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Josephson-Current Signatures of Unpaired Floquet Majorana Bound States

Rekha Kumari,! Babak Seradjeh,>®% and Arijit Kundu!

! Department of Physics, Indian institute of technology, Kanpur, India
2Department of Physics, Indiana University, Bloomington, Indiana 47405, USA
3 Quantum Science and Engineering Center, Indiana University, Bloomington, Indiana 47405, USA
4IU Center for Spacetime Symmetries, Indiana University, Bloomington, Indiana 47405, USA

We theoretically study the transport signatures of unpaired Floquet Majorana bound states in
the Josephson current of weakly linked, periodically driven topological superconductors. We obtain
the occupation of the Floquet Majorana modes in the presence of weak coupling to thermal leads
analytically, and show that, similar to static superconductors, the Josephson current involving
Floquet Majorana bound states is also 4m-periodic in the phase difference across the junction, and
also depends linearly on the coupling between superconductors. Moreover, unlike the static case,
the amplitude of the Josephson current can be tuned by setting the unbiased chemical potential of
the driven superconductors at multiple harmonics of the drive frequency. As a result, we uncover a
Josephson Floquet sum rule for driven superconductors. We confirm our analytical expressions for
Josephson current, the occupation of Floquet bands, and a perturbative analysis of the quasienergies

with numerically exact results.

I. INTRODUCTION

Majorana fermions [IH3] are their own anti-particles
that appear in condensed matter systems as quasiparti-
cles with equal superposition of electrons and holes and
are of immense importance for possible applications in
fault-tolerant quantum information processing. Among
many possible candidates for hosting such states, Majo-
rana fermions as topologically protected edge states of
one-dimensional topological superconductors have been
studied extensively both theoretically [4HI7] and experi-
mentally [I8-25] in recent years. These Majorana bound
states have unique transport signatures: it is argued that
quantized zero-bias conductance [26H29] as well as un-
usual 4m-periodic Josephson effect [30H34] can identify
their existence, leading to extensive search for Majorana
modes in various solid-state systems.

More recently, periodically driven quantum systems
(often called Floquet systems) have been studied as
a promising platform for realizing topologically non-
trivial states by band-structure engineering [35H50] and
there has been a surge in experimental activities in the
search for topological states in solid state [51], [52], cold-
atom [53H57] and optical systems [58460], which are
driven periodically. It is argued that a periodically driven
one-dimensional superconductors can host a number of
far-from equilibrium edge states, which have the same
character of static Majorana fermions [6IH63]. These
‘Floquet’ Majorana fermions (FMFs) are the result of
non-trivial topological nature of the underlying periodi-
cally driven superconductor, where the periodic drive can
further tune the topological character of the state [64-
74]. Unlike their static counterparts, the FMFs appear in
two flavors (with different quasienergies) and their occu-
pations do not follow equilibrium distribution functions,
leading to a number of sum rules for quantized transport
signatures of such topological edge modes in periodically
driven systems [61]. In particular, it has been argued that
the total sum of conductances measured for a system with

FMFs, when chemical potentials is set to all even or odd
(depending on the flavor of the FMF) multiples of half
of the drive’s frequency, is quantized. This Floquet sum
rule is the generalization of the zero-bias conductance
peak of the static Majorana bound states [61].

In this paper, we study a Josephson junction of two
driven superconductors which host FMF as edge states.
Whereas similar setups have been studied in Ref. [75] [76],
it remains unclear whether they also give rise to 4mn-
periodic Josephson signature, and, if they do, whether
this can be understood in terms of their steady-state oc-
cupation probabilities. In the case of static Majorana
edge states, the 4r-periodic nature is a result of two Ma-
jorana edge states at the junction becoming degenerate
and exchanging occupations from fully occupied to un-
occupied when the phase difference across the junction
is tuned through 7 [30H32]. In a setup where fermion
parity is not conserved, this results in a sharp jump of
Josephson current at 7 phase difference. As we describe
in the paper, we find that FMF can give rise to a sim-
ilar signature. We also investigate the conditions under
which a sharp jump of Josephson current at 7 phase dif-
ference is obtained, reflecting the non-equilibrium nature
of the system. Furthermore, we formulate the occupa-
tion of steady states in a Floquet system which is weakly
connected to a thermal environment. This leads to the
analytical understanding of the unusual Josephson sig-
nature of FMF in terms of their occupation. Using this
formalism, we uncover a general Josephson Floquet sum
rule, which extends the sum rules previously discussed
for transport in periodically driven systems. In case of
Josephson current, the sum rule is an exact counterpart
of the signature of static Majorana edge states. Finally,
we test the robustness of these unusual signatures of FMF
in presence of static random impurities in the system.
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FIG. 1. Quasienergy spectrum of a single driven Kitaev chain,
Eq. @, with N = 200 sites. Here, A/w = 0.5, uo/w = 3.75,
pw1/w = 1.25. For T = 1/w, there are two m-FMFs

II. STEADY-STATE FLOQUET JOSEPHSON
CURRENT

We consider a Josephson junction between two driven
superconductors hosting Floquet Majorana edge states
with a phase difference ¢ = ¢1 — ¢o and tunneling ampli-
tude wy across the junction. Since the entire system is
driven periodically with a Hamiltonian h(t) = h(t + T,
the solutions to the Schodinger equation are |1, (t)) =
et luy(t)), where €, and |ua(t+T)) = |un(t)) are
quasienergies and Floquet states, respectively, satisfying
the eigenvalue equation [h(t) —i0:] |ua(t)) = €q [ua(t)).
(We set h = 1.) We take the quasienergies to be in the
first Floquet zone |e,| < 7/T and identify quasiener-
gies £7/T. Since the (mean-field) quasienergy spectrum
has the usual particle-hole symmetry, FMFs can exist at
quasienergies €, = b/T with b = 0, 7, often referred to as
0 and m FMFs, respectively.

We are interested in Josephson current flowing across
the junction, J(t) = tr[p(t)0sh(t)], where p(t) is the
steady-state density matrix. In order to calculate the
current, we assume the superconductors are weakly cou-
pled to thermal leads at temperature 6, and uniform
chemical potential, p,, i.e. at zero bias. In this limit,
the steady-state density matrix is approximately diag-
onal and time-independent in the Floquet basis, i.e.
(ua ()| p(t) lug(t)) =~ na(pr)das, with populations

nalt) = 3 Frlea + k2 — ) WPy, (1)
keZ

where f,.(x) = (1+¢%/%)~! is the reservoir’s Fermi func-
tion, the Fourier modes [u{’) = fOT e* ¥ |y (1))dt )T,
and Q = 27/T is the drive frequency. We provide the
details of the derivation at Appendix B. Such as occupa-
tion distribution was also previously discussed in Ref. [77l
This is in fact true for the steady state of any periodi-
cally driven quantum system weakly coupled to a thermal
fermion reservoir and can be understood as the incoher-
ent mixture of Floquet sidebands indexed by k.

We proceed with the Josephson current, which is writ-
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FIG. 2. Quasienergy splitting of FMFs at the junction be-
tween two driven Kitaev chains as a function of the length of
the chain (N number of sites in the single superconductor).
Here, wy/w = 1072 and @y = 23, [u* 2w, is normalized
by the weight of the FMFs at the junction. The grayscale
shows the exponent p := dInJ/dInw;, where the numerical
computation of current is based on NEFG techniques (see the
main text), at zero temperature. T'= 1/w and other param-
eters are the same as in Fig. [I]

tenas J(t) = >, na(pr) [Op€a+i0; (ua(t)|0sua(t))]. Us-
ing the particle-hole symmetry in Eq. , we can write
the time-average

) =5 [ 10t = 3 valentoca @)

€ <0

Here vo(pr) = na(pr) — na(p-), where «, & states are
related by particle-hole operation, i.e, ¢5 = —¢,. This
simplified expression, as we show below, captures the
Josephson current with high accuracy. This is our first
main result.

III. JOSEPHSON CURRENT SIGNATURES OF
FMFS

Let us first briefly recall the properties of the Josephson
current in the presence of static Majorana fermions. Pro-
jecting to the two-level system formed by the Majorana
bound states, the tunneling between the superconductors
splits the zero-energy states at the junction to +F; with
E;(¢) = /w2 cos?(¢/2) + E3, where Ej is the energy
splitting of the Majorana bound states in the absence of
the junction (w; = 0), for instance, due to finite size,
and Wy o« wy with a factor of the Majorana bound state
wave functions at the junction. Consequently, the current
J =~ 0,E; = (w,;/2)*sin¢/E;(¢). Thus, when w; < Ey,
the current J o (w/2Ep)? sin ¢ is 27-periodic in ¢. On
the other hand, when w; > Ey, e.g. for large system
sizes, the current J o nw;sin(¢/2) where n = =+ is the
fermion parity determined by the occupation of the split
levels. The linear dependence on w; and 4m-periodicity
in ¢ for conserved 7 or, alternatively, the finite jumps
associated with switching fermion parity 7 are telltale
signatures of Majorana bound states.
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(a) Current-phase relationship for the Josephson junction between two driven Kitaev chains hosting m-FMFs for

Pr=r = 7r/T As the length of the chains, N, increases the time-averaged Josephson current J(£2/2) crosses over from a
smooth w3 sin ¢ form to nw, sin(¢/ 2) accompamed by jumps when the fermion parity 1 switches sign. The inset shows the
evolution of the exponent p := dInJ(€2/2)/dInw; as a function of ws. (b) The sum rule for Jr(pp=r) = Y,,c7 J (116 + mQ)
and its robustness in presence of static disorder characterized by disorder strength, D in units of A. The analytical calculation
(dashed), obtained using Eq. (6]) agrees very well with the numerical calculation (solid), obtained using non-equilibrium Green’s
functions. The inset shows the contributions from different harmonics quantified as jm = ¢ |J(up + mQ)|de/ § |Jp|dqb The
biggest contribution comes from m = —1,0. In both panels, T' = 1/w and other parameters are the same as in Fig. |1

Now, we note that when a single driven supercon-
ductor hosts FMFs at quasienergy ¢, the coupled sys-
tem hosts four FMFs, two at faraway boundaries with
quasienergies 4 (e, + €*§) and the other two at the junc-
tion with quasienergies +(e, + es 7). In particular, we
have §; ~ /w2 cos?(¢/2) + 62, where &y is the FMFs
quasienergy splitting without the junction (w; = 0) and

Wy~ 2>, |ulgk)|?ij, with |u£k)|?, being the amplitude
of the kth Fourier mode of the FMF's at the junction site
(denoted by J).

Thus, using Eq. (2), we see that at sufficiently low
temperature and high frequency, the phenomenology of
the Josephson current is similar to the static case. The
Josephson current can be expressed as:

J o (nwy)P sin(pp/2), (3)

shows a crossover at W ~ dp, tunable by the system size,
from p = 2 for wy < §p to p =1 for wy > §y. Josephson

Floquet sum rule : A consequence of the above is a sum
rule for the Josephson current over values of the chemical
potential varied by the drive harmonics, i.e.

Jr(py) == Z J(pty +mQ) =

mEZ

Jr(ur +9Q). (4

one can restrict |u.| < /2. Now, even though the
summation is over all the negative quasi-energy states
in Eq. , as long as there occupation difference, v, of
FMF's at the junction is finite, their contribution domi-
nates. In this limit one can show that, at small temper-
ature, such that 26, > 1 (for details, see Appendix B),

220
l/éT = Z et

Q )
mEeEZ

(5)

v (pp +mQ) & e’tanh (;é] > —

where u, = —b/T. At zero temperature and for large
system size the above reduces to Z/g/ﬂ = +1, which is a
sum rule of the FMF occupation. With these consider-
ations, one arrives at a rather simple expression of the
summed current in the presence of FMFs,

- 00
J (:U/b) ~ VE ad;]

(6)
where ¢s are all the b type FMFs modes, with pp is set
at b/T. This is our second main result.

IV. LATTICE MODEL AND NUMERICAL
SIMULATION

FMFs appear in the driven Kitaev chain [27] [75] [76],
[78], a driven one-dimensional p-wave superconductor
with the Hamiltonian H (t) = Zi\;zl Uih,(t)¥,, where
the Nambu spinor Wi = (e’w/zéi,eid’/zér) with & the
fermion creation operator at site r, and

26, spu(t) T, (7)

Here, Pauli matrices 7, 7y, 7. act on the Nambu space, ;1
is the chemical potential, w is the nearest neighbor hop-
ping amplitude, and A and ¢ are, respectively, the ampli-
tude and phase of the superconducting order parameter.
We impose open boundary conditions by dropping terms
with r, s < 1 and > N. We take a two-step periodic drive

o + p1
u(t)=u(t+T):{
Mo — M1

hrs(t) = 0px1,s(wry £1AT,) —

0<t<T/2,

T/2<t<T. ®

For a typical choice of parameters, the quasienergy
spectrum of an open driven Kitaev chain is shown in
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FIG. 4. Changes in the quasi-energies and occupation proba-
bilities of T—FMF's as a function of phase difference for system
sizes 25 in (a) and 65 in (b). In the second case for large sys-
tems, FMFs localized at the ends of two superconductors do
not contribute to the current and current changes sharply at
¢ = m, which shows that it is 47 periodic. (u, = Q/2)

Fig.[1} highlighting the FMFs at ¢g and €. For a junction
between two chains, the Hamiltonian is hq (£)+ha(¢)+h,
where

hy =wyTe”97/2, (9)

is the junction Hamiltonian. The quasienergy splittings
0 and ¢ ; depend on system parameters, in particular the
length N of the chains and the phase difference ¢ = ¢ —
¢o. For wy < dp, the spectra are largely unperturbed
and 6 =~ 07 ~ §y x e N/¢ with € a localization length.
On the other hand, for w; 2 dp, the composite system

~

essentially behaves as a single chain with length 2N, thus

§ o e”?N/€ and §; = /w2 cos? ¢ + &7 depends strongly

on ¢.

V. DISCUSSION

We calculate the current using both the analytical ex-
pression, Eq. , and numerically using Floquet Green’s
functions (for details, see Appendix C). In Fig. , we
show the FMFs quasienergy splitting, dg, as well as the
power-law scaling of the time-averaged Josephson current
J(©/2) oc w') as a function of system size. This clearly
illustrates the crossover from quadratic (p = 2) to lin-
ear (p = 1) behavior at w; ~ dy. For sufficiently large
N, the quasienergy splittings can also be estimated using
Floquet perturbation theory (see Appendix D).

In Fig. we show the current-phase relationship for
the Josephson current and its Floquet sum rule using nu-
merically calculated Floquet Green’s functions and com-
pare them to analytical calculations for a junction host-
ing m-FMFs. As illustrated in Fig. a), the Josephson
current at chemical potential u, = §2/2 crosses over,

with increasing size of the superconducting chains, from
a smooth quadratic form oc w?sing to a linear form
o nwy sin(¢/2) that exhibits jumps at ¢ = 7 associated
with switches in the fermion parity n of m-FMFs. The
same behavior is observed for all p, = m/2, when m
is an odd integer. A similar phenomenology arises for
junctions hosting 0-FMFs and p,, = m$/2, when m is an
even integer.

The crossover regime matches well the point at which
m-FMFs quasienergy splitting ratio dg/wy; ~ 1 (see
Fig. ) This behavior is captured very well by our sim-
ple analytical expressions of Josephson current, Eq. ,
and its sum rule, Eq. @ This is best seen in the Floquet
sum rule for Josephson current, illustrated in Fig. [3|(b).
However, we note that, as shown in the inset of Fig. [3(b),
for the parameter we consider the primary contributions
to the sum rule come from p, = +£Q/2.

We also observe that, for large N and small wj, the
current is carried almost entirely by the FMFs and the
bulk contribution to the current is negligible. This can
be understood as yet another consequence of the lin-
ear dependence of FMFs contributions on w; versus
the quadratic dependence of bulk contributions. This
observation extends the explanation of sharp jumps in
Josephson current from static to Floquet systems: when
dg < wy, the two FMFs at the junction are exchanged at
the time-reversal symmetric point ¢ = m; when the two
FMFs at the junction have a difference in their popula-
tion, this exchange leads to a sharp change in Josephson
current. This is further explained in the Fig. , where
we consider a smaller and a larger system size, showing
notably different behaviors and occupation probabilities
of the FMFs. For a larger system size (in Fig. [fb)), we
observe that the m-FMFs at the junction with quasiene-
gies ££2/2 F 05 exchange their occupation probability at
¢ = m and this results in a jump of the Josephson current.
In this respect, the chemical potential p,. of the reservoirs
plays an important role: setting p, = mQ + b/T for a
junction hosting b-FMF's gives rise to such a difference in
occupation and jumps in the current, which are otherwise
lost.

Due to their topological origin, one expects the
Josephson-current signatures of FMFs to be robust
against perturbations and disorder. We study this ro-
bustness in the presence of static disorder, modeled
by replacing the static chemical potential in the chains
o — o + du;, where du; are taken randomly from an
uncorrelated normal distribution of standard deviation
D, which characterizes the strength of the disorder. As
shown in Fig. b), the sharp jump in the Floquet sum
rule is robust against weak disorder. However, the ana-
lytical expression, Eq. @, remains valid across the entire
range of disorder strengths reported here.

Additional note: during preparation of the manuscript,
another work Ref.[79 has been posted which discusses oc-
cupation of Floquet states in agreement with our result,
Eq. and Appendix B.
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APPENDICES
A. Driven quantum systems

This section provides further details of the transport
simulation used in the main text, based on Floquet
Green’s function techniques. Let us consider the Hamil-

tonian of a generic periodically driven system that is con-
nected to reservoirs, written in the Bogolibov-de-Gennes
basis, as

1
Hg = 5 Z ‘Ifjm(t) hin,x/n’ (t)\le/n/ (t)’ (Sl)
xz,xz’,n,n
1 A
T2 Z (I)yw yn YA’ (t)q)y’n’ (t). (52)
yxsyhmm’

The system and A-th reservoir Hamiltonians are denoted
by Hs and H), respectively. Here, z,2’ and yy,y) are
the site indices of the system and the reservoirs in the
same direction, respectively. n,n’ are particle and hole
degrees of freedom at a given site. N is the number of
sites in the system. Wi = (al,a,)", ®)* = ([}, ¢))7,
where a, and ¢ are electronic annlhllatlon operators
at site z and y, respectively, for the system and the A-
th reservoir. Tunneling Hamiltonians, which connect the
reservoirs with the system, are given by:

1 A
(1) = 3 5 (Why OV @ (1) + 20 1)
zn,yan’
Vo an(®))- (53)

VA denotes the tunneling matrix that connects the sys-
tem to the A-th reservoir. Using Heisenberg’s equation
for the evolution of operators, for the elements of (I)Z)/\)\ (1),
one finds the equation of motion to be,

PAN(t) = —i (PP @Mt) + VAU(2)), (S4)

where we have written the above equation in its matrix-
valued form. The solution can be written as

YWIAD(H).
(S5)

t
DMNt) = igM(t — to) D (to) +/ dt' gt —t

to

Here ty is the switching time when the reservoir-to-
system connection is made, which we assume to be in
the distant past, i.e. tg — —oo. Here, Green’s function
of the Ath lead is given by

Pt = —ie g ¢y, (S6)

Similarly, the equation of motion for the system operators
can be written as

(Z‘H;t — h5> T(t) — z/t: dt'T(t —t)(t) =

where £*(t)

> V@),
A

(S7)

= ig*(t —t9)®*(to), and the coupling matrix

—1 Z Vg

I(t—t) — VA, (S8)
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The Green’s function of the equation, Eq. satisfies,

(@Hi - h5> Gt 1) —i /O T A ()Gt — ) = 8(t— 1),

(59)

In the flat-band limit, the Green’s function of the leads,
g*(w), is given by p* = —2Im[g*(w)], which is indepen-
dent of w, and Re[g*(w)] = 0. This implies T'(7) = T'§(7),
and we can write the Green’s function for the eq. ,

T oo
GM (W) = / ﬂeikm/ e“TG(t,t —T).
o T 0

Gy (W

—, (S10)
W ca —nQd + iy,

where Q = 27/T. The system operators are then solved
using

= Z/gﬁweitheiithG(k)(w)v)\fA(w)' (Sll>
T
kX

In our numerical simulations, we have left and right
leads indexed by A = L and R, respectively. In our
case, 1 represents the particle-hole basis. The explicit
non-vanishing elements of the tunneling matrices, in the
particle-hole basis, are then given by

1 0 1 0
Vll;ll, = tL (0 _1) ) VJ?JR = tR <0 _1> . (812)

Here t* are the tunneling parameters for the connections
to reservoirs, which we consider identical. The thermal
correlations among the reservoir operators is given by

(€T (W)ed (W) =
(S13)

where for A—th reservoir, f*(w,p*, 3*) is the Fermi dis-
tribution function, 8 = 1/6*, 6* is the temperature, and
p> is the chemical potential (the reservoirs are identi-
cal in our case). The thermal average is taken over the
reservoirs’ states.

B. Occupations of Floquet states

In this section, we derive a simplified form of the occu-
pation probability of the Floquet states of a periodically
driven system in the limit of weak coupling to an exter-
nal reservoir. In this weak coupling limit, we write the
density matrix of the steady-state system in the basis of
the Floquet states of the isolated system as

:7/ dthaﬁ MNua () (up(t)].

(S14)

(271-)25)\)\/677"7/5(007 w/)p)\f)\ (w7 ,u/\7 ﬂ/\)v

To compute the coeflicients nq(t), we write the creation
operator in site basis as, U] (t) =Y, 1 Qain(t) (Wj(t)) )
n

here - is the site index and 7 is the particle-hole index.
Uit) = (al(t),a:(t)) and duiy = (ua(t)]i,n). The coeffi-
cients nqpg(t) can then be written as:

nas(t) = (VL (OUs(0))
= Z dﬁm

Lead avg.
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ijnn’
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SN Ginmit, )V e Gy e (tw). (S15)
mn £g'

Performing further simplifications, we obtain

Z dBJn
_ Z ( zpﬂ(t
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(S16)
and similarly,
Z dozm m ,ng’ (tﬂ w)
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- “ (=P +w —€a —iVa)
(S17)

Using the above two equations, one obtains Fourier

modes of the coefficients,
k) k
) _ g B VA g D) A (w, 2, BY)dw
nos = Z

e&kJrq) — 1Y) (w — e(ﬁ )

+ivg)
(S18)

here &) = e, + k9 and M w, i, B*) is the Fermi distri-
bution of the A th reservoir. Interestingly, we find that
in the large system size and weak coupling to the bath
limit,

n((lqﬁ) R Nabapdgo

(S19)
which we demonstrate in Fig. This can also be shown
in the following way. Expanding the Fermi distribution
function as:

1
A -
f(wlu'aﬁ) /3)‘(4*1/1)
1
+ =,

1
= T Z 2nt1)in
B nEI :UA) - ( 5>\) 2

(S20)
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FIG. S1. Nature of the occupation probabilities of the Floquet states (Eq. ) For different system sizes, we plot the
values of the off-diagonal Fourier components of the occupation number matrix as a function of the tunneling amplitude to
the reservoir. Left: The off-diagonal Fourier components of the occupation number matrix go to zero as the tunneling to the
leads vanishes. Middle: For various system sizes, the relative values of the off-diagonal Fourier components of the occupation
number matrix in comparison to the diagonal, static components of the occupation number matrix. Right: As a function of
the tunneling amplitude to the reservoir, the absolute difference between diagonal occupation and diagonal occupations with
limit pr, — 0. In the limit of small tunneling amplitudes to the reservoir, these results confirm that ngqﬁ) ~ Nadapdqo.
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FIG. S2. (a) Variation in Josephson current vs phase difference, for different values of reservoir temperature, Here system size
is N = 95 and chemical potential is summed. Inset : Comparison between numerically computed total occupation difference
(sum-rule current is computed using Eq. ) with the analytical expression given by v = tanh ((5J / 29r) — 207/ reservoir
temperature (in units of §7(¢ = 0)) for the phase difference ¢ = .0.4987. (b) Variation in the difference of summed occupation
number % (¢) vs phase difference, here quasi-energies € are the quasienergies of m-modes Q/2 — 65, —Q/2 + §; for different
reservoir temperatures. Here §;(¢ = 0) = 0.0034, w; = .01

and performing the integrals, we obtain, which can be written as:

<u; (k) |V)‘ ‘UI (k+q)>

n(0 — — i+ A(k) (k)
o Ak et - fgak) = i(Ya +78) Na(pr) = Zk: Tp % + % -I'p % - %
1B 1 B (k) (K
Fol 5+ 58" | ~Tol 555" )| e S o) (s2)
(S21) i
=3 Frlea + hQ — ) () u®). (s23)
where 52%) = (iegc/)ﬁ + Yay8 —i,u)‘) and I'p(-) is the k

Digamma function.

For the sake of simplicity, suppose identical reservoirs
with chemical potential u, and temperature 6, are con-
nected at every site of the superconductors with elec-
tronic tunneling amplitude w,, then in the limit w, — 0,

This allows us to calculate the average of the supercur-
rent operator within this density matrix. If Hg(t) is the
Hamiltonian that contains both the driven superconduc-
) : : tors (with a phase difference of ¢), linked via tunneling
Yo R Tprwy Y g (ua’|ua”), pr being the density of states  (except the connections to the reservoir), then the su-

of the reservoir. In this limit, n((fﬁ) R Nadapdqo + O7), percurrent operator is defined as Js = O0¢Hs, and its



average in the density matrix is then

{Js)(ur,t) (524)

= Z Ne (Nr)<ua(t)|a¢HS‘u0‘(t)>'

Using the relation Hsl|uq(t)) = (€q + i0¢)|ua(t)), where
€q are the quasienergies of the full system, we observe

T
= / dt{ua (1)) (99 Hs ) ua (1))

= %/0 <Ua(t)|3¢ (H5|ua(t)>) — <Ua(t)|H3|a¢ua(t)>

= a¢6a. (825)

The time-averaged expectation value of current operator
can then be written as:

Tur) = (Wsh) = 7 [ s = 3 nalp)ce
(S26)

where the occupation probabilities are given by the
Eq. - Fig. E 53| shows a comparison of using this
simplified current expression with the tight-binding com-
putation of current Sec. [V} demonstrating a reasonable
match between the two methods.

Quantize difference in the occupation of FMF

Further simplification can be made for large system
sizes when the contribution to the supercurrent is pre-
dominantly from the Floquet Majorana bound state
(FMF) modes (see Fig:[4)). The quasi-energy of FMF's lo-
calized at the junction is given by e, = (€, +€%d;), e =
—€q, for zero FMF ¢, = 0, for m-FMF ¢, = Q/2, In ei-
ther of these cases one writes the time averages current

(Eq. (S26)) as

J(pr) = (nea (ur)%q5 + e, (ur)8€a>

96
— (e, (1) — 1 (1) %7
= () 52 (s27)

Here nc, (pr), ne, (1r) are the occupations for e,,es
states respectively, at chemical potential pu,.. The
summed difference of occupation probability differences
between quasienergy levels €, and eg, at finite tempera-
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ture, is given by

N
Vo = A}gnoo (ne, (pr + KQ) — e, (pur + £Q))
k=—oc0
o] N
— (m (m) — —
= m;m< [u§™) Jim ; [folea +mQ = = k)
~ fol—ea = m9 ~ iy~ KQ)|
o] N—m
= Z <u‘(XM)|ugm)>{ Z [fr(ea — pr — kS2)
m=—0o0 k=—c0
- fr(_foz - My = kQ):|
N—o00
N+m
- Z fr(_ea _ﬂr_kﬂ)}
k=N-m+1

For sufficiently large N, each summand of the second
term is one. Thus, we have

[ee]
V§=—2 Z

(ul™ |ul™)

N—m
+ lim Z [rea = pir = K9) = fo(—ea — pr = k)]
(S28)

The first term:

oo . T
m m — Z

Pa= 30 mulut) = 5 [ dttua i)
(S29)

Using the particle-hole anti-symmetry, where an opera-
tor follows, {I', H(t) — i0;} = 0 (the operator contains

a complex conjugation, i.e, Ii['~! = —i), one writes,
[ua(t)) = Tlua(t)), implying, |uf’) = Dlu& ™) (where
€a = —€q), and

Now, using Eq. (S42), we write,
1 (T
D, = % dt(ua ()| (H(t) — €a)|ua(t))
1 T €q

5 dt<ua(t)\H(t)lua(t)> - (S31)

27r

So, the summed occupation difference now reads as

=1 "t ua () HOlua(0) + Jim
N—m
Z {fr(ea - My — kQ) — fr(—'fa — Uy — kQ):|
k=—0c0

(S32)
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FIG. S3. Josephson current calculated from the correla-

tion function (red) and the occupation of quasi-energy modes
(black), where the reservoir is connected to every site of each
superconductor (in this case, occupation is given by the 6—
function), vs. phase difference for system sizes 25 and 65.

For the FMF's, the middle term vanishes, which we can
show in the following section. In the limit of large sys-
tem size, the FMF states are simply superpositions of
two unpaired FMF states; these two FMF states are lo-
calized at the two ends of a single superconductor. These
particle-hole symmetric states |u;(t)) and |us(¢)), follows
lui(t)) = Tluy(t)) and |ua(t)) = Tlug(t)). We construct
two orthogonal states as their linear combinations, as

ua(t)) =
ua(t)) =

7(Iul( )) + aluz(t)))

(lur (£)) + a|ua(t))) (S33)

S5l

with the normalization conditions (u(t)|us(t)) = 1,
(ua(®)|ua(t)) = 1 and (un(t)|ug(t)) = 0, for Floquet
modes one gets |a|* = —1, implying o = +i, with this
construction,

(ua(t)|H
+ <U2

(0)|ua(t)) = (ur (£) | H (£)[u
(O)H (8)[uz(t)) + 2Refor(uy

®))

(t)[H (t)|u2(t))]
(S34)

The first two terms are zero as the {H (¢),I'} = 0, and the
third term vanishes at large system sizes as the Hamilto-
nian is local and the two states are localized at the two
ends of the chain. So we arrive at

N—m

2€4
o (S35)

Now, at a small temperature 6, < ¢, for the 0-FMFs,
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€a = —0g, tp =0, Eq. (S35) can be written as:

2§ N—m
F_ _ 29 ; 5 — _ —
v = =22+ Jim k; [1o(=05 = kQ) = £,(6 = k)]
26
:7#+ {fr( )7]“7“(5(])}
20y oy
=2 h<29r) (536)
Similarly for the m-FMFs, ¢, = —Q/2+ 5, up = —Q/2,
Eq. (S35) can be written as:
—Q+2, . &
F_ o —
R A
— (= —(k+ 1)9)} +1
20
= 5+ [0 = £o(=0)
_ % S
=3 tanh (2&) . (S37)

C. Correlation and bond-current

We define the elements of the correlation matrix, be-
tween two sites x and 7/, as

N (8) = (WL () Ware (1))

’
Lead average

where 7, ' are indices for the Nambu (particle-hole) ba-
sis. In terms of the Floquet Green’s functions from the
preceding section, we write the time-averaged correlation
as

Xan,z'n' = / thamxn(t)
= G (w)VAGTH) A

Z/dw WDVEOW) ),

(S39)

where V* = V MpAV2. Using the form of the Floquet
Green’s functions, Eq. (S10]), the correlation function can
be further simplified, at zero temperature limit, as

log zZimta) log zim
— j : «a B
le"?7$/77/ = ( Z(m+q) B Z(m) <$ n |u(q+k)>
AgaBkm o 8

(@l VG,
Here Z = €n + kQ — pup with €& = (64 £ i74).

Now, we proceed to derive an expression of bond-
current that we use for numerical computation. If w is
the hopping amplitude for electron between site x and
z’, then the hopping Hamiltonian, in the BdG basis is
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FIG. S4. Variation in quasi-energy gaps vs. system size, the
gaps are computed (I) from the fitting of Josephson current
(using fitting function J(Q/2) = (ws/2)?sin ¢ Es(¢), where
E;j(¢) = /w? cos? ¢+ E2 and Ejp is the energy splitting of
Majorana bound states in the absence of junction), (II) from
the quasi-energies of the full system computed by the evolu-
tion operator and (III) from the Floquet perturbation theory,
Appendix D and Ref. [80L

written as har—a(t) = >, %w\PT(t)mT;n,\Il(t)m/nr +h.c.,
where 77 is the Pauli matrix in particle-hole space.
The electronic bond current operator can then be

defined as Jp_, = % , where h(t,{) =
=0

>y swe W ()77 U (t) gy + hic.. Lead and time
averaged bond current from site x’ to site z, is then de-
fined as

ja:’%z = — Zlm [WT;n’X:rn,w’n’] . (840)
nm

This is the expression we use to calculate the Josephson
current numerically, where x and «’ are the last and first
sites of the left and right superconductors, respectively,
which, in our numerical simulation, are linked by a hop-
ping amplitude w.

Numerical results at finite temperature

The results for the zero-temperature case are shown in
the main text. We plot the Josephson current at finite
temperature in Fig. [S2h. According to Fig. [S2p, the dif-
ference in the occupation of O-FMF changes depending
on the temperature. Comparison of the occupation dif-
ference determined analytically and numerically in inset

of Fig. [SZh.

D. Floquet perturbation in the extended-zone

The Shrédinger’s equation of any periodically driven
Hamiltonian H (t) is given as

i0:[Wa(t)) = H(t)|Wa(t)), (541)
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where |U,(t)) = e “|uy(t)), with quasienergy e,
and the time-periodic Floquet-state |uq(t)). The
Shrodinger’s equation in terms of the Floquet states reads

(H(t) — i0p)|ua (b)) = €alua(t)). (542)
In the Fourier-space the above can be written as
= (5nan - H(”*”)) @) = eoul™),  (943)

p

The left-hand side matrix is the (static) extended-zone
(EZ) Hamiltonian. The eigen-energies of this Hamilto-
nian are periodic, with the driving frequency’s period
Q) = 27 /T, and the n-th floquet zone is defined as n{)— %
to nQ) + % The energy ¢, + m§2 that lives in the mth
Floquet zone corresponds to an eigenvector, which is a
column vector of the form:

&™)
) = | [ud*™) (S44)
&™)

For a driven topological superconductor, if it hosts 0-
FMF, there are nearly-degenerate states (at the two
edges of the wire) at energy n) of the above EZ Hamil-
tonian, whereas, if it hosts 7-FMF, there are degenerate
states at the boundary of the Floquet zones (i.e, at ener-
gies (n 4+ 1/2)Q2 of the EZ Hamiltonian).

When there are two such driven topological supercon-
ductors, the spectrum of the net EZ Hamiltonian con-
tains four edge-states (in the limit of large sizes of the
superconductors), two at the far ends of the supercon-
ductors and two at the junction of the SC’s. In presence
of a weak tunnel coupling between the superconductors,
one can the perform a degenerate perturbation theory in
obtaining a gap between the Majoranas that live at the
junction. We plot this perturbative result of the gap in
Fig. and compare with numerical result.

E. 0-FMF case

In the Fig. (S5) we summarize numerical results for
the case of a parameters when we have 0-FMF.
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FIG. S5. (a) Quasienergy spectrum of the driven Kitaev model of N = 105 sites, highlighting edge modes (colored red). Here
parameters are A = 0.5, w = 0.5, po = 4.75, pqg = 1.25. At the time period T' = 1.45455, there are two 0-FMF, which
contribute maximally to the Josephson current. (b) Quasienergy gap of 0-FMF localized at end of an uncoupled driven Kitaev
chain as a function of the length of the chain (IV sites). When 6 < @; (@ is defined in the main text, for the parameter
range of the plot, Wy ~ 0.2w,), the Josephson current between two such superconductor, J, is linearly proportional to the w..
The grayscale color of the circles at each system size indicates the fitting J o w?. In the inset we show, in solid line, how &
varies with system size, which is of the same order of do (dashed line) for 6 > wy. wy = 10~ and other parameters are the
same as in Fig (a). (c) Current phase relation for various system sizes. For the larger system size the current shows a sharper
jump at 7 phase difference same as #— Majorana case, a hallmark signature of Majorana fermions. In this limit the Josephson
current is linearly proportional to the w; (shown in the inset). Time period of driving T = 1.45454 and the chemical potential
of the external reservoir is set at p, = . (d) Validity of sum-rule for zero 0- case, in presence of static disorder characterized
by disorder strength D. The summed current is compared with the numerically obtained value using non-equilibrium Green’s
function method (marked as NEGF), which shows robustness of the sum-rule in this case as well. In the inset we show that

the dominant contribution comes from g, = n{2 with n = 1, where we show how fO% |(J(pr = nQ))|de as a function of n.
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