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We study a topological phase in the dissipative Kitaev chain described by the Markovian quantum
master equation. Based on the correspondence between Lindbladians, which generate the dissipative
time-evolution, and non-Hermitian matrices, Lindbladians are classified in terms of non-Hermitian
topological phases. We find out that the Lindbladian retains PT symmetry which is the prominent
symmetry of open systems and then all the bulk modes can have a common lifetime. Moreover, when
open boundary conditions are imposed on the system, the edge modes which break PT symmetry
emerge, and one of the edge modes has a zero eigenvalue.
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1. Introduction

Parity-time (PT) symmetry is one of the most significant symmetries of open systems with gain
and loss. Various open systems can be described by non-Hermitian Schrodinger equations. If a non-
Hermitian Hamiltonian and its eigenstates respect PT symmetry, the spectrum is entirely real [1]. PT-
symmetric open systems can be realized in the classical [2] and quantum [3] optical setups and can
be applied, for example, to the lasing [4] and sensing [5]. Topological phenomena in PT-symmetric
open systems are also intensively studied [6-9].

However, the non-Hermitian Schrodinger equation is an approximated time-evolution of the open
quantum systems and can describe only the short-time dynamics. Instead, the time evolution of den-
sity operators should be taken into account to describe the long-time dynamics of the open quantum
systems. If a system-environment coupling is sufficiently weak, the time-evolution of open quantum
systems is well captured by the Markovian quantum master equation [10] ii;—/t) = £[p]. Since the
superoperator £ called Lindbladian is non-Hermitian, we can introduce PT symmetry to the gen-
eral open quantum systems [11]. The topological phenomena of Markovian open quantum systems
are studied from the dynamical perspective [12, 13] with the help of the non-Hermitian topological
phases [14]. Nevertheless, the topological phases of PT-symmetric Markovian open quantum systems
are still unclear.

In this work, we investigate the PT-symmetric topological phase of open quantum systems de-
scribed by the Markovian quantum master equation. We consider the Kitaev chain which is the one-
dimensional topological superconductor with dissipation. We show that the system respects PT sym-
metry and that all the bulk spectrum of the Lindbladian £ has a common imaginary part. We also
show that the edge modes break PT symmetry, and one of them must have a zero eigenvalue in a wide
parameter region.



2. Dissipative topological superconductors with PT symmetry

2.1 Model and formalism
We consider a topological superconductor that couples with environments. If the memory ef-

fects are negligible, the time-evolution is given as the Markovian quantum master equation with the
Lindblad form [10],

i— = Llpl = [H.pl +i ) QLupL} = {LLy. p), (1)
u

where p is the density operator of the system. H is the Hamiltonian of the system, and the jump
operator L, describes a dissipation process of the system. The superoperator £ generates the time-
evolution, and we call it Lindbladian. In this work, we consider the Kitaev chain whose Hamiltonian
is given as
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where w;, and w;g are the Hermitian Majorana operators satisfying {w;,wj ¢} = 20; 76, . They
are related to the fermionic operators a,a’ as w ja = aj+ a;, wig = i(a'; — a;). We focus on the
one-body dissipation proportional to the Majorana operators:

Li=vywjq, v>0. 3)

Since the Hamiltonian is non-interacting and the jump operators are linear in the Majorana op-
erators, the Lindbladian is also non-interacting and we can employ third quantization [15, 16]. The
set of operators of the n fermion systems form a Hilbelt space with the Hilbert-Schmidt inner prod-
uct (A|BY = tr[ATB], and we can regard the operator A as a vector |A). We choose the basis as
|Pp) = |w’f’ljwf’]f . --wfl:;f)) (pjs € {0,1}, and we use the notation 0 = (014,018, ,0n3) Where
o is an arbitrary object such as number, operator, or superoperator, throughout the paper), then the
fermionic superoperators

21 1Pp) = 8t WPy o &1 IPp) = 6, 0 WisPp) )

can be defined. They satisfy the fermionic anticommutation relations {¢ , 6T.,,s,} =0;j0s5, {Cjss Cjr s}
0. Since the Lindbladian changes the basis |Pp) as [w;swj ¢ Pp), [Ppw;swj o), and [w;Ppwjr o)
by the non-interacting assumption, we can rewrite the Lindbladian as a quadratic form of the fermionic
superoperators ¢, &'.

After some calculation, it is shown that the Lindbladian preserves the fermion parity IT = (—1)"
(N is the particle number N = }; a}a ;) though the Lindbladian does not preserve the particle number
N. Then the non-interacting Lindbladian can be block-diagonalized in even and odd fermion parity
sectors. We focus on the even-parity sector because proper quantum states have even fermion parity
[IpIl = p (that is, they are written as the linear combination of the operators of the form |even) (even|
and |odd) (odd|, where II|even) = |even) and I |odd) = —|odd)). We obtain a simplified form of the
Lindbladian of this model for the even-parity sector as

L =14¢ze. (5)
The non-Hermitian matrix Z is defined by
Z = H - iReM, 6)
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where H and M are Hermitian matrices defined by the coefficients of the H and L,:

H=w'Hw, M= LI, L=Lw=> 5w )
U Js

Thus, we regard the Lindbladian as a non-Hermitian non-interacting Hamiltonian with the first quan-
tized Hamiltonian 4Z. By diagonalizing Z, the Lindbladian is also diagonalized as

L= 42bb;, (8)

where Z = Z?Zl A jzp,-,\/;. is the eigendecomposition of Z and 13;. = é’“//j, b j = Xj-f' are creation and
annihilation superoperators of the eigenmodes satisfying generalized canonical anticommutation re-
lations {b, by} = 0, {bj, bk} = {b;, b;} = 0. Non-interacting Lindbladians always have a steady state
INESS) such that b 7 INESS) = O for all j. Then an eigenoperator of the Lindbladian is constructed
as ] jﬁl B;Vf INESS) (v; € {0, 1}), and its eigenvalue is given as 4 Z?Zl A;vj. In particular, an eigen-
operator with even fermion parity and a zero eigenvalue corresponds to a steady state of the system
[16]. Under the periodic boundary conditions, Z in our model is given in the momentum space as

P (A2 * )
Z(k) = %( t(2]Z; tg() ) 1(k) = to + 1™ )

2.2 PT symmetry and the topological invariant

Owing to Eq. (5), we can investigate some properties of the Lindbladian by investigating the
matrix Z instead. In particular, we investigate the topological properties of the dissipative Kitaev
chain in this work. To this end, we employ the topological classification of the non-Hermitian matrix
Z [12-14]. Z has all symmetries in AZ' class, and it belongs to class BDI':

TRS" : 727 (k)T = Z(k), T = o, (10)
PHS' : Z*(—k) = —Z(k), (11)
CS: I'Z'(r—! =-zk), I = o, (12)

. . . 1 0
where o, is one of the Pauli matrices o, = ( ) Moreover, the traceless part of Z has PT

0 -1
symmetry as

. 9 * )
(PT) [Z(k) + %I] PTY" = Z(k) + %1, PT = o\, (13)

(1) (1) and [ is the identity operator. Note that some symmetries such as PT symmetry
for Lindbladians are defined for the traceless part [11, 13] as the Lindbladians do not have eigenstates
with the positive imaginary part of eigenvalues. PT symmetry in Eq. (13) ensures that the spectrum
of Z are of the form v — iy2/2 (v € R)or {v — i72/2, Ve — iy2/2} (v € C). The eigenvalues take
the former if the corresponding eigenvectors of Z, i, is the same with 7 Ky up to phase factors,
where K is the complex conjugation operation. On the other hand, the eigenvalues take the latter if ¢
and P7 Ky are linearly independent. We say that the eigenvectors do not break PT symmetry if the
corresponding eigenvalues take the former, while the eigenvectors break PT symmetry and forms a
pair {¢, P7 Ky} if the corresponding eigenvalues take the latter. Typically, eigenvalues in the former
form become the latter form as we increase the non-Hermiticity of a PT-symmetric matrix. If Z does

where o, =
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Fig. 1. (a)The spectrum of Z with periodic boundary conditions. Red and blue lines correspond to the cases
of t; = 3tp,v* = 0.3ty (PT symmetry unbroken) and #; = 0.5¢, ¥? = 0.8ty (PT symmetry broken), respectively.
(b)The phase diagram of the topological invariant in Eq. (16) when y?> = 0.2¢y. In the yellow region, the real
line gap closes due to PT symmetry breaking, and the winding number in Eq. (16) is ill-defined.

not have PT symmetry breaking eigenvectors, in other words, imaginary parts of all eigenvalues are
—iy?/2, the system belongs to the PT symmetry unbroken phase. If some eigenvectors break PT
symmetry, i.e. imaginary parts of some eigenvalues are different from —iy?/2, the system belongs to
the PT symmetry broken phase. We call the transition from PT unbroken phase to broken phase PT
symmetry breaking.

The eigenvalues of Z(k) in Eq. (9) are obtained as

1 iv?
Ay = iE |[(k)|2 - - 7 (14)

We show the eigenvalues in Fig. 1 (a). The imaginary parts of all eigenvalues equal to —iy?/2 if
[t(k)* > 74 for all k [red lines of Fig. 1 (a)]. All eigenvectors do not break PT symmetry, and the real
line gap opens in this region. The PT symmetry breaking occurs and the line gap closes if there exists
k such that |#(k)]> < y4 [blue vertical line of Fig. 1 (b)]. The left and right eigenvectors of Z(k) are

written as
f_ L e . L (P = iy
/\/i = —Ni (i It(k)| Y y, lt(k) )7 ¢i - Nj: lt(k) 4 (15)

where N. is the normalization constant as N2 = 2 /[t(k)2 — y*(\/[t(k)2 — y* F iy?).

Now we focus on the topological properties of the Lindbladian £ in Eq. (5). According to the
topological classification of non-Hermitian matrices [14], the matrices in class BDI with one spatial
dimension have a Z-valued topological invariant. We can calculate a topological invariant as the
winding number,

1 _1dq
= — —dk, 16
T o e, ak (16)
where ¢ is defined through the matrix Q:

0= (qu g), Q:=1-@_x" +x-¢0). (17)

Inserting the eigenvectors into Q, we get that the winding number is O if #p > #; + ¥? and -1 if
t1 > to + y>. The phase diagram of the topological invariant is shown in Fig. 1 (b).
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Fig. 2. (a) The spectra of Z with open boundary conditions. The red dots and blue crosses correspond to the
cases of #; = 3ty,y> = 0.3tp and t; = 1.5¢5,%> = 0.2t,, respectively. (b) Spatial configuration of edge modes
in the case of #; = 31y, > = 0.3tp. We set n = 500. If the index is odd (even), the flavor of the corresponding
position is a (8). (bl) Edge states near the left boundary. (b2) Edge states near the right boundary.

2.3 PT symmetry breaking edge modes

We study the topological edge modes of the Lindbladian in Eq. (5) in this subsection. We nu-
merically diagonalize Z for open boundary conditions in the parameter region so that all bulk modes
do not break PT symmetry, and the spectra are shown in Fig. 2. We confirmed that two edge modes
appear in Fig. 2 (a), as predicted by the bulk-edge correspondence with the topological invariant we
have calculated in the previous subsection. All bulk modes do not break PT symmetry, and corre-
sponding eigenvalues have the same imaginary part —iy?/2, as shown in Fig. 2 (a). In contrast, the
two edge modes break PT symmetry since the edge modes localize near the one boundaries as shown
in Fig. 2 (b). Their eigenvalues takes 0 and —iy? in both cases. We can show the existence of these
edge modes analytically. If the eigenvector of Z is written as (A, By,--- ,A,, B,)T, the eigenvalue
equation of Z is recast as

2
_tlBj—l —2’)/2Aj+l()Bj = 7/1Aj, (18)
2
—loAj + I1Aj+1 = _./13j (19)
l
for the bulk and
, 2
—2)/ A1 +toB] = —,/lAl, (20)
l
2
~toA, = =B, 2D
l

for the boundaries. We note that the above equations correspond to the eigenvalue equation of the
Kitaev chain H in Eq. (2) when y = 0. If #{ > 1, a zero-energy edge mode of the Kitaev chain
‘H satisfying the above equations in the limit of n — oo with A; = 0, B;/Bj_1 = t1/1y is also the
solution of the corresponding eigenvalue equation of Z with 4 = 0. The edge mode localizes near
Jj = n as shown in the blue curve of Fig. 2 (b2). Since the dissipation acts only on the flavor @, the
edge mode is unaffected by the dissipation and the eigenvalue remains at zero. Conversely, the other
zero-energy edge mode of the Kitaev chain H satisfying Egs. (18) - (21) in the limit of n — oo with
Aj/Aji =t1/tg, B; = 0is most sensitive to the dissipation, which leads to the largest imaginary part
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of the eigenvalue; A = —iy?. The latter edge mode localizes near the other boundary j = 1 as shown
in the red curve of Fig. 2 (b1). The latter edge mode with A = —iy? is also obtained by applying PT K
to the former edge mode because they form a pair due to PT symmetry breaking. We also confirm
that the edge modes do not appear in the parameter region with w = 0, as predicted by the bulk-edge
correspondence.

Finally, we mention the steady state of the system. Since the jump operators in this model are
Hermitian, the infinite-temperature state pins o I is the steady state of the time-evolution £[pins] = 0.
Although Z has a zero eigenvalue, it does not lead to multiple steady states (see also Refs. [16,17]). We
recall that the spectrum of £ is expressed by the spectrum of Z as 4 Z?ﬁ | 4;v; and the eigenoperators

are given as H?Z I l;;._"./ |NE$S>>. Since b’ changes the fermion parity, the e.igenoperators with 3 ;v;
even have even fermion parity and correspond to the quantum states. In particular, from the formulae,
degenerated zero eigenvalues of Z are essential to have additional steady states of the system.

3. Conclusions

We have studied the topological phase of the dissipative Kitaev chain in this work. We have shown
that the dissipative Kitaev chain retains PT symmetry and the bulk spectrum of the Lindbladian can
possess a common imaginary part due to PT symmetry. Imposing open boundary conditions on the
system, we have clarified that the edge modes break PT symmetry and have different imaginary parts
of the eigenvalues from the bulk modes. We have discussed that the eigenvalues of edge modes must
be 0 and —iy?, while the steady edge mode is impossible in this model. The future direction of this
work is the systematic construction of steady edge states by utilizing PT symmetry. This work sheds
light on manipulating the steady topological edge states by engineering dissipation.

We thank Yasuhiro Asano and Kousuke Yakubo for helpful discussions. M. K. was supported by
JST SPRING (Grant No. JPMIJSP2119). This work was also supported by KAKENHI (Grants No.
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