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Electromagnetic coupling and transport in a topological insulator-graphene hetero-structure
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The electromagnetic coupling between hetero-structures made of different materials is of great interest, both
from the perspective of discovering new phenomena, as well as for its potential applications in novel devices. In
this work, we study the electromagnetic coupling of a hetero-structure made of a topological insulator (TI) slab
and a single graphene layer, where the later presents a diluted concentration of ionized impurities. We explore
the topological effects of the magneto-electric polarizability (MEP) of the TI, as well as its relative dielectric
permittivity on the electrical conductivity in graphene at low but finite temperatures.

I. INTRODUCTION

As stated by the great Aristotle more than 2000 years ago
in his work Metaphysics[1] “To return to the difficulty which
has been stated with respect both to definitions and to num-
bers, what is the cause of their unity? In the case of all things
which have several parts and in which the totality is not, as
it were, a mere heap, but the whole is something beside the
parts, there is a cause; for even in bodies contact is the cause
of unity in some cases, and in others viscosity or some other
such quality.” The combination of different materials in the
form of hetero-structures[2] is our modern quest to search for
novel properties that emerge beyond the trivial superposition
of those of their individual parts. This search is of great in-
terest not only from a fundamental perspective, since exciting
new phenomena may be observed, but also to engineer ma-
terials for applications in novel devices. Among the different
emerging phenomena in hetero-structures, electromagnetic ef-
fects are highly relevant for the transmission and storage of
energy and information. In this context, the control of elec-
tronic transport properties is of fundamental importance.

The discovery of novel materials with non-trivial topolog-
ical properties [3], such as topological insulators (TIs) [4],
Dirac and Weyl semimetals [5], has introduced a plethora of
new phenomenology. In particular, the existence of gapless
edge (in 2D TIs) or surface (in 3D TIs) pseudo-relativistic chi-
ral states [6] makes them excellent potential candidates for ap-
plications in quantum information technologies and thermo-
electrics [7]. In addition, the so-called magneto-electric po-
larizability (MEP) [8, 9] that locally modifies the constitutive
relations between the electromagnetic fields in TIs, provides
new opportunities to control the magnetoelectric response in
such systems. Even though these effects have been exten-
sively studied in individual topological materials, their elec-
tromagnetic coupling when integrated into hetero-structures
remains a vast territory for further exploration [10, 11].

In this work, we consider a hetero-structure composed of a
TI slab and a single graphene layer, as depicted in Fig. 1. We
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further assume that a diluted concentration of ionized impu-
rities is present in the graphene monolayer. The presence of
such charged impurities will induce a local distortion of the
charge density of the 2D electron gas, leading to a non-trivial
electromagnetic coupling between the TI and the graphene
monolayer in the heterostructure. As a probe of this cou-
pling, we further studied the electrical conductivity as a func-
tion of temperature, by including the scattering effects with
the local electromagnetic field configuration via the Kubo lin-
ear response formalism [12-14]. We applied our theoreti-
cal results to model the electromagnetic coupling in hetero-
structures made of different TIs (PbTe, BiyTes, PbSe, PbS,
BisSes, TIBiSey, TbPO,4). Our analytical and numerical re-
sults suggest that, among the properties of the TIs, the dielec-
tric permittivity €; is the most relevant at tuning the electronic
transport in the coupled graphene monolayer. On the other
hand, we also observed that the topological effects arising
from the presence of the MEP coefficient 6 are comparatively
very small even at zero temperature.

FIG. 1. Pictorial representation of the system. A hetero-structure
composed by a TI slab (with material properties €1, 111, and 61) and
a graphene monolayer. The two materials are separated by a distance
zo. A diluted concentration of ionized impurities is present in the
graphene monolayer.

II. ELECTROMAGNETIC RESPONSE OF THE TI

The effective field theory governing the electromagnetic re-
sponse of topological insulators, independently of the micro-
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scopic details, is defined by the action (in SI units) [8]:

S = /d4 { [eE? — (1/,,L)BQ]+W\/§9E B}

D

where o = e?/(4meghc) ~ 1/137 is the fine structure con-
stant, € and p are the permittivity and permeability of the ma-
terial, respectively, and 6 is the topological magnetoelectric
polarizability (MEP) or axion field. The coupling between the
gauge field and the free sources is introduced as usual. TR
symmetry indicates that § = 0,7 (mod 27), and hence the
f-term in the action of Eq. (1) has no effect on Maxwell equa-
tions in the bulk. The nontrivial topological property, a surface
half-integer quantum Hall effect, manifests only when a TR-
breaking perturbation is induced on the surface to gap the sur-
face states, thereby converting the material into a full insula-
tor. This can be achieved by introducing magnetic dopants to
the surface [15] or by the application of an external static mag-
netic field [16]. In this situation, # is quantized in odd integer
values of 7, where the magnitude and sign of the multiple is
controlled by the strength and direction of the TR-breaking
perturbation.

The field equations arising from the theory of Eq. (1) are
those of Maxwell electrodynamics in a medium with the mod-
ified constitutive relations [8]
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The 6-dependent term in each constitutive equation en-
codes the most salient feature of this theory: the topologi-
cal magneto-electric effect, where an electric field can induce
a magnetic polarization and a magnetic field can induce an
electric polarization [9].

The general solution to the field equations can be expressed
in terms of an indexed Green’s function G/, which satis-
fies the field equations for a point-like source and appropriate
boundary conditions, namely,

At (r) = / G* (r,r") JV (x)) d®r/, 3)
\4

where r and r’ are the coordinates of the field-observation
and the source, respectively. Here, A* = (®/c,A) is the
four-potential and J* = (pc,J) is the four-current density.
The exact form of the indexed Green function depends on
the geometry configuration of the problem. For example, ex-
plicit expressions for the problem of two topologically insu-
lating media separated by a planar interface can be found in
Refs. [17, 18]. The corresponding expressions for a spheri-
cal interface is reported in Refs. [10, 19], and the results for a
cylindrial interface have been reported in Ref. [20]. The full
expressions are not illuminating at all, so here we just con-
centrate in the problem at hand, where the source is purely
electric, i.e. we take J¢ = 0.

Let us consider the particular configuration depicted in Fig.
2. The half-space z < 0 is occupied by a topological insulator
with a dielectric constant €1, a magnetic permeability 1, and

€1, M1, 91 €2, M2, 62

z=0

FIG. 2. Charge density p(r) near to a planar surface

MEP 6,, while the half-space z > 0 is occupied by a material
(topologically trivial or not) with a dielectric constant €o, a
magnetic permeability po, and MEP 5. A charge distribution
p(r) is placed in the region z > 0, as shown in Fig. 2. The
electric potential becomes

/grr "3y, 4)

where the corresponding Green function (i.e. the 00-
component of the indexed Green’s function), for z > 0, is

1 1 K
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The magnetic response, which is purely topological since

the source is electric, is determined by the Oi-components of
the indexed Green’s function. One obtains

/ G(r,r) " d3r, @)
where the corresponding Green’s vector, for z > 0, is
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As expected, in the non-topological limit §; — 65 we get
A = 0 and g = 0, since the topological magnetoelectricity
disappears. Besides, k — (€2 — €1)/(€e2 + €1), which is the
usual electrostatic result. As a consistency check one can fur-
ther verify the image magnetic monopole effect of topological
insulators [21]: for a poinlike charge of strength ¢ at zg, the
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electric field can be interpreted in terms of the original charge
plus an image charge of strength «q at —zp, and the mag-
netic field can be interpreted as that of a magnetic monopole
of strength qg at —z.

In the next section we apply the above results to the elec-
tronic density distribution that represents the physical config-
uration depicted in Fig. 1.

III. ELECTRONIC RESPONSE DUE TO THE IONIZED
IMPURITY IN THE GRAPHENE MONOLAYER

In this section, we shall present the effective continuum
model, in coordinate space, to account for the electromagnetic
effects of a single charged impurity in the monolayer graphene
located at a distance z( from the surface of a planar topolog-
ical insulator, as shown in Fig. 1. Let us assume that the un-
perturbed uniform electron gas density in the graphene mono-
layer is pg = (—e)n,, with n. = N/A the free carrier density.
If the ionized impurity has a charge @), and is localized at the
point r, it will contribute to the total charge density with a
delta distribution QJ(r — rp). In response to this charge, the
2D electron gas in the graphene monolayer will redistribute
itself in order to screen it, leading to a small local deviation
from the uniform charge density p(r) — po = py (r). After
a standard many-body treatment of the 2D electron gas via
the random phase approximation (RPA), such screening can
be well captured in the static regime via the Thomas-Fermi
model [22], that leads to a Yukawa density distribution in co-
ordinate space,

—|r—ro|/lo
pe(r) = Qo(r — o) — -2 ©

Here, the inverse screening length [ !'is given by the
Thomas-Fermi wave-vector grr, defined by [22]

2me?

qTF = D(ep), (11)

€2

where we have defined the density of states at the Fermi level
er = hvpkg,

d2 k 2 (S
D(e :4/ 0 (hvgk — eg) = ————. (12)
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Finally, by using the definition of the Fermi wave-vector in
mono-layer graphene as a function of the free carrier density
e

kr = /7N, (13)
we obtain from Eq. (11) and Eq. (12) that the Yukawa-

screening length is given by

_ e? /T N
It =qe =4— ) (14)
€2 h’UF

As discussed in the previous section, the presence of this lo-
cal deviation py (r) in the charge density will act as a source
to generate an electromagnetic response at the T1, in the form

of scalar ®(r) and vector potentials A (r), respectively. These
electromagnetic potentials will exist not only at the TI itself,
but also at the graphene monolayer, thus generating an elec-
tromagnetic coupling between the two materials that consti-
tute the hetero-structure.

To compute the electromagnetic potentials we use the the-
ory discussed in the previous Section. We leave the details of
the technical calculations to the Appendix A and we present
here only the final results. For definiteness we evaluate the
potentials at z = 2y, which is the position of the graphene
monolayer as measured from the TI surface. So, we take
r = p+ zpe.. We first compute the scalar potential ®(r),
which is given by Eq. (4) with the Green’s function given by
Eq. (5), with the charge density py(r) of Eq. (10). The final
result is

_ Q|1 K RO
®(p) = e, [pﬂt RGN Ay (p)

where we have defined the functions (for j = 0, 1)
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The mathematical details of the derivation of these func-
tions are presented in the Appendix A. This result can be in-
terpreted as follows. The first term corresponds to the poten-
tial due to the original ionized impurity of charge @ at z.
The second term is due to the image of the ionized impurity,
of strength k(@ localized at the image point —zy. The third

term A((JO) (p) corresponds to the electrostatic potential on the
monolayer graphene due to the electronic cloud described by

the Yukawa term in Eq. (10), and the last term, HAEO) (p), is
the image of such electronic cloud. Figure 3 shows the behav-
ior of the scalar potential of Eq. (15) with zy = 1.42A4, as a
function of p/ag, where ag = 2.46A is the lattice constant of
graphene.

We now evaluate the vector potential A (r), which is given
by Eq. (7) with the vector Green’s function of Eq. (8) and the
charge density py(r) of Eq. (10). After some manipulations,
fully discussed in the Appendix A, we get

(v) _ — k(220
A (p) = Br=).(16)

A(p) = Asalp) - 6 AD(p), ()

where the first term A, (r) is exactly the Schwinger’s vector
potential of a straight vortex line or Dirac string over the z
axis

e 2z
Asan(p) = Qg & ll _ 0

41 P p2 + (220)2‘| ? (18)

which describes a magnetic monopole of strength Qg at
the image point —zp. The second term, proportional to
€y Agl)(p), corresponds to the magnetic response due to the
electronic cloud described by the Yukawa term.

Applying our previous explicit results for the electromag-
netic response of the TI, we will study the electrical conduc-
tivity in the coupled graphene monolayer. For this purpose,
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FIG. 3. Scalar potential of Eq. (15) with zo = 1.42A4, as a function of p/ao, where agp = 2.46A is the lattice constant of the graphene. The
panels are constructed for several values of grr and 6, and we assumed zo = 1.42A.

we first need to analyze the scattering mechanism experienced
by the massless Dirac fermions in the graphene monolayer,
due to the presence of the local electromagnetic fields result-
ing from this coupling, which is the subject of the next section.

IV. SCATTERING ANALYSIS AND PHASE SHIFT

In this section, we shall analyze the scattering mecha-
nism experienced by massless Dirac fermions in the graphene
monolayer coupled to the planar TI, as shown in the hetero-
structure depicted by Fig. 1. As discussed in the previous
section, the electromagnetic coupling between the TI and the
graphene monolayer in the presence of ionized impurities,
will generate a local electromagnetic field characterized by
the scalar and vector potential ®(r) and A(r), as given by

Eq. (15) and Eq. (17), respectively. Therefore, the dynamics
of the charge carriers is determined by the effective Hamilto-
nian (with the minimal coupling prescription):

H® = ¢vpo - [p— gA(r)] + q@(r)], (19)

where £ = +1 is the valley index for each of the Dirac K
points, vg is the Fermi velocity, and ¢ = Fe is the fermion’s
electric charge (electrons or holes depending on the sign of
the chemical potential).

As seen in Eq. (15) and Eq. (17), the electromagnetic fields
generated by the coupling decay at long distances with respect
to the position of the impurity. Therefore, we can apply the
standard assumptions in scattering theory, i.e. that incident
fermions far from the impurity are described by asymptoti-
cally free particle states, with momentum k, and band index



A. In polar coordinates, those are given by the bi-spinors

—_ W _L 1 ik~x_i 1 ikr cos ¢
(xftnes) = 0 = = [} x = [ teress,

with energy
£ = Mehk|. @1

Now, it is convenient to use the identity

oo

> ime ™ g, (kr), (22)

m=—o0

eikr cos¢p _

in order to expand the incident spinor into angular momentum
channels m € Z

(kr)eim?

(>\)
i \f Z [Z)‘Jm+1( kr)el(m+1)

4 . (23)

Due to the azymuthal symmetry of the system, we can also
expand the angular dependence of the eigenspinor of the full

J

Jmt1(kr) 2hve Jo

 Xeirk /“ P Jon (k) HSY (k')
QFLUF r

and for r > a we have

il [ i) ]

2h’UF

which we label as internal and external solutions, respec-
tively.

16, (K)

e sin 0., (k) =

/\fﬂk
4h’UF / d

so that the spinor [, ('), gm(r')]" is given by the internal
solution (because it is the region that produced the scattering).

V. RELAXATION TIME AND ELECTRICAL
CONDUCTIVITY

In order to compute the microscopic transport coefficients,
we define the quantum operators, related to the particle, en-

[fm(r)] _ { T (k7) } _Xirk [T {Jm(kr VHD (k1) Ty (K )Hm(kr)] { e®(r)

T (k' YHS,y (k1) T (kY HY, ()

T (krYHD (k') Ty (kr)H.

ik / i {Jm(kﬂ)Hﬁ)(/ﬁT)

T (kr' VS (kr) [ e®(r')
Ton (ke YH (k) Ty (k)Y (kr)

k') T (k)]

Hamiltonian into angular momentum channels

(x| W) = W (x)

3 krjem? 24
Z 1)\gm kr) im+1s | 29

where the radial dependence is implicit in the functions
fm(kr) and g, (kr), that are yet to be determined, as we show
in Appendix B. From the Lippmann-Schwinger formalism in
terms of the retarded and advanced Green’s functions, the fi-
nal asymptotic states can also be decomposed into angular-
momentum channels. To do so, we consider that the electro-
magnetic potential possesses a compact support, i.e. it decays
with a characteristic distance a, so that for » > a the interac-
tion potential becomes negligible. Then, the eigenspinors can
be found from the following self-consistent integral equations:

—/\équA(T’)] {fm(r/)}

—XqurA(r')  e®(r) gm (1)
Jimi1 (kr)HS (k') ed(r')  —AequeA(r)] [fm (1))
;,1+1<krf>] ey eain | i) 2

VA f/\fevFA(T')} {fm(r')y

ed(r) gm(r')
(26)

From the above states, the so-called phase shift d,,, is easily
computed from the external solution (because it carries the
scattering information) as

q®(r')

q®(r') gm (1)

(

ergy and heat currents, respectively:

j = Z Vpﬁpav (28)
po
iE = Vppoiipa, (29)

po



jQ = Z Vp (Epo — 1) Nipo, (30)
po

where for a particle with momentum p and spin o, we identify
vp as the group velocity, 7ip, as the particle number density
operator, £, as the energy, and p as the chemical potential
of the system. The corresponding macroscopic observed cur-
rents are given by the ensemble average of the above opera-

tors, i.e.,
J= <J> : 3la)

Jp = <.]E> (31b)

Jo = (o). (31c)

As is shown in Appendix C1, the currents are coupled
to the temperature and electrochemical potential gradients
through the so-called Onsager’s coefficients, which in tensor
notation take the form[23]:

J= 7%f(11> V(p+eV)+ T2y <;,> , (322)
Jg = _%T)@l) V(p+eV)+ L.y (;) . (32b)

Here T is the system’s temperature and V' the external bias
voltage that triggers the electric current. Then, the electrical
conductivity tensor is found by imposing the isothermal con-
dition VI' =0

2
o = i (11
=7 , (33)

the thermal conductivity tensor is defined by J = 0

(?(22) _pen. [?(11)}*1 . ?(12)) G4

1
oL

T2

and the Seebeck coefficient or thermopower is given by

1 -1
S = [E } L . (35)

(&

The connection of the Onsager’s coefficients with the mi-
croscopic dynamical variables is given by the Kubo’s linear
response theory. In the Appendix C2 we show that for the
particle current operator

19 (0) = €op ) (x|, (36)
and the heat current operator
3§ () = €or(H — 1) [x)or (x] (37
given the thermal equilibrium density operator
e[ ()]
Po = - )
Te [exp [ -5 (A5 - )

(38)

the Onsager’s coefficients take the form[24]

00 B R A
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These expressions are reduced to a more explicit form by
introducing the spectral density function [12]

A (x,x'; F)

d2k , ,
=27 ;/ (QT)Q\I’A,kH (X) ® \Il;,ku (X )6 (E B gli\\\f) ’
(40)

and its relationship with the retarded and advanced Green’s
functions:

ANy B) =1 (G (ks ) — (GXE (R B) |, @)

so that, for instance, the coefficient L takes the form:

[e3%
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where fo(E,T) = (1 + exp[(E — p)/kT])"" is the Fermi-
Dirac distribution.

By following Ref. [12] (see Appendix C 3 for details) it is
possible to include vertex corrections to the formalism. For
that purpose, one of the k factors is replaced by the vertex
correction I'ra (k| , E), that satisfies the Bethe-Salpeter equa-
tion (see Fig. 4):

(11)
B

Tra(k), E) =k
kol / ! - 2 ’
e | 25 00 (RN ot
(43)

where TIE,)“IE)H is the T-matrix operator.

Therefore, when vertex corrections are incorporated then
Eq. (42) (as well as the other coefficients) is modified as

AT [ dfo(E)
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FIG. 4. The Bethe-Salpeter integral equation for the vertex function
FRA (k) .
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Following Ref. [12], as is shown in Appendix C 3, by con-
sidering the general form I'ra(k|, E) = v(k|, E)k||, the re-
laxation time can be introduced with the relation

Tl(k}:)

hp) = —— 47
v(kr) P 47)
where we defined (for cos ¢’ = k| - k’H/kﬁ)
1
Tl(kl:)

2 1my
_ LmT p/ ” kf\‘i)” cosqS’ 6(hvpkp—hvpkr"|).
(48)

so that, by following Ref. [12] the total transport relaxation
time is defined by

1 1 1
49
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which can be expressed in terms of the scattering phase shifts
Om (k) of Eq. (27) as

1 2NimpUR
Tir (KE) kg

> sin® [6n(ke) — 61 (ke)] . (50)
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With all these ingredients, as is computed in Ap-
pendixes C4 and C 5, the electrical conductivity is

022(T) =4 (f) kv 7y (kp)

I{J T hkF’UF
[14—2 vy In <1+exp {— T ])} ,

61V

and the thermal conductivity and the Seebeck coefficient are,
respectively, given by

Faa(T) = —

212 (kT
W(;) Tu(kr)

AEhvpkp
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VI. RESULTS AND DISCUSSION

In the following, we set the Fermi velocity in graphene
as vp = 10" As~ !, the chiral and band indexes as & = 1,
and A = 1, and the distance between the TI surface and the
graphene monolayer as zo = 1.424. As a function of the free
carrier density in grapgene n., we obtain the Fermi kg, and the
Thomas-Fermi grg wave-vectors as defined by Eq. (13) and
Eq. (14), respectively, and the corresponding Yukawa screen-
ing length [y = qTF Moreover, for a monovalent ionic im-
purity the charge () = +e, all the magnetic permeabilities
are fixed to unity, and the relative dielectric permittivity ez is
taken as 6.9, corresponding to graphene for which we assume
02 = 0.

A. The role of the MEP 6,

To test the impact of the topological component, repre-
sented by the MEP parameter #;, on the electromagnetic
coupling between the TI and the massless Dirac fermions
in graphene, we compute the electrical conductivity from
Eq. (51) for two different materials: TIBiSeo, and TbPO,.
Those materials are characterized by the parameters displayed
in Table I, where 0 = ab, /7.

Figure 5 shows the electrical conductivity in the graphene
monolayer (with a carrier density n, = 10'2m~2) computed



Material € 0 Ref.
TIBiSe> 4 lla [25]
TbPO4 3.5 0.22 [26]

TABLE 1. Material constants for TIBiSe2, and TbPOy4.

from Eq. (51) when the TI slab is made of TIBiSe.. To elu-
cidate the impact of the topological MEP terms, we imple-
mented the cases § = 0 and § = 11q, as Table I indicates. As
can be noticed, the topological effects are negligible even for
low temperatures, where the residual conductivity is modified
just by a factor ~ 0.01%.
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FIG. 5. Electrical conductivity in the graphene monolayer o, as
a function of temperature. Each curve corresponds to a T1BiSes TI
slab, with and without the contribution from the MEP term. The inset
is included to appreciate the small deviations at low-temperatures.
The impurity concentration is taken as nimp = 10"m™2.

When the carrier density is increased to n, = 10"m =2, the
picture doesn’t change: as is depicted in Fig. 6, the effect of
the topological MEP term remains small. Nevertheless, the
electrical conductivity remains essentially constant for tem-
peratures up to 300K, and therefore the (small) effects of the
topological MEP terms remain present at room temperature.
The same behavior is found for TbPQOy, i.e., the effects of the
topological MEP 6-terms on the electrical conductivity remain
very small, on the order of 0.1%.

In order to understand the effects of the MEP terms, let us
analyze Fig. 3 where the panels are constructed for several
values of the Thomas-Fermi wavevector grg and the MEP 6.
As can be appreciated, the topological effects are sensitive to
the value of ¢rg, which implies that the integration regions for
the Eqgs. (25)-(27) need to be carefully fixed for each window
of parameters. For instance, Fig. 3 implies that the scalar po-
tential is negligible for p 2 40ag. To have an insight into
these results in terms of the intrinsic graphene parameters, the
Thomas-Fermi wavevector ¢rg can be calculated as a function
of the corresponding free carrier density n.. Therefore, by
following Eq. (14) we choose the four cases

n® =32.10%m™ 2, n® =3.2x10"m?
n® =3.2x10"m™2, @ =32x10"m™2, (54)

where the super-indexes (a)-(d) correspond to the panels in
Figs. 3 (a)-(d), respectively. Note that despite the hierarchy
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FIG. 6. Electrical conductivity in the graphene monolayer o,
(scaled by a factor of 10~%) as a function of the dimensionless tem-
perature kgT'/vrhkr. Each curve corresponds to a slab made of
TIBiSe> with and without the contribution from the MEP. The inset
is included to appreciate the small deviations at low-temperatures,
and the arrows indicate the absolute temperature 7' = 300K. The
impurity concentration is taken as nimp = 10'?m™2.

and deviations between the magnitude of the potential as a
function of # remain, for higher carrier densities the topolog-
ical effects contribute to a slower decay of the potential, that
then sustains finite values at longer distances (see Fig. 3-(d)).
Moreover, as seen in the same figure the potential develops a
second maxima, that can be attributed to the contribution aris-
ing from the MEP topological term. This effect implies that
the topological terms are comparatively less screened than the
trivial ones. Nevertheless, it is important to point out that the
state-of-the-art estimations for the value of 6 suggest that it is
small (see Table I). Hence, as Fig. 3 shows, the topological
contribution to the electromagnetic coupling can be neglected
unless the TI material satisfies 6§ > 137x7. The later scenario
is shown Fig. 7 where we plot the electrical conductivity for

an hypothetical material with # = 3 and a dielectric constant
close to graphene. In this case, even at room temperature the
topological effects are considerable so that the electrical con-
duction in the sample is enhanced. Additionally, as in the case
of realistic MEP’s values, if the graphene carrier density is in-
creased, the topological effects can be differentiated from the
trivial ones up to room temperature. In contrast, for low n.,
the topological MEP terms induce appreciable deviations only
at low temperatures.

B. The role of ¢;

An essential characteristic of the scalar potential of Eq. (15)
is its dependence on the dielectric constant through the « fac-
tor in Eq. (6). In particular, by ignoring the topological param-
eters 6, the combination (€3 —€1) /(€2 + €1) can be understood
as an effective image charge located at the slab. Therefore, we
present the change in the conductivity as a function of this
image charge when the relative permittivity e, is fixed as the
graphene one.

Figure 8 shows the electrical conductivity o,.(k = kF)
computed from Eq. (51), as a function of temperature for
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FIG. 7. Graphene’s electrical conductivity o, (scaled by a factor
of 1075) as a function of the dimensionless temperature ks T’/ vrfike.
Each curve corresponds to a slab made of an hypothetical material
with €nyp. ™ €graphene. The arrow indicates the absolute temperature
T = 300K. The impurity concentration is taken as nim, = 10"2m™2.

| Material | €r [ Ref. ‘
PbTe 414 [27, 28]
BisTes 290 [29, 30]
PbSe 210 [31, 32]
PbS 169 [33, 34]
BizSes 113 [30, 35]

TABLE II. Relative dielectric permittivity e, for several topological
insulators.

graphene when it is close to different TI materials. Here, due
to the results of Sec. VI A, we ignore the MEP 6. In order
to reproduce the curves for actual materials, we follow the
data of Table II where the relative permittivities of the TIs are
presented. As can be noticed, at higher TI permittivities the
electrical conductivity decreases, consistent with the presence
of a strong image charge that considerably modifies the free
carrier mobility in graphene.

140t Pi)T . BjQTe; - - 'PbSe
=" 120.‘—'PbS—Bi2803 /
i e = 102m2
£ 100 _ e
o[RS

FIG. 8. Electrical conductivity of graphene o, as a function of tem-
perature for n. = 10"*m~2. Each curve corresponds to different
materials for the slab. The relative permittivity e, of each TI is shown
in Table II. The arrow points the direction in which €, increases. The
impurity concentration is taken as nimp = 102m—2.

A similar situation is found when the slab material is

| Material | €r [ Ref. |
Si 11.9 [36, 37]
GaAs 13.18 [38, 39]
nSb 17.6 [40, 41]

TABLE III. Relative dielectric permittivity €, for several semicon-
ductors.
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FIG. 9. Electrical conductivity of graphene as a function of tempera-
ture. Each curve corresponds to different materials for the slab. The
relative permittivity of the materials is shown in Table II. The arrow
points the direction in which €; increases. The impurity concentra-
tion is taken as nimp = 10"2m™2,
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FIG. 10. Electrical conductivity of graphene o, (scaled by a factor
of 10™*) as a function of the dimensionless temperature kpT'/vrfiks
for n. = 10'"m~2. Each curve corresponds to different materials
for the slab. The relative permittivity €; of each TI is shown in Ta-
ble II. The thick and thin arrows indicate the absolute temperature
T = 300K and the direction in which €; increases, respectively. The
impurity concentration is taken as nimp = 10'2m™2.

changed to a normal semiconductor (Si, GaAs, and InSb),
as is shown in Fig. 9. Such behavior supports the idea of
the screening effect due to the image charge on the scattered
fermions. In fact, note that for the selected semiconductors,
the graphene’s conductivity is high compared with the case
when the slab is made of a TI. This is because the former ma-
terials possess small relative permittivities (see Table III) in
contrast with the latter ones that have ¢, of one order of mag-
nitude higher.

As may be expected, the carrier density in graphene also
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FIG. 11. Electrical resistivity of graphene as a function of temper-
ature and the ionized impurity concentration nimp. Here is assumed
that graphene is close to a BipTes slab.

modifies its electrical conductivity. For instance, Fig. 10
shows o, for a carrier concentration of n. = 10'"m~2 when
the slab is build of different TIs. Again, the screening effects
on the image charge are presented in the scattering process so
that the conductivity decreases for higher €,. Nevertheless,
the electrical conductivity remains constant up to room tem-
perature, a feature that may be used for several applications.

Finally, Fig. 11 displays the electrical resistivity p,, = o}
for graphene when the slab is made up of BisTes, as a function
of the impurity concentration niyp. Clearly, the conductiv-
ity increases when there are fewer ions inserted in graphene,
given that the fermions have a larger free mean path, as can
be directly appreciated from Eq. (50) where the transport re-
laxation time is clearly inversely proportional to the impurity
concentration 7imp.

VII. SUMMARY AND CONCLUSIONS

In this work, we studied the electromagnetic coupling in a
hetero-structure made of a TI slab in contact with a graphene
monolayer, the later with a diluted concentration of ionized
impurities. By taking into account the topologically non-
trivial response due to the presence of the MEP terms in the
TI, we studied the configuration of the local electromagnetic
fields, including the effects of the image charges and the elec-
tronic screening due to the presence of the ionized impurities
in graphene. As a probe for this electromagnetic coupling,
we used Kubo’s linear response formalism to calculate the
electrical conductivity at finite temperature in graphene under
this configuration. To test this theory in a reallistic scenario,
we evaluated our analytical formulas for the characteristic pa-
rameters of several TI materials. Our result suggest that the
contribution to the conductivity arising from the topologically
non-trivial MEP terms are in general small, except at very low
temperatures and large carrier densities in the graphene mono-
layer. On the other hand, it was also shown that the difference
between the dielectric constants, expressed by the combina-
tion (e2 —€1) /(€2 + €1) possesses an important role at de-
termining the overall magnitude of the electrical conductivity,
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as can be inferred from our analytical theory since it repre-
sents the magnitude of an effective image charge located at
the TT slab. We tested this effect by considering the realis-
tic parameters for several different TI materials (Table II), in-
cluding also for comparison the coupling with a few common
semiconductors Si, GaAs and InSb (see Fig. 9). In all those
cases, the important effect of the relative dielectric permittiv-
ity of the slab material on the electrical conductivity of the
coupled graphene monolayer is verified. This rather robust
effect suggest a mechanism to control and modulate the elec-
tronic transport properties in this type of hetero-structures.
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Appendix A: Calculation of the electromagnetic potentials

In Section II we presented a detailed derivation of the
electromagnetic response of the TI material, as expressed by
Eq. (15) for the scalar potential and Eq. (17) for the vector
potential, respectively.

The scalar potential is given by Eq. (4) with the charge den-
sity of Eq. (10), i.e. ®(r) = [ G(r,1’) py(r') d®r’. After per-
forming the integration over the Dirac’s deltas associated with
the localized ionized impurity and the screening cloud at the
graphene monolayer (located at z = z(), we obtain

Q 1 K
®(p) = FGl (p + 7p2 n (220)2>

1.9 1
4dmey 27y \/(x — )2+ (y—y)?

K e P /o ,
+ )
Vet ar) 4
(AD)

where p' = /2’2 + y’2. This expression suggests the defini-
tion of the generic integrals (for j = 0, 1)

e—F /o

1
I4 — d2 ! 9
J(P) 27l / r p’\/(:v _ x’)2 + (y _ y’)2 + (2jz0)2
(A2)

such that the scalar potential contains both Zy and Z; . To eval-



uate these integrals, we use the expansion:

1
Ve =22+ (y—y)? + (2j20)?

+oo [ee)
= Z / dk eim(“’*“"/)Jm(kp)Jm(kp’)e’k(QjZO),
0

m=—0o0

(A3)
so that

Zy(p) = io /ood’fJ (kp) e~ *270)
J 27Tlo Mmoo 0

27 [e%s}
x/ dy’ eim(“’_(‘”/)/ dp’ Jm(kp')e_p//l".
0 0
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The case 7 = 0 has a closed form expression:

T —Lolkr) = Tolp/2) Fo(p/21o),

“Jo Tt (ko) o
(A3)

Zo(p)

where I,,(z) and K, (z) are the modified Bessel functions of
the first and second kind, respectively. The case j = 1 can not
be expressed in terms of simple functions, but it can easily be
evaluated numerically. All in all, the above results fully pro-
vide the scalar potential of Eq. (15). For later use we further
define the functions (for j = 0, 1, respectively)

oo
dk Jy(kp) e—k(?jZ()) (A9)

o Tt (o) ’

such that Ag-o)(p) =1Z;(p).
We now turn to the evaluation of the vector potential, which

Q)
A; (p)

(A4) is given by Eq. (7) with the charge density of Eq. (10), i.e.
A(r) = [G(r,r') py(r') d®r’. To this end, we use the fol-
The angular integration yields 274,,. Therefore lowing integral identity [17]:
R 2427
1 [e%s) ) e3¢} , N _—
Zi(p) = 7/ dk Jo(kp)e—k@m)/ dp’ Jo(kp')e=F" /b0, R? VR4 (2 + )2
0Jo 0
(AS) _ L Eefk(z+z')eik~Rd2k
2mi ) k2
Now, using the integral formula 1 1 L
= ——VJ_/—e_k(”z etk R 2k (A10)
2 k2
—v 2 2 _
o0 dz e I, (fz) = g {\/m O‘} (A6) where V| = &,0, + €,0, is the gradient in the transverse
o v o Vo2 + 32 ’ coordinatesand R = p—p’ = (z—2')é,+(y—v')é,. Using
this result, the vector Green’s function (8) can be expressed as
for Re(av £ 98) > 0 and Rev > —1, we obtain Glr.r') - g . / iefk(erZ')eik'R Pk,
82 k2
Zi(p) = dk %)2 e~k (25z0) (A7)
0 V1+ (klo) such that the vector potential becomes
d’*k Ko /
A(r) = —% é, xV, /ﬁ ekp k2 /d?’r' py(r') e P ok (A12)
Substituting the charge density distribution Eq. (10), and performing the integrals involving the Dirac deltas we obtain
d’k 1 [ /
T [1 o[ e ) /lo] . (A13)
™ k lo Jo

The integral in p’ can be easily evaluated by using the formula (A6). To evaluate this integral we introduce polar coordinates
such that k - p = kp cos ¢. Performing the angular integration we obtain

47

A(I') — _:ung éz > VJ_ /% J()(kp) e—k(z+Z0) |j|_ _

(Al4)

1
V1+ (klo)21 '
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Finally, taking the gradient, —V | Jo(kp) = k &,J:(kp), and using that €, x &, = &, one finds

Adr) = 1199 ¢ /OOC dk Jy (kp) e~ 2k [1 - 11 . (A15)

ir it P

The first integral can be evaluated by using the integral formula (A6) and yields the Schwinger vector potential for a magnetic
monopole at the image point —z. It corresponds to the first term in Eq. (17). The second term can not be expressed in terms of

simple functions, however it corresponds to the function Agl) (p), defined by Eq. (A9). On the whole we get the expression (17)

for the vector potential.

Appendix B: The scattered states

1. The Lippman-Schwinger equation and free Green’s
function

In this section, we shall closely follow the formalism pre-
sented in Ref. [12]. In the elastic scattering theory, we look
for spinor solutions | ¥, i) of the total Hamiltonian of Eq. (19)
with the same energy as in Eq. (21). That solution is given by
the well known Lippmann-Schwinger equation

W) = |@acp) + Chg(BVA W), (BD)
where the Green’s operator CAT'%O(E) or resolvent is given by

Ny 1

Gio(E) = ———F, (B2)
o(F) E— H§ + i+

where the positive sign for the regulator in™ defines the re-
tarded Green’s function, which in turn produces outgoing
spherical waves from the scattering center. Moreover, the ad-
vanced Green’s function is defined as

&5,0(2) = [E5,0(2)] (B3)

and using the explicit form of the resolvent of Eq. (B2) we
have a relation between the retarded and the advanced GFs

— G (B) = —2mis (B HS) . B4)
The resolvent in Eq. (B2) is the solution to the equation

(B +in* = HS) Gy (B) = 1. (BS)
At this point we introduce the T matrix as usual

T(E) |®k,,.) = Hi [T ) (B6)

so that the Lippmann-Schwinger equation becomes

W) = (14 Gy (EYTE(E)) [@ky) . (BD)

Inserting Eq. (B7) into Eq. (B6), and solving for the T-
matrix operator, we find the formal expression
. e fa . o1
T¢(E) = BE (I - G%O(E)Hf) . (BS)
We are also interested in the total retarded Green’s function,
which is the solution to the equation

(B+int - 1) GH(B) = 1, (BY)

where H¢ = HS + H* is the full Hamiltonian. The last equa-
tion can be transformed into a self-consistent relation

(E Fint - ﬁg) GS(E) =1+ HEGS,(E),  (BIO)
and making use of Eq. (B5) we have
GS(E) =G5, (B) + G (BE)HE G5, (E B11
r(E) Ro(E) + GR o(E)HGR(E). (B11)
The formal solution of this equation is
A¢ P At 7¢] 7t e
GRr(E) = |I- GR,()(E)HI GR,()(E)v (B12)
that combined with Eq. (B8) leads to the identity
H;G5(E) = TS(E)G% o(E). (B13)
Then, the complete retarded GF is given by
GR(E) = Gy (B) + Gl o (B)T(E)Go(E), - (B14)

and hence one can show that the 7-matrix itself satisfies a
self-consistent equation of the form

T(B) = Hi + H{ G o(E)T*(E). (B15)

From the latter it follows that

N . T N Ta A .
T4(E)-[T4(E)| = [T4(B)] (Gh(B) - G4(B)) T4(B),

(B16)
and using the Eq. (B4) we get an useful expression:

N . f N T . .
T¢(E) — [TE(E)} — —9ri [TE(E)} B (E - Hg) T¢(E).
(B17)
The form for the retarded Green’s function matrix in the
coordinates representation is [12]
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AEik H(1 klx — x ixe e HY (k|x — x/
G%O (X,X,;k) _ 5 (1)| |) 1A€E ) 1 ( ‘ ) |) , (Blg)
’ Cdhwr [N HY (kjx —x'))  HSY (k[x — x'|)
[
1 so that by using
HEY (kx — x'|) = Z HD (kr) Ty (k)™ @' =9)
= Z H(,lgl(kT)J,m(k‘r')e_im(d_@,

FIG. 12. Triangle used for the application of the addition theorem
for the Bessel functions.

where ¢ is the angle of the vector x — x’ w.r.t. the z axis. We
want to expand this matrix Green “s function in polar coordi-
nates. In order to do it, we use the addition theorem for Bessel
functions [42]

e Z,(AR) = m(Arp)e™?(B19)

Z Zu+m )\7"2

m=—0oo

where Z,, is any of the Bessel functions J,,, Y, ngl), or Hﬁz).
The quantities r1, r2, R are given by x, x’ and |x — x|, re-
spectively. Moreover, the angles § and 1) are defined in the
triangle of Fig. 12, from which

=214+ ¢—1. (B20)
Let us write the Green’s function as:
ik (G G
G_E /. k_ — 11 12 B21
R,0 (X7X ) ) 4th |:G21 G22 ( )

(B22)

the components (G171, and Gyo are obtained by shifting m
Eq. (B22) as m — —m and m — m + 1, respectively. The
latter, together with the Bessel function’s properties yields

Gy = Z HWD (kr) g (kr')ei™@=¢)  (B23)
and -
Gz = Z Ay (k1) T 1 (R )l (0004,
(B24)
On the other hand:
Go1 = iA HY (k|x — x|
= iAo ) (f1x — X))
=ixee W HY (k|x — x/|)
=ixe'® ST H (kr) o (kr')e T8 9)
=i\ Z H (kr) Jo (k' )el9e™@=¢) - (B2S)
and

G2 1)\6_“PH (k:\x x'])
= e IO g (k1x — X))

=ile Z HQH

m=—0o0

T (k)78 =9)

=ix Y HY) (kr)J o1 (kr')em19em i EmD(O=¢)

m=—0o0

o0
= —i\ Z H (kr) Jy g1 (k' )e ™19 eim(@=¢))

(B26)

where in the last step we shifted m — —m — 1.
Then, if we consider that r < 7’/



AEik
GS k) = —
R,0 (X,X ’ ) 4h'UF ”LZEZ

where 7 (r.) is the greater (lower) between r and r’.
2. The radial integral equation

Now, representing the Lippmann-Schwinger Eq. (B1) in the
coordinate basis we have

(XU ) = (x[Px,n)
+ /R ) d%c’c;g0 (x,x'; k) HS (') (x| Wy )
(B28)

where (x|Uy ») is given in Eq. (24), (x|®x, ) is the free
spinor of Eq. (23), G%,o (x,x'; k) is the matrix Green’s func-
tion given in Eq. (B27), and the matrix form of the operator

J

Im+1(kr) 2hvr J,

 Xeirk /“ o T (kr)HSY (kr')
QhUF r

and for r > a we have

gm (T) Jm+1(k‘7‘) 2hvg

Finally, in order to obtain asymptotic eigenstates, we ex-
pand the Bessel’s functions when = — oo as follows:

1 ; vr _ (o um_m
Jy(x) = Py [e‘(”‘T—Z) -1-6—‘(1—7—1) ,
2 . vr_m
HO (z) = | == F9), (B34)
T
Then
Jm(kr) i 1 :tis(kr—u—l)
|:Jm+1(kr)] 7\ Tk 5:2121 L:is} ‘ S
(B35)

T (kr <) HS (ks )eim(@=4")
Ny (k) HD, | (ks )ei®em(6=2)

{fm(r)] _ { T (k7) } ximk [T {Jm(kr’)Hﬁ)(kr)

Josr (kr'YHSY (kr) [ ed(r')
T (ke YH D,y (k) T (k') ()

Jm+1(k7")Hv(vp(k7"/) { ed(r’)
T (k) H (k') Ty (k) HL, (k)

{fm(r)} _ { I (kr) } _ Mirk /0“ dar'r’ {ﬁ;ﬁi;%ﬂzfg) Jmﬂ(kr')Hf;)H(k:r)

Jm+1(kr')H£,}>(m)] [ ed(r')
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—iATm41 (]W’<)H7gzl) (krs )e™ 19" eim(é=¢")

. , , (B27
Jm+1(k7"<)H15@13rl(k’7">)€l(m+1)(¢_¢ ) ( .

(
representing the interaction with the external fields H§ is

H§ (x) = —&qupo - €4, A(r) + q®(r)oy, (B29)
where the scalar potential ®(r) is given in Eq. (15), the mag-

nitude of the vector potential A(r) = é,A(r) is given in
Eq. (17), o is the 2 X 2 unit matrix and

_je—i¢
o éy= L&, o ] . (B30)
Then, we have
€1y _ q®(r) ig~9¢qurA(r)
Hi(x) = [—iqi%qvam 40 (r) } - B3

After we make all the replacements, we can extract the ra-
dial part to obtain the radial integral equation. For r» < a the
final result can be written as

—AqurA(r') ed(r')

fkﬁquA(r')] {fm(r’)}
—/\équA(T’)} {fm(v"’)]

—AqurA(r)  e®(r) gm(r")] "

)

(B33)

—AevpA(r')

and

[ J.,,L(]{i’/‘/)H?(nl)(kT) Jm+1(kT/)H7(7p(kr) ‘|

T (kr'VHSD (kr) Ty (ke VHSD. (k)

i(kr—mr—2)
\/77

wk |1

2 [1} [ (k) T ()]
(B36)

so that after replacing in Eq. (B33), we obtain the result shown
in Eq. (27).



Appendix C: The transport coefficients

In this section, we shall present the mathematical details
involved in the calculation of the electronic transport coeffi-
cients, in particular the electrical conductivity, leading to the
results presented in the main body of the article.

1. The Onsager’s coefficients

In order to compute the microscopic transport coefficients,
let us start by defining the quantum operators representing the
particle, energy and heat currents, respectively:

i=> Vo, (C1)
po
ie = Vp&polipo, (C2)
po
jo = Vp (o — 1) fip, (C3)

where for a particle with momentum p and spin o, we iden-
tify £, as the particle’s energy, vp = —VpEp, as the group
velocity at momentum p, fip, as the particle number density
operator, and p as the chemical potential of the system. The
corresponding observed macroscopic currents are given by the
ensemble average of the above operators, i.e.,

= <J> , (C4a)
Ip = (js). (C4b)
Jo = <jQ> . (Cde)

Now, let us introduce the Onsager’s coefficients ng)
through the relations linking the currents with the gradients

in temperature and electro-chemical potential [23]

1 12 1

Jo = — TLglﬁ)vB(u+eV)+Lg5)v5 (T> (C5a)
1

Joa =7 <2”vﬁ(u+eV)+L;5)v (T> (C5b)

which in tensor notation take the form

= —%?“1) Vp+eV)+ Ty (;) , (C6a)
- _%T(QD V(p+eV)+ Ty (;) . (C6b)

The above tensors are directly related to the transport co-
efficients, as can be shown by exploring different limits[23].
First, note that for VI' = 0 and V. = 0, the current is purely
electric. Therefore:

o — _%fnu) V(eV) =% (-VV), (D
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and the electrical conductivity tensor is given by
2
7= ST, (C8)

The same procedure is applied to find the thermal conduc-
tivity, which is given by the condition J = 0. Thus, from
Eq. (C6a) we have

0= —%f“l) V(u+eV)+ LUy <;> ., (C9)
and solving we obtain
1
—v (1 + V) [?“1)] Ty <T> . (C10)

By substituting in Eq. (C6b) we have

= - [Tw] ! g g (1)

Then, the thermal conductivity tensor is

o % (f(m) _ e {f(n)}‘l . fuz))

(C12)
and the Seebeck coefficient (thermopower) is given by

_ eiT [f(u)} oy

(C13)

2. The Linear Response Regime

To express the Onsager’s coefficients in terms of dynami-
cal variables, we apply the Kubo formalism within the linear
response regime. For that sake, we express the entropy pro-
duction rate as[23]

dQ .08
% =2
dt ot

1
:—J-V(u+eV)+TJQ-V<T>

=Ty J;-X;

9
ot
where J; = J,J3 = Jg, and

F(t), (Cl4)

X1=— (M+€V),

T 1 (C15)



We know that the Kubo’s formula is given by[24]

oo B ) R
J; = —/ dte_St/ dp’' Tr [ﬁoF(—t — ihﬁ’)ji(x)] ,
0 0 ot

(C16)
where s is a positive quantity that guarantees the adiabatic
switching-on of the perturbation, so that at the end of the cal-
culation, we take the limit s — 0. When inserting Eq. (C14)
into Eq. (C16), we have

B N ~
Ji=-TCL {/ dg’ Tr {ﬁo (Z.ik(—t —ihB’) 'Xk> ji(X)] } )
0 k

(C17)
with £{-} the Laplace’s transform in the variable s:
L{ft)} = / dte™ f(t). (C18)
0
Then,
(11) ? / P B AN
LY = -] [ s [puja(-t — )] o
0
(C19a)
5 ~ ~
L2 = 1) = g { / B’ Tr [ﬁona(—t - ihﬁ’)jﬁ} } ,
0
(C19b)

B . ~
1%~ 7r { /0 dB'Tr | pojga(~t — i) jas| } '
(C19¢)
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To compute the traces, we define the current operator by

§O(x) = €vr [x)o (x|, (C20)
the heat current operator
3500 = GBS~ )ar(x|,  (€2D)
and the equilibrium density operator
— TE _
e |8 ()]
po = (C22)

Z(B,V, 1) ’

where Z(3,V,u) = Trexp {—ﬁ (fﬁ — u)} is the grand-

canonical partition function. Here, H¢ is the Dirac Hamil-
tonian with chirality £ and Fermi’s velocity vg.

We start with Eq. (C19a) and take the trace in the complete
and orthonormal basis {|\I/ Ak >} of the total Hamiltonian,
such that

e ‘\P/\vku> = 51;\‘15 ‘\I'/\aku> g (€23)

from which



(11)
Lo A

(x,x') = —Tﬁ{

B o
_ Tﬁ{/ 48/ Tr {ﬁoel(ftﬂhﬁ
0

d? k”

_ T,c{ [

dﬂZ/

AN

~ i(—t—ihB’ 243 ~ i i Ay 53
~ <‘Ij%ku ‘poe( t—ihp' ) H /h]a(x)e(t+ rB'H /h’qu’,k’"><‘P>\/ o,

B
a8 [~ — 5)3a(¢.0)]
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}

7€ /R i ihBYHE /RS
VH /h]a(x)e (t+ikp ) H /hﬂﬁ(xl)] }

2

Jo(x)| W, k>}

-1y = Phy dz’“g [ aeo [(Ey e ) mes]e i G
o ) oo Yo o
TZ/ Ty / P 1 sey)e
Pl e med] (2 -a)
_’6( ki _“>
X ———— <\If>\ K| Ja(x ’\PA' K ><‘I’>« K Ja(x "I’A ku> (C24)
Rearranging terms:
L0, x) = —hT S / k) / x| (8- &) s | oo (85°) -0 (805
= Pl ) | e
X Wy 1 |70 ()| O YW1 178 (X)) [P, ) - (C25)
< I I >< I I >
Note that the first term in the numerator of the first square bracket
—i (SQH5 Eﬁ,,f) _po (51;\‘]’5) — pPo (51?/”5) ] _ _ipo (51;\[‘5) — Po (514/‘]&) (C26)
(51:]5 _ 55‘,‘&)2 +R2s? | (5’@”5 Sﬁ,f) | (51:"5 - 5@/']5)2 + h2s?

is odd in the integration variables, and therefore, has zero con-
tribution. As expected, no imaginary part survives. For the
real part, we use

. hs
hm+ 5
s—0 PWS _ A€ 2.2
(86— &) +n2s

=m0 (51/‘\\7\5 B 51;\:\7\5) ’

(C27)
so that for the term in the second square bracket
_ A€
NE Mg o0&~ &
(gku gk’u )
_ 3f0( ) pW3 Mg
=S|, gua(gku — &), (C28)

(

where fo(E,T) = (1 + exp[(E — p) /kpT])~" is the Fermi-

Dirac distribution. Then

L(H)(x, x') = —mhoiT
Z/ d’ky /dkl dfo(E) 5<5A5 o ,5)
AN 2m)2 oF E:‘Sli\‘f kj k%

x Wl 1 (X7, (X)\pi,’k,”(:)c’)aﬂ%,kH (x'), (C29)

where we have used the representation of the current operator
in Eq. (C20). On the other hand, we know that
ot

M (990 Wi, (T, 4 (K)o W (%)

= TI' |:O'Q\I/)\/7k/ I (X) ® \I’;,’k,“ (X/)Jﬁ\l/k,k“ ( ) ® \I/A kH ( ) 5
(C30)



and by defining the spectral function A (x, x'; E):
Af(x,x; E )

e Z/ PR g, x) @ W)y, (x)6 (B = &),

(C31)
together with the identity
d3k
/ 32 (k“)‘l’/\k“()@‘l’xk”( 9|
= / O A, X B (B) (C32)

we arrive at the result
L(ll)( X/)

hvp / dE 8fo

(C33)

where an additional factor of 2 comes from the spin degener-
acy.

The other Onsager’s coefficients are obtained by the same
fashion, so that:

LS;) (x,x) = L(21)(x x")
2T
_ e / g 2oE) (E — p)

2 oF
x Tr [aaAg (x,x; B)o g AS (¥, x; E)] , (C34)
and
L&D (x,x') = 7% /O:O dE Waoigf) (B — p)?
x Tr [UaAg(X, x'; B)ogA*(x,x; E)} :
(C35)

Let us work on the spectral function. Its coordinate repre-
sentation is given by

A (x,x'; F)

_ [ PR e
/(QW) ky-( )Z<00_|_)\ | )AAE(/?ME)

(C36)
so that by inserting Egs. (C33)-(C35) we have

Ll(llﬁl)(x’x)_/(iﬂ_q)l qu‘(x—x’)

() Lo (5

2k
X / ”2Tr [UQAE(kH + Q\|;E)UBA§(kI\;E)]

(2m)

d2q iq - (x—x'
:/ (27r)‘*|2€q”( VLU (i 7).

DTt [0, X5 B)ors A (X 5 )

(C37)
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Without loss of generality, we will define the Onsager’s co-
efficients in the limit q — 0. Then:

LY@ = 1im L) (q;T)

qH—>0

-(5) L (%)

x / TR e : B)AME (ks E)
(2m)? Il I

T fon (e #2755 ) (o0 1A% )]
X Tr |oy | 09 —_— oo _
ki Ky

(C38)

From the SU (2) algebra, we can readily obtain the trace
Tr {oa (UUJr/\ k”)a,g (00+)\U'k“)}
ky ky

and hence we have

1)y — 4 (PET /°° _9/o(E)
LY, (T)_4< o ) | ap oL
d?k
X/ I k kﬁA)\g(kJH;E)A/\’é(kH;E).

(2 )2 ]{?2
(C40)

ykaks
K
(C39)

Performing the angular integral over polar coordinates
dng = dgbdkaH first, we get

/d2k’| kaks dap z/wdk k -k
Cm? k2~ (2m22)y R

ll
Finally, using the definition of the spectral function in terms
of the retarded and advanced disorder-averaged Green’s func-
tions,

(C41)

ANy B) = i (G (ks B)) — (G (k3 B) | c42)

we obtain (in the limit of low impurity concentrations njy, <<

1)

(1) y _ hgT \ [ dfo(E)
(7 _5aﬂ47r<(2ﬂ)3> /_de <_8E )

Kk -k
X/O dky (GR* (ks )G (ky; B)) ”k” ”

(C43)

3. The Vertex Corrections and Relaxation Time

To include the vertex corrections, as described in Ref. [12],
we can formally perform the substitution k — T'ra(k); E)

for one of the momenta in the integral. Here, T'ra(k; E)



is the solution to the Bethe-Salpeter equation depicted in the
diagram Fig. 4, given by

Lra(ky, E) =k
+ /dzk (G ) (Ex ) [T ‘ Tra (K|, E).
imp (27r) A I K’k RA I
(C44)
where Tlif\uf()“ is the T™-matrix operator.
Hence, we have
2 o0
Ay _ s EpT _0fo(E)
> k- Tralky, E)
A€ PV | =+ RALK,
></0 dk) <GR (ku)> <GA (kn)> BT
(C45)

LI2(1)

~ sy | ar (— %"EEE)) (- )
< [y (G @) ST,
(C46)

and

22
LE(T)

Wil [ 9
= Jag 2£2T/, - <_ @g))(E_#)z
>0 k- Tralky, B
X/O iy (GRS ) (G () ) =R R,;( 1.5,
(C47)

Now, the vertex function must be of the form T'ra (k||, E) =
v(k, B)kj, withy(k, E) a scalar function. Moreover, in the
limit of low impurity concentration njmp << 1 we have

<G/I\%’£(k”)> <Gz’€(k“)> N LFEIC”)(S(E — Ahugky)).
(C48)

Then, in such a limit, we obtain a secular integral equation
for the scalar function ~y(k;|, )

s d? kH
ki,E)=1 im
’7( | ) + Nimp —— h ( )2

< 120 [ 58— Aghuek)) 4, B)

ki Ky )

At low temperatures, an exact solution is possible since the
derivative of the Fermi distribution takes a compact support
at the Fermi energy. Therefore, we can evaluate (k|; E) and
7(k)) at the Fermi momentum kg, to obtain

Tl(kp)

R )

(C50)

19

where we defined (for cos ¢’ = ky - k' /)
1
71 (kg)

27T’flim d k” >\ K3
== P ‘ k,Hk)” cosqS’ 5(hvpkp—thk"|).

(C51)

After the substitution of v(k, ) from Eq. (C50), and the
simple relation

_ShE) PP E L= AE)] €5

we finally obtain for the bulk Onsager coefficients

LD = i) [ vyt 1o (65°) [1- o (82)]

(C53)
U2
L((leo%)(T) = IjT“(kF)
B
A€
></0 dky K fo( o ) {1 —f (51(H )} (ehuveky — 1),
(C54)
and
U2
ngZo%)(T) = T];Tlr(kF)
oo )\’5
< [ aniy g (806) [1= o (849)] ehurty =
(C55)

By following Ref. [12] the total transport relaxation time is
defined by

1 1 1
C56
(8 e ey (€0
o 27T7’Limp ko/ (2\8) ’
- m / Fayg (ke — k) k,Hk”‘ (1 — cos &),

which can be expressed in terms of the scattering phase shifts
O ()

1 2NimpUF

Telke) ke Y i (G (Kr) = G (k)]
T (C57)

4. The Electrical Conductivity

Note that fo(¢) [1 — fo(g)] = fo(€) fo(—¢) is an even func-
tion of its argument. Then we can write

AE(Rvrk—\Ep) /s T
fO( K| ) {1 - fO( K| )] = (eAE(hoph—2E) ke T 1 1)2
o(vek—\Ep) / ks T
= (e(rork—2Ew)/RsT 1 1)2”
(C58)




provided by the fact that A = +1. Let us introduce the vari-
ables
hug _ X

r= —— = —

kel T T (C59)

so that

Fo@)(1 = fola)) = s = o (s

T - X = " = _— 3

0 0 (em=F +1)2 ~ O \e*F+1
(C60)

This change of variables implies that the desired integrals

have the form

In:i/ x_idx, forn =2,3,4.
dip Jo e*7h 41

By using the integral representation of the Polylogarithm
function

(C61)

0o s—1
—Lig(—2) = 1“(15) /0 Y 1dz, (C62)
and the derivative relation

%Lis<—eﬂ> = Liy (=€), (C63)

one can show that the integral of interest is
I, = —n! Li,(—e"). (C64)

Thus,
LSO})(’\’@ (T)

v3 > A A
= TFBT[r(kF)/O d/{;” k‘” fo (gkﬂ{) {1 —fo (gkf)}
2 2 )
v kgT i T
= gy e k) (wa) dji /0 e

1 (kgT\?
= . (E;L) Tu(kr) In,

or by defining the chemical potential as y = hvgpkg

1 kT \ 2 Aehopk
00 = L (BT (14785

7T]€B h
(C66)

(C65)

The electrical conductivity is then obtained from Eq.(C8)

Oap = ; o> L)

A=+1&=+1

1
_ T . ( ) Tie (kF)
[ (1) o (1 )
_ Zeszan ) [ ( S ) +2In (1 +e‘%)} )
(C67)

which after some elementary algebra reduces to Eq. (51).
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5. The Thermal Conductivity and Seebeck Coefficient

By following the same procedure, the other coefficients are

L N(T) = Af%mm
B
x /0 iy ko fo (€85) [1 = fo (€85 | (hweky = i k)
’U
)\gﬁF ) (h’UF> (ksT)

d [* 22
i d —
{dﬂ/ er—h 4 * 'ud,u/ er— I‘Jrl }

X R [ kgT -
= f W (;) Tu(kp) [l2 — p4],

X

(C68)

and

v
kg 7-t1'<k7F)

<, et () 1 o (82)] ety b

_ kT ? 2
= ﬁﬂr(kF) <hvp> (ksT)

k
d [* 23
— . -2
X {dﬂ/o eI*I‘Jrl 'udu/ er— #Jrl

d [~ x
~2
o ~7d
+/1’ d/l/O em—,u._|_1 1.:|

LEOO(T) =

(C69)

so that
Lgl(f)(/\,ﬁ) (T)

INE B (kT \?
-2 (BF) e

x | Lig (—e%) _ AShwgkg Li, (_e&::;xcp) |
kgT

(C70)

and

LEDOEO(T) = —

22 (R
ﬂ'kB

4
ﬁ) Ttr(kF)
h’UFkF AE}:W;’“F
Tl 2 (76 )

1 FwF kF 2 . \Ehvpkg
1 Liy ("5
2 ( ks T ) e

Then, the thermal conductivity is obtained by replacing

Aehvpkp

x {3 Lis <761«T) 2AE

(C71)




Eqgs. (C65), (C68) and (C69) into Eq. (C12)

L((xlg)(A"é) (T)LEXQJ)(A’O (T)

WOO(T) = o L9 (T)

LS{%)(NE)(T)

R (kgT\* 12
= 7 (h> 7 (p) <1 11)’ (C72)

in such a way that the final result is

2n2  (kgT\*
I{aa(T) = _7T]§BT2 (h > Ttr(kF)
{L Aehvpkp \ 72
Nehupk iy (fe kpT )]
X Z 3 Lig (—6 Rt F) +2 Xehvpkp
Af=%1 In (1 +e FeT )
(C73)
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The Seebeck coefficient is obtained replacing Eqgs. (C65)
and (C68) into Eq. (C13)

1 LSQ%)(N&)(T)

sy = Ly Loe = (1)
el W LS;)(A’O(T)

. Aehvpkp
7 kB 2)\£L12 (—6 kpT ) hUFkF
- Nehvpkg

A=t1¢=+1 \ In (1 +e FBT ) kT

(C74)
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