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Low-energy hole subband dispersions in a cylindrical Ge nanowire: the effects of the

nanowire growth direction
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We examine the validity of the spherical approximation γs = (2γ2+3γ3)/5 in the Luttinger-Kohn
Hamiltonian in calculating the subband dispersions of the hole gas. We calculate the realistic hole
subband dispersions (without the spherical approximation) in a cylindrical Ge nanowire by using
quasi-degenerate perturbation theory. The realistic low-energy hole subband dispersions have a
double-well anticrossing structure, that consists with the spherical approximation prediction. How-
ever, the realistic subband dispersions are also nanowire growth direction dependent. When the
nanowire growth direction is restricted in the (100) crystal plane, the detailed growth direction
dependences of the subband parameters are given. We find the spherical approximation is good
approximation, it can nicely reproduce the real result in some special growth directions.

I. INTRODUCTION

Holes in the valence band of semiconductors can have
distinct properties in comparison with the electrons in
the conduction band [1, 2]. The top of the valence band
of semiconductors is four-fold degenerate, such that the
minimal effective mass model of holes in bulk semicon-
ductors is a four-band Luttinger-Kohn Hamiltonian [3, 4].
The four-band effective mass model brings about consid-
erable calculations in the theoretical investigations, such
that a series of approximations are usually made [1, 5, 6].
The simplest approximation is the spherical approxima-
tion [4, 6, 7], which is expected to be valid when the
difference between the Luttinger parameters γ2 and γ3 is
small, i,e, γ3 − γ2 ≪ γ2, γ3.
Quasi-one-dimensional (1D) hole gas achieved in a

Ge nanowire is of current interest [8–15]. The ex-
periments mainly used two kinds of nanowires, i.e.,
the Ge/Si core/shell nanowire with a circular cross-
section [8, 10, 11] and the Ge hut wire with a triangle
cross-section [12, 16, 17]. Very strong hole spin-orbit cou-
pling has been reported in these nanowires. Measurement
of the antilocalization of Coulomb blockade suggested a
spin-orbit length of 20 nm [18], while the electric-dipole
spin resonance in quantum dots suggested a much shorter
spin-orbit length of 1.5 ∼ 3 nm [11, 12]. Note that strong
1D hole spin-orbit coupling has potential applications in
both spin quantum computing [19–26] and the searching
of Majorana fermions [27–29].
Previous theoretical studies based on the Luttinger-

Kohn Hamiltonian in the spherical approximation have
unveiled an interesting low-energy subband structure of
the hole gas, i.e., two mutually displaced parabolic curves
with an anticrossing at kzR = 0 [30–32]. Note that
each dispersion curve is two-fold degenerate, i.e., spin
degeneracy. When a strong electric field [30, 33, 34] or
a strong magnetic field [32, 35, 36] is used to lift this
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spin degeneracy, a strong linear in momentum hole spin-
or ‘spin’-orbit coupling is achievable. Here, we address
the question whether the Luttinger-Kohn Hamiltonian in
the spherical approximation has reasonably given rise to
the hole subband dispersions. By using quasi-degenerate
perturbation theory, we calculate the realistic hole sub-
band dispersions in a cylindrical Ge nanowire with var-
ious growth directions. We find that the spherical ap-
proximation γs = (2γ2+3γ3)/5 is a good approximation,
it nicely reproduces the real subband dispersions in some
special growth directions. Also, the realistic hole sub-
band dispersions are growth direction dependent, and the
subband parameters as a function of the growth direction
are calculated.

II. MODEL OF THE 1D HOLE GAS

We study a quasi-1D hole gas confined in a cylindrical
Ge nanowire. The relevant experimental setup may use
a Ge/Si core/shell nanowire structure [10, 11]. Due to
the large valence band offset at the Ge/Si interface, the
transverse confining potential of the hole gas at the Ge
core is well approximated by a hard-wall potential. In the
framework of the effective mass approximation, the ki-
netic energy of the hole gas is described by the Luttinger-
Kohn Hamiltonian. When the coordinate axes kx,y,z are
along the cubic axes of the crystal, the Luttinger-Kohn
Hamiltonian reads [3, 4, 14, 37] (in unit of ~2/2m)

HLK = (γ1 +
5

2
γ2)k

2 − 2γ2(k · J)2

−4(γ3 − γ2)
(

{kx, ky}{Jx, Jy}+ c.p.
)

, (1)

where m is the free electron mass, γ1 = 13.35, γ2 = 4.25
and γ3 = 5.69 are Luttinger parameters for semiconduc-
tor Ge [38], J = (Jx, Jy, Jz) is a spin-3/2 vector op-
erator, c.p. denotes cyclic permutations, and {A,B} =
(AB +BA)/2.
When the coordinate axes kx,y,z are not along the cubic

axes of the crystal, we need to rotate the Luttinger-Kohn
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FIG. 1. A cylindrical Ge nanowire with growth direction θ
is under investigation. The kx axis is fixed along the crystal
[100] direction, the angle between the kz axis and the [001]
axis is denoted by θ. The nanowire axis is defined as the kz
axis.

Hamiltonian correspondingly. Here, we focus on the spe-
cial case, where the kx axis is fixed along the [100] di-
rection while the ky-kz plane can be rotated around the
kx axis clockwisely (see Fig. 1). The rotation angle is
denoted by θ, i.e., the angle between the kz axis and the
[001] crystal axis. The Luttinger-Kohn Hamiltonian in
this new coordinate system reads [39] (in unit of ~2/2m)

HLK = (γ1 +
5

2
γ2)k

2 − 2γ2(k · J)2

−4(γ3 − γ2)({kx, ky}{Jx, Jy}+ {kz, kx}{Jz, Jx})
−(γ3 − γ2)

[

(J2
z − J2

y ) sin 2θ + 2{Jy, Jz} cos 2θ
]

×
(

k2z sin 2θ − k2y sin 2θ + 2kykz cos 2θ
)

. (2)

For the special angle θ = 0, Eq. (2) can be reduced to
Eq. (1), just as desired.
In the following, we study the subband quantization of

the hole gas for various nanowire growth directions. We
choose the kz axis along the nanowire growth direction,
e.g., θ = 0◦ represents the [001] growth direction and
θ = 45◦ represents the [011] growth direction (see Fig. 1).
The hole Hamiltonian under investigation reads

H = HLK + V (r), (3)

where V (r) is the transverse (xy plane) confining poten-
tial

V (r) =

{

0, r < R,
∞, r > R,

(4)

with R being the radius of the Ge nanowire. Note
that in our following calculations we have set R = 10
nm, a typical and experimentally achievable nanowire ra-
dius [18, 40].

III. THE ZEROTH-ORDER RESULT

Our strategy of obtaining the 1D hole subband disper-
sions in a general nanowire growth direction governed by
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FIG. 2. The hole subband dispersions calculated using the
zeroth-order Hamiltonian H0 (5). Due to the conservation of
the total angular momentum Fz = Jz − i∂ϕ, the subband dis-
persions can be classified by |Fz|. Note that each curve is two-
fold degenerate and the plot is independent of the nanowire
radius R.

Hamiltonian (3) is to use the perturbation method [41].
The difference of the Luttinger parameters γ3−γ2 = 1.44
is relatively small in comparison with the other Luttinger
parameters γ1 = 13.35 and γ2 = 4.25 [38] in Eq. (2), such
that we treat γ3 − γ2 as a perturbation parameter. The
exactly solvable zeroth-order Hamiltonian reads [42, 43]

H0 = (γ1 +
5

2
γ2)k

2 − 2γ2(k · J)2 + V (r). (5)

In the polar coordinate system where x = r cosϕ and
y = r sinϕ, the exact eigenvalues and the corresponding
eigenfunctions of H0 can be obtained with the help of
both the conservation of the total angular momentum
Fz = Jz − i∂ϕ and the hard-wall boundary condition [31,
42, 43].
Note that in the zeroth-order Hamiltonian (5), there

is also a Luttinger-Kohn Hamiltonian in the spherical
approximation γs = γ2. We also emphasize that the
usually used spherical approximation in the literature is
γs = (2γ2 + 3γ3)/5 [30]. The zeroth-order hole subband
dispersions are shown in Fig. 2. Surprisingly, the low-
est two subband dispersions given by |Fz | = 1/2 do not
show a double-well anticrossing structure, i.e., two mu-
tually displaced parabolic curves with an anticrossing at
kzR = 0 [30, 31], that is obtainable when γ2 in Eq. (5)
is replaced by γs = (2γ2 + 3γ3)/5. This discrepancy in-
dicates that the shape of the low-energy hole subband
dispersions is sensitive to the value of γs in the spherical
approximation. Therefore, it is an interesting question
that which choice of γs gives the reasonable hole sub-
band dispersions. Our perturbation calculations in the
following will answer this question.
The eigenfunctions of H0 are also important in the

following perturbation calculations. We note that each
energy level of H0 is two-fold degenerate, i.e., each sub-
band curve in Fig. 2 is two-fold (spin) degenerate. Also,
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the degenerate partner of a given eigenfunction can be
found from symmetry analysis [6, 31]. The detailed ex-
pressions of these two degenerate eigenfunctions can be
found elsewhere [31].

IV. THE PERTURBATION RESULT

Since both the zeroth-order eigenvalues and the corre-
sponding eigenfunctions are obtainable, we can solve the
eigenvalues of Hamiltonian (3) using quasi-degenerate
perturbation theory [41]. In order to guarantee enough
calculation accuracy, we have chosen an eight dimen-
sional quasi-degenerate Hilbert subspace in the follow-
ing calculations. The detailed basis states are chosen
as follows: six states from the lowest three subbands of
|Fz | = 1/2 and two states from the lowest subband of
|Fz | = 3/2 (for details see Appendix A). The Hamilto-
nian (3) can be written as a 8× 8 matrix in this Hilbert
subspace.
Diagonalizing the 8 × 8 matrix of H , we obtain four

subband dispersions, each of which is still two-fold de-
generate. We show in Fig. 3 the lowest three hole sub-
band dispersions in various nanowire growth directions.
Interestingly, our quasi-degenerate perturbation calcula-
tion nicely gives rise to a double-well anticrossing sub-
band structure, which is missing in the zeroth-order re-
sult (see Fig. 2). These results are qualitatively similar
to that obtained using the spherical approximation where
γ2 in Eq. (5) is replaced by γs = (2γ2 + 3γ3)/5 [30, 31].
Despite this similarity, the subband parameters m∗

h, α,
and ∆ [see Eq. 6 below] also depend on the nanowire
growth direction θ.
The lowest two hole subband dispersions, i.e., two mu-

tually displaced parabolic curves with an anticrossing at
kzR = 0, can be approximately described by the follow-
ing effective Hamiltonian [30, 36]

Hef ≈ ~
2k2z
2m∗

h

+ αkzτ
xsx +

∆

2
τz , (6)

where m∗
h is the effective hole mass, α is the ‘spin’-orbit

coupling strength, ∆ is the energy gap at the anticross-
ing site kzR = 0, τ is the ‘spin’ (pseudo spin) operator
defined in the Hilbert subspace spanned by the lowest
two orbital states at kzR = 0, and s is the real hole spin
operator.
The subband parametersm∗

h, α, and ∆ as a function of
the nanowire growth direction θ are shown in Figs. 4(a),
(b), and (c), respectively. Here, m∗

h, α, and ∆ are ob-
tained by a band fitting. Note that these parameters
have very similar θ dependence, e.g., they are largest
in growth direction θ = 0, i.e., the [001] growth direc-
tion, they are smallest in growth direction θ = π/4,
i.e., the [011] growth direction. Also, the ‘spin’-orbit
length zso = ~

2/(m∗
hα) as a function of θ can be found

in Fig. 4(b). For a nanowire with radius R = 10 nm, the
‘spin’-orbit length zso changes from 12 to 22 nms with
the increase of θ, and smaller R will lead to smaller zso.
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FIG. 3. The hole subband dispersions calculated using quasi-
degenerate perturbation theory. The Hamiltonian (3) is writ-
ten as a 8×8 matrix in the quasi-degenerate Hilbert subspace.
The results of nanowire growth directions θ = 0◦ (a), θ = 15◦

(b), θ = 30◦ (c), and θ = 45◦ (d). Note that the energy unit
~
2/(mR2) ≈ 0.763 meV for radius R = 10 nm, and each dis-

persion curve is still two-fold degenerate.
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FIG. 4. The subband parameters m∗

h, α, and ∆ as a function
of the nanowire growth direction θ. The results of the effective
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h (a), both the ‘spin’-orbit coupling strength α and
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2/(m∗
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FIG. 5. The lowest two hole subband dispersions near the
growth direction θ = 34◦. The result (dotted lines) of the
spherical approximation γs = (2γ2 + 3γ3)/5 nicely coincides
with that of the nanowire growth direction θ = 34◦.

Let us discuss the validity of using the Luttinger-Kohn
Hamiltonian in the spherical approximation in calcu-
lating the hole subband dispersions. First, the spher-
ical approximation, i.e., γ2 in Eq. (5) is replaced by
γs = (2γ2 + 3γ3)/5 [30], indeed qualitatively reproduces
the low-energy hole subband structure in the nanowire,
i.e., the double-well anticrossing structure. Note that the
simple choice γs = γ2 cannot give rise to the reasonable
hole subband structure (see Fig. 2). Second, the choice
γs = (2γ2 + 3γ3)/5 nicely reproduces the hole subband
dispersions [30, 32] in some special nanowire growth di-
rections, e.g., θ ≈ 34◦ in our case (see Fig. 5). Note that
an overall constant energy is added or removed to each θ
line in order to let all the dispersions in Fig. 5 have the
same energy at kzR = 0.

V. THE EFFECTS OF STATIC STRAIN

A Ge/Si core/shell nanowire is usually used in ex-
periments for hosting the 1D hole gas. When lattice-
mismatched heterostructures are prepared using the
pseudomorphic growth technique, static strain will be in-
duced in the growth layer [44]. Here, we study the case of
a strained Ge core, where the lattice constant of the Ge
core tends to match the lattice constant of the Si shell.
The strain effects on the hole states are described by the
Bir-Pikus Hamiltonian [45]

HBP = b
∑

i=x,y,z

εiiJ
2
i +

2d√
3
(εxy{Jx, Jy}+ c.p.), (7)

where b ≈ −2.5 eV and d ≈ −5.0 eV are material param-
eters of Ge, and x, y and z are along the cubic axes of
the crystal. When the coordinate axes are not along the
lattice cubic axes, e.g., for a general θ growth direction
shown in Fig. 1, we should first obtain the corresponding
Bir-Pikus Hamiltonian using coordinate transformation.
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FIG. 6. The lowest two hole subband dispersions in a Ge/Si
core/shell nanowire in the presence of static strain. The
results in the [001] growth direction (a) and [011] growth
direction (b). The relative shell thickness is chosen as
(Rs −R)/R = 0.2, where Rs is the radius of the Si shell.

The elements of the strain tensor read εxx = εyy = ε⊥,
εzz = ε‖, and εxy = εxz = εyz = 0. The Bir-Pikus Hamil-
tonian for θ growth direction can be obtained following
Ref. [46]

HBP = −b(ε⊥ − ε‖)J
2
z +

1

2

(

b− d√
3

)

(ε⊥ − ε‖)×
[

(J2
z − J2

y ) sin
2 2θ + {Jy, Jz} sin 4θ

]

. (8)

Note that the magnitude of the second term is much
smaller than that of the first term, and the second term
vanishes when the spherical approximation d =

√
3b

is used. For a core/shell nanowire with a Ge core
R = 10 nm and a Si shell Rs = 12 nm, the non-zero
elements of the strain tensor read ε⊥ ≈ −0.0037 and
ε‖ ≈ −0.0144 [46]. In the quasi-degenerate Hilbert sub-
space,HBP is written as a 8×8 matrix, we can diagonalize
the total Hamiltonian H+HBP to obtain the low-energy
hole subband dispersions.
The presence of the strain destroys the double-well an-

ticrossing structure (see Fig. 3) in the low-energy sub-
band dispersions. We show in Figs. 6(a) and (b) the
lowest two subband dispersions in the [001] and [011]
nanowire growth directions, respectively. The lowest hole
subband dispersion now is a single parabolic curve, and
the lowest two subband dispersions are separated signif-
icantly by the static strain. If we still use Eq. (6) to
model these two lowest subband dispersions, the ‘spin’-
orbit coupling energy now is much less than the Zeeman
energy, i.e., m∗

hα
2 ≪ ∆/2.

VI. THE ACCURACY OF THE

PERTURBATION CALCULATION

In our perturbation calculation, we have chosen an
eight dimensional quasi-degenerate Hilbert subpace. The
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FIG. 7. The lowest two hole subband dispersions calculated
using different dimensions of the Hilbert subspace. The re-
sults of nanowire growth directions θ = 15◦ (a) and θ = 30◦

(b).

perturbation calculation gives rise to the well-known low-
energy double-well anticrossing band structure, that con-
sists with both the numerical and the analytical calcu-
lations in the literature [30–33, 47, 48]. Here, we study
the accuracy (or the stability) of our perturbation cal-
culation. The stability of our calculation can be demon-
strated by analyzing the results of increasing the dimen-
sion of the quasi-degenerate Hilbert subspace.
We show in Fig. 7 the perturbation results using differ-

ent dimensions of the quasi-degenerate Hilbert subspace.
Figures 7(a) and (b) show the results of the nanowire
growth directions θ = 15◦ and θ = 30◦, respectively.
For each nanowire growth direction, the results of using
4, 6, and 8 dimensional Hilbert subspace are given. In-
creasing the dimension of the Hilbert subspace only gives
very small rectification to the subband dispersions, and it
does not change the double-well anticrossing band struc-
ture. Also, choosing different dimension of the Hilbert
subspace does not change the directional dependences of
the subband parameters m∗

h, α, and ∆. For example, in
the same dimension of Hilbert subspace, the band gap ∆
of θ = 15◦ [see Fig. 7(a)] is apparently larger than that
of θ = 30◦ [see Fig. 7(b)]. Therefore, our perturbation
results not only qualitatively but also quantitatively re-
flect the growth directional dependence of the low-energy
hole subband dispersions.

VII. DISCUSSION AND SUMMARY

Although the quasi-1D hole subband dispersions are
usually calculated theoretically, it is also of importance
to determine them from the experimental aspect. Similar
to the quasi-2D hole gas in quantum well, the quasi-1D
hole subband dispersions may be directly measured using
optical method [49]. Besides, the effective hole mass m∗

h

gives some indirect information on the subband disper-
sions, such that another useful way is to extract m∗

h from

experimental measurements.
In summary, when the nanowire growth direction is

restricted in the (100) crystal plane, we have calcu-
lated the growth direction dependence of the low-energy
hole subband dispersions in a cylindrical Ge nanowire.
The realistic low-energy hole subband dispersions indeed
show a double-well anticrossing structure, i.e., two mu-
tually displaced parabolic curves with an anticrossing at
kzR = 0, that consists with the spherical approximation
γs = (2γ2 + 3γ3)/5 prediction. However, the low-energy
subband parameters m∗

h, α, and ∆ are also nanowire
growth direction dependent. They are largest in the [001]
(θ = 0◦) growth direction, and they are smallest in the
[011] (θ = 45◦) growth direction. The spherical approx-
imation can nicely reproduce the real low-energy hole
subband dispersions in some special growth directions.
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Appendix A: Basis states of the quasi-degenerate

perturbation calculation

The basis states of the quasi-degenerate perturbation
calculation are chosen from the eigenstates of Hamilto-
nian H0 (5). The eight basis states read

|1〉 =









Ψa1(r)e
−iϕ

Ψa2(r)
Ψa3(r)e

iϕ

Ψa4(r)e
2iϕ









, |2〉 =









Ψ∗
a4(r)e

−2iϕ

Ψ∗
a3(r)e

−iϕ

Ψ∗
a2(r)

Ψ∗
a1(r)e

iϕ









,

|3〉 =









Ψb1(r)e
−iϕ

Ψb2(r)
Ψb3(r)e

iϕ

Ψb4(r)e
2iϕ









, |4〉 =









Ψ∗
b4(r)e

−2iϕ

Ψ∗
b3(r)e

−iϕ

Ψ∗
b2(r)

Ψ∗
b1(r)e

iϕ









,

|5〉 =









Ψc1(r)
Ψc2(r)e

iϕ

Ψc3(r)e
2iϕ

Ψc4(r)e
3iϕ









, |6〉 =









Ψ∗
c4(r)e

−3iϕ

Ψ∗
c3(r)e

−2iϕ

Ψ∗
c2(r)e

−iϕ

Ψ∗
c1(r)









,

|7〉 =









Ψd1(r)e
−iϕ

Ψd2(r)
Ψd3(r)e

iϕ

Ψd4(r)e
2iϕ









, |8〉 =









Ψ∗
d4(r)e

−2iϕ

Ψ∗
d3(r)e

−iϕ

Ψ∗
d2(r)

Ψ∗
d1(r)e

iϕ









,(A1)

where the expressions of Ψa,b,c,d1(r), Ψa,b,c,d2(r),
Ψa,b,c,d3(r), and Ψa,b,c,d4(r) can be found in Ref. [31].
States |1〉, |3〉, and |7〉 are the lowest three eigenstates
of Fz = 1/2, and state |5〉 is the lowest eigenstate of
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Fz = 3/2. States |2〉, |4〉, |6〉, and |8〉 are the degenerate partners of states |1〉, |3〉, |5〉, and |7〉, respectively.
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