig. 1(c) for the inter-flavor spin-
wave, valley-wave, and intra-flavor exciton modes.

For the pristine TBG, all the excitation spectrums ex-
hibit approximate particle-hole symmetry and are almost
the same for all odd v, as shown in Fig. 2(a). The
spin-wave mode has a zero excitation gap, the valley-
wave mode has an extremely small gap of about 0.5
meV, and the exciton mode has a gap of about 5 meV.
Such finite gaps of the valley-wave and exciton modes
are slightly larger than those predicted for the TBG de-
scribed by the Bistritzer-MacDonald model®*, which can
be attributed to the in-plane structural deformation in
the relaxed TBG. For the pristine TBG, both the spin-
wave and valley-wave excitations have two low-energy
collective modes in the gap at each q. In contrast, the
excitation spectrum of TBG/BN at positive v are rather
different from those at negative v, and those with the
same sign of v are quite similar. The lowest spin-wave
mode at positive v has a larger spectrum width than
that at negative v but they all have zero excitation gap.
For the valley-wave, all the excitation energies are higher
than 2.5 meV, which is much larger than that of the pris-
tine TBG. This is consistent with Ref. [46] for TBG with
a sublattice potential difference. The valley wave has a
higher excitation gap (Ajnter) at positive v. For both the
spin wave and the valley wave, the lowest modes become
much more apart than those in TBG. The lowest exci-
ton modes of TBG/BN have much higher energies than
those of TBG. The exciton gap (Aintra) decreases with
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FIG. 5. (Color online) The full HF band structures of

TBG/BN at 6’ = 0.54° for each flavor at different v. The
magnitude of the projection of each HF band state on the
single-particle flat bands is represented by the size of the red
circle. The band gap Aintre between the intra-flavor flat-like
bands, the A;nter between the inter-flavor flat-like bands, and
the A},;., between the remote and flat-like bands are labeled
by the green shades. The inter-flavor valley-wave excitation
mainly between the flat-like bands, the intra-flavor exciton
excitation mainly between the flat-like bands, and the intra-
flavor exciton excitation mainly between the flat-like bands
and the remote bands are indicated by the dashed green lines.

v from -3 to 3, with the gap still reaching about 16 meV
at v =3.

In comparison to the HF band gaps, the Ainter of
the valley wave modes are much smaller than the A, e

for both TBG and TBG/BN, while the A;,4q of the
exciton modes of TBG/BN reaches about half of the

Ajntra, which is a significant contrast to the much smaller
Aintra/Dintra for TBG, as shown in Fig 2(b). For the
exciton modes, the two-body exciton wavefunction as a
function of the electron (r.) and hole (rj) positions can

be calculated as
1 .
U(re,rp) = N Zuk¢pk(re)¢hk(rh)7 (2)
k

where 1,k and ¥px are the HF conduction and valence
band states corresponding to the exciton excitation. Fig-
ure 3 exhibits the wavefunction of the lowest exciton
mode at q = 0 with rj at the origin of a supercell where
the bilayer graphene is locally AA-stacked. The parti-
cle and hole are strongly bound at all the odd v for the
pristine TBG with the particle localized around the ori-
gin. The spatial map of the exciton wavefunctions in
TBG/BN spread a much larger range with the particle
mainly distributed around the nonzero smallest superlat-
tice vectors. Unlike TBG, TBG/BN at v = 3 has a quite
different exciton wavefunction from that at v = —3 with
the wavefunction at v = 3 less spatially localized.

The quantitative behavior of the excitation spectrum
varies with 6, as seen in Fig. 4. The systems with the
negative 6’ of —0.56° tend to have a smaller valley-wave
excitation energy, while their exciton energies are much
higher than those at positive 6’ for the positive v. For
the valley-wave modes, the A;,s at the two positive 6’
have similar values for the negative v, while they differ
by about 1 meV for the positive v. The exciton energy
at 6/ = 0.54° is higher than that at 6’ = 1.64° for the
negative v but has similar values for the positive v.

III. FULL HF BANDS AND EXCITATIONS

Since the remote bands are frozen in the active-band
approximation of the SCHF calculations, the excitation
processes between the remote and flat bands have been
ignored, and the quantitative properties of the flat bands
can be modified when the remote bands are allowed to
be updated in the SCHF calculations. Full SCHF cal-
culations have also been performed to obtain the full
HF bands of TBG/BN, and the excitation spectrums
are computed by considering the excitation processes be-
tween the five highest valence HF bands and the five
lowest conduction HF bands. It is noted that the conver-
gent spin-wave spectrum requires the possible excitation
processes between all the HF bands, which are beyond
our calculation capability, so only the inter-flavor valley-
wave and the intra-flavor exciton modes are considered
based on the full SCHF ground states.

To compare the active-band approximation with the
full SCHF description of the central HF bands, the pro-
jection of each HF band state on the single-particle
flat bands is computed as > [(9, (0, k)[¢; (0, k))|* with
|90 (0,k)) representing the two single-particle flat-band
states of flavor o and |¢;) a HF band state. We find that
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FIG. 6. (Color online) (a) The band gaps Ajntra, Ainter, and Aj,,., and the corresponding excitation gaps Amtm, Ainter,
and A, from the full HF calculations at different v for TBG/BN with 8’ = 0.54°. (b) The energy spectrums for the
valley-wave excitation, the exciton excitation mainly between flat-like bands, and the exciton excitation (dented by exciton’)
mainly between empty flat-like bands and the filled remote bands at v = —3.

at a k-point rather away from the I’ point, only two low-
energy HF band states of a flavor are mainly contributed
by the single-particle flat-band states, as shown in Fig.
5 for TBG/BN with ¢ = 0.54°. These HF bands are
termed as flat-like bands to distinguish them from the
single-particle flat bands. In contrast, several other HF
bands near the T’ point can have substantial contribution
from the flat-band states, especially for the flavor with
one flat-like band occupied and the other flat-like band
empty. In particular, the flat-band contribution becomes
very small for some low-energy HF states at . When
the flat-like bands of a flavor are both occupied or empty,
they are generally well separated from the remote bands,
and the intra-flavor gap around Er between the remote
and flat-like bands is denoted by A}, .. The flat-like
bands become entangled with the remote bands when
Er lies between them, and the intra-flavor gap between
these flat-like bands is denoted by Aj,trq- Similar to the
active-band approximation, the inter-flavor gap A;p e 18
also between the flat-like bands. For the full HF bands,
the global gap among all flavors is just A} ... Aintra
has large and similar values for all the negative and posi-
tive v, which is similar to the active-band approximation.
However, the systems at positive ¥ have much smaller
Al q and Ajyger than those at negative v, which indi-
cates the strong breaking of the particle-hole symmetry
for the full HF band structures. At each v, there are also
three flavors with the same quantitative band properties,
as seen in Fig. 5.

We consider the inter-flavor valley-wave excitation
modes corresponding to A;pter, and the intra-flavor exci-
ton modes corresponding to Aj,trq and AL .., based on
the full HF ground states. The excitation spectrum and

the excitation gaps of these modes are displayed in Fig.

6 for TBG/BN with ¢’ = 0.54°. The valley-wave exci-

tation gap Ainier becomes slightly higher than that ob-
tained from the active-band approximation and reaches
about 3 meV, but is still rather small compared with
Ajnter- The excitation gaps Aj,irq Of the exciton modes
between the flat-like bands have similar values as those
from the active-band approximation and are below half
of Ajntrq. In contrast, The gaps (AL,,,,) of the exciton
modes between the flat-like bands and the remote bands
are just slightly smaller than A} , . This indicates that
the exciton modes between the flat-like bands and the
remote bands are composed of weak-bound particle-hole
pairs, while strong binding of the particle-hole pairs oc-
curs in the exciton modes between the flat-like bands.
At v = =3,1,3, Ajntrq is higher than A and even

wntra

the gap A}, ... Only at v = 1, Aj,4q has a lower value
than A}, ... In addition, the excitation energies of the

lowest modes for the exciton modes between the flat-like
bands and the remote bands are much more dispersive as
a function of q than those of the valley-wave modes and
the exciton modes between the flat-like bands, as shown
in Fig. 6(b).

The optical properties of the Chern insulators are de-
termined by the intra-flavor exciton modes, and the opti-
cal conductivity within the TDHF method is given by%*

2 1
Reoy, =
7 hw Nk Qo 21: (hw — hwz)2 + 2
Z I i, 1y e e 11 (3)
Ik, I'k’

where w is the frequency of the incident light, hw; is
the energy of an exciton mode labeled by ¢, u; is the
state vector of the exciton mode, Jyx = (¥pk| —



e/hOH} |0k |Yn,x) is the element of the current density
operator between the empty and occupied states of the
excitation process I, v is a small energy for broadening of
the excitation energy, €y is the area of the moire super-
cell, and Ny is the number of k-points. So at w = w;, the
contribution of the exciton mode i to o, is proportional
to o; = h?/(e*Ny) Z[k,]'k' S i, 1kt e Jo e We
find that the o; of the lowest exciton mode between the
remote and flat-like bands at v = —3 reaches 0.102 ¢V A2
and is even much larger than that of the lowest exciton
mode between the flat-like bands, which is just 0.022 eV
A2, Therefore, the lowest-frequency optical properties
associated with the intra-flavor excitations are mainly
determined by the exciton modes between the remote
bands and the flat-like bands at v = —3, 1, 3, while they
are mainly contributed by the exciton mode between the
flat-like bands at v = —1.

At the other two 6 of 1.64° and —0.56°, Al .
from the full SCHF calculations can become larger than
Ajnter, but are all much smaller than Aj,irq, as seen
in Figs. S2 and S3 of the SM. For ¢ = —0.56°, the
system at v = —3 becomes metallic with the highest oc-
cupied band of the (4, 1) flavor slightly overlapping with
the lowest empty bands of other flavors. The systems
at 0’ = 1.64° generally have smaller A/ , = than those
at other ¢’. For the exciton modes, the excitation gaps
Al ... are also much smaller than Aj,4q, and the sys-
tems with #’ = —0.56° have the largest Amtm, as seen
in Fig. S3 of SM. In addition, A}, , can even become
larger than the indirect gap A}, .., for some systems with
0" of 1.64° and —0.56°. The A;nz, for the valley-wave

modes all have similar values of about 3 meV.

IV. SUMMARY AND CONCLUSIONS

In the 1 x 1 commensurate supercells of TBG/BN, the
single-particle flat bands around Ep are gaped due to
the broken Cs, symmetry, and the SCHF ground states
at odd v are the Chern insulators with flavor-polarized
HF bands. In the active-band approximation, the two

active HF bands in the same flavor are well separated in
TBG/BN when they are both filled or empty, and the
intra-flavor gap Ajpirq in TBG/BN is much larger than
that in the pristine TBG. The energy spectrums of the
collective excitation modes for the Chern insulator states
are obtained with the TDHF method. The spin-wave
modes in both TBG/BN and TBG have a zero excita-
tion gap, while the gaps of the valley-wave and exciton
modes in TBG/BN are much larger than those in TBG.
The excitation gap Ajnter and Ajpirg in TBG/BN reach
about 2.5 meV and 20 meV, respectively, with A'Lntra
almost a half of the intra-flavor band gap Ajnire. In con-
trast to TBG with almost particle-hole symmetric exci-
tation modes for positive and negative v, the excitation
spectrums and gaps of TBG/BN at positive v are rather
different from those at negative v. The exciton wavefunc-
tions in TBG are also much more spatially localized than
those in TBG/BN. Full SCHF calculations show that
more HF bands besides the two central bands can have
rather large contribution from the single-particle flat-
band states in TBG/BN, and the intra-flavor gap A;pire
between the flat-like bands is much larger than the A, .
between the remote and flat-like bands. The excitation
gap Al of the exciton modes between the remote and

intra
flat-like bands is just slightly smaller than A} , . but
is generally lower than the Aintra between the flat-like
bands, so the optical properties of the Chern insulator
states are mainly determined by the exciton modes be-
tween the remote and flat-like bands. The valley-wave
modes from full HF calculations have similar energies as
those in the active-band approximation. In addition, the
quantitative behavior of the excitation spectrums varies
with 6’ of TBG/BN.
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