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We theoretically demonstrate that a ferromagnetic/superconductor junction on the surface of
three-dimensional topological insulators (3D TIs) has an anisotropic angle-dependent Andreev re-
flection when the in-plane magnetization has a component perpendicular to the junction. In the
presence of in-plane magnetization, the Dirac cone’s location adjusts in the k-space, whereas its
out-of-plane component induces a gap. This movement leads to the anisotropic angle-dependent
Andreev reflection and creates transverse conductance flows parallel to the interface. Also, an indi-
rect gap induces in the junction, which removes the transport signatures of Majorana bound states.
Because of the full spin-momentum locking of Dirac fermions on the surface of 3DTIs, a torque that
called Andreev Transfer Torque (ATT) imposes on the junction. Moreover, we propose a setup to
detect them experimentally.

I. INTRODUCTION

Since spin-transfer torque (STT) lives at the heart of
the data storage industry, it attracts great interest1–7.
The mutual interactions between the spin of charge carri-
ers and magnetic orders cause the STT. This torque orig-
inates on the transfer of spin angular momentum of spin
current to the magnetization or vice versa8–10. This ef-
fect works in electronic devices such as oscillator circuits
or magnetic random access memory11,12. The heat dissi-
pation due to electric resistance is one of the most crit-
ical issues in spintronics. The dissipationless current in
superconductors in combination with ferromagnets pro-
poses new types of devices to manipulate spin and charge
currents.13–17.

The interface of superconductors can reflect the in-
coming electron from the non-superconducting side as
a backscattered hole while a Cooper pair enters the
superconductor18. This process, known as Andreev re-
flection, is dominant at voltages below the superconduct-
ing gap. During the Andreev reflection, the dissipative
current converts to the dissipationless current19. The re-
flected hole will be created in the conduction band when
its energy excitation is less than chemical potential. This
hole moves back alongside its incident electron in real
space, known as retro-reflection. For an incident elec-
tron with energy bigger than the chemical potential, the
corresponding hole locates in the valence band during the
Andreev process. This hole, similar to an optical ray in
front of a mirror, moves back specularly20–22.

On the other hand, topological insulators (TIs)
are a class of materials with non-trivial proper-
ties, first proposed theoretically and then confirmed
experimentally23–35. Due to the bulk-edge correspon-
dence, they have gapless states on their edges or
surfaces35. In contrast to the Graphene36,37, these states
are fully spin-orbit coupled and protected against local
perturbations34. A Dirac-like Hamiltonian governs on
the carriers in the low excitation approximation38. In
the presence of spin-orbit interaction, the spin opera-
tors could not be well-defined for metallic materials39–41,

FIG. 1. (color online) The dispersion relation of electron-like
(blue cone) and hole-like (red cone) quasi-particles in the k-
space, respectively. In the presence of in-plane magnetization,
two cones separate in the k-space with 2

√
(m2

x +m2
y). Here,

we set my = µ = 0. The upper part of blue cone is empty for
electron-like excitations whereas the upper part of red cone is
filled for hole-like excitations.

whereas chirality can be a well-defined operator for TIs
because of strong spin-momentum locking42. Also, mag-
netization and superconductivity can be induced in these
states43–46 to make them an exciting platform for ex-
ploring new phenomena48–53. In our previous work, un-
like early attempts to explore the physics of STT on
TIs, we focus on low energy excitation regime to reveal
the Dirac physics. We show a current transfer torque
imposed on the ferromagnet/ normal (F/N) junction of
three-dimensional topological insulators (3D TIs) which
can be detected via a Hall voltage42. So far, the STT
of superconducting-based devices is considered without
focus on the role of Andreev reflection.

To upgrade our theory to explore the impor-
tance of Andreev reflection, we consider a ferromag-
net/superconductor (F/S) junction on the surface of 3D
TIs, where the proximity effect induces magnetization
and superconductivity. We assume superconductivity
has an s-wave character and the propagation of Dirac
fermions occurs in the ballistic regime. To explore it
theoretically, we use the Bogoliubov-deGennes (BdG)
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equation54,

HBdG =

(
HD(k)− µ ∆

∆∗ µ− T HD(k)T −1
)
. (1)

Here, HD(k) is the effective Hamiltonian that governs
on the Dirac fermions of the surface of 3D TI in the
presence of magnetization. It can be written as,

HD(k) = ~vF (σ × k).êz − (m.σ), (2)

where σ and k are Pauli spin vector and wave vec-
tor, respectively. Also, m = m0Θ(−x) is the effective
magnetization coupled to the spin degrees of freedom
and vF is the Fermi velocity. To avoid complexity, we
set ~vF = 1 in the remainder of the paper. Moreover
T = iσyK is the time-reversal operator and K is the
complex one. Moreover, ∆ = Θ(x)∆0σ0 is the complex
superconducting order parameter and σ0 is a 2 × 2 unit
matrix in the spin space. Here, Θ(x) is the Heaviside
step function. The µ stands for the chemical potential
that can be tuned by external gate. In the absence of
superconductivity, the excitation energy of electron-like
and hole-like quasi-particles according to Eq.(1) are,

εe = ±
√

(kx +my)2 + (ky −mx)2 +m2
z − µ, (3)

εh = ±
√

(kx −my)2 + (ky +mx)2 +m2
z + µ (4)

.
Here, the {x, y, z} indices belong to the space compo-

nents of magnetization and wave vector. The Eq.(3) and
Eq.(4) show two cones of electron-like and hole-like quasi-
particles in the k-space, respectively. In the absence of
magnetization, these cones initially locate at the center
of the Brillouin zone. As shown in Fig.(1), in-plane mag-
netization, {mx 6= 0,my 6= 0,mz = 0}, tunes the Dirac
cone’s location and separate them from each other with

2
√
m2
x +m2

y
48. Also, out of plane magnetization induces

a direct gap for both cones51. The blue cone demon-
strates the electron-like dispersion, whereas the red cone
indicates on the hole-like one. An electron fills an empty
state above the chemical potential at zero temperature.
This electron moves in the real space along its group ve-
locity, 〈Vi〉g = 〈∂ε/∂ki〉. During the Andreev reflection,
a hole is created on the hole cone’s empty part. Since
the parallel component of the wave vector and energy
are conserved during the scattering processes, the cone’s
separation leads to angle-dependent Andreev reflection.
It means the probability of Andreev reflection depends
on the propagation direction of the incoming particle.
This effect imposes a torque on the junction called An-
dreev transfer torque (ATT). Only the z-component of
ATT is non-zero. Because of strong spin-orbit interac-
tion on Dirac fermions of 3D TIs, a transverse current
flows parallel to the interface of the F/S junction. This

FIG. 2. (a) The schematic illustration four-terminal 3D TI-
based ferromagnet/superconductor junction that can be used
in experiment to detect ATT and transverse conductance. (b)
The Andreev reflection processes are shown in k-space con-
figuration in the presence of in-plane magnetization. (c) The
corresponding real space processes of Andreev reflection, both
for specular and retro reflections.

current can be detected via a four-terminal setup as its
experimental signature.

This paper organized as follows. In Sec.II, we demon-
strate the physics of angle-dependent Andreev reflection
due to the separation of Dirac cone’s location in the
k-space. The transport properties and the continuity
equation of spin density wave are calculated, too. In
the steady-state approximation, we show that only the
z-component of ATT is non zero. In Sec.III A, we il-
lustrate the creation of an indirect gap in the transport
probabilities. Since the Majorana-bound states locate at
the zero energy on the interface of the F/S junction, this
gap removes their signatures on the transport properties.
Also, we show that transport probabilities are dependent
on the propagation direction of incoming particles in the
real space. In Sec.III B, we show a transverse current
flows parallel to the interface. This effect is related to
the direction of in-plane magnetization. In Sec.III C, the
z-component of ATT is calculated. Finally, the conclu-
sion is given in Sec.IV

II. THEORY AND FORMALISM

As illustrated in part (a) of Fig(2), we consider a 3D
TI-based four terminal F/S junction. The in-plane mag-
netization induces by means of proximity in the x < 0
part of the junction. In the ballistic regime, the energy
and parallel component of wave vector with respect to the
junction are conserved during the scattering processes.
As shown in Fig.(1), the x-component of magnetization
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moves the Dirac point toward ky-direction whereas its
y-component moves the Dirac point in kx-direction of
the k-space. Since the x-component causes the rela-
tive motion of reflected holes in Andreev processes, we
assume the magnetization applied perpendicular to the
junction,{mx = −m0,my = 0,mz = 0}, where m0 is the
magnitude of magnetization.

A top view of TI-based F/S junction in the k-space is
shown in part (b) of Fig.(2). The blue circle belongs to
the empty states of electron-like cone with energy ε higher
than chemical potential, µ. The radius of the electron-
like circle is µ+ ε. The black dot, labeled by (aI), stands
for an incoming fermion. Also, the black arrow centered
at the origin of the blue circle determines the propaga-
tion direction of incoming fermion in the real space via
its group velocity. Since energy is conserved, the radius
of empty states at hole-like circle (the red one) is equal
to |µ− ε|. Moreover, the ky is conserved during the scat-
tering processes. Using these conditions, the incoming
fermion with energy ε ≤ ∆0 encounters two scenarios:

• In the Andreev zone where the electron-like and
hole-like circles overlap, the incoming fermion can
find an empty state with the probability of RA on
the hole-like circle. If the hole-like circle locates
at the valence band, the hole reflects specularly.
This effect is shown by the white dot labeled by
(as) in part (b) of Fig.(2). On the other hand,
the reflected hole in the conduction band belong to
the retro-reflection type that is illustrated by the
white dot labeled by (ar) in part (b) of Fig.(2).
Also, there is a probability of RN for the incoming
fermion to be reflected usually, which called normal
reflection. It is shown by (an) in part (b) of Fig.(2).
The probability conservation ensures RN+RA = 1.
The black arrows centered at the origin of electron-
like and hole-like circles determine the propagation
directions of incoming and back-scattered states in
the real space. This effect is shown schematically
in the real space in the upper part of part (c) in
Fig.(2).

• In the reflection zone where electron-like and hole-
like circles do not overlap, there is no state on the
hole-like circle for the incoming fermion. It means
the perfect normal reflection occurs, RN = 1. This
effect is shown by label of (bI) for the incoming
fermion and (bn) for the reflected one in part (b) of
Fig.(1). Also, this effect is depicted schematically
in the real space in the lower part of part (c) in
Fig.(2).

Incoming fermions with energy ε > ∆0 have another
possibilities. They can transport across the junction to
the states that exist above the superconducting gap.

These different scenarios show that the junction is sen-
sitive to the propagation direction of incoming particles
due to the moving of the Dirac cones in the k-space.
The incoming fermions located at the upper part of the

electron-like circle can be reflected with the probabil-
ity of RA in the Andreev reflection processes. In con-
trast, the incoming fermions located at the lower part
have to be reflected normally. This process causes an
anisotropic angle-dependent Andreev reflection. Since
incoming fermion and its reflected hole move in differ-
ent directions, the net current they carry differs. So, it
creates a transverse current that flows parallel to the in-
terface and can be detected via a four-terminal setup.
Due to the strong spin-momentum locking on the surface
of 3D TIs, any change in the propagation direction of
carriers causes a change in the spin configuration. This
effect manifests itself through a torque that imposes on
the junction.

We define the basis of wave functions of Eq.(1), as ψ =
(φ↑, φ↓, φ

∗
↓,−φ∗↑)T . The ↑ (↓) stands for up (down) spin

direction. The corresponding wave functions of electron-
like excitations, Eq.(3), are derived such as,

ψ±e (r) =

 i
±e±iθe

0
0

 e±ike.r, (5)

where the ± sign refers to the right or left propagation
direction and ke = (kex, ky) is the two dimensional wave
vector of carrier. The eigenvalues of hole-like excitations
is determined by Eq.(4) and their wave functions are,

ψ±h (r) =

 0
0

±Se±iα
i

 e±ikh.r. (6)

Here, S = sign(ε− µ) determines the location of hole-
like excitation in the valence or conduction band. The α
refers to the propagation direction. The kh = (khx , ky) is
its wave vector. Since ky is conserved during the scatter-
ing process, we obtain from Eq.(4),

khx = ±
√

(ε− µ)2 − (ky +mx)2 +my. (7)

This relation indicates that the reflected holes must sat-
isfy |ε− µ| ≥ |ky +mx| condition to find an stable state
in hole-like cone.

In the presence of superconductivity, ∆0 6= 0, the wave
functions of electron-like and hole-like excitations can be
derived in a similar way. The group velocity operator is

V̂ = −η0σy î+ η0σxĵ, (8)

where η0 is a 2 × 2 unit matrix in the Nambu space.
One can derive the propagation direction of electron-like
excitation in the F region such as,

〈V̂e,x〉 = cos θ, 〈V̂e,y〉 = sin θ. (9)

The {θ, α} are depicted in Fig.(2). Also, the probability

current density is J = 〈ψ|V̂ |ψ〉.
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The reflection and transport probabilities of the junc-
tion can be obtained when an incoming fermion hits the
interface from the F side. The wave function on the left
side of the junction (x ≤ 0) is,

ψL(r) = ψ+
e (r) + rnψ

−
e (r) + rAψ

−
h (r), (10)

The rn and rA are the amplitude of noraml and An-
dreev reflections, respectively. The wave function on the
superconducting side of the junction (x ≥ 0) is

ψR(r) = teψ
S,+
e (r) + thψ

S,+
h . (11)

Here, te and th are the transmission amplitudes of
electron-like and hole-like states on the superconduct-
ing side. The ψSe (r) and ψSh (r) are the corresponding
wave functions of electron-like and hole-like excitations
in the superconducting side. We use heavily doped ap-
proximation, µS → ∞, in the S region to satisfy the
necessary density of states of induced superconductivity.
The boundary condition that matches the wave functions
of two sides of the junction is necessary to calculate the
reflection and transmission amplitudes48–51,55,

ψL(x = 0) = ψR(x = 0). (12)

The amplitude of Andreev reflection is,

rA =
iei

θ−α
2

√
cos θ cosα

cosβ cos( θ−α2 ) + i sinβ cos θ+α2
. (13)

Also, the amplitude of normal reflection is,

re =
eiθ
(
− sinβ sin( θ−α2 ) + i cosβ sin( θ+α2 )

)
cosβ cos( θ−α2 ) + i sinβ cos θ+α2

. (14)

The probability of Andreev reflection is RA = |rA|2.
Also, the other probabilities can be obtained by multi-
plication of its value to its complex conjugate. These
probabilities are useful to calculate the transport prop-
erties of the junction.

We define Ψ(r) and Ψ†(r) as the annihilation and cre-
ation field operators in the Nambu space for Eq.(1). We

have Ψ(r) = (Φ(r),Ξ(r))
T

, where Φ(r) = (φ↑(r), φ↓(r))
is its electron part. The hole part of the field operator is
defined as Ξ(r) = T Φ(r) to satisfy the s-wave character
of superconductivity.

Using these operators, the α-component of spin density
wave on the surface of 3D TI is Sα = Ψ†η0σαΨ. We
rewrite the BdG equation, Eq.(1), in the real space as:

HBdG =

∫
d2rΨ†(r)HBdGΨ(r). (15)

We need the commutators of field operators with the
Hamiltonian of Eq.(15) to obtain the dynamics of spin
density wave,

[HBDG,Φ(r)] = −HD(k)Φ(r)− σ0∆0Ξ(r),[
HBdG,Φ†(r)

]
= Φ†(r)HD(−k)− Ξ†(r)σ0∆∗0.

(16)

The commutators of Ξ(r) can be calculated in a similar
way. The Heisenberg equation of motion can be written
for any time-independent operator such as Â,

∂tÂ = i
[
H, Â

]
. (17)

,
This can be used to calculate the dynamics of Sz as

below,

∂tSz =
(
∂tΨ

†(r)
)
η0σzΨ(r) + Ψ†(r)η0σz (∂tΨ(r))

=
(
∂tΦ

†(r)
)
σzΦ(r) + Φ†(r)σz (∂tΦ(r))

+
(
∂tΞ
†(r)

)
σzΞ(r) + Ξ†(r)σz (∂tΞ(r)) .

(18)
The commutation relations of Eq.(16) can be used to

have,

∂tSz = i
[
HBdG,Φ†(r)

]
σzΦ(r) + Φ†(r)σzi [HBdG,Φ(r)]

+ i
[
HBdG,Ξ†(r)

]
σzΞ(r) + Ξ†(r)σzi [HBdG,Ξ(r)]

.

.

(19)
The straightforward algebra leads to the dynamics of

Sz as:

∂tSz + ∇.Jsz = dTz. (20)

Where, Jsz = iêz×J is the z-component of spin density
current and dTz = 2Ψ†ηz(m × σ).êzΨ is the density of
ATT.

The spin density wave is independent of time in the
steady state approximation, ∂tSz = 0. So, the integra-
tion of Eq.(20) leads to the z-component of ATT as be-
low,

Tz =

∫
dTz =

∫
∇.Jszd

3r. (21)

One can use the divergence theorem to convert the
volume integral into boundary one and rewrite it,

Tz =

∮
(êz × J).dl. (22)

The dl is carried over a closed loop. Since the current
is conserved, the Eq.(22) demonstrates that the ATT is
related to current bending. Its reduction in one direction
leads to an increase in the other. So, the ATT is related
to the transverse current that flows parallel to the inter-
face. Due to the absence of σz in the Eq.(2) and the 2D
nature of the junction, the other components of ATT are
zero.



5

FIG. 3. (color online) The anisotropic angle-dependent An-
dreev probability with excitation energy ε normalized by the
magnitude of superconducting gap, ∆0. Here, θ is the prop-
agation angle of incoming fermion. We set magnetization di-
rection perpendicular to the interface, mx = −0.2∆0. In the
range of ε ≤ m0, the Andreev probability is zero. This ef-
fect creates an indirect gap that induced by magnetization
in the junction.In the above of indirect gap, there is a differ-
ence in the probabilities of upward and downward propagating
fermions that creates the transverse conductance

.

III. RESULTS AND DISCUSSION

A. Anisotropic angle-dependent Andreev reflection

We set the ferromagnetic exchange field in the x-
direction, m = (−m0, 0, 0), to have negative transverse
current in the Andreev dominant regime. Also, we set
µ = 0 and normalize the energy values with respect to
∆0. The incoming fermions which belong to the half
part of the electron-like circle with kx ≥ 0 hit the in-
terface from F side of the junction. The hole-like cone
located at {0,m0} in the k-space. The incoming fermions
with ε ≤ ∆0 can not transport to the states at the above
of superconducting gap. Since the radius of each energy
circle is ε, the minimum energy for incoming fermion is
ε = m0 to find a steady states on the hole-like circle.
It means an indirect gap induced in the junction in the
range of 0 ≤ ε ≤ m0. As illustrated in Fig.(3), all incom-
ing fermions reflect, and RA = 0 creates a no-current
area in the Andreev reflection probability figure. The
electron-hole duality of the BdG wave functions, make
them a suitable candidate to be host of the Majorana-
bound states. These fermionic states describes particles
that can be simultaneously their anti-particles48,50,56.
The TI-based superconducting region hosts the Majo-
rana bound states at the ε = 0. The perfect Andreev
reflection, RA = 1, and the robust conductance peak at
G(ε = 0) = 2G0 are their experimental signatures57. As
shown in Fig.(3) and Fig (4), the in-plane magnetization
sets the Majorana-bound states into the indirect gap, and
their signatures disappear. Since magnetization induced
by proximity effect in our device, this effect can act as a
on/off switch for Majorana-bound states in future tech-
nology.

FIG. 4. (color online) The longitudinal conductances vs. ex-
citation energy. The longitudinal conductance reaches to its
maximum in ε ' ∆0, where the Andreev reflection is dom-
inant. The GL(ε) grows exponentially in the energy range
above the indirect gap and approaches to its ballistic value in
the high energy regime where the effect of superconducting
gap can be ignored.

.

The two energy circles overlaps for values bigger than
the indirect gap threshold, ε ≥ m0. The incoming
fermion can find a steady-state on the hole-like circle dur-
ing the Andreev process. So, the propagation direction of
reflected hole determines with respect to its location on
the hole-like circle. The probability of Andreev reflection
becomes sensitive to the propagation angle of incoming
fermions, θ. As shown in Fig.(3), incoming fermions with
the same energy have different probabilities with respect
to its propagation angle. These probabilities grow with
respect to energy values, and the perpendicular fermions
have a chance more than others. This phenomenon leads
an imbalance between upward and downward fermions
and creates a transverse current that flows parallel to
the interface. This current can be detected via a two ex-
tra leads located aside of the junction. The electron-like
and hole-like quasi-particles are two types of carriers in
our device. The sign of transverse current determines the
carrier dominant. We use m0 ≤ 0 to have negative value
for transverse conductance in hole-like dominant regime
and positive value for electron-like dominant regime. For
incoming fermions with ε ≥ ∆0, the states at the above
of superconducting gap is accessible. So, the Andreev
probabilities encounter a major reduction in their val-
ues. This means the transverse conductance approaches
to zero for ε� ∆0.

B. Transverse Conductances

Using transport probabilities of Eq.(12), one can cal-
culate the transverse and longitudinal conductances19 in
x and y directions, respectively.
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GT (ε) = G0

∫ π
2

−π2
(RN (θ) sin θ − SRA(θ) sinα) dθ, (23)

GL(ε) = G0

∫ π
2

−π2
((1−RN (θ)) cos θ +RA(θ) cos θ) dθ,

(24)
where G0 = (e2/h)N(ε) is the ballistic conductance and
N(ε) = (|ε+ µ|W )/~vF is the density of states. Also, W
is the width of the junction.

In contrast to Graphene20,58,59 and other relativistic
materials such as TIs49,51 or Weyl semimetals where the
zero-bias conductance peak and Majorana-bound states
are responsible for sub gap conductances, the no-current
domain originates from the indirect gap. As shown in
Fig.(4), the longitudinal conductance arises exponen-
tially at ε = m0 and tends to its maximum value at the
edge of superconducting gap, where the Andreev proba-
bility is dominant. In high energy regime, the effect of
Dirac cone displacement and superconducting gap can
be ignored and the GL approaches to its ballistic value.
As shown in part (a) of Fig (2), the longitudinal conduc-
tance passes through the battery and can be measured
by an ammeter.

The transverse conductance is demonstrated in Fig.(5).
Based on the Eq.(23), those propagation directions with
perfect normal reflection, {RN = 1, RA = 0}, have no
effect on the GT . Because of s-wave character of super-
conductivity, the states above the superconducting gap
in the S side of the junction have no effect on the GT .
Also, each integral can be considered into two parts, the
downward section with −π/2 ≤ θ ≤ 0 and upward one
with 0 ≤ θ ≤ π/2. The normal reflection positively con-
tributes to the GT from the upward part, whereas its
contribution is negative from the downward part. This
term is a little complicated for the reflected hole because
it has two types of retro and specular reflections. We use
the S term to take this into account. In the absence of
chemical potential, µ = 0, we have S = 1. These parts
compete to determines the sign of GT . The GT changes
from zero at ε = m0, where the incoming fermion can find
an spot on the hole-like cone during the Andreev pro-
cess. Since Andreev reflection is dominant in the range
of m0 ≤ ε ≤ ∆0, the transverse conductance is negative.
The GT reaches its minimum around ε = 2m0 where the
normal reflection starts to overcome the Andreev one.
The damping of Andreev reflection at the edge of super-
conducting gap leads to the positive value for GT . This
effect can be used in a real experiment to determine the
value of superconducting gap. Since the physics of GT
originates from the relative location of electron-like and
hole-like cones, it tends to zero at the high energy regime
, ε� ∆0, where this effect can be ignored. Also, the sign
of GT depends on the Dirac cone’s location. The ferro-
magnetism induced into the surface of 3D TI by means
of the proximity effect. This occurs by a ferromagnetic

FIG. 5. (color online) The transverse conductance vs. energy
excitation for different values of magnetization direction. This
type of transverse conductance originates from the scattering
at the interface.

lead such as MnO2 or EuO. So, the rotation of the ferro-
magnetic lead rotates the direction of magnetization and
changes the sign of GT and can be detected in the Hall
voltage experiment.

C. Andreev Transfer Torque

To obtain the z-component of ATT, we consider a
square with side length of A on the junction. Accord-
ing to the Eq.(22), the incoming fermion enters to the
square with propagation direction of θ. During the An-
dreev process it reflects as a hole quasi-particle and leaves
the square with the probability of RA and different prop-
agation direction of α. We want to obtain the net current
which passes through these mutually parallel lines. From
Eq.(22), we have,

Tz =

∮
(Jydx− Jxdy) = A(δGy − δGx) (25)

where δGy ∼ GT is difference between conductances
flows in the presence and absence of in-plane magneti-
zation parallel to the junction, respectively. The proba-
bility conservation dictates the incoming current density
into the square to be equal with the outgoing one. So,
we have δGx = −δGy and the final result is,

Tz ∼ 2GTA. (26)

Here, Tz directly related to the transverse conductance.
The absence of σz term in the spin-orbit coupling term of
Eq.(2) and two-dimensional nature of TI-based junction
lead the other components of ATT, {Tx, Ty}, to zero.
The ATT imposes on the junction positively and neg-
atively corresponds to positive and negative transverse
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conductances, respectively. In the energy range that
transverse conductance is maximum, the ATT reaches
to its maximum, too. This originates in the bending of
propagation direction. These effects in the energy range
of m0 ≤ ε ≤ ∆0 are important and experimentally de-
tectable. Moreover, the ATT approaches zero in the high
energy limit where the Dirac cone’s displacement can be
ignored.

IV. CONCLUSION

Lets discuss about the output prediction of our model.
The typical value of induced ferromagnetic field by means
of proximity effect on the surface of 3D TIs is 5 ∼ 50meV .
This occurs by a ferromagnetic electrode such as EuO or
MnO2 that deposits on the surface of Bi2Se3

60. Also,
the induced superconducting gap has the same order of
ferromagnetic field. The high-quality topological insula-
tors that can be fabricated now, have sufficiently large
coherence length up to ∼ 370nm. It means the bound-
ary details and localization effect are negligible, and the
ballistic limit is a well approximation to explore the
junction49. We normalized our results with respect to the
superconducting gap. It means the approximated value
of the indirect gap would be 2.5 ∼ 25meV . Also, the

usual width of the junction in a real situation is of the or-
der of the coherence length. So, the approximated value
of the transverse conductance would be ∼ 10−4Simens,
which can be measurable with available technology. Fi-
nally, the magnitude of ATT is ∼ 10−4Simens(µm)2.

In this paper, we consider the effect of angle-dependent
Andreev reflection of an F/S junction on the surface of
3D TIs. We show whenever in-plane magnetization has a
component perpendicular to the interface, the electron-
like and hole-like cones separate in the k-space. This
induces an indirect gap in the junction. Also it creates a
no-current area in longitudinal conductance. Moreover,
the Andreev reflection is angle-dependent that leads to
a transverse conductance. Further, we show the sign of
transverse conductance is related to the magnetization
direction. Based on this, we design an experimental set
up to reveal it. At las but not least, we illustrate that the
transverse conductance imposes a torque on the junction
that is important in the low-energy limit near the Dirac
point. The z-component of this torque, ATT, is non-zero,
and its sign and magnitude are related to the sign and
magnitude of the transverse conductance. Since the STT
is very important for data storage technology, we sure its
extension to ATT can be very useful in designing and
fabricating new devices for further applications.
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