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Two-dimensional Euler insulators are novel kind of systems that host multi-gap topological phases,
quantified by a quantised first Euler number in their bulk. Recently, these phases have been ex-
perimentally realised in suitable two-dimensional synthetic matter setups. Here we introduce the
second Euler invariant, a familiar invariant in both differential topology (Chern-Gauss-Bonnet theo-
rem) and in four-dimensional Euclidean gravity, whose existence has not been explored in condensed
matter systems. Specifically, we firstly define two specific novel models in four dimensions that sup-
port a non-zero second Euler number in the bulk together with peculiar gapless boundary states.
Secondly, we discuss its robustness in general spacetime-inversion invariant phases and its role in
the classification of topological degenerate real bands through real Grassmannians. In particular, we
derive from homotopy arguments the minimal Bloch Hamiltonian form from which the tight-binding
models of any second Euler phase can be generated. Considering more concretely the gapped Euler
phase associated with the tangent bundle of the four-sphere, we show that the bulk band struc-
ture of the nontrivial 4D Euler phase necessarily exhibits triplets of linked nodal surfaces (where
the three types of nodal surfaces are formed by the crossing of the three successive pairs of bands
within one four-band subspace). Finally, we show how to engineer these new topological phases in a
four-dimensional ultracold atom setup. Our results naturally generalize the second Chern and spin
Chern numbers to the case of four-dimensional phases that are characterised by real Hamiltonians
and open doors for implementing such unexplored higher-dimensional phases in artificial engineered
systems, ranging from ultracold atoms to photonics and electric circuits.

Introduction.— Topological phases of matter are
largely recognized as one of the main pillars of mod-
ern physics. They embrace theoretical ideas and con-
cepts that go much beyond the realm of condensed mat-
ter physics [1]. As an interdisciplinary field, topologi-
cal matter has been studied and explored by employing
a myriad of methods and techniques ranging from dif-
ferent algebraic topology, quantum field theory, gravity
to entanglement and band theory [2, 3]. For instance,
Chern numbers, originally formulated in the formal con-
text of characteristic classes for complex vector bundles
[4, 5], are nowadays known to be also measurable quan-
tities. They are, in fact, associated to well-defined phys-
ical observables lying at the core of quantum Hall states
and Chern insulators in two and higher-even dimensional
systems [6–8]. Importantly, some discrete symmetries
such as time-reversal and particle-hole symmetries [9]
have been shown to give rise to novel topological invari-
ants that characterise topological insulators and super-
conductors. This deeper understanding of the interplay
between topology and symmetries has had far reaching
consequences. Through the classification of free-fermion
topological phases, different kinds of topological systems
lie together within an elegant periodic table [10, 11].
More recently, the addition of lattice discrete symmetries
has enlarged this periodic table [12, 13] by giving rise
to novel important models and concepts, such as crys-

talline topological insulators [14–19], higher-order topo-
logical phases (HOTPs) [20–24], fragile topology [25–27]
to name a few. Within this framework, the combination
of time-reversal symmetry and inversion symmetry PT
(parity-time reversal) or C2T (twofold rotations and time
reversal) symmetry in spinless fermionic systems have un-
veiled the existence of novel topological phases character-
ized by the first Euler number and Stiefel-Whitney invari-
ants [28–35]. These topological invariants, different from
the Chern numbers, are associated to real vector bun-
dles and their corresponding gauge connections, namely
SO(2) Berry connections are related to degenerate bands
of suitable real-valued Hamiltonians in two and three di-
mensions.
Although solid-state quantum materials represent the
natural context for the experimental detection of topo-
logical phases, synthetic systems, ranging from photonic
systems and metamaterials [36] to ultracold atoms [37–
39] have been largely employed to simulate quantum sys-
tems that could not exist in real quantum materials. For
instance, a finite Euler class [28–32] results in physical
signatures in out-of-equilibrium [40, 41] as well as equi-
librium contexts [42–47], including magnetic ones [48],
that by now have been observed in experiments that
range from metamaterials [49–51] to trapped ion sim-
ulators [52]. On the other hand, synthetic matter is
also the ideal playground to simulate higher-dimensional
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topological phases. The four-dimensional quantum Hall
effect [6–8, 53] and the corresponding higher-dimensional
Thouless pump [54] are among the most famous exam-
ples related to higher Chern numbers and have been
experimentally realized in ultracold atoms and photon-
ics [55, 56]. More recently, a four-dimensional tensor
monopole [57–60], characterized by the first Dixmier-
Douady (DD) invariant, has been theoretically investi-
gated and experimentally realized in NV centers [61] and
superconducting circuits [62]. Furthermore, a theoreti-
cal proposal for the implementation of the second spin
and valley Chern numbers in ultracold atoms has been
presented in Ref. [63]. We note that all these higher-
dimensional invariants are related to the existence of
complex vector Berry bundles. This opens the question of
the identification and possible experimental implementa-
tion of novel four-dimensional systems that have a second
Euler number.
The main goal of this work is to fill this gap. Although
the second Euler number has been largely explored in the
context of four-dimensional Euclidean gravity and differ-
ential geometry (Chern-Gauss-Bonnet theorem and Euler
characteristic) [5], our work provides the first evidence of
its importance for topological phases of matter.
Bulk topology and edge states.–We start by considering

a Dirac model of the 4D real topological insulator which
takes the form,

H0(k) = dxΓ1 + dyΓ2 + dzΓ3 + dwΓ4 + d0Γ0, (1)

where di = sin ki, d0 = m−
∑
i cos ki with i = x, y, z, w.

The 8 × 8 real Dirac matrices satisfying the Clifford
algebra {Γα,Γβ} = 2δαβ , represented by Γ1 = G111,
Γ2 = G113, Γ3 = G130, Γ4 = G232, and Γ0 = G300.
We label Gijk = σi ⊗ σj ⊗ σk hereafter. Note that this
model commutes with Γ5 = G320, i.e., [Γ5,H0] = 0.
Model (1) preserves PT -symmetry, i.e., [PT,H0] = 0,
with PT = K̂ satisfying (PT )2 = +1. K̂ denotes com-
plex conjugate. It hosts two fourfold degenerate bands
with spectrum being E = ±

√∑
i d

2
i + d20. Below we dis-

cuss the gapped case where the occupied and unoccu-
pied bands are fully separated. Similar to the regular
procedure [64, 65], we can assume the base manifold as
S4 covered by two open sets D4

N and D4
S (the north-

ern and southern hyper-hemispheres) with the overlap
as the equator being S3 = D4

N ∩ D4
S ; see Fig. 1(a).

The occupied eigenstates defined on these two sets satisfy
the relation: |uN,n〉 = (gNS)nm|uS,m〉, where the transi-
tion function gNS ∈ SO(4) is defined on the equator S3.
Say, |uN/S,n〉 denote the occupied eigenstates on DN/S

with n = 1, 2, 3, 4. Thus, this system is purely real and
its structure group of the fourfold-degenerate occupied
bands is SO(4) = SU(2)× SU(2). The homotopy group
of transition functions S3 → SO(4) is given by

π3(SO(4)) = π3(S3)⊕ π3(S3) = Z⊕ Z, (2)

where we used the relation: SU(2) ∼ S3 [66]. Based
on the above discussion, therefore, the system H0 can

be characterized by both the first Pontryagin P1 and the
second Euler numbers χ2 in the whole 4D Brillouin zone
(BZ) T4 defined as follows [4, 5],

P1 =
1

32π2

∫
T4

d4k εµναβFabµνFabαβ , (3)

and

χ2 =
1

128π2

∫
T4

d4k εabcdεµναβFabµνFcdαβ . (4)

Here the real non-Abelian Berry curvatures are the anti-
symmetric matrices due to its SO(4) nature defined as
Fαβ = ∂αAβ − ∂βAα + [Aα,Aβ ] with associated non-
Abelian Berry connection (Aα)mn = 〈um(k)|∂kα |un(k)〉
with |un(k)〉 denotes the eigenstate of n-th occupied
band. The direct calculation shows that χ2 = P1/2
with P1 = 6 sgn(m) for 0 < |m| < 2; P1 = −2 sgn(m)
for 2 < |m| < 4, and P1 = 0 elsewhere. Although in
our Dirac model, the second Euler number is connected
to the first Pontryagin number, however, this situation
is not always true, because in general P1 and χ2 are
two dinstinct topological invariants. This can be under-
stood by noticing that the first Pontryagin class is related
to both the second w2 and fourth w4 Stiefel-Whitney
classes [67] while the second Euler class depends only
on w4 [68]. In the next section, we will present another
model that hosts a non-trivial χ2 but P1 is zero. On
the other hand, since there is a tight connection between
the first Pontrygain and the second Chern classes [4, 5],
it implies that this model can also be characterized by
the second Chern number C2. For simplicity, by rotat-
ing Γ5 into G300 through a unitary transformation U ,
one can block diagonalize H0 as UH0U

−1 = H+ ⊕ H−
with U = exp

[
iπ4G200

]
exp

[
−iπ4G220

]
. Now each block

Hamiltonian is given by

H±(k) = ±dxG11±dyG13±dzG30+dwG12±d0G20, (5)

with Gij = σi⊗ σj . The total model H+⊕H− preserves
the original PT -symmetry with PT = G220K̂ while H±
belongs to class AII being the 4D topological insulator
(TI) [8] that can be characterized by the same second
Chern number C+

2 = C−2 . Therefore, the total second
Chern number is C2 = C+

2 + C−2 which hosts the same
result as P1. Notice that the occupied SU(2)-bundle of a
4D TI has a high-energy analog with the SU(2) instanton
in Yang-Mills theory [69–71] while our 4D real topological
insulator with a SO(4)-bundle (for the occupied bands) is
analogous to the SO(4) = SU(2)+×SU(2)− gravitational
instanton in 4D Euclidean gravity [5, 72, 73]. Thus this is
the reason why our model hosts an invariant P1 = 2C±2
with double-value compared to the SU(2) TI. In what
follows we discuss its edge states on the 3D boundary
when considering an open boundary condition along w-
direction at 2 < m < 4 with χ2 = P1/2 = −1. We
find that the effective boundary Hamiltonian around the
origin is nothing but a double-Weyl cone [74], which takes
the form

HDW (k) = −kxG23 − kyG21 − kzG02. (6)
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Note that this model preserves CP -symmetry, i.e.,
{CP,HDW } = 0 with CP = K̂ satisfying (CP )2 = +1.
Here C denotes the charge conjugate symmetry. Thus,
this model presents a double-Weyl monople with a 2Z
classification and carry monopole charge C1 = −2 de-
fined in terms of the first Chern number on the 2D sphere
encloses it [75]. If we further introduce some typical PT -
symmetric perturbations into the bulk Hamiltonian (1)
without gap closing, the total model shares the same
topological bulk invariants and only the physical changes
are the boundary gapless modes. Without loss of gener-
ality and for concreteness, we consider the perturbation
as ∆ = a0G100 + a1G331 + a2G333 + a3G310 in the fol-
lowing. When only a0 6= 0, we have H1 = H0 + a0G100.

(b)

kx
ky

E

--

(a)

(c)
-

-
- -

(d)

kx
ky

E

𝐷𝐷𝑁𝑁4

𝐷𝐷𝑆𝑆4

Figure 1. (a) A base manifold S4 covered by the northern
and southern hyper-hemispheres with the overlap being the
equator S3. Figs. (b-d) denote the schematic of boundary
energy spectra at kz = 0 plane near the origin when 2 < m <
4. (b) A double Weyl point at (E,k) = (a0,a) = 0; (b) Nodal
sphere structure formed by splitting a double Weyl point in
energy when only a0 6= 0; (c) Two Weyl points with the same
chirality separated along kx axis when a = (a1, 0, 0).

After projecting this term into the w = 0 boundary [74],
we obtain the total boundary Hamiltonian

HNS(k) = HDW (k) + a0γ
5, (7)

with γ5 = −σ3⊗σ2. Note that γ5 commutes with HDW ,
i.e,

[
γ5,HDW

]
= 0. This model represents a 3D Weyl

nodal surface and its spectrum E = ±|k| ± |a0|, exhibits
a band degeneracy at the Fermi level E = 0 on a sphere
defined by |k| = |a0| with |k| =

√
k2x + k2y + k2z . This

model preserves the combined CP symmetry and should
be characterized by a Z2 invariant [75]. Say that γ5 term
splits the double-Weyl point into two single Weyl points
in the opposite directions in energy with the same chiral-
ity, i.e., model (7) denotes an inflated double Weyl point
[76, 77]. On the other hand, when a = (a1, a2, a3) is
non-zero, we obtain the effective boundary Hamiltonian

HDWs(k) = HDW (k) + a1G31 + a2G33 + a3G10 . (8)

The spectrum is now given by E =
±
√

(kx ± a1)2 + (ky ± a2)2 + (kz ± a3)2, which rep-

resents two Weyl points with the same chirality C1 = −1
are separated at (±a1,±a2,±a3). In summary, from the
viewpoint of boundary physics, a 4D real topological
insulator is quite robust while a PT -preserved perturba-
tion will not gap out the boundary double-Weyl mode
but at most will split it into two single-Weyl points in
opposite directions with the same chirality in energy or
in momentum, as shown in Fig. 1(b-d). Moreover, this
system hosts different numbers of boundary double-Weyl
modes in different parameter regions [78]. The 2D
topological charge of the double-Weyl points is essential
for the bulk boundary correspondence while the 2D
topological charge implies that the boundary band struc-
ture with an odd number of double Weyl points cannot
be realized by an independent 3D system, and therefore
has to be connected to a higher dimensional bulk.
Furthermore, adding a PT -protected term ∆ = λG022

into H0, the model goes through a phase transition from
a 2Z TI to a nontrivial real nodal-line semimetallic phase
that is characterized by the first Euler number and then
finally becomes a trivial insulator by further increasing
|λ|. A real version of the 5D Yang monopole and the
corresponding nodal structure has been also investigated
in the Supplemental Material [79].
Systematic homotopy modeling of second Euler

phases.—We now turn to a setup that allows us to un-
veil, for the first time, the intrinsic bulk characterization
of 4D Euler topology. The central idea is to consider the
simplest physical system that supports Euler topology,
namely a five-band PT+ symmetric system with four oc-
cupied and one unoccupied bands, thus realizing the 4D
real Grassmannian GrR4,5 = O(5)/[O(4) × O(1)], that is
nothing but the projective hyperplane RP 4. Focusing
on strict 4D topological phases, we are seeking the sys-
tematic building of Bloch Hamiltonians representing the
fourth homotopy classes

π4[RP 4] = π4[S4] = Z ∼= 2Z 3 χ2[BI ] , (9)

where the Bloch bundle BI = B1 ⊕ B2 ⊕ B3 ⊕ B4 =⋃
k∈T4〈u1(k), . . . , u4(k)〉 is defined as the vector bundle

spanned by the frame of Bloch eigenvectors RI(k) =
(u1(k) u2(k) u3(k) u4(k)) ∈ R5×4 corresponding to the
four occupied energy levels E1(k) ≤ E2(k) ≤ E3(k) ≤
E4(k). The factor two is explained below. We now
seek the minimal 4 + 1-gapped real Hamiltonian char-
acterized by an eigenframe R = (RI RII) ∈ O(5) with
RI = (u1 · · ·u4) and RII = u5, that generates all
the second Euler phases. For this, we take advantage
of the equivalence between the oriented Grassmannian
and the four-sphere, i.e. G̃r

R

4,5 = SO(5)/SO(4) ∼= S4.
(The use of the oriented Grassmannian is motivated

by π4[G̃r
R

4,5] = π4[GrR4,5].) Points of the Grassmannian
are represented by left-cosets of oriented eigenframes
[R] = {R · (GI ⊕ 1)|R ∈ SO(5), GI ∈ SO(4)}, that can
then be parameterized by the points of a four-sphere.
Starting from the generic parametrization of an element
R = (u1 · · ·u5) ∈ SO(5), we use the following constraint
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that guarantees the (4+1)-Hamiltonian to correspond to
a point of the oriented Grassmannian (derived from the
Plücker embedding [79])

[u5]j =
∑
σ∈S4

(−1)σ[u1]σ(ij,1)[u2]σ(ij,2)[u3]σ(ij,3)[u4]σ(ij,4) ,

(10)
with {ij}5j=1 = {(a, b, c, d)|1 ≤ a < b < c < d ≤ 5}
(e.g. i1 = (1, 2, 3, 4)), where [un]m is them-th component
of the n-th Bloch eigenvector, S4 is the symmetric group
of permutations of four elements and (−1)σ is the parity
of the permutation σ. The expression of the vector u5 is
effectively obtained from the wedge product of the four
occupied Bloch eigenvectors, i.e. u1∧u2∧u3∧u4“ = ”u5
[79], such that any SO(4) rotation of the occupied ui’s
leaves the above definition of u5 invariant. Setting u5
as a generic unit vector living on the four-sphere, it is
hence natural to consider the frame (u1 · · ·u4) as a basis
of the tangent hyper-plane of the sphere at u5. Picking
the hyper-spherical coordinates, each point of the sphere
is parametrized by

u5 = er(φ, θ, ψ, ρ) =


sin ρ sinψ sin θ sinφ
sin ρ sinψ sin θ cosφ
sin ρ sinψ cos θ
sin ρ cosψ
cos ρ

 ∈ S4 ,

(11a)
for φ ∈ [0, 2π) and θ, ψ, ρ ∈ [0, π], and a basis of the
tangent space at er(φ, θ, ψ, ρ) is given by

(u1, u2, u3, u4) = (∂φ,∂θ,∂ψ,∂ρ) , (11b)

with ∂J = ∂Jer/|∂Jer| for J ∈ {φ, θ, ψ, ρ}. Inserting the
eigenframe R = (∂φ ∂θ ∂ψ ∂ρ er) and the eigenvalues
E1 = E2 = E3 = E4 = −1 and E1 = 1 in the (4+1)-
Hamiltonian form H(4+1) = R · diag[E1, E2, E3, E4, E5] ·
RT , we arrive at the minimal form

H(4+1)[er(φ, θ, ψ, ρ)] = 2er · eTr − 15 . (12)

Mapping the Brillouin zone torus on the four-sphere,
ftts : T4 → S4

0 : k 7→ (φ0(k), θ0(k), ψ0(k), ρ0(k)) so that
S4
0 is wrapped one time whenever k is scanned through

the Brillouin zone torus one time, see e.g. [79], and set-
ting

er(φ, θ, ψ, ρ) = er(W4φ0, θ0, ψ0, ρ0) , (13)

where the number W4 ∈ Z fixes the number of times
er wraps the target four-sphere (i.e.W4 is the degree
of the map er : S4

0 → S4), we finally obtain the Bloch
Hamiltonian [combining Eq. (12) and (11a)]

HW4(k) = H(4+1)[er(W4φ0(k), θ0(k), ψ0(k), ρ0(k))] ,
(14)

from which we can represent all second Euler phases
classified by Eq. (9). This can be shown through direct
computation. Taking S4

0 as the base parameter space
(since ftts(k) is surjective and almost one-to-one), we

define the SO(4)-connection AmnJ and curvature FmnIJ for
I, J ∈ {φ0, θ0, ψ0, ρ0}. We find the integrand of Eq. (4) to
be 96W4 sin θ(sinψ)2(sin ρ)3, leading to the second Euler
number

χ2[〈∂φ,∂θ,∂ψ,∂ρ〉] = 2W4 . (15)

We conclude that the second Euler number of the Bloch
Hamiltonian Eq. (12) is simply determined by the wind-
ing number W4 entering the ansatz Eq. (13) of the unit
vector er. We can also trace the factor 2 in Eq. (9) from
the fact that the square of er enters the Bloch Hamil-
tonian Eq. (12). In particular, when W4 = 1 there is a
formal equivalence between BI and the tangent bundle
of the four-sphere, i.e. TS4, and we recover the Chern-
Gauss-Bonnet theorem in 4D, i.e.

χ2[B(W4=1)
I ] = χ[S4] = 2 , (16)

where χ is the Euler characteristic of the four-sphere.
Tight-binding models with arbitrary fixed second Eu-
ler classes can be now readily generated by approxi-
mating every matrix element [HW4

(k)]αβ by a truncated
Fourier series

∑max(mi)i=Nαβ
m∈Z4 tαβ(m) exp( iπk·m), where

the Fourier coefficients represent the hopping amplitudes
[79].

(a) k4 = 0 (b) k3 = 0

(c) k3 = k4 = 0, around Γ (d) k3 = k4 = 0, around
(k1, k2) = (1, 1)

Figure 2. Triplets of linked nodal surfaces (LNS) protected
by the second Euler topology, seen in (a) for the (k4 = 0)-3D
projection and in (b) for the (k3 = 0)-3D projection. The
nodal surfaces between bands 1 and 2 ({S1,1,S1,2,S1,3}) are
drawn in black, between bands 2 and 3 ({S2,1,S2,2,S2,3}) in
red, and between bands 3 and 4 ({S3,1,S3,2}) in blue. On
the left-hand side of each panel, there is the triplet of LNS
around the Γ point, and, on the left-hand side, the triplet of
LNS close to the Brillouin zone boundary ∂BZ. (c, d) Band
structure of the four occupied states over the (k3 = k4 = 0)-
2D projection (c) around Γ (k = 0) and (d) around the corner
(k1, k2) = (1, 1). We find that every pair of nodal surfaces of a
same gap is locally stable against their merging (as indicated
by a nonzero first Euler number over a two-dimensional patch
intersecting the nodal surfaces perpendicularly, see text).
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Bulk nodal structure protected by the second Eu-
ler topology.—We are now equipped with a generic
homotopy-based tight-binding Bloch Hamiltonian which,
by construction, only supports the second Euler topol-
ogy. We show that any four-band subspace with a non-
trivial second Euler number necessarily exhibits triplets
of linked nodal surfaces connecting the four energy
bands together, where each nodal surface is formed by
the crossing of a pair of successive bands. More pre-
cisely, labeling the occupied bands from 1 to 4 with
increasing energies, i.e. E1(k) ≤ E2(k) ≤ E3(k) ≤
E4(k), the gap of every successive pair of bands,
{En(k), En+1(k)}n=1,2,3, is closed along two-dimensional
surfaces, noted Sn,jn ∈ En(k) ∩ En+1(k) with jn ∈
Jn = {1, 2, . . . }, such that the nodal surfaces of the
first energy gap {S1,j1}j1∈J1 and the third energy gap
{S3,j3}j3∈J3 are linked with the nodal surfaces of the
common adjacent energy gap {S2,j2}j2∈J2 . Decompos-
ing the total set of linked nodal surfaces into separated
groups of linked nodal surfaces (LNS), which we label by
m = 1, 2, . . . ,M , each group thus forms a triplet of nodal
surfaces {S1,jm1 ,S2,jm2 ,S3,jm3 }(jm1 ,jm2 ,jm3 )∈Jm1 ×Jm2 ×Jm3 with
∪mJmn = Jn for each n = 1, 2, 3. We have observed that
the number M of separate LNS is fixed by the second
Euler class, i.e. in our case M = |χ2[B(W4)

I ]| = 2W4 = 2.
Fig. 2 represents the two groups of LNS realized by the

tight-binding model obtained for W4 = 1 with a maxi-
mum hopping distance of Nαβ = 3 in each direction, and
setting the energy eigenvalues of the (4 + 1)-Hamiltonian
form to (E1, E2, E3, E4, E5) = (−4,−3,−2,−1, 2). Panel
(a) shows the LNS in the (k4 = 0)-3D projection, and
(b) in the (k3 = 0)-3D projection. There are two sepa-
rate LNS, one in the vicinity of the Γ point (k = 0) illus-
trated on the left-hand side of each panel, and one around
the Brillouin zone boundary illustrated on the right-hand
side. The panels (c) and (d) show the (k3 = k4 = 0)-
2D cut of the band structure of the occupied states,
around Γ in (c) and around the corner (k1, k2) = (1, 1)
in (d). We have verified the local stability of every pair
of nodal surfaces from the same gap, i.e. every pair in
{Sn,jn}jn∈Jn for a fixed n, through the evaluation of the
first Euler number χ[Bn,Bn+1;Djnj′n ] [79] computed over
a two-dimensional patch Djnj′n that crosses the pair of
nodal surfaces perpendicularly. We conclude that the
two triplets of LNS in Fig. 2(a,b), i.e. one around Γ and
one around the Brillouin zone boundary, are protected by
the second Euler topology of the phase χ2 = 2, such that
they cannot be annihilated as long as the main energy
gap remains open, namely ∆4 = E5(k) − E4(k) > 0 for
all k.
Experimental realizations.— Finally, we turn to pos-

sible experimental realizations of 4D topological phases
that are characterized by a second Euler number. In
particular, the Dirac model proposed in our work repre-
sents the simplest theoretical model for 4D Euler insula-
tors that can be realized in synthetic matter. Similarly,
to the recent experimental proposal for the simulation
of a 4D model presented in Ref. [63] by two of the au-

thors, our Euler model can be also implemented in a sim-
ilar cold-atom setup due to the same number of degrees
of freedom. For instance, the fourth space-like dimen-
sional can be emulated by employing synthetic dimen-
sion [80, 81], periodic driving (Floquet states) [82, 83],
quantum quench [84–87] or generalized Thouless pump-
ing [54]. For these reasons, we envisage that 4D Euler
insulators can be also engineered in several artificial sys-
tems ranging from ultracold atoms [53, 55, 88, 89], pho-
tonics [56, 90–92] and meta-materials [93, 94] to acoustic
systems [95, 96], trapped-ion simulators [97], supercon-
ducting systems [98, 99] and electric circuits [100–102].
Conclusions and outlook.— In conclusion, we have in-

troduced two spacetime-inversion symmetric models ex-
hibiting a quantized second Euler number. We have
shown that the first model, given by a Dirac-like Hamilto-
nian, supports a rich number of boundary states, ranging
from 3D double-Weyl monopoles to inflated Weyl points.
Moreover, we have presented a general approach to un-
derstand topological Euler phases through real Grassma-
nians for a generic number of Bloch bands. Importantly,
our theory can directly be implemented in various syn-
thetic settings that range from trapped ion insulators
to ultracold atoms. There are several open questions
in these novel topological phases that still need to be
addressed, such as the developing of a semiclassical ap-
proach for wavepackets and an effective-field-theory de-
scription to study quantum transport, quantum anoma-
lies and possible interacting phases. Notice that besides
4D synthetic Bloch bands, the second Chern number has
been shown to play an important role also in the 4D
phase-space of chiral magnets [103] and inhomogeneous
crystals [104]. Due to the natural link between the second
Chern and Euler invariants shown in our paper, it would
be then natural to consider χ2 as a possible topological
number in the 4D phase-space of suitable quantum ma-
terials with defects and inhomogeneous order. This will
open the door to the exploration of the second Euler in-
variant also in real quantum materials. All these relevant
points will be analyzed in future work.
Acknowledgments.— A. B. was funded by a Marie-

Curie fellowship, grant no. 101025315. R. J. S acknowl-
edges funding from a New Investigator Award, EPSRC
grant EP/W00187X/1, as well as Trinity college, Cam-
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Appendix A: Topological phase
transitions:Insulator-metal-Insulator

By introducing a term ∆ = λG022 into H0, i.e., H1 =
H0 + ∆, the spectrum of the total system is given by,

E = ±
√
d2z + d2w + (

√
d2x + d2y + d20 ± |λ|)2, (A1)

As we increase |λ|, the system will still be in the real
insulating phase until the bulk gap closes and then the
band crosses and forms nodal-line structure for the two
middle double-degenerate bands satifying the condition,

dz = dw = 0→ kz,w = 0, π,

d2x + d2y + d20 = λ2 →

sin2 kx + sin2 ky + (m−
∑
i

cos ki)
2 = λ2.

(A2)

The complete phase diagram is shown in Fig. 3.
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Figure 3. (a)Schematic of the phase diagram of H1 with pa-
rameters (m,λ). The straight color lines denote the phase
transition boundaries where the bulk gap closes at E = 0.
Note that "TI" denotes real Euler TIs, while "NI" denotes
normal insulators. "i-NL" denotes that the system hosts i real
nodal lines in the middle two degenerate bands, (c) Schematic
diagram of a real nodal line.

Note that ∆ breaks C2,xy = G310 but keeps C2,zw =
G302 and thus lifts the band degeneracy. The above C2-
symmetry is defined as

C2,xyH0(kx, ky, kz, kw)C−12,xy = H0(−kx,−ky, kz, kw),

C2,zwH0(kx, ky, kz, kw)C−12,zw = H0(kx, ky,−kz,−kw),

(A3)
Without loss of generality and for instance, we discuss

a concrete example when m = 3 and 5 < λ < 7. The
system supports one real nodal line expanded around
kc = (π, π, π, π) satisfying the equation: q2x + q2y = ρ20
with the radius ρ0 =

√
λ2 −m2 when kz,w = π. The

low-energy Hamiltonian of H1 around (π, π, π, π) is given

by

Heff = H0 + V,

H0 = qxΓ1 + qyΓ2 + m̃Γ0 − iλΓ5Γ4Γ0,

V = −qzΓ3 − qwΓ4.

(A4)

where m̃ = m +
q2||
2 and q|| =

√
q2z + q2w. For Heff ,

there is a nodal-line structure formed by the middle two
bands for each subsystem, thus we use the degenerate
perturbation theory to calculate the four-level effective
Hamiltonian by considering V as a perturbation.

Its spectrum E = ±λ ±
√
q2x + q2z + m̃2 as shown in

Fig. 3(b) when qz = qw = 0. We label these bands
as Ei with Ei < Ej for i = 1, 2, 3, 4. Now we ap-
ply the degenerate perturbation theory for the middle
two-degenerate bands, i.e., (E2, E3), with the eigenstates
(|ψ2,1〉, |ψ2,2〉, |ψ3,1〉, |ψ3,2〉). After straightforward calcu-
lation into the first-order, i.e., (HRNL)ij = 〈ψi|(H0 +
V )|ψj〉, we obtain the effective Hamiltonian HRNL for
this real nodal line is given by,

HRNL = (λ−
√
q2⊥ + m̃2)G03 − qzG31 − qwG11, (A5)

where m̃ = m + q2||/2 with q⊥ =
√
q2x + q2y, and q|| =√

q2z + q2w. Since the codimension of this nodal line is
dc = d−dFS−1 = 2 and it is protected by PT -symmetry,
we could introduce the first Euler number to characterize
it.

One can define the topological invariant as

ν1 = χin1 − χout1 mod 2, (A6)

where χ
in(out)
1 denotes the first Euler number for the

gapped subsystem Hq⊥(qz, qw) inside (outside) the nodal
line, i.e, q⊥ < ρ0(q⊥ > ρ0), which is defined as

χ1 =
1

2π

∫ q⊥=q0

R2

dqzdqwF12
zw

=

{
1, q0 < ρ0,
0, q0 > ρ0.

(A7)

Appendix B: 5D Euler semimetals

1. Continuum models

We start by considering a 5D real Weyl monopole with
the continuum minimal model given by

HRY (k) =

4∑
i=1

kiΓi + k5Γ0, (B1)

where Γi takes the same form. These matrices satisfy a
real Clifford algebra,

{Γi,Γj} = 2δij , Γ2
i = 1. (B2)
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This monopole charge can be calculated by the first Pon-
tryagin or second Euler number defined on the S4 enclos-
ing it with χ2 = P1/2 = 1.

Moreover, if we introduce an extra real perturbation
to this monopole, e.g., ∆ = λG022, we have

HRNS = HRY + ∆. (B3)

Since G022 commutes with Γ1,2,0 and anti-commutes with
Γ3,4, then we have the energy spectrum

E = ±
√
k23 + k24 + (

√
k21 + k22 + k25 ± |λ|)2. (B4)

It represents a real nodal sphere (RNS) band crossing
with 4-fold degeneracy at E = 0 on a sphere at |k| = |λ|
with k =

√
k21 + k22 + k25 when k3,4 = 0. In addition, the

two lower (upper) bands with two-fold degeneracy touch
on an infinite 2D plane kp = (k3, k4) when k1,2,5 = 0, see
Fig. 4.

E

1k
RY RNS

2k
1k

3k
4k 5k

2k
1k

4k

∆

3k

5k

Figure 4. Schematic of energy spectra of a real Weyl point
(left panel) and a real nodal sphere(right panel). (a) A 5D
real Weyl point; (b) Nodal sphere structure (black) formed
by splitting a double Weyl point in energy at |k| = |λ| when
k3,4 = 0. The lower two band crossing points are located on
a 2D plane (blue) kp = (k3, k4) when k1,2,5 = 0.

This nodal-surface monopole carries two topological in-
variants: one is the original second Euler number χ2 = 1
(or the first Pontryagin number P1 = 2) defined for the
lower two bands on a S4 enclosing it, the other one should
be a 2D invariant since dc = d− dFS − 1 = 2 with d = 5
and dFS = 2[75]. One can define the first Euler number
for the higher occupied band with two-fold degeneracy
anywhere inside and outside the sphere with varying k3
and k4, i.e., |k| < |λ| and |k| > |λ|, respectively (labeled
by blue squares as in Fig. 4). For instance, we define the
first Euler number as

χ1 =
1

2π

∫
|k|=|k0|

dk3dk4F12
k3k4 . (B5)

Thus the total invariant of this nodal surface can be ex-
pressed as

ν2 = χin1 − χout1 mod 2. (B6)

Therefore, a nodal surface described by Eq. (B3) hosts
two topological invariants (χ2, ν2) = (1, 1).

2. Lattice models

A lattice model of the corresponding 5D semimetal
HESM can be given by

HESM (k) =

4∑
a=1

daΓa + d5Γ0, (B7)

with the Bloch vector

da = sin ka, d5 = m−
5∑
i=1

cos ki, (B8)

where a = 1, 2, 3, 4. Without loss of generality, we
only consider the case when 3 < m < 5 which hosts
a pair of 5D real Weyl points along k5 direction at
k± = (0, 0, 0, 0,± arccos(m − 4)). For simplicity, we
consider the case when m = 4 where a pair of Weyl
nodes located at (0, 0, 0, 0,±π/2). The low-energy effec-
tive Hamiltonian is given by

H±RY =
∑
a

kaΓa ± k5Γ0. (B9)

Each monopole carry a topological charge χ±2 = ±1.
Note that each 4D subsystem HESM,k5(k1, k2, k3, k4)
with a fixed k5 beyond two monopoles is the 4D real
Chern insulator as we discussed above. The 4D sub sys-
tems are nontrivial when k5 ∈ (−π/2, π/2) while the sub
systems are trivial elsewhere.

After introducing a perturbation ∆, i.e.,

HENSM = HESM + ∆. (B10)

Each monopole inflates into a nodal surface and carries
double charges (χ±2 , ν

±
2 ) = (±1,±1). The gapped 4D

subsystems between two nodal surfaces are also the non-
trivial phases. The energy spectrum is given by

E = ±
√
d23 + d24 + (

√
d21 + d22 + d25 ± |λ|)2. (B11)

For concreteness, we would like to work in a parameter
region, e.g., 3 + |λ| < m ≤ 5 + |λ| with |λ| < 1, where we
can study the merging process of a single pair of RNSs.
The effective Hamiltonian of this merging process can be
obtained by expanding the model Hamiltonian near the
origin k = 0, which takes the form

Hm(k) =
∑
a

kaΓa + (m− 5 +
k2

2
)Γ0 + ∆, (B12)

where k =
√∑5

i=1 k
2
i . Fig. 5 shows the evolution of the

energy spectra with double band inversion[65]. As we
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increase m from m = 3+ |λ|, two RNSs carrying opposite
charge are created with k± as the center when k3,4 = 0
[Fig. 5(a)] and move together along k5 axis, then touch
(m = 5 − |λ|) [Fig. 5(b)] and merge together [Fig. 5(c)]
until m = 5 [Fig. 5(d)]. Subsequently, the RNSs totally
vanish as the upper and lower two bands respectively
open the gap [Fig. 5(e)]. However, the middle two bands
still touch and become an ordinary NS characterized by
ν2 and later shrinks to a point when m = 5 + |λ| and
finally disappears with gap opening when m > 5 + |λ|
[Fig. 5(f)]. Note that the lower two bands touch with
the condition: k21 +k22 +(m−5+k2/2)2 = 0, which leads

k1,2 = 0, k23 + k24 + k25 = 2(5−m). (B13)

This forms a nodal sphere when m < 5. The total nodal
structure of this merging process is presented above the
subfigures.

Appendix C: Homotopy based modeling of real 4D
phases

We want to explore the properties of 4D topologi-
cal phases that host a nontrivial second Euler number.
(See the definition of the 4D reciprocal Bravais lattice
and Brillouin zone in SM D.) Every gapped 4D PT+-
symmetric phase corresponds to a homotopy class in
[T4,GrRp,N ], with as the base space the four-dimensional
Brillouin zone T4 and as the target space the real non-
orientable Grassmannian

GrRp,N = O(N)/[O(p)× O(N − p)] . (C1)

Similarly to the first Euler number that is supported
only by (2D) orientable two-band subspaces isolated from
other energy bands [28, 29, 32, 65, 105] (see also the ear-
lier works that identified the Z winding of Wilson loop of
two-band subspaces without invoking the notion of Eu-
ler class [26, 106, 107]), the second Euler number is sup-
ported only by (4D) orientable four-band subspaces. We
discuss below the consequence on the homotopy classifi-
cation of Hamiltonians of the fact that band-subspaces
are at best orientable and not oriented, see also Refs. [29]
and [105].

One remark here on the semantics. When we talk
about a d-dimensional system, we refer to the dimension
of its parameter (momentum) space, i.e. compatible with
a Brillouin zone Td. We then refer to the dimensionality
of band subspaces as their rank. In other words, non-
trivial first Euler number is supported by rank-2 band
subspaces of two-dimensional systems, while nontrivial
second Euler number is supported by rank-4 band sub-
spaces of four-dimensional systems.

The condition of orientability concretely means that we
exclude π-Berry phases over any non-contractible path of
the 4D Brillouin zone torus [29]. However, there remains
a caveat from the fact that the vector bundle associated
with the occupied Bloch eigenvectors is only orientable

and not oriented [29]. This follows from the fact that the
orientation of the eigenframe can be changed via a gauge
transformation, thus leaving the Bloch Hamiltonian un-
changed, see below.

Formally, we are thus considering [T4, G̃r
R

p,N ] with, as
the target space, the orientable Grassmannian

G̃r
R

p,N = SO(N)/[SO(p)× SO(N − p)] . (C2)

For simplicity we also exclude any 2D (first) Eu-
ler phase on the two-dimensional tori of the Brillouin
zone. It turns out that all sub-dimensional topologi-
cal phases are effectively discarded by considering the
fourth homotopy group of the non-orientable Grassman-
nian, i.e. π4(GrRp,N ), since the CW structure of the four-
sphere only contains a four-dimensional cell and a base
point (also given that π0(GrRp,N ) = {e}). In particular,

we have π4(G̃r
R

p,N ) = π4(GrRp,N ).
We emphasize that by avoiding any non-trivial wind-

ing over the sub-dimensional cells of the Brillouin zone,
we are effectively restricting ourselves to periodic Bloch
Hamiltonians, i.e.

H(k +K) = H(k) for allK ∈ Λ∗ . (C3)

This justifies a posteriori that we chose the Brillouin
zone torus as the base space (see Section D). Further-
more, by avoiding sub-dimensional topologies over non-
contractible cells of the Brillouin zone, the image of the
Bloch Hamiltonian restricted on the boundary of the
Brillouin zone, i.e. H(∂BZ) ⊂ GrRp,N , is null-homotopic
within the Grassmannian. In other words, there exists an
adiabatic deformation of the Bloch Hamiltonian shrink-
ing the image of the Brillouin zone boundary, H(∂BZ),
to a point. We will use this in the construction of tight-
binding models below.

Addressing now the restriction to rank-4 subspaces, we
thus focus on the homotopy classification of real Hamil-
tonian with at least one four-band subspace, i.e. for p = 4
or N −p = 4. Since GrRp,N = GrRN−p,N , we hence consider
GrR4,N without loss of generality.

The long exact sequence of homotopy groups of fiber
bundles F

i
↪−→ E

p−→ B, with the total space E = O(N),
the base space B = GrR4,N and the fiber F = O(4) ×
O(N − 4), gives

π4(GrR4,N ) = Z(χ2,I)⊕Z(P) , for all N ∈ {3}∪N≥5 , (C4)

while N = 4 gives

π4(GrR4,8) = Z(χ2,I) ⊕ Z(χ2,II) ⊕ Z(P) , (C5)

and

π4(GrR4,N ) = Z(χ2,I) , for N ∈ {1, 2} . (C6)

For all these cases, the Z(χ2,I) invariant stands for the sec-
ond Euler number of one rank-4 band subspace. Then,
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Figure 5. Energy spectra evolution of a pair of RNSs for Eq. (B11) with k2,3,4,5 = 0. (a)The system hosts a pair of RNSs
centered at k±. (b) Two RNSs are emerging together. (c) The centers of the two spheres are coincident. (d) Two RNSs vanish
but the two middle bands (colored in black and blue) touch to form an ordinary NS. We choose λ = 0.2 in the above pictures.

there is an extra Z(χ2,II) invariant when also the second
band subspace has four bands, i.e. when p = N − p = 4.
Indeed, similarly to the first Euler number that can be
hosted independently by every two-band subspace of a
(two-dimensional) multi-band system, every four-band
subspace of a (four-dimensional) multi-band system can
host a second Euler number independently. (There is
however a restriction on the parity of the sum of all Eu-
ler classes in order to guarantee a global trivial Stiefel-
Whitney class [see below for more details].) Finally,
the third Z(P) invariant, found when both p ≥ 3 and
N − p ≥ 3 hold, comes from the existence of a com-
plementary stable invariant in 4D, namely the Pontrya-
gin number. The detailed discussion of the Pontryagin
topology goes beyond the scope of this work and will be
addressed elsewhere in detail.

1. Classification in terms of transition functions

Embedding H0 in a Bloch Hamiltonian with an infinite
number of unoccupied bands, H(∞)

0 , we remind the bijec-
tion between the group of homotopy classes of clutching

functions π3(SO(4)) and the group of homotopy classes
of Bloch Hamiltonian π4(GrR4,∞) . Below we address the
geometric modelling of tight-binding models with Euler
topology based on the structure of the real Grassmanni-
ans.

The homotopy classification of all Euler phases in that
context is obtained from

[T4,GrR4,5] ⊂ π4(GrR4,5)⊕
{
π
(e2i )
2 (GrR4,5)

}6

i=1

⊕
{
π
(e1i )
1 (GrR4,5)

}4

i=1
, (C7)

where edi is the i-th d-dimensional cell of the CW struc-
ture of the Grassmannian (the number of d-th homo-
topy groups matches with the number of edi cells). The
first homotopy classes are indicated by the first Stiefel-
Whitney class (equivalent to the Berry phase factor)
w1,i = w1[e1i ] = eiγB [e1i ] ∈ Z2 and the second homotopy
classes by the first Euler class χ1,i = χ1[e2i ] ∈ Z [29],
while there is no contribution from the 3D cells since
π3(GrR4,5) = 0. All Berry phases must vanish since the
Euler classes are only defined for orientable phases [29]
(see also [79]).
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2. Orientability and reduced homotopy class.

Strictly speaking the topological classification of
gapped Bloch Hamiltonians is obtained from the set of
free (i.e. without fixed base point) homotopy classes over
the Brillouin zone torus, i.e. in our case [T4,RP 4], which
also contains the 1D non-orientable topology indicated
by the first Stiefel-Whintey class (equivalently, the Berry
phase factor) over the four loop-cycles of the Brillouin
zone torus {li}4i=1, i.e. w1[li] = eiγB [li] ∈ π1[RP 4] =
Z2. (There is no other sub-dimensional topologies since
π2[RP 4] = π3[RP 4] = 0.) The Euler class is only de-
fined for oriented vector bundles, such that we restrict
ourselves to orientable Bloch bundles BI characterized
by trivial Berry phase factors eiγB [li] = 0 (we say ori-
entable because the BI ’s orientation can be flipped by
a change of gauge). A remaining caveat is the non-
trivial action of the generator [l[1]] ∈ π1[RP 4] on the el-
ements of the fourth homotopy group β ∈ π4[RP ] = Z
via β → β−1 = −β, which reverses the orientation of the
Bloch bundle and with it the sign of the second Euler
class [29]. (The gauge freedom in the choice of an ori-
entation for the Bloch eigenframe is manifested by the
absence of favored base point in the definition of the
homotopy classes of Bloch Hamiltonians.) As a conse-
quence the topological Euler phases are classified up to
homotopy by the unsigned second Euler class |χ2| ∈ 2N.

3. Tight-binding model for GrR
4,5 with a fixed

second Euler class

In the following we will focus on the systematic deriva-
tion of 4D tight-binding models of the Bloch Hamilto-
nians representing the homotopy classes of π4(GrR4,5) =

Z(χ2,I). The final result must thus be a five-band Hamil-
tonian with a four-band subspace hosting an arbitrarily
fixed second Euler number.

For this, we first remind the relation with the four-
sphere

GrR4,5 = RP 4 = S4/ ∼ , (C8)

with x1 ∼ x2 whenever x1 and x2 are two antipodal
points of the four-sphere. More precisely, there is a two-
to-one (surjective) universal covering map

q4 : S4 → RP 4 , (C9)

such that if we wrap the four-sphere a number W4 of
times via the map

fW4
: S4

0 → S4 :

(φ0, θ0, ψ0, ρ0) 7→ (φ, θ, ψ, ρ) = (W4φ0, θ0, ψ0, ρ0) ,
(C10)

where we have used the hyper-spherical coordinates of

the four-sphere of radius r > 0, i.e.

x =


r sin ρ sinψ sin θ sinφ
r sin ρ sinψ sin θ cosφ
r sin ρ sinψ cos θ
r sin ρ cosψ
r cos ρ

 ∈ R5 − {0} , (C11)

with φ ∈ [0, 2π) and θ, ψ, ρ ∈ [0, π], the composition
with q4 leads to the wrapping of RP 4 a number 2W4

of times. In the following we will refer to W4 as the
four-dimensional winding number. It then only remains
to map the Brillouin zone torus on the base sphere S4

0,
which we simply do through

ftts : T4 → S4
0 : k = (k1, k2, k3, k4) 7→

φ0 = arg(k1 + ik2) ,

θ0 = arccos

(
k3/
√
k21 + k22 + k23

)
,

ψ0 = arccos

(
k4/
√
k21 + k22 + k23 + k24

)
,

ρ0 = πmax{|k1|, |k2|, |k3|, |k4|} ,

(C12)

with −1 ≤ ki ≤ 1 for i = 1, 2, 3, 4.
We recapitulate the above relations with the diagram,

T4 S4
0

S4 RP 4 .

ftts

fW4

q4◦fW4

q4

(C13)

Our goal is thus to obtain a generic Bloch Hamiltonian
that realizes the map

HW4
(k) = (q4 ◦ fW4

◦ ftts)(k) , (C14)

for any fixed winding number W4 ∈ Z. It is also clear
from above that the second Euler class simply matches
with W4, i.e.

χ2[HW4(k)] = W4 ∈ π4(S4) = π4(GrR4,5) = Z(χ2,I) .
(C15)

We note that by construction the Bloch Hamiltonian
HW4(k) is periodic over the first Brillouin zone and,
in particular, it is orientable, i.e. every non-contractible
path of the Brillouin zone has a zero Berry phase, which
is a necessary condition to define a nonzero second Eu-
ler class [108]. Reminding the homotopy equivalence
HA(k) ≡ HB(k) whenever χ2[HB(k)] = −χ2[HA(k)],
we conclude

The generic form of the flat (i.e. with a flat spectrum)
Bloch Hamiltonian is

H(flat) =
∑
k∈T4

|φ,k〉H(flat)(k)〈φ,k| ,

=
∑
k∈T4

|φ,k〉R(k)

[
−14 0

0 1

]
R(k)T 〈φ,k| ,

(C16)
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with the eigenframe

R(k) = (u1(k) u2(k) u3(k) u4(k) u5(k)) ∈ O(5) .
(C17)

Our task is thus to derive a analytical parametrization of
the eigenframe R(k) such that we capture the nontrivial
winding associated to the Euler topology. First of all, we
can always take the eigenframe in SO(5), by substitut-
ing R(k)→ R(k) diag[1, 1, 1, 1,det(R(k))]. Actually, the
flat Hamiltonian is explicitly invariant under every gauge
transformation of the form

R(k)→ R(k) ·
[
GI 0
0 sII

]
, (C18)

with sII ∈ {+1,−1} and GI ∈ O(4). The above gauge
structure of the Bloch Hamiltonian is summarized in the
quotient form of the Grassmannian

RP 4 = GrR4,5 = O(5)/[O(4)× O(1)] , (C19)

such that each Hamiltonian is represented by a right coset
[R] = R · [O(4)⊕O(1)]. Since we have seen that there is
no difference between RP 4 and S4 from the fourth homo-
topy group’s viewpoint, we can thus represent the Bloch
Hamiltonian by an element of the oriented Grassmannian

S4 = G̃r
R

4,5 = SO(5)/SO(4) 3 [R̃] = R · [SO(4)⊕ 1] .
(C20)

We conclude that the 10 angles parametrizing a generic
element R = (u1 u2 u3 u4 u5) ∈ SO(5) can be reduced
to only the four angles, say the hyper-spherical angles
(φ, θ, ψ, ρ), that parametrize the points of S4.

This reduction is naturally obtained through the
Plücker embedding, i.e. the exterior product of the oc-
cupied eigenvectors gives [29]

u1 ∧ u2 ∧ u3 ∧ u4 ∈ S4 ⊂
4∧

(R5) , (C21)

while the Hodge dual is

∗ (u1 ∧ u2 ∧ u3 ∧ u4) = u5 ∈ S4 ⊂ R5 , (C22)

with the explicit expression of the fourth-order wedge
product given by

u1∧u2 ∧ u3 ∧ u4 =

5∑
j=1

vj ěij ∈ S4 ,

vj =
∑
σ∈S4

(−1)σ[u1]σ(ij,1)[u2]σ(ij,2)[u3]σ(ij,3)[u4]σ(ij,4) ,

ěij = eij,1 ∧ eij,2 ∧ eij,3 ∧ eij,4 ,
(C23)

with {ij}5j=1 = {(a, b, c, d)|1 ≤ a < b < c < d ≤ 5}
(e.g. i1 = (1, 2, 3, 4)), where [un]m is the m-th compo-
nent of the n-th Bloch eigenvector, S4 is the symmet-
ric group of permutations of four elements and (−1)σ is
the parity of the permutation σ, and ěij is the exterior

(wedge) product of four unit vectors from the Cartesian
basis (e1, e2, e3, e4, e5) of R5.

Noting the isomorphism
∧4

(R5) ∼= R5, we then set

u1 ∧ u2 ∧ u3 ∧ u4“ = ”u5 = er ∈ S4 . (C24)

A geometric interpretation of the above constraint is to
consider the partial frame (u1 u2 u3 u4) as a basis of the
tangent hyper-plane of the four-sphere at the point u5,
i.e. Tu5

S4 = span〈u1, u2, u3, u4〉, since any SO(4) rotation
(u1 u2 u3 u4) · S[GI ] leaves the tangent plane invariant.
Since we want to cover the whole four-sphere as we scan
one time through the Brillouin zone, we actually seek a
section of the whole tangent bundle TS4. Such a section
is readily obtained from the frame of unit vectors in the
hyper-spherical coordinates of S4, namely from x defined
in Eq. (C11), we obtain

u5(φ, θ, ψ, ρ) = er = xr=1(φ, θ, ψ, ρ) ,

u1(φ, θ, ψ, ρ) = ∂φ =
∂φer
|∂φer|

= (cφ,−sφ, 0, 0, 0) ,

u2(φ, θ, ψ, ρ) = ∂θ =
∂θer
|∂θer|

= (sφ cθ, cφ cθ,−sθ, 0, 0) ,

u3(φ, θ, ψ, ρ) = ∂ψ =
∂ψer
|∂ψer|

= (sφ sθ cψ, cφ sθ cψ, cθ cψ,−sψ, 0) ,

u4(φ, θ, ψ, ρ) = ∂ρ =
∂ρer
|∂ρer|

= (sφsθsψcρ, cφsθsψcρ, cθsψcρ, cψcρ,−sρ),
(C25)

with the short notation cφ = cosφ and sφ = sinφ and
similarly for {θ, ψ, ρ}, and we set

R̃(φ, θ, ψ, ρ) =
(
∂φ ∂θ ∂ψ ∂ρ er

)
. (C26)

Pulling back the coordinates of the Grassmannian to a
point k of the Brillouin zone four-torus, we finally define

HW4(k) = R̃W4(k) · diag


E1

E2

E3

E4

E5

 · R̃W4(k)T , (C27)

with

R̃W4(k) = R̃(W4φ0(k), θ0(k), ψ0(k), ρ0(k)) . (C28)

We finally get a tight-binding model with a finite hop-
ping range by approximating every element of the matrix
HW4

(k) by a finite Fourier series, i.e.

[HW4
(k)]αβ = εαβ

+

Nαβ∑
{n1,...,n4}=1

[
tc,αβ(|Rn|) cos(k ·Rn)

+ ts,αβ(|Rn|) sin(k ·Rn)
]
, (C29)
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with Rn =
∑4
i=1 niai the position of the n-th unit cell.

The bulk nodal structure presented in the main text has
been obtained for the tight-binding model with Nαβ =
3 (for all α and β) and setting the energy eigenvalues
(E1, E2, E3, E4, E5) = (−4,−3,−2,−1, 2).

Appendix D: 4D reciprocal Bravais lattice and
Brillouin zone

We define the Bravais lattice

Λ =
⋃

n∈Z4

4∑
i=1

niai , (D1)

spanned by the primitive vectors {ai}i=1,...,4, with n =
(n1, n2, n3, n4). Defining the reciprocal basis vectors

b1 = 2π
a2 ∧ a3 ∧ a4

|a1 ∧ a2 ∧ a3 ∧ a4|
, b2 = 2π

a3 ∧ a4 ∧ a1

|a1 ∧ a2 ∧ a3 ∧ a4|
,

b3 = 2π
a4 ∧ a1 ∧ a2

|a1 ∧ a2 ∧ a3 ∧ a4|
, b4 = 2π

a1 ∧ a2 ∧ a3

|a1 ∧ a2 ∧ a3 ∧ a4|
,

(D2)

we define the lattice of reciprocal vectors

Λ∗ =
⋃

m∈Z4

4∑
i=1

mibi , (D3)

withm = (m1, . . . ,m4). The Brillouin zone torus is then
formally defined as BZ = R4/Λ∗ ∼= T4.
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Spielman, G. Juzeliūnas, and M. Lewenstein, “Syn-
thetic gauge fields in synthetic dimensions,” Phys. Rev.
Lett. 112, 043001 (2014).

[81] Tomoki Ozawa and Hannah M. Price, “Topological
quantum matter in synthetic dimensions,” Nature Re-
views Physics 1, 349–357 (2019).

[82] Takuya Kitagawa, Erez Berg, Mark Rudner, and Eu-
gene Demler, “Topological characterization of periodi-
cally driven quantum systems,” Phys. Rev. B 82, 235114
(2010).

[83] Yang Peng and Gil Refael, “Topological energy conver-
sion through the bulk or the boundary of driven sys-
tems,” Phys. Rev. B 97, 134303 (2018).

[84] Po-Yao Chang, “Topology and entanglement in quench
dynamics,” Phys. Rev. B 97, 224304 (2018).

[85] Toshikaze Kariyado and Robert-Jan Slager, “π-fluxes,
semimetals, and flat bands in artificial materials,” Phys.

http://arxiv.org/abs/2201.09234
http://dx.doi.org/10.1103/PhysRevLett.115.195303
http://dx.doi.org/10.1103/PhysRevLett.115.195303
http://dx.doi.org/10.1103/PhysRevLett.111.226401
http://dx.doi.org/10.1103/PhysRevLett.111.226401
http://dx.doi.org/10.1038/nature25000
http://dx.doi.org/ 10.1038/nature25011
http://dx.doi.org/ 10.1038/nature25011
http://dx.doi.org/10.1103/PhysRevLett.121.170401
http://dx.doi.org/10.1103/PhysRevB.99.045154
http://dx.doi.org/10.1103/PhysRevB.102.081109
http://dx.doi.org/ 10.1103/PhysRevA.102.053325
http://dx.doi.org/ 10.1103/PhysRevA.102.053325
http://dx.doi.org/10.1126/science.abe6437
http://arxiv.org/abs/https://www.science.org/doi/pdf/10.1126/science.abe6437
http://dx.doi.org/10.1103/PhysRevLett.126.017702
http://dx.doi.org/10.1103/PhysRevLett.126.017702
http://dx.doi.org/10.1103/PhysRevLett.129.196602
http://dx.doi.org/ 10.1103/PhysRevLett.118.056401
http://dx.doi.org/ 10.1103/PhysRevLett.118.056401
http://dx.doi.org/10.1103/PhysRevLett.121.106403
http://dx.doi.org/10.1007/JHEP08(2013)115
http://dx.doi.org/10.1007/JHEP08(2013)115
http://dx.doi.org/ 10.1023/B:IJTP.0000049000.35083.fb
http://dx.doi.org/ 10.1023/B:IJTP.0000049000.35083.fb
http://dx.doi.org/ 10.1023/B:IJTP.0000049000.35083.fb
http://dx.doi.org/ https://doi.org/10.1016/0370-2693(75)90163-X
http://dx.doi.org/10.1103/PhysRevLett.61.1329
http://dx.doi.org/ 10.1103/PhysRevLett.73.1565
http://dx.doi.org/ 10.1103/PhysRevLett.73.1565
http://dx.doi.org/https://doi.org/10.1016/0375-9601(77)90386-3
http://dx.doi.org/https://doi.org/10.1016/0375-9601(77)90386-3
http://dx.doi.org/10.1007/JHEP04(2011)087
http://dx.doi.org/10.1103/PhysRevLett.116.156402
http://dx.doi.org/10.1103/PhysRevLett.116.156402
http://dx.doi.org/ 10.1103/PhysRevB.97.075120
http://dx.doi.org/ 10.1103/PhysRevResearch.2.013224
http://dx.doi.org/ 10.1103/PhysRevLett.112.043001
http://dx.doi.org/ 10.1103/PhysRevLett.112.043001
http://dx.doi.org/ 10.1038/s42254-019-0045-3
http://dx.doi.org/ 10.1038/s42254-019-0045-3
http://dx.doi.org/ 10.1103/PhysRevB.82.235114
http://dx.doi.org/ 10.1103/PhysRevB.82.235114
http://dx.doi.org/10.1103/PhysRevB.97.134303
http://dx.doi.org/ 10.1103/PhysRevB.97.224304
http://dx.doi.org/10.1103/PhysRevResearch.1.032027


15

Rev. Res. 1, 032027 (2019).
[86] Motohiko Ezawa, “Topological quantum quench dynam-

ics carrying arbitrary hopf and second chern numbers,”
Phys. Rev. B 98, 205406 (2018).

[87] F. Nur Ünal, André Eckardt, and Robert-Jan Slager,
“Hopf characterization of two-dimensional Floquet
topological insulators,” Phys. Rev. Research 1, 022003
(2019).

[88] Seiji Sugawa, Francisco Salces-Carcoba, Abigail R.
Perry, Yuchen Yue, and I. B. Spielman, “Second
chern number of a quantum-simulated non-abelian
yang monopole,” Science 360, 1429–1434 (2018),
https://www.science.org/doi/pdf/10.1126/science.aam9031.

[89] Jean-Baptiste Bouhiron, Aurelien Fabre, Qi Liu,
Quentin Redon, Nehal Mittal, Tanish Satoor, Raphael
Lopes, and Sylvain Nascimbene, “Realization of an
atomic quantum hall system in four dimensions,”
(2022).

[90] Tomoki Ozawa, Hannah M. Price, Nathan Goldman,
Oded Zilberberg, and Iacopo Carusotto, “Synthetic di-
mensions in integrated photonics: From optical isolation
to four-dimensional quantum hall physics,” Phys. Rev.
A 93, 043827 (2016).

[91] Ling Lu, Haozhe Gao, and Zhong Wang, “Topological
one-way fiber of second chern number,” Nature Com-
munications 9, 5384 (2018).

[92] Francesco Di Colandrea, Alessio D’ Errico, Maria Maf-
fei, Hannah M Price, Maciej Lewenstein, Lorenzo Mar-
rucci, Filippo Cardano, Alexandre Dauphin, and Pietro
Massignan, “Linking topological features of the hofs-
tadter model to optical diffraction figures,” New Journal
of Physics 24, 013028 (2022).

[93] Wenting Cheng, Emil Prodan, and Camelia Prodan,
“Revealing the boundary weyl physics of the four-
dimensional hall effect via phason engineering in meta-
materials,” Phys. Rev. Applied 16, 044032 (2021).

[94] Shaojie Ma, Yangang Bi, Qinghua Guo, Biao Yang,
Oubo You, Jing Feng, Hong-Bo Sun, and Shuang
Zhang, “Linked weyl surfaces and weyl arcs in pho-
tonic metamaterials,” Science 373, 572–576 (2021),
https://www.science.org/doi/pdf/10.1126/science.abi7803.

[95] Ze-Guo Chen, Weiwei Zhu, Yang Tan, Licheng Wang,
and Guancong Ma, “Acoustic realization of a four-
dimensional higher-order chern insulator and boundary-
modes engineering,” Phys. Rev. X 11, 011016 (2021).

[96] Hui Chen, Hongkuan Zhang, Qian Wu, Yu Huang,
Huy Nguyen, Emil Prodan, Xiaoming Zhou, and Guo-
liang Huang, “Creating synthetic spaces for higher-order
topological sound transport,” Nature Communications
12, 5028 (2021).

[97] Wending Zhao, Yan-Bin Yang, Yue Jiang, Zhichao Mao,
Weixuan Guo, Liyuan Qiu, Gangxi Wang, Lin Yao,
Li He, Zichao Zhou, Yong Xu, and Luming Duan,
“Quantum simulation for topological euler insulators,”
Communications Physics 5 (2022), 10.1038/s42005-022-
01001-2.

[98] H. Weisbrich, R.L. Klees, G. Rastelli, and W. Belzig,
“Second chern number and non-abelian berry phase in
topological superconducting systems,” PRX Quantum
2, 010310 (2021).

[99] Cheung Chan and Xiong-Jun Liu, “Non-abelian ma-
jorana modes protected by an emergent second chern
number,” Phys. Rev. Lett. 118, 207002 (2017).

[100] You Wang, Hannah M. Price, Baile Zhang, and Y. D.
Chong, “Circuit implementation of a four-dimensional
topological insulator,” Nature Communications 11,
2356 (2020).

[101] Rui Yu, Y X Zhao, and Andreas P Schnyder,
“4D spinless topological insulator in a periodic
electric circuit,” National Science Review 7, 1288–
1295 (2020), https://academic.oup.com/nsr/article-
pdf/7/8/1288/38882379/nwaa065.pdf.

[102] Motohiko Ezawa, “Electric circuit simulations of nth-
chern-number insulators in 2n-dimensional space and
their non-hermitian generalizations for arbitrary n,”
Phys. Rev. B 100, 075423 (2019).

[103] Frank Freimuth, Robert Bamler, Yuriy Mokrousov, and
Achim Rosch, “Phase-space berry phases in chiral mag-
nets: Dzyaloshinskii-moriya interaction and the charge
of skyrmions,” Phys. Rev. B 88, 214409 (2013).

[104] Di Xiao, Junren Shi, Dennis P. Clougherty, and Qian
Niu, “Polarization and adiabatic pumping in inhomoge-
neous crystals,” Phys. Rev. Lett. 102, 087602 (2009).

[105] Adrien Bouhon and Robert-Jan Slager, “Multi-gap
topological conversion of euler class via band-node
braiding: minimal models, pt-linked nodal rings, and
chiral heirs,” (2022), 10.48550/arxiv.2203.16741.

[106] A. Alexandradinata, Xi Dai, and B. Andrei Bernevig,
“Wilson-loop characterization of inversion-symmetric
topological insulators,” Phys. Rev. B 89, 155114 (2014).

[107] Tomáš Bzdušek and Manfred Sigrist, “Robust doubly
charged nodal lines and nodal surfaces in centrosym-
metric systems,” Phys. Rev. B 96, 155105 (2017).

[108] A. Hatcher, Vector Bundles and K-Theory (Unpub-
lished, 2003).

[109] Adrien Bouhon, Tomáš Bzdušek, and Robert-Jan
Slager, “Quantization of 1d non-abelian multi-gap topo-
logical charges and the absence thereof,” to appear.

[110] Kai Wang, Jia-Xiao Dai, L. B. Shao, Shengyuan A.
Yang, and Y. X. Zhao, “Boundary criticality of
PT -invariant topology and second-order nodal-line
semimetals,” Phys. Rev. Lett. 125, 126403 (2020).

http://dx.doi.org/10.1103/PhysRevResearch.1.032027
http://dx.doi.org/10.1103/PhysRevB.98.205406
http://dx.doi.org/10.1103/PhysRevResearch.1.022003
http://dx.doi.org/10.1103/PhysRevResearch.1.022003
http://dx.doi.org/10.1126/science.aam9031
http://arxiv.org/abs/https://www.science.org/doi/pdf/10.1126/science.aam9031
http://dx.doi.org/ 10.48550/ARXIV.2210.06322
http://dx.doi.org/ 10.48550/ARXIV.2210.06322
http://dx.doi.org/10.1103/PhysRevA.93.043827
http://dx.doi.org/10.1103/PhysRevA.93.043827
http://dx.doi.org/10.1038/s41467-018-07817-3
http://dx.doi.org/10.1038/s41467-018-07817-3
http://dx.doi.org/10.1088/1367-2630/ac4126
http://dx.doi.org/10.1088/1367-2630/ac4126
http://dx.doi.org/10.1103/PhysRevApplied.16.044032
http://dx.doi.org/10.1126/science.abi7803
http://arxiv.org/abs/https://www.science.org/doi/pdf/10.1126/science.abi7803
http://dx.doi.org/10.1103/PhysRevX.11.011016
http://dx.doi.org/10.1038/s41467-021-25305-z
http://dx.doi.org/10.1038/s41467-021-25305-z
http://dx.doi.org/ 10.1038/s42005-022-01001-2
http://dx.doi.org/ 10.1038/s42005-022-01001-2
http://dx.doi.org/ 10.1103/PRXQuantum.2.010310
http://dx.doi.org/ 10.1103/PRXQuantum.2.010310
http://dx.doi.org/10.1103/PhysRevLett.118.207002
http://dx.doi.org/ 10.1038/s41467-020-15940-3
http://dx.doi.org/ 10.1038/s41467-020-15940-3
http://dx.doi.org/ 10.1093/nsr/nwaa065
http://dx.doi.org/ 10.1093/nsr/nwaa065
http://arxiv.org/abs/https://academic.oup.com/nsr/article-pdf/7/8/1288/38882379/nwaa065.pdf
http://arxiv.org/abs/https://academic.oup.com/nsr/article-pdf/7/8/1288/38882379/nwaa065.pdf
http://dx.doi.org/10.1103/PhysRevB.100.075423
http://dx.doi.org/10.1103/PhysRevB.88.214409
http://dx.doi.org/ 10.1103/PhysRevLett.102.087602
http://dx.doi.org/ 10.48550/arxiv.2203.16741
http://dx.doi.org/10.1103/PhysRevB.89.155114
http://dx.doi.org/10.1103/PhysRevB.96.155105
http://dx.doi.org/10.1103/PhysRevLett.125.126403

	Second Euler number in four dimensional synthetic matter
	Abstract
	A Topological phase transitions:Insulator-metal-Insulator
	B 5D Euler semimetals
	1 Continuum models
	2 Lattice models

	C Homotopy based modeling of  real 4D phases
	1 Classification in terms of transition functions
	2 Orientability and reduced homotopy class.
	3 Tight-binding model for Gr4,5R with a fixed second Euler class

	D 4D reciprocal Bravais lattice and Brillouin zone
	 References


