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Useful in the enhancement of light-matter interaction, localization of light is at the heart of
photonics studies. Different approaches have been proposed to localize light, including those based
on dynamical localization, topological trivial or nontrivial defects in the band gap of photonic
crystals, and bound states in the continuum. Recent studies on non-Hermitian skin effect have
provided us new means to localize waves. In this work, we propose a new method towards localized
light, called photonic corner skin modes arising from second-order non-Hermitian skin effect and
gain-loss symmetry on a lattice. Specifically, we propose to make use of small pseudo-inversion
symmetric gain/loss, which does not close the band gap, to realize a photonic Chern insulator
with chiral edge states. The chiral edge states then accumulate at certain corners of the system.
Intriguing phenomena such as corner skin modes arising from an underlying bipolar second-order
non-Hermitian skin effect and multiple-corner skin modes are predicted in continuous systems.

I. INTRODUCTION

Due to the non-Hermitian skin effect (NHSE), the
spectrum of a non-Hermitian system is sensitive to its
boundary condition. Under open boundary conditions
(OBC), NHSE in one-dimensional systems causes all the
bulk states to localize at one edge of the system [1–4].
While the NHSE itself has topological origin associated
with point-gap topology [3, 4], it also challenged our un-
derstanding of the usual bulk-boundary correspondence
of topological band theory and even led to the concept
of generalized bulk-boundary correspondence, via which
the topological invariants are defined in the so-called gen-
eralized Brillouin zone [5–9].

To date the first-order NHSE has been widely studied
both in theory and experiment [1–10]. However, there
are much less work on the second-order NHSE, where
certain states (the number of states is proportional to
the length of the system) are localized at corner, with
the bulk states still extended [11–24]. Some studies pro-
posed to design second-order NHSE from the Benalcazar-
Bernevig-Hughes model as a topological quadrupole in-
sulator with corner modes [13–16]. This design requires
positive couplings along one direction and negative cou-
plings along opposite direction, clearly exotic features
not easy to be realized in experiment. Hybrid skin-
topological modes represents a second type of second-
order NHSE. It can be realized in experiment but still re-
quires specially designed asymmetric couplings, limiting
its possible extensions [11, 12, 18, 22]. Another kind of
hybrid skin-topological modes without asymmetric cou-
plings has been proposed recently by adding gain/loss to
Chern insulators or anomalous Floquet topological insu-
lators [23, 24]. Up to now, all the constructions are based
on tight-binding lattices. To further explore second-order
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NHSE for possible applications, we shall explore in this
work possible second-order NHSE in continuous systems,
specifically in photonic crystals.

Photonic crystals, whose material parameters and ge-
ometric structure can be easily tuned, have already been
proven to be a good platform to study different topo-
logical states [25–32]. Actually the classical wave anal-
ogy of Chern insulator was first proposed and realized
in gyromagnetic photonic crystals [33–35]. The Floquet
topological insulator and Weyl semi-metal were all first
realized in photonic crystals even earlier than their elec-
tric counterparts [36, 37]. More importantly, photonic
crystals are also a good platform to study non-Hermitian
physics where the loss is ubiquitous from material ab-
sorption or mode leaking and the gain can be obtained
from electrical or optical pumping [38, 39]. There are
also great efforts to study non-Hermitian photonic topo-
logical states, mainly in one-dimensional systems [40–50].
However there is less work on non-Hermitian photonic
Chern insulators using two-dimensional photonic crys-
tals [51–54]. Our study here shall stimulate further in-
terest in non-Hermitian Chern insulator phases in two-
dimensional photonic crystals as continuous systems.

Studides of topological states and non-Hermitian
physics in photonic crystals may be relevant to a wide
variety of applications, such as topological delay line,
high sensitivity sensors and topological lasers [55–60]. In-
deed, topological defects as one way to localize light has
attracted much attention for the possibility to enhance
light-matter interactions [61–64]. NHSE as a new way to
localize light has also been studied in photonic crystals
most recently [65–70]. However the second-order version
of NHSE featured in this work as photonic corner skin
modes is still not investigated until now.

In this paper, we propose one way to obtain photonic
corner skin modes by adding pseudo inversion symmet-
ric gain/loss to gyromagnetic photonic crystals, which
supports chiral edge states. The spectrum of the edge
states is complex under mixed boundary condition and
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real under OBC. Correspondingly, the eigen field is ex-
tended along the edge under mixed boundary condition
and localized at the corner under OBC. Similar to the
bipolar NHSE from twisted spectral winding numbers
in one-dimensional system [71–74], we observe that part
of the chiral edge states are localized at one corner and
others are localized at opposite corner. This is so even
though the spectrum of the edge states does not form
a loop due to quantum anomaly [33]. Such intriguing
phenomena exist in both square lattice and triangle lat-
tice with pseudo inversion symmetry. Furthermore, by
constructing a unit cell preserving pseudo six-fold rota-
tion symmetry, it is found that the corner skin modes
can be simultaneously localized at multiple corners in a
triangle lattice. Our work clearly shows that features of
non-Hermitian photonic Chern insulators are sensitive to
their boundary conditions.

This work is organized as follows. In Section II, we re-
view the Hermitian gyromagnetic photonic crystal which
supports topological chiral edge states in both square
lattice and triangle lattice. In Section III, we first pro-
vide a general understanding of the formation of corner
skin modes by accumulation of chiral edge states with
gain/loss. Then we discuss the concrete behavior of cor-
ner skin modes in various lattices with different designs
of gain/loss. Section IV concludes this work. All the sim-
ulations are performed in COMSOL Multiphysics and we
only consider the transverse-magnetic modes. We use the
sign convention of RF modulo in COMSOL, where the
positive (negative) imaginary parts represent loss (gain).

II. TOPOLOGICAL CHIRAL EDGE STATES IN
PHOTONIC CRYSTALS WITHOUT

NON-HERMITICITY

We first introduce the gyromagnetic photonic crystals,
which has been used to realize reflection-free topologi-
cal edge states [34, 75–77]. One example is shown in
Fig. 1(a), where the rods made of gyromagnetic materials
are regularly distributed in a square lattice and the back-
ground is air. The parameters are the same as Ref. [34]
with the lattice constant being a, the radius of the rods
being r = 0.11a and the relative permittivity of the rods
being εr = 15. The time-reversal symmetry is broken by
magnetic filed along the z direction and the correspond-
ing relative permeability is a tensor

µr =

 14 12.4i 0
−12.4i 14 0

0 0 1

 (1)

From the unit cell in Fig. 1(a), one can see that the
system preserves 4-fold rotation symmetry which con-
tains the inversion symmetry with εr(r) = εr(−r) and
µr(r) = µr(−r). The first Brillouin zone is plotted in
Fig. 1(a). Γ, X and M are the high symmetric momen-
tum points.

FIG. 1. Topological chiral edge state of gyromagnetic pho-
tonic crystal in a square lattice. (a) Two-dimensional pho-
tonic crystal in a square lattice is composed of gyromagnetic
rods of radius 0.11a, where a being the lattice constant. The
background is air. The unit cell and first BZ are shown at
right. (b) The bulk bands along high symmetric line in first
BZ. The parity symmetries at high symmetric momentum
points are marked for the lower two bands. + (−) indicates
even (odd) parity of the eigenstates. The second band gap
is a Chern insulator. (c) The projected band structure as a
function of kx. In calculation, periodic boundary condition
(PBC) is used along x and OBC is used along y. OBC is re-
alized by setting the boundary as perfect electric conductors.
The second band gap supports chiral edge states, one (colored
by purple) propagating to right at the upper boundary and
the other one (colored by green) propagating to left at the
lower boundary.

The bulk band structure along high symmetric line in
the first Brillouin zone is studied and shown in Fig. 1(b).
Usually, the topological properties of the bulk band can
be described by the Chern number defined from the Bloch
states over the whole Brillouin zone [34, 78]. Here we
quickly check the topological properties by considering
the inversion symmetry eigenvalues at inversion symmet-
ric momentum points. From Fig. 1(b), it is seen that
the inversion symmetry eigenvalues are all positive for
the first band and possesses an odd number of positive
eigenvalues for the second band. This indicates that
the second band gap is a Chern insulator. Such results
are confirmed by the projected band structure shown in
Fig. 1(c), where right propagating chiral edge states (col-
ored by purple) are localized at the upper edge and left
propagating chiral edge states (colored by green) are lo-
calized at the lower edge.

We carry out a parallel study with the same system pa-
rameters but in a triangle lattice as shown in Fig. 2(a).
The unit cell can be chosen as hexagon which preserves
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FIG. 2. Same as in Fig. 1, except for triangle photonic crys-
tal. (a) Structure of the photonic crystal in a triangle lattice.
(b) The bulk bands along a high symmetric line. (c) The
projected band structures.

six fold rotation symmetry or rhombus which preserves
inversion symmetry. Different from the square lattice
case, the high symmetric momentum points for the tri-
angle lattice are Γ, M and K. In addition, only Γ and
M are inversion symmetry invariant momentum points.
The bulk band structure is shown in Fig. 2(b), which is
quite similar to the square lattice case due to that the
triangle lattice can be obtained by a slightly geometry
transformation from the square lattice. As the square
lattice, the inversion symmetry eigenvalues are all posi-
tive for the first band and possesses an odd number of
positive eigenvalues for the second band, indicating again
that the second band gap is a Chern insulator. Indeed,
the chiral edge states can be observed in the second band
gap of projected band structure as shown in Fig. 2(c).

Because the right propagating edge states and left
propagating edge states are spatially separated (they are
orthogonal to each other), we can describe the topologi-
cal edge states shown in Figs. 1(c) and 2(c) by a diago-
nal Hamiltonian under the basis of upper edge state and
lower edge state (ψup, ψdown)T . The Hamiltonian of the
edge states can be described by

Hedge = ωrσ0 + v(kx − kr)σz (2)

Here ωr being a reference angular frequency in the middle
of the second band gap. kr is a reference momentum. v
is the group velocity. v > 0 in our system, meaning the
upper (lower) edge state propagate to right (left). σ0
is two by two identity matrix and σz is the third Pauli
matrix. This Hamiltonian of the edge states is useful for
the understanding of photonic corner skin modes later.

III. PHOTONIC CORNER SKIN MODES IN
NON-HERMITIAN PHOTONIC CRYSTALS
WITH PSEUDO-INVERSION SYMMETRY

A. General understanding of photonic corner skin
modes

The photonic Chern insulators are quite robust even
when the system has non-Hermiticity. With non-
Hermiticity, the topological chiral edge states are still
there without the band gap closing [51–53]. We in-
troduce gain and loss to the unit cell as some exam-
ples in Fig. 3(a), where the red area represents gain
and blue area represent loss. The unit cell still pre-
serves pseudo-inversion symmetry with εr(r) = ε†r(−r)
and µr(r) = µ†r(−r). As a general analysis, note that
if the chiral edge states contain gain (loss) in the upper
edge, then we can conclude that the chiral edge states
in the lower edge contains loss (gain) due to the pseudo-
inversion symmetry. The Hamiltonian of the edge states
is then modified as

Hm
edge = ωrσ0 + v(kx − kr)σz + iγσz (3)

FIG. 3. Schematic for corner skin modes in non-Hermitian
photonic crystals with pseudo inversion symmetry. (a) Three
examples of the unit cell with pseudo inversion symmetry.
The red (blue) part indicates gain (loss). (b) One possible
configuration for the chiral edge states localized at one cor-
ner. (c) One pseudo inversion symmetry forbidden configura-
tion where the chiral edge states are localized at two corners.
(d)(e) Two possible configurations for the chiral edge states
localized at one or three corners.

The gain/loss can be treated as a modification to the

quasi momentum k̃x = kx + iγ/v, which make the waves
localize to right (left) for γ < 0 (γ > 0) due to NHSE
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under OBC. Different from the usual NHSE in 1D chain,
here the spectrum of the edge state does not form a loop
so that it cannot be described by spectral winding num-
bers but by the sign of γ.

Figs. 3(b)-3(e) show some configurations of the chiral
edge states with gain/loss. The red (blue) arrow rep-
resents gain (loss) chiral edge states. Gain (loss) chiral
edge states accumulate waves to (opposite to) the prop-
agation direction. Fig. 3(b) is one possible configuration
for square lattice where the waves are localized at the
right-down corner due the accumulation effect. Fig. 3(c)
shows the configuration where the waves are localized at
two opposite corners. However, the chiral edge states
on opposite edge having same gain/loss are forbidden by
the pseudo-inversion symmetry. So for the square lattice
case, all the waves are localized at one corner. For the tri-
angle lattice case however, it is possible to localize wave
at one corner or three corners as shown in Figs. 3(d) and
3(e).

B. Photonic corner skin modes due to bipolar
second-order NHSE

We now study non-Hermitian photonic crystals in a
square lattice with pseudo inversion symmetry, whose
unit cell is shown in the insert figure of Fig. 4(a). The
gain (loss) is added to the air by tuning the relative per-
mittivity to εr = 1 − 0.8i (εr = 1 + 0.8i). The spectrum
of system with PBC in both directions is studied and
shown in Fig. 4(a). There are two clusters corresponding
to the second bulk band and third bulk band. The line
band gap is between two bulk bands. We then study the
spectrum of mixed boundary condition and the results
are shown in Fig. 4(b). It is observed that the bulk band
clusters become tighter than that in PBC. The reason
is that the nonreciprocal bulk band combined with the
gain/loss makes the system support first-order NHSE,
so that the bulk spectrum is sensitive to the boundary
condition [68]. We also see that there are complex chi-
ral edge states across the line band gap. The spectrum
for the system with OBC in both directions is shown
in Fig. 4(c). Again the bulk spectrum becomes tighter.
More importantly, the spectrum of chiral edge states has
a dramatic change from complex in the mixed boundary
to real. Such dramatic change is one feature of NHSE.
Specifically, we witness NHSE occuring to topological
edge states and can hence be understood as second-order
NHSE.

We focus on the spectrum of edge states in the second
band gap. In the mixed boundary condition, the spec-
trum of edge states can be split into two parts as shown
in Fig. 4(b): in first part marked by I, the up (down)
edge states has loss (gain) corresponding to γ > 0 and in
second part marked by II, the up (down) edge states has
gain (loss) corresponding to γ < 0. According to Eq. 3,
these two parts have different localization behavior in
OBC. The eigenfields with OBC are shown in Figs. 4(d)-

FIG. 4. Corner skin modes in square lattice with pseudo in-
version symmetry. (a) Spectrum for the system with PBC in
both directions. Unit cell is shown in the inset. (b) Spec-
trum of the system with mixed boundary condition, PBC in
one direction and OBC in another direction. The edge states
for upper (lower) boundary are colored by purple (green).
(c) Spectrum for the system with OBC in both directions.
(d)(e)(f) The field profiles for the topological edge states in
open boundary condition. (d) corner skin modes with lower
energy are localized at left-up corner, (e) extended topological
edge states at the transition point and (f) corner skin modes
with higher energy is localized at right-down corner.

4(f). It is seen that for part I the waves are localized at
left-up corner shown in Fig. 4(d), at the transition point
the waves are extended along the edge shown in Fig. 4(e)
and for part II the waves are localized at right-down cor-
ner shown in Fig. 4(f). Such phenomena called bipolar
NHSE has been observed in 1D system and are usually
connected with a twisted spectral winding [71–74]. Here
we observe the similar phenomena in a 2D system, which
can be understood as a bipolar second-order NHSE.

Next we examine a similar photonic crystal but in a
triangle lattice configuration. The unit cell is shown in
the insert figure of Fig. 5(a). Similar phenomena have
been observed. Compared with the square lattice case,
the bulk spectrum is less sensitive to the boundary con-
ditions as shown in Figs. 5(a)-5(c). The spectrum of the
edge states is however still sensitive to the boundary con-
dition, which are complex in mixed boundary condition
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FIG. 5. Same as in Fig. 4, except for triangle photonic crystal.
(a) The spectrum for the system with PBC in both directions.
(b) The spectrum for the system with mixed boundary con-
dition. (c) The spectrum for the system with OBC in both
directions. (d)(e)(f) The field profiles are shown to illustrate
the transition between different localization behavior of cor-
ner modes.

and real in OBC as shown in Figs. 5(b) and 5(c). There
are also two parts, part I corresponding to γ > 0 and
part II corresponding to γ < 0. In part I, the waves are
localized at left-up corner as shown in Fig. 5(d), at phase
transition point the waves are extended along the edge as
shown in Fig. 5(e) and in part II the waves are localized
at right-down corner as shown in Fig. 5(f).

C. Multiple-corner skin modes

Previous studies show the photonic corner skin modes
are localized at one corner. Next we provide a case
where the photonic corner skin modes are localized at
multiple corners. The unit cell is shown in insert fig-
ure of Fig. 6(a). The unit cell preserves pseudo six fold
rotation symmetry with εr(r) = ε†r(C6r) and µr(r) =
µ†r(C6r), which includes the pseudo inversion symmetry
with εr(r) = ε†r(−r) and µr(r) = µ†r(−r). The spectrum
for the system with PBC in both directions is shown in
Fig. 6(a). As in the previous case, there are two bulk
band clusters. The spectrum for the system with mixed
boundary condition and OBC in both directions are show

FIG. 6. Corner skin modes in a triangle lattice configuration
with pseudo C6 symmetry. (a) The spectrum of the system
with PBC in both directions. (b) The spectrum of the system
with mixed boundary condition. (c) The spectrum for the
system with OBC in both directions. (d) The field profiles
for one corner skin modes where the fields are localized at
three corners. (e)(f) Two examples of extended topological
edge states.

in Figs 6(b) and 6(c). Obviously, the bulk spectrum is
almost unchanged in different boundary conditions. The
edge spectrum is again quite sensitive to the boundary
condition insofar as the edge spectrum is complex under
mixed boundary condition and real under OBC. Focus-
ing on the spectrum of the edge states, we again see that
they still can be split into two parts, part I and part II.
Under mixed boundary condition, the spectrum of edge
states are complex in part I corresponding to γ > 0 and
real in part II corresponding to γ = 0. According to
previous analysis, the waves are localized in part I and
extended in part II when we choose OBC in both direc-
tions. Such results are confirmed by the field profiles.
For states belonging to part I, the waves are localized
at three corners as shown in Fig. 6(d). For part II, the
waves are extended as shown in Figs. 6(e) and 6(f).
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IV. CONCLUSION AND DISCUSSION

In this article we have presented an innovative way to
localize light by adding designed gain/loss to photonic
crystals with chiral edge states. The light is localized at
corners due to second-order NHSE, subject to particu-
lar symmeries in the gain/loss introduced to the lattice.
Specifically, photonic corner skin modes due to bipolar
second-order NHSE and multiple-corner skin modes are

predicted in continuous systems. The resulting interest-
ing localization behavior of light should be of experimen-
tal interest and may be used to enhance light-matter in-
teractions. Compared with the better known first-order
NHSE, our results clearly demonstrate that second-order
NHSE can be engineered by use of crystal symmetries.
Photonic crystals are hence identified as a verstile plat-
form to investigate and exploit second-order NHSE.
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