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MULTILINEAR OSCILLATORY INTEGRALS AND ESTIMATES FOR
COUPLED SYSTEMS OF DISPERSIVE PDES

AKSEL BERGFELDT, SALVADOR RODRIGUEZ-LOPEZ, DAVID RULE,
AND WOLFGANG STAUBACH

ABSTRACT. We establish sharp global regularity of a class of multilinear oscillatory in-
tegral operators that are associated to nonlinear dispersive equations with both Banach
and quasi-Banach target spaces. As a consequence we also prove the (local in time) con-
tinuous dependence on the initial data for solutions of a large class of coupled systems
of dispersive partial differential equations.

1. INTRODUCTION

In this paper, we consider the regularity of multilinear oscillatory integral operators
(multilinear OIOs for short) that are associated to nonlinear dispersive equations in the
realm of Banach and quasi-Banach function spaces. Examples include non-linear water-
wave and capillary wave equations, nonlinear wave and Klein—-Gordon equations, the non-
linear Schrédinger equations, the Korteweg—de Vries-type equations, and higher order non-
linear dispersive equations. To achieve this, we develop a fairly general and complete
framework for the investigation of the regularity of a class of multilinear oscillatory inte-
gral operators with smooth amplitudes.

The literature on multilinear oscillatory integrals is by now quite vast. However if we
confine ourselves to those operators that appear in connection to non-linear PDEs, then
one only has a handful of optimal (i. e. endpoint) results. These are:

i) Sharp global regularity of bilinear and multilinear oscillatory integral operators
(where the phase function of the operator is homogeneous of degree one) with
Banach target spaces see [14] and [15].

i1) Sharp global regularity of bilinear oscillatory integral operators that also include
operators with quadratic behaviour in their phase functions, and with Lebesgue-
type targets in the Banach scales, see the work of F. Bernicot and P. Germain [2].
Also some sharp global results for certain multilinear operators with quadratic
phase functions (different from those considered in [2]) were obtained in [1].

The main contributions of this paper can be briefly summarised as follows:

e From the point of view of nonlinear PDEs, we prove regularity results that can be
used in understanding the interaction of free waves in coupled systems of PDE’s
which can in turn be used to understand more complicated nonlinear problems.

e From the point of view of Fourier analysis, we extend the regularity of multilin-
ear OIOs with homogeneous of degree one phase functions to the case of oper-
ators with inhomogeneous phase functions, and with target spaces that include
quasi-Banach as well as Banach Hardy spaces. In this context and for the given
multiplier operators at hand, our results are optimal.

2020 Mathematics Subject Classification. 35530, 35G20, 35G50, 42B20, 42B25.
Key words and phrases. Multilinear oscillatory integral operators, Systems of dispersive PDEs.
The second author has been partially supported by the Grant PID2020-113048GB-100. The third author
was partially supported by the Research School in Interdisciplinary Mathematics at Link6ping University.
1


http://arxiv.org/abs/2302.00048v1

2 A. BERGFELDT, S. RODRIGUEZ-LOPEZ, D. RULE, AND W. STAUBACH

In proving boundedness results with quasi-Banach target spaces, although an appro-
priate frequency-space decomposition of the operators into various frequency regimes is
available (see e.g. [15]), the classical duality method of R. Coifman and Y. Meyer [6], is
no longer applicable. Therefore, in this paper we introduce an approach based on

(i) vector-valued inequalities,
(ii) maximal functions of Hardy—Littlewood, Peetre and Park,
(iii) estimates for linear oscillatory integral operators,
which enable us to prove the desired boundedness results.

1.1. Some results concerning boundedness of multilinear oscillatory integral
operators. We start by giving an overview of the previously known regularity results for
OI0s, which are relevant to operators that are considered here.

Definition 1.1. For integers n,N > 1 and m € R, the set of (multilinear) amplitudes
S™(n, N) is the set of functions o € C®(R™ x R™Y) that satisfy

08070 (2, E)| < Ca,p(E)™ ),

for all multi-indices o and 3. Here and in what follows
1/2

(Z) = 1+Zy§jy2 for E=(&,...,6x) € R™N with & € R*, j=1,..., N.
The parameter m is referred to as the order or decay of the amplitude.

In what follows, we shall also use

J© = [ f(w)e da

as the definition of Fourier transform of f. We now consider multilinear OIOs of the form

o _ olz. 2 N z<I>(x,_ a=
(1) Ta (fla--'afN)(x) /IR"N 1’, I;If )

where o € S™(n, N) and dZ := d=/(27)"V.

The main goal here is to show that the operator T2, initially defined by (1) for
fi,.-., fn € & (the Schwartz class), extends to a bounded multilinear operator from
XPt x ... x XPN to XPo where XPi are certain Banach or quasi-Banach spaces. Now,
in the case that pio = Zjvzl plj, we shall refer to the corresponding regularity results as
Holder-type (HT for short), otherwise non-Hélder-type (NHT for short).

Given ¢ € S™(n,N), the phases ® in T for which regularity results are currently
known take of the following forms:

a) N=2 &(z,Z) = Apo(E )—l—Zj 17 &, E€R?™ and A a parameter;
b) N=2, &(z,=2) = ijl vj(z,&;), =€ R?; and

) N2 1, ®(x,%) = @o(€1+ +&n) + X (2 & + 0(&)).

For the phase functions of the form a), one is aiming at non-Hoélder-type boundedness
of Tf where part of the goal is also to obtain optimal powers of A in the boundedness
estimates. In this case Bernicot and Germain [2] proved optimal global NHT regularity
results in Lebesgue spaces, under suitable conditions on the rank of various Hessians of
wo. Their analysis also accommodates quadratic phases.
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For case b) D. Rule, S. Rodriguez-Lépez and W. Staubach [14] proved optimal HT lo-
cal regularity results, under the conditions that the mixed Hessian of the phase functions
@;j(z,&;) are non-vanishing (the non-degeneracy condition) and that each of these phases
are positively homogeneous of degree one in §;. Note that this case only accommodates ex-
amples that are relevant to the study of nonlinear wave equation. In [13] it was shown that
for bilinear operators where the phase functions are also allowed to behave quadratically,
one can prove an L? x L? — L! boundedness result. A. Bergfeldt and W. Staubach [1]
extended this to the case of globally defined multilinear operators and all possible Banach
target spaces.

For case ¢) Rule, Rodriguez-Lépez and Staubach [15] proved optimal HT global regu-
larity results in the general multilinear case, under the condition that the phase functions
@; are positively homogeneous of degree one. In this context, only the case of Banach
target spaces were investigated.

1.2. Synopsis of the results of the paper. Given our previous discussions, there are
quite a few problems that remain in the context of the regularity of oscillatory integral
operators. Generally speaking, these problems are related to the nature of the amplitudes
a(z,Z) and that of the phase functions ®(x, =) for which one can prove various regularity
results. For example one could lower the regularity of amplitudes or allow the phases
to depend in a particular way on the spatial and/or frequency variables. In this paper
we have chosen to look at the problem of global regularity for multilinear operators with
phase functions of form c¢) above, partly because of its relevance to the method of space-
time resonance and partly because it is a tractable halfway house that should lead to an
understanding of more general phases.

To implement our agenda, and motivated by examples related to dispersive PDEs, we
consider the following class of phase functions:

Definition 1.2. Let 0 < s < c0. A function p: R™ — R which belongs to C*°(R™ \ {0})
and satisfies

(2) 10%0(€)] < ca €1 for € # 0and |a] >0,

is called a phase function (or phase) of order s.

1
2
capillary waves to the case s = %, the Schédinger equation to the case s = 2 and the Airy
equation to the case s = 3.

We note that the case of the water wave equation corresponds to the case s =

We shall say that 0 < p; < oo satisfy the Holder condition if
N

1 1
Po = pj
Now defining the functions spaces X? as
hP ifp<1
(4) XP=(ILP ifl<p<oo

bmo if p = oo,

where LP is the usual Lebesgue space, hP is the local Hardy space defined in Definition
2.2 below, and bmo is the dual space of h', and considering phase functions of the form

N
(5) O(x,Z) = o(&1 + -+ &) + D (- &+ 9i(§)),
i=1

we have the following HT boundedness result.
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Theorem 1.3. For integers n,N > 2, let the exponents p; € (747,00] (j = 0,...,N)
satisfy (3). Moreover let

(6) m<—(n—1) Y

J=1

pj 2

po 2

.

S

If o € 8S™(n,N) and ® is of the form (5) with each phase ¢; being smooth outside the
origin and positively homogeneous of degree one, then the multilinear operator TS initially
defined by (1) for fi,...,fn € % (the Schwartz class), extends to a bounded multilinear
operator from XPt x ... x XPN to XP0. Moreover, the same result holds in case each ¢;(&)
is equal to (§), which is an inhomogeneous phase related to the Klein—Gordon equation,
for the range p; € (0, c0].

For the range py € [1,00] (the Banach target-spaces), this theorem for the case of
homogeneous of degree one phase functions (which is the case of the wave-equation) was
proven in [15]. Therefore Theorem 1.3 extends our previous result to the quasi-Banach
target-spaces as well as to the Klein—Gordon case. Note also that the admissible dimensions
in the case of N > 2 are necessarily greater than or equal to two (see [14]), however if
N =1 then of course n =1 is also allowed, since this is just the well-known boundedness
result for linear Fourier integral operators [11], [12]. Our second result HT boundedness
result is the following.

Theorem 1.4. For integers N,n > 1, and a real number s € (0,00), assume that the

exponents p; € (ﬁnus), o] (j =0,...,N) satisfy (3). Suppose also that o € S™(n, N)
and ® is of the form (5) with each phase p; (j =0,1,...,N) of order s and

(7) m < —sn Z

Then the multilinear operator T2 initially defined by (1) for f1,...,fn € .7, extends to
a bounded multilinear operator from XPL x ... x XPN to XP°., Moreover, if the functions
@; are all in C°(R™) (the Schrédinger case is such an example), then the ranges of the
exponents p; in the theorem can be extended to € (0, 00].

Remark 1.5. If in Theorems 1.3 and 1.4, the phase function g =0 (and n > 1 in the
case of multilinear F10s), then the order of the decay m can be improved by just removing
the term —sn|1/pg —1/2| (or —(n—1)|1/po — 1/2|) from the m’s given in those theorems.

Theorem 1.4 has no predecessor in the literature and covers the cases of water wave,
capillary wave, Schrodinger, Korteweg—de Vries and many other higher order dispersive
equations. Moreover, this result, in contrast to Theorem 1.3, applies in all dimensions,
when N > 1.

In proving Theorems 1.3 and 1.4, we make use of several global boundedness results:
Those for linear Klein—Gordon equations, proved by J. Peral [12] (for X? with 1 < p < 00);
those for linear wave equations, proved by S. Rodriguez-Lépez, D. Rule and W. Staubach
[13] (for XP with n/(n + 1) < p < o0); and those for higher order equations, proved
by A.J. Castro, A. Israelsson, W. Staubach and M. Yerlanov [5] (for X? with n/(n +
min(1,s)) < p < 00).

The methods involved in proving the multilinear results in the realm of Banach spaces
are essentially the same as the ones used by us to prove the boundedness of multilinear
FIOs in [13], which are based on non-trivial extensions of the Coifman—Meyer methods in
[6] to the case of multilinear operators with nonlinear phase functions.
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Thus, one writes the multilinear operator as a sum of operators whose amplitudes have
specific support properties in the frequency variable =Z. One term has compact frequency
support, and for the other terms one has either that some [{;| dominates =, or that
5] =~ [€k| for certain j and k on the support of the amplitude in question. Thereafter one
identifies the end-points that are needed to apply complex interpolation and proving these
end-point results creates in turn a number of cases, which are dealt with in accordance

with whether the target spaces are Banach or quasi-Banach.

In the case of Banach target spaces and for the term that is compactly supported
in the frequency, and those where |¢;| dominates =, the machinery of [15] can be used
without difficulty. However for the parts where |¢;| = |{| (and for the target spaces bmo
and L?), one needs a result, provided in Proposition 4.4, that demonstrates how certain
oscillatory integral operators give rise to Carleson measures, with an estimate on their
Carleson-norms. With this result at hand, the rest of the analysis is as in the case of

multilinear FIOs in [15].

The major hindrance to overcome here is that in the realm of quasi-Banach spaces, all
Coifman—Meyer-type approaches, including the ones used in [15] or [14] fail because of the
impossibility of using duality arguments. Thus to prove results in the quasi-Banach realm,
it behoves us to use a different method, and this is one of the novelties of the approach
developed in this paper. To obtain the end-point results of this paper, our approach will
be mainly based on various vector-valued inequalities. To our knowledge, using this type
of estimates to derive estimates for multilinear oscillatory integral operators is new. The
treatment that we describe here is rather technical, however it is fairly general in its nature
and can be used in other contexts as well. We should mention, however, that this approach
requires some degree of decay in the terms that represent the portion of multilinear op-
erators where |¢;] &~ |&|. As such, the case of L>-target spaces can not be subsumed in
the quasi-Banach methods due to exactly that lack of decay. In addition to this, a lack
of a convenient vector-valued characterisation for bmo means the method developed here
also can not be applied in the case of a bmo-target space. Fortunately though, the L? and
bmo-target space cases can be handled by the strategies mentioned earlier so that, in the
end, we arrive at all the desired results for both Banach and quasi-Banach targets, albeit
with a slightly longer proof than one might have hoped.

The main motivation for our work was provided by a series of papers of F. Bernicot
and P. Germain in [2-4] regarding coupled systems of dispersive PDEs, where the authors
derived bilinear dispersive estimates in dimension 1, 2 and 3, for these systems in light of
the method of space-time resonances. To briefly recall the setting of Bernicot-Germain’s
investigation, let ((Z) be a smooth symbol and let T; be the associated multilinear para-
product defined by

RN

N
(3) o1, )@ = | @] (Fge=s) dz,
j=1

where {; € R" (j=1,...,N) and E = (&,...,¢N) € R™N. Furthermore, for j = 0,..., N,
let

e D) F@) = [ i) Fle) e a,

where d¢ denotes the normalised Lebesgue measure d§/(27)". Consider now the coupled
system of dispersive equations

10 + po(D)u = T¢ (vi,...,UN) with u(0,2) =0
i0w; + pp(D)v; =0, j=1,...,N vj(0,2) = fij(x), 7=1,...,N.

The functions u and vy are complex valued, and each fr maps R" to C.
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The above system is used in order to study the nonlinear interaction of free waves, as
a first step towards understanding a nonlinear dispersive equation i0yu + ¢(D)u = F'(u),
with a suitable nonlinearity. Thus given f; in some function spaces, one would like to
understand the behaviour of u in some other function spaces.

Using this setting and our estimates for multilinear oscillatory integrals we are able to
establish the validity of the following regularity theorem:.

Theorem 1.6. Let s € (0,00), 0, > 0, k = 1,..., N, » = minoy, p; € (1,00),
j=0,..., N, satisfying the Hélder condition (3), and assume that o, € C>°(R™\0) are pos-
itively homogeneous of degree s, and fj, € H%Px. Assume further that T is the multilinear

multiplier given by (8) with symbol ((Z) € S™<(n, N) and set m.(s) == —ns Z;VZO p%_ - %‘
for s # 1, and m¢(1) = —(n — 1) Z;y:o ‘é - %‘ Then for any q € [1,00] and any T > 0,

there exists a constant Cp > 0 such the solution u(t,z) satisfies the reqularity estimate

N
HUHLQ([O,T})H}”LmC(S)*mC’pO([Rn) <COr H 1f5ll roses s
j=1

provided that s +mc(s) —m¢ = 0 (which is needed in order to land in a space of functions
rather than a space of distributions).

Here for 1 < p < 00, 0 € R, H? = {f € #'; (1 — A)*/2f € LP(R")} is the LP-based
Sobolev space with the norm || f|| gow == |[(1 — A)¥2f| 1».

The paper is organised as follows. In Section 2 we recall the basic notions and tools from
Fourier analysis and state some fairly general results that will also be used in the proof of
Theorems 1.3 and 1.4. In Section 3 we briefly discuss the sharpness of the order of the decay
of the operators in the bilinear setting. In Section 4 we state and prove several results in
the vector-valued setting for linear OIOs as well as a key proposition regarding the OIOs
giving rise to Carleson measures. Section 5 recalls briefly the frequency decomposition
that was introduced in [15], and which will be used throughout the paper. In Section 6
we briefly discuss the endpoint cases that are going to be considered in the Banach-target
case. Section 7 contains the proofs of Theorems 1.3 and 1.4. Finally Section 8 is devoted
to the proof of Theorem 1.6 on the Sobolev regularity of the solutions to coupled systems
of dispersive partial differential equations.

2. DEFINITIONS AND PRELIMINARIES

Here we collect all the definitions and basic results that will be used in the forthcoming
sections, in order to make the paper essentially self-contained.

We shall denote constants which can be determined by known parameters in a given
situation, but whose values are not crucial to the problem at hand, by C or ¢, sometimes
adding a subscript, for example c,, to emphasis a dependency on a given parameter «.
Such parameters are those which determine function spaces, such as p or m for example,
the dimension n of the underlying Euclidean space, and the constants connected to the
seminorms of various amplitudes or phase functions. The value of the constants may differ
from line to line, but in each instance could be estimated if necessary. We also write a < b
as shorthand for a < Cb and a ~ b when a < b and b < a. By

B(z,r):={yeR" : ly—z| <r}
we denote the open ball of radius r > 0 centred at x € R™.

We also recall the definition of the Littlewood—Paley partition of unity which is a basic
tool in harmonic analysis and theory of partial differential equations.
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Definition 2.1. Let 9: R™ — R be a positive, radial, radially decreasing, smooth cut-off
function which satisfies ¥(§) = 1 if [§] <1 and ¥(§) =0 if [£] = 2. We set Vg := 0 and

9;(6) =9 (279¢) —w(2 U7 Vg),
for integers j > 1. Then one has the following Littlewood—Paley partition of unity:

D 9;(6) =1 forall £ €R™
=0

Using the definition above, let s € Rand 0 < p < 00, 0 < ¢ < 0o. The Triebel-Lizorkin
space is defined as

Lo(R") < oo},

F2 (R) = {f e SR : ||fllgs, ey = H{ izqu |9;(D) f| }l/q\
j=0

where .#/(R™) denotes the space of tempered distributions.

In our analysis of the boundedness of oscillatory integral operators which is based
on multilinear interpolation, the end-points often involve local Hardy spaces which were
introduced by D. Goldberg [8]. One of the main advantages of these spaces is that they
are mapped into themselves under the action of the linear oscillatory integral operators
that are considered in this paper.

Definition 2.2. The local Hardy space h?(R"), (0 < p < 00) is the Triebel-Lizorkin space
ED, (see, for example [18]) with the norm

(9) 1l ey = 100(D)f Nl oy + ||| D 105(D)SI
j=1

LP(Rm)

Note that the usual Hardy space ##P(R"™) is defined the condition

1 ller == (/ iggw(w)f(x)\p dx)p < 0.

The dual of ! is the John-Nirenberg space of functions of bounded mean oscillation
BMO, which consists of all functions f € L such that

loc
1
Il fllBMO = Sup—/ |f(z) — avgg fl dz < oo,
Q 1QJg

where avg, [ = Q! fQ f, and Q ranges over cubes in R™. The dual of the local Hardy

space h! is the local BMO space, which is denoted by bmo and consists of locally integrable
functions that verify

Hf”bmo ~ ||f||BMO + ||19(D)f||L°° < 00,
where 9 is the cut-off function introduced in Definition 2.1.

In the analysis of multilinear operators, a basic tool is a certain type of measure whose
definition we now recall. A Borel measure du(z,t) on [RiJrl is called a Carleson measure

if
e
ldulle ==sup 2 [ [ dute )] < o0
o 1@l Jo 0

where the supremum is taken over cubes Q C R™ and ¢(Q) denotes the side length of @
and |@Q)| its Lebesgue measure. The quantity ||dulc is called the Carleson norm of du. An
equivalent norm is given if cubes are replaced with balls. In this paper we are exclusively
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interested in Carleson measures which are supported on lines parallel to the boundary of
[RTLl' More precisely, in what follows all Carleson measures will be supported on the set

E:={(z,t) : 2 € R" and t = 27F for some k € 7}
so they take the form

S dpal, )3y (1),

keZ

where d,—x (t) is a Dirac measure at 27%. This will be assumed throughout without further
comment.

The following basic results concerning the Carleson measure and the quadratic estimate

are very useful in the context of multilinear operators. See E. M. Stein [16] for the proofs.

Lemma 2.3. Let du(x,t) be a Carleson measure. Then if ¢ satisfies |o(x)| S (x)™" ¢
(for some 0 < € < 00), then

(10) 3 [ et D@ ute,24) < ol 11z

and if ¢ is a bump function supported in a ball near the origin with ©(0) = 1 then one
also has

() ) [ e D) @) dute. 274 < Gl dile 1l

If p € .7 is such that (0) = 0, then

12) > [l p)@] a5 1115
k

In our investigations we will also confront three types of maximal operators. The first
one is the Hardy—Littlewood maximal operator

M) = sup = [ 1)l

B>z
where the supremum is taken over all balls B containing z. For 0 < p < oo, one also

defines M, f(z) := (M (|f|P))"/P.
The second one is J. Peetre’s maximal operator [18].

fla =)
Ia o

where 0 < a,b < co. For any = € R", f € %' with supp f C {¢; |€| < 2b} and a > 5 one
has that

(13) Map(f)(2) =

(14) Mapulr) S Mpu(x).

The third type of maximal operator that will be used in this paper is B.J. Park’s
maximal operator [10]: For j € Z, s >0 and 0 < p < o0

Sz —)
(1+29]-)°
Park’s maximal operator has the following properties: If 0 < p < co and s > n/p, then
(16) mZij(x) S My f(x),

(15) M f(x) = 2m/P

5,27

Lp
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uniformly in j € Z. Moreover if the set of all dyadic cubes in R" is denoted by D, and
for each j € Z one denotes the elements of D with side length 277 by D;, then for every
dyadic cube J € D; and for every s >0, 0 < p < 0o and f,

(17) sup MY o, f(y) < inf £, 55 f (),
yeJ

with constants independent of f and j.

Using the maximal operator 9, ;, Park has given a useful characterisation of the Hardy
and BMO spaces, in the following theorem.

Theorem 2.4. [10]. Let A € .7 be a function whose Fourier transform is supported in
the annulus 1/2 < |€] < 2 and set A (-/27) = I/X; so that one has the partition of unity
ZjeZA](g) =1 for & # 0. Assume that 0 < p < 00,0 < ¢ < 00,0 < v < 1, and
s > n/min(p,2,q). Then for each dyadic cubes QQ € D, there exists a proper measurable
subset Sq of Q, depending on v,s,q and f, such that |Sqg| > v|Q| and

e |3 3 (jut o, 450) ) s

Q€D; JEZ Lr(02)

where YP = 7P for 0 < p < co and Y*° = BMO.

Now in connection to the Hardy—Littlewood maximal operator defined above, a useful
device in proving multilinear estimates is the Fefferman—Stein vector-valued maximal in-
equality [7, Theorem 1], which states that for r < p, ¢ < 00, or 0 < p < 00, ¢ = 00 or for
p = g = 00, one has

(18) M| S 8]

The following theorem gives a corresponding vector-valued inequality involving Park’s
maximal operator.

Lp(£9) Lp(ea)

Theorem 2.5. [10]. Let 0 < p,q,r < o0 and s > n/min(p, q,7). Suppose that the Fourier
transform of f; is supported in a ball of radius A27 for some A > 0. Then for 0 < p < oo
and 0 < g < o0 or for p=q =00, one has

(19) H {005}

5 H{fj}jez‘

JEZ Lp(0a) Lp(¢9)

We will also need the following vector valued inequality due to H. Triebel [18, Theorem
2, Section 2.4.9].

Theorem 2.6. If Gy is a sequence of functions with suppé; C B(0,2*R), fork=0,1,...
and R > 1, then for 0 < r < o0 and 0 < ¢ < oo one has the following vector-valued
inequality: For m € HO‘([R") (the Sobolev space H*? of order o defined in the introduction

section), and m(2 kD)f(§) m(275¢) f(€), with

S 1 1
a>n|——m——— =
min(1l,7,q) 2/’

there is a constant C' > 0 independent of R and Gy ’s, such that
—k
20) [{me0)6} {0,

We note that the multilinear amplitudes defined in Definition 1.1 reduce to the classical
Hormander classes S™ of amplitudes (or symbols) in the case N = 1, that is to say

< Cllmlze
L (¢9)

kez‘ Lr(ea)
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S™ = S™(n,1). The linear OIOs are the special case of (1) when N = 1, in which case
we have

(21) T# f(x) = / ¢ E49E o 2, ) F(€) de,

n

for a given amplitude a € S™ and phase function ¢. In the proofs in the forthcoming
sections we will also use the notion of multilinear pseudodifferential operators which are
operators of the form

N N
Tolf - fw)le) = /nenN o(x,2) [[ fi(g) et == az.
j=1

For the analysis of the low frequency portion of the operators, where ususally the
singularity of the phase functions lie, we recall a linear result proved in [5], which es-
tablished the hP-boundedness of low-frequency portions of oscillatory integral operators,
whose multilinear generalisations are considered here in this paper.

Lemma 2.7. Let s > 0, s. := min(s, 1), a(x,&) be a symbol that is compactly supported
and smooth outside the origin in the &-variable and ¢(§) € C*(R™ \ {0}) be a phase
function. Also assume that the following conditions hold:

10ga(, &)l Lo rn) < €ay o] =
19g0(€)] < calé*1, ol >

for € # 0 and on the support of a(x,§). Let

K(z,y) = / a(x,§) e OTenE g,

0,
0

)

Then one has:
1) | K(z,y)|] <{x—1y)"""%% for any 0 < e < 1.
(i) | y)| S Y y

(ii) For every r € (n/(n + es.), 1] one has, for every f € %" with frequency support
inside the unit ball and Ty defined as in (21), that

T8¢ f(2)] S M f(z), = €R™

(i1i) For every —— < p < oo, and all f € XP,

n—+sc
1T fllxr S 1l xco -

Proof. The proof of the first statement can be found in [5, Lemma 4.3].

For the second statement we can apply (i) to obtain that
TZf(@)] S [(D(D)f) = ()" 7= S My (9(D) f) ()
forall fe ., re(—"~,1 and ¢ € (0,1).

n+esc’

n
n+se

boundedness of the maximal operator M on LP/" to obtain

ITE Flw S T2 Fllee S IMAIDYF e S 10D Fllze S 11 s

where the last inequality follows by (9) in Definition 2.2. In the case of p = oo for which
XP? = bmo, we just observe that the integral kernel of the adjoint of T} is given by
Jgn a(y, &) e”¥#O=1@=1)E q¢ for which one can deduce a similar decay estimate as in (i).
Therefore by the same reasoning as above one has that ||(Z7)* f|l,1 < || f|l,: and hence Ty
is bounded on bmo. 0

We can prove the third statement by choosing < r < p and making use of the

As was mentioned earlier, the proofs of Theorems 1.3 and 1.4 also use the following
linear results:
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Theorem 2.8. Let m = —(n — 1) ‘ — %‘ and 25 < p < o0o. Then any FIO of the form

1
V4
T f(x) = / o, €) = 9O Fe) de,

with an amplitude o(x,€) € S™ and a real-valued phase function ¢ € C*°(R™\ {0}) that is
positively homogeneous of degree one, satisfies the estimate

175 fllxe < C I fllxr

where XP is defined in (4). Moreover, the same result also holds for 0 < p < oo, if p(§) is
equal to the inhomogeneous phase function (§) (the case of the Klein—-Gordon equation).

Proof. For homogeneous phase functions, this result was established in [15, Theorem 3.1].
For the proof for p(§) = (£) we sketch an argument from [9]. One first separates the
amplitude o(z,£) into low and high frequency portions. For the low frequency part we
have the result thanks to Lemma 2.7, and for the high frequency part one can write
o(z,8)e®) = 5(x,€)elél with & € S™ and thereafter apply Theorem 3.1 from [15] once
again. ]

For other classes of OIOs, the following theorem was proven in [5], Theorem 3.5.

n

rrminGD) < P < 00 Then any

Theorem 2.9. Let 0 < s < 00, m = —ns‘ — %‘ and

=

linear oscillatory integral operator

~

T71(w) = [ ole. e O fi) ac
with an amplitude o(x,§) € S™ and a phase function ¢ satisfying (2), satisfies the estimate

175 fllxe < ClIfllxp -

Moreover, if the phase function ¢ is in C>°(R™), then the range of p in the theorem can be
extended to € (0,00].

3. ON THE SHARPNESS OF THE ORDERS OF THE OPERATORS

Here, building on the example in [15] and the sharpness results in [11], we construct
examples which show the sharpness of [14, Theorem 2.7] for certain values of the function
space exponents. They also serve as examples which show the sharpness of our main
results here (Theorems 1.3 and 1.4) when the target space is L?. As such, we consider the
case of bilinear operators with ¢y = 0, and the failure of LP x L? — L" boundedness (in
the cases p,q < 2 and p,q > 2). At the very end of the section we consider the case of
wo # 0 but only for r = 2.

So let us first consider the operator

~

B(a)(@) = [ al6nF©)3(n) e € #0720 dg

with ¢(&) = [¢]*,

a(€,m) =Y (&) Or(=n)b1(€)ba(—1),
k=0

and b;(§) = (1 —Jo(§))IE™ (4 = 1,2), so that a € ST(n,2), with m = my + mo.
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The parameter m and the order s of ¢ will be specified later, but we have in mind that
m should fail to satisfy either (6) or alternatively (7) depending on s. We compute
(22)

B(f,9)(x)

/[R?” <Z V(§)0k(— (5)62(—77)> f(g) g(—=n) el (§4m) ip(§)—ip(n) d¢ dn

- kzo ( / n©F )< ag) ([ DEmmlmam e = a)
- kf;o ([ oom©@fereeco ac) ([ anmeaenseno a).

3.1. Fourier integral operators. Consider s =1 and

e Yoi-)

for some € > 0.

If p,g > 2 (so 2r > 1) we choose

n+1l 1 e
)‘1_ __+_a
2 p 4
n+1 1 ¢
Ao = - — 4 -,
2 5 q+4
n—1 n 1+6 q
mp = — -~ - T35, an
! 2 r p 2
n—1 n 1 ¢
my = — — — =+ —.
2 2r q 2

We see directly that m = m; + mg and if we define f(f) = (1 — 99(&))|¢| el and
G(€) = (1 — 9o(€)) || 2e el fact (II-i) from [11, page 302] shows us that f € LP and
g € L. We see also that

b1(€)F(€)e™®) = by(£)g(€)e™®) = (1 — Wg(€))?|e| A=Y@+t = F(e).

so we can compute from (22) that

(e o]

(23)

= [w(D)(F) ().
k=0

If we assume B is bounded from LP x L? to L", then the Littlewood-Paley characterisation
of h?" and the fact that F is high-frequency localised, yield

k=0

00 1/2
[l e = (Z Iﬂk(D)(F)|2> — T DI < I 1012,
k=1

L2r
However, fact (II-i) from [11, page 302] shows us that F' ¢ H?".

So we arrive at a contradiction, and B cannot be a bounded operator from LP x L9 to
L.
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If p,q < 2 we can apply a similar argument but choose instead

(-3)+5

A

€

)\2: 1__>+Z7
— n 1 €

= — - _ d
m 2 p+27° 5’ an

n—1 n 1 €
my = - — 4+ — 4+ =
2 q 2r 2

We still have that m = mq + mg and if we this time define f(&) = (1 — 9o(¢))|¢|™** and
g(&) = (1 —99(€))[¢| 72, fact (1I-ii) from [11, page 302] shows us that f € LP and g € LY.
We once again obtain (23) but with

F(&) = (1 — 99())?|¢|~(nH1/2H1/@r)+e/4 o —ile]

so the proof of fact (II-ii) from [11, page 302] reveals that F(z) ~ (1 — |z|)~Y/(2)=¢/4 a5
|z| — 1, so again F ¢ H?". We have therefore shown, even for p, ¢ < 2, B is not a bounded
operator from LP x LP to LP/2.

3.2. Oscillatory integral operators. We consider now either 0 < s <1 or s > 1 and

1 1 N 1 1 N
m=-sn||-—zx - — = €
p 2 q 2

for some € > 0.

If p,q > 2 we choose

1 1 1 1 n
m=-sn|{-——-|)—-n|-——
! 2 p p 2r

then we can carry out an analogous argument to that above for FIOs with f(f)
9o(€))[€] M e El" and G(€) = (1 — 9o(€))|€] *2e ", We use (I-) instead of (IT
[11] to conclude that f € LP and g € L? but B(f,g) ¢ L".

—(1-
-i) from

If p,q < 2 we choose

so once again we can carry out the same argument, this time with the help of (II-ii) from

[11], (&) = (1 — 90(€))[¢] ™ and §(€) = (1 — ¥o(£))[€| 2. We conclude that f € L? and
g € LT but B(f,g9) € L".
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Finally turning to the case of bilinear operators of the form

T(f.9)0) = |

alé, 77)]?(5) 3(n) el (§4n) i (§)—ip(n)+ipo(§+n) d¢ dn,
[R2n

we observe that T(f,g)(z) = e¥°P)(B(f,g))(x), with B(f,g) as above. Therefore the
unitarity of the operator e#0(P) on L? yields that the boundedness of T from LP x L9 —
L? is equivalent to the LP x LY — L? boundedness of B(-,-), and the discussion above
establishes the sharpness of the parameters involved, in the case 1/p + 1/¢q = 1/2 and
r=2.

4. BASIC VECTOR-VALUED AND CARLESON ESTIMATES FOR OSCILLATORY INTEGRAL
OPERATORS

Before proceeding to the boundedness results, we need the following lemma, which
was proved in the case of FIOs in [15]. We also include the proof, both for the sake of
completeness and for later reference.

Lemma 4.1. Let ©: R® — R be a positive, radial, radially decreasing, smooth cut-off
function which satisfies 9(&) = 1 if |£] < 1 and ¥(§) = 0 if || = 2 (as defined in Defini-
tion 2.1), and set 0(€) := ¥(237F€). Furthermore let wy(€) be a bump function equal to
one on the support of 8. Now assume that

s >0, Sc = min(s, 1), n/(n+s.) <p< oo, m= —ns %—%‘,
and for a fized but arbitrary vector u € R™ set
bk, §) == 2"wi(€) and  BE(g)(€) = u(€)e™ ¢ G(o).
If ¢ is a phase function of order s, then one has
(24) sup || (P o T (Dl S 17 o
and for n > 1 one also has for m = —ns/2
(25) Sl;pH(Pé‘ o T ) () oo S 1 o and Sl;pH(P/? o T7) ()|l S N llpa -

The same conclusion holds for F10s, that is, when s =1 and ¢ is positively homogeneous
andn/(n+1) < p < oo,

of degree one. In that case (24) is valid for m = —(n—1) ‘% —1
and (25) is valid when n > 2 and m = —(n —1)/2.

Proof. The proof of (24) follows from the fact that the amplitude of P{ o 77 is in S™
uniformly in k.

In order to establish the first inequality in (25), we write b = b* + b where
(26) V' (k,€) = bk, §)(1 = A(€)), and b (k,€) = bk, A(E).

and A is a smooth function that vanishes in a neighbourhood of the origin and equal to
one outside a larger neighbourhood of the origin. Now since m < 0 and 1 — X is a low
frequency cut-off, one can essentially throw away the w in the definition of b which would
then make b” equal to 2¥™. Then by the kernel estimates for the OIOs with amplitude b
(see e.g. Lemma 2.7), for f € bmo we have that

|Perzn] . |z, 210 =@l £ 1S o

In order to ameliorate (P ng‘; )(f) so that we can better understand its action on bmo
functions, we employ an argument from [14, page 27]. According to that argument, for
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n > 1 and m = =52, one introduces the operator Ry(G)(z) = [ Ki(z — y)G(y) dy, with

z) = Z 2Im <2k7jz) 2n(k=3) " for some &
k<j<k

and

(27) V() = d(m)” ™ = (m)¥(n),
where 12 is smooth, radial and positive with

supp C {€: 272 < J¢| < 1},
and

Z@(an)Q =1 for any n # 0.
JEZ
Moreover, by [14, Lemma 4.8], the kernel K} has the following properties:

/ Ky(2)dz =

and for each 0 < 6 < % the estimates

—n—34
r—y
e -yl 2 (14 552

and
|Ki(x —y) — Ki(x —¢)| S 2"V [y —of|
hold for all z,y,y" € R™ and k € Z. Therefore the operator R}, satisfies

sup (| By fllpa S I fllpas 1< <00,
kez

and

sup || Br.fll e < [I1flgmo -

keZ
The consequence of the above discussion is that we can write
(28) Ry= Y Q2k=m

KJ<k
and Q;(D) = U (279 D), which enables one to replace (P oT)(f) by Py o Ry o T (f),
for n > 1, where (£) := \(&)|¢|™ € S—m/2.
Using the BMO-L* boundedness above, the global bmo-boundedness of OIOs with

amplitudes in S~"/2 (i.e. Theorem 2.9) and the L*°-boundedness of P, all together
yields that

Sl;pHP/?T,ﬁ(f)HLOO = Sl;pHPé‘ o Ry o TY (f)|| oo S IIMD)fllprto < If o - =

Another useful tool in our analysis is the following lemma.

Lemma 4.2. Let

s>0, n=1, n/(n+s.)<p<oo, p#2 and m=—ns

p 2
Assume that b(k,§) and P} are given by the same expressions as in Lemma 4.1. Then for
an OIO Tlf one has

=

H( > (), £ 11

For an FIO T the same result is valid under the conditions that n > 2, m = —(n —

1) and n/(n+1) < p < oo with p # 2.

1_1
p 2
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Proof. We only prove the result for the case of OIOs since the corresponding proof for
FIOs is carried out in a similar manner. Observe that P*T) is an oscillatory integral with
amplitude

e 2k ()8(2 )
and phase function x - 7 + ¢(n). One can also write the amplitude as
e gk (n)f (2 )
= Am)e™ 2T )02 ) + (1= Alm)e T2y ()02 Fn)
= ag + B,
where A is the high frequency localisation introduced in (26).

1/2
We first consider the case of (ZZO:() ]P,ngk(f)\Q) HL . Replacing T3, with P o
P

Ry oTY, with v € 5717, matters reduce to proving the desired boundedness for

O (P o Ry o T) f1)1/2,

k>0

where T and Ry are as in Lemma 4.1. Now if we introduce a smooth cut-off function y
such that Ry = Ry(1 — x(D)) and using Theorem 2.9 for OIOs (or Theorem 2.8 in the
case of FIOs), it is enough to prove

(20) /Zwﬁﬂko’(w)ﬁ e

k>0

At this point, for the sake of simplicity of the notation, we replace P by P in what
follows. This modification will not cause any problems since the difference between the
two operators only lies in a harmless factor (). Observe now that using the integral
representation of Ry, one has

P.R,G(x Z 2Jm/ Hk s« W) k )(1/12]’—1@ * G) (x —y)dy,
r<j<k

where W is defined in (27) and \I’( y(z) = ()~ \if(i)), and 1y« is defined in a similar
)

way. Then for any v > 0 (to be later determined
IBRG(z)] < S 2™ ( / ‘ak*@y,k( )‘ <1+ 2’}%) dy) My, i (i % G) (),
r<j<k

where M,, 51— is the Peetre maximal function as defined in (13).
Now by (14) we have
MV,Q’“*J' (¢2J'*k * G)(x) SJ -/\/(n/l/(w%*’c * G)v

for any = € R™. Moreover by fairly standard estimates for convolution-type integrals one
has for any N > n + v

O * \T/Qj,k(y)‘ < (27 max (27,1))7" <1 + %) _N7

92—k max

which in turn implies that

sup/‘&k*\lfyk ‘<1_|_|L|k> dy < 1.
K<k 2

Thus, we have the pointwise inequality

PRG@)| S Y 2™ (M (Jgr 5 GIF ) ()]

w<j<k

BN
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Therefore, for any ¢ > max (%, 1)

Ve } w i
SIBRGEI | 32 (3 M (i G ) (@)] 7
k>0 J=kK kzj
1
qv q
<O | Y M (v GlF) ()]
k>0
1
q
k>0
where Cp, = 3772 2Im < +o0.
Hence, for any p > 2 the Fefferman-Stein’s estimate (18) yields that
1
1/q z »
3 IBRGE S| [Swecwr) a
k>0 k>0
Lp(R™)

Finally the last term is equal to

SEiS)
=

[ X oc@r] | <lGley,.

k>0
Taking ¢ = 2 and v > n/p, and using Definition 2.2, we obtain

[ X prc@r| | <Gl

k>0

This proves (29).

1/2
Now to treat H (Zk 0 \P,;‘Tg; (NI > HL , we observe that by an argument similar to
p
the proof of Lemma 4.1 (that is to say, essentially use (24)) we have

o0
(5 merznd) < (5 #mereare) [,
k=0 -
o0
gZkam/QHPuT<P2>\fH >
k=0
o0
i (Z kamﬂ) s | AT 1],
k=0 k>0
S IFIE - -

Remark 4.3. A re-examination of the proofs of Lemmas 4.1 and 4.2 reveals that if
b(k, &) = 2Fmowy, with mo < 0 and 1 < p < 0o, m(p) = —ns‘l - %‘ then one has

(3 ez,

where H¥P = F 7, is the Lp—based Sobolev space.

5 HfHHMO*M(p),p .
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For the boundedness of multilinear OIOs with target spaces L? or bmo, we need the
following result about oscillatory integrals giving rise to Carleson measures, whose coun-
terpart in the case of FIOs was proven in [15]. The proposition below doesn’t require any
homogeneity from the phase function as in the case of FIOs.

Proposition 4.4. Let s >0, d € S*”s/2 u € R™ and let
“keu g i
QL) = e [ e Tl s
where k > ko € Z and
(30) Yi(€)? =927 7R — 9 (22 R,

and 9 is as in Lemma 4.1. Then if ¢ is a phase function of order s > 0 and f € bmo one
has that

dpur(z, 1) Z\ (Qitre o T (f)(@)[0y-e (t) dax

is a Carleson measure with Carleson norm bounded by C:27°||f||2 . Here, for any
0 €(0,1), € is given by min(ns/2,nd).

Proof. Since we can write Q}, o f = Q40 Tf o Q};H, where Q};H : bmo — L
uniformly in &, we first consider the case of f € L®. Also for simplicity of the exposition
we set v = 0 in what follows.

Now since the operator Qpi¢ o Ty is essentially the (k + ¢)-th component of the
Littlewood-Paley decomposition of the operator T, setting j = k + £ > kg we carry
out a second microlocalisation of Q; o Tf in the following way.

Take a non-negative real number p, to be fixed later, and for each j, fix O(2"%)
vectors £, v = 1,...,0(2"7), distributed evenly in supp Y. Let {p}, be a family of
smooth functions, where supp pzf is a ball of radius 20=#)J centred at 53’ , chosen in such
a way that the supports of {,0?},, cover supp®;. One may for example take a smooth
bump function 8 supported in a ball of radius 1 about the origin and from this form

py(€) = B¢ — €))/ X, BRI (€ — 7).
It is clear that these cut-off-functions satisfy

0% (€)] < Cp2lol =1,

With this partition of unity, we may therefore write the integral kernel of Q; o Tf as
Kj(z,y) =22, Kj(z,y), with

Ki(w9) = [ d©n (€590 a.
In order to get desired estimates for the kernel, we rewrite the phase of this integral as
(@ —y)-E+0(8) = (x —y+ V(&) - £+ 15 (8),
with — h5(§) = @(&) — Vp(&5) - &,
which in turn yields
K} (x,y) = / by (§)e! T TvIVREDE ag,

where b7 (§) = d(£)p% (§)Y; (§)eih;(£). The mean-value theorem then yields that 9;h(£) =
Voip(n) - (& — ij) for some 7 on the line segment between { and . On suppy; p}, we
therefore have from (2) that

2(8*#*1)]‘ ‘Oé’ -
AR <
|0%h5 (§)] < {2(s|a)j la] > 1.
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If we take u < s/2, the worst terms of \Bg‘eih?' ©)| are hence bounded by a constant times
o(s—u—1)lalj

With these estimates at hand, we find that on the support of 1; 5,

OB < Ca D [0 d(€)0° p (€)0° 55 ()9 (™14

S o=«
<O, Z o(=ns/2—|entas|+(u=Dlec|+(s—p=Dlaa))i < o o(=ns/2+(s/2=D)la)j

S o=«

where we have fixed p to be the optimal u = s/2. For later convenience, we define
A=s/2—-1.

We are now ready to take on the Carleson norm estimates. To that end, we fix a ball
B of radius r < 1 and centre xg. Let then 7 € (0,1) be given by

1—s/2 ifs<?
T =
1-9 otherwise,

where § € (0,1) is arbitrary, and let R, be the ball of radius 2 - 20+ =%0)™ and centre
o + Vgp(ﬁ}’) Clearly then,

QT} 1) = 3 (un. )+ 3 | Kiwniwa,

where S}’ is the operator with kernel K.

For the parts inside the balls R, we use that [¢)(277€)d(¢)| < 27%/2, and hence 5% is

bounded L? — L? with operator norm estimated by 2-™7/2. Using this and the fact that
the symbols have almost disjoint support — that is, with a finite number of overlaps — we
find that for each v,

[ siomn@)| de s [| st @] dos 32 a1

<D 2RIf 7 S @) TV BIf (7

To find a similar estimate for the parts outside R, we start by noting that the triangle
inequality and the fact that A4+ 7 > 0 and j > kg yield that for r < 1, any = € B and any
y with y + zo + Vp(£)) € R}, we have

o — w0 —y| =yl -7 > Iyl + 20Nkl T 4 g > S Iyl > 20y

We therefore have for any x € B and non-negative integer N that

) ” x+W(§;)—y)-V5 N il Vp(ed) )¢
/ K (M‘dy_/ ‘/b e ) e D=0 ag ay

; v T+ V(&) —y) Ve N
_ / ansj/2+N)\j‘Supp p]u‘
R

[z + Vp(£)) — yI?
¢ |7+ V(&) —yl¥
2"/ 2NN supp pt |

N
/y+:vo+W(£;)eRﬁ |z — 0 —yl

9—n8j/2+(N—n)Xj - o
S/|>2(A+ )i ly[V dy < 2 "51/2(23r)(n Nyr.
Y|z T)IpT

dy

dy
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Now choose N large enough to make 2(N — n)7 > n(l — 7) =: e. Note that from the
definition of 7, we have that ¢ = min(ns/2,nd), where § € (0,1) is arbitrary. Combining

with the result from the part from inside R, and summing over the O(27%9/2) balls, this
then yields that [, |Q;T5(f)(x)[dr < (27r) < |B|||f3. Hence

(31) /B ILZCEEDY /B (Qrar 0 TF 0 Opse(f)(2)P de

2=ty
<O @) B Qo)1
2—t<r
$27 3 (@279 B fllpmo < 27 BI o
2=ty

which shows the requested Carleson estimate for balls of radius smaller than 1.

Now if the radius r of B is larger than one, then we cover B by balls B; of radius
1/2, observing that there are O(r™) such balls needed for this covering. Furthermore we
observe that for r > 1, (31) yields that

[ ddm@ol= [ jduol< Y[ jamo)
Bx[0,r] Bx[0,1] o(rm) B;x[0,1]

—cko— 2 —ek 2
<> 2R £ e S 27 B o -
o(rm)

5. FREQUENCY DECOMPOSITION OF THE OSCILLATORY INTEGRAL OPERATOR

Following the method in [15] for the decomposition of the amplitude o(x, =) € S™(n, N),
we reduce the problem of regularity of ¥ into considering three frequency regimes: When
= lies inside a compact set; when one component of = = (&1, ..., &y ) dominates the others;
and when two fixed components of (£1,...,&y) are comparable to each other. In what
follows we only describe the aspects of the amplitude decomposition which are crucial to
the later sections of the paper. For the remaining details, we refer the reader to [15].

Here and in all that follows we take N > 1. First we define the component of o
with frequency support contained in a compact set. We introduce a cut-off function
x: R™Y — R, such that x(Z) = 1 for |Z| < 1/8 and x(Z) = 0 for |Z| > 1/4 and define

(32) 0o(z,E) = x(B) o(z, 2).

To define the components of o where one frequency dominates all the others, we construct
a cut-off function v: R™ — R such that v(Z) = 0 for |&1| < 32/N —1|Z/| and v(Z) = 1
for 64/ N — 1|Z'| < [&1|, where Z' := (&2,...,&n). This can be done by taking A € C*°(R)
such that A(t) = 1if ¢t < ¢ and A(t) =0, if ¢ > ¢y for two suitably chosen real numbers
0<ecp <eo <.

Define

(33) v(E)=1-A ) e C®(R™\ 0).

=
=
=

Now given j = 1,... N we define =} := (&1,...,§j-1,§j+1,---,&n) and

=/

vi(E) = v( j’“j),

for all = € R™Y. We then define the component of ¢ for which &; dominates the other
frequency components to be

(34) oj(xz,2) =(1-xE)v;(E)o(x,2), forj=1,...N.
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What remains of ¢ will be split into functions on whose support two frequency com-
ponents are comparable (see [15] pages 22-23 for the details). Thus o can be finally

decomposed as
N

O-(x’ E) = 0'0(56, E) + Z O-j(x’ E) + Z O-j,k(x’ E),
j=1 itk
where o has compact Z-support, |£;| dominates |Z| on the Z-support of o;, and |&;| ~ |&x]
on the E-support of 0 ;. More specifically, 0, and o; are supported away from the origin,
and

2o =2
(35) clgl” = |Z]
on the Z-support of o;, for a suitably chosen ¢ > 1.

One can also check that if o € S™(n, N) then o; and o, are also in S™(n, N) for all
jok=1,...,N and o¢ € S#(n,N) for all p € R.

We shall now proceed by giving explicit representations for the multilinear OIOs T(f%,
T;Ii and T _, which as will be clarified in Section 6, are the prototypes of the operators

for which tllrfe boundedness results will be established here. Moreover, the boundedness

of T? can be reduced to the boundedness of these three types of operators. However
further reductions are needed to make the representations of the aforementioned operators
amenable to the vector-valued- and maximal-function-based proofs that are utilised in this

paper.

5.1. Representation of T;I:). We note that by (32), the support of o is in a fixed

compact set. Therefore as was demonstrated in [15, page 44| the operator T;I; can be
written as

N
(36)  To(frfn)@ = Y ax@T o | [T 0 mem, (1) ] (@),
j=1 v

KEZRN

where 7, f(z) := f(z — h), 0 € C°(R™) and ak (z) is a smooth function satisfying
N

(37) O%axc ()] S (1+ 1y~
j=1

for all z € R™ and M > 0, with K = (ki,...,kn).

5.2. Representation of T;I’; . Let ¥ be the function introduced in Definition 2.1 and
recall or define

o 05(€) = V(2°7¢),
o U()? == 9(2717F)? — 9(227R¢)?,
o ¢(€)? = 0(2777FE)? — 024 Fe)?
From the support properties of oy, it follows that if ¢ (£1) # 0 and o1 (x,Z) # 0 then

|27F¢,| 28
32/N-1 N-1
which implies that 6, ({;) =1 for j = 2,..., N, and one also has that

‘2*’?5’1 <

~X

<P )| <8
which implies  ¢x(§1 + - +&n) = 1.

| =

(38)
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Using these facts, there exists kg € Z (independent of z) such that we can write T;Ii as

T3 (f1,-- - fn)(@)
/[anv > k(&) H9k E o6+ ..+ En) (2. B) (&)

k>ko

f(é- ) ia:~(§1+---+§N)ei<I>(E) a=.

’:12

._.Q
[|

See [15, page 24| for the details of all these deductions.

We also introduce a high frequency cut-off x( that satisfies

xo(§) =1, for [€] > 2k~ and
Xo(§) =0,  for [¢] < 2k~ 5,

where kg can be chosen appropriately, and let my,...,my be a (non-integer) partition of
the decay m of the amplitude o, so that

N
m — E mgj,
J=0

and m; = —ns|1/p; — 1/2|. Based on these frequency cut-offs, we introduce the following
localisation operators as well as amplitudes
QD) = o T1©), bo(€) = €™ xo(6).
AT = 27k mmommiyy ()¢ Em fe), b1(€) = 1™ xo (),
PE(£)(€) = 0u(€)e "€ F(¢), bin(€) = 27wy (€),

for j =2,...,N, wi(&) := 0;(£/2) is the bump function introduced in Lemma 4.1 equal
to one on the support of 6.
Also note that for any m < 0 the symbol 28wy (¢) € S™ uniformly in k, since when m < 0
one has that [2¢7w(27F¢)| < 2km(27ke)m < (€)™ since w is Schwartz, and moreover we
also have that for any N > 0 and |a| > 0
laa(ka ( kf))‘ < 2km2 k|a\(1 +9- k‘ﬂ) N < 2km2 k|a\2kN(1+ ‘gl)fN

which by choosing N = |a| —m > 0, yields that [0%(2F™w(275¢))| < (€)™~ el

Using these operators one can show [15, page 26| that for any M > 0, the operator T;Iz
can be written as

(39) To(fi,--- fn)(2)

N

/ZM o T o P (@t o TEN (A1) TT(RY o T2 )(f) | ()
k>k0 ]22
ei27FEU U
X 71 TTIONM )
1+ [UP)M

where My, denotes the operator of multiplication by m = m(k, z,U) with U = (uq,...,un),
and m is a smooth function depending on o1, with uniformly bounded derivatives of all
orders. It was shown in [15, page 26] that boundedness of T£ can been reduced to showing
the boundedness of

B(f1,...,fn)(z)

(40) 0 Y .
= > x0@D) Q) (@ o T (f) [T(B o T () | (),
j=2

k>ko
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where the symbol of the high-frequency cut-off yo belongs to S°.

5.3. Representation of T‘I’ . With the same choice of ¥y, 0x, xo and wy as above, and
with a suitable choice of the 1nteger k1 and setting

(€)% = 9 (27 Rm20)? (23R Re)?,

it was demonstrated in [15] page 42, that for some ky € Z one has the representation

T3, (f1,---, fn) (x)
/[RnN Zwk )% Gk (£2)% 01.2(2,E)x0 (&) Fi (€1) %

k>ko

0 (&) f (&) H eir-(€1t+En)+HiP(E) gz

2

Now we introduce the following localisation operators and amplitudes:

BY()(©) = 6u(©)(©), do (&) = 20w (€),
ay EDEO=RTT T @ O, 6 = I (o),
Q€)= vi(©)e® e f(g), da(€) = |€™x0(8),
P;‘J<f><£> = 0k(&)e™ " (e, dj k(€)= 2" wi(€),

Using these operators one can show [15, page 26] that for any M > 0, the operator
T2  can be written as

01,2
olg(fl, - fN)
N
/ZM o T o B |(@) o TE)() Q)2 o T () TI(FY o T2 )(5))
k>ko j=3
x;dU
(L+ UM =

for a certain smooth function m depending on oy 2, with uniformly bounded derivatives of
all orders. Therefore one can reduce the analysis of boundedness of T, f; ,» to the study of
the boundedness of the multilinear operator

D(f1,..., fn)(x)

( ) _ Z MmOTOf)O OP,? ( Zl OTfll)(fl)( ZQ OT‘PQ H Py OT<PJ f]) (x),
k>ko Jj=3

see [15] for further details.

6. A CATALOGUE OF END-POINT CASES

The method by which we prove the boundedness of the components T‘1> ch and T£ 2
splits into four separate cases. For T<I> and T£ , We use vector-valued inequality techniques
to deal with almost all function spaces XP. Hovvever7 as mentioned in the introduction,
this method fails when p = 2 or p = 0o, so we make use of different techniques when
these functions spaces are present. This failure is due in the first case to a lack of usable

decay in the amplitude and in the second case due to a lack of a suitable characterisation
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of bmo, and means we use three different techniques to deal with T;Iz and T;Iz ,- Finally,

we make use of a fourth method, which deals with T, ;I(’) for all values of the function space
exponents.

As far as boundedness of T is concerned, due to the symmetry of (40) in the indices

j=2,...,N, as was shown in [15], we only need to consider endpoint cases (po,...,pn)
which are distinct within the equivalence class of permutations of (pg, ..., pn). Thus, there
are three possibilities for the function space with exponent pi: kP!, L? or bmo. Then for
the exponents ps,...,py we can have a Cartesian product of the same spaces:

l_IL2 X Hbmo X thf ,

J€Ts J€Tlo J€Ly

where the index sets Zp, 7, and Zy are the sets of all j such that p; = 2, p; = oo and p;
is any other value, respectively.

Similarly, regarding T, 01 , due to the symmetry of the form of (42) in the indices j = 1,2
and j =3,..., N, we only need to consider endpoint cases (po, ..., pn) which are distinct
within the equivalence class of permutations of (p1,p2) and (ps,...,pn). (We have, there-
fore, (34 3) x (3+ 3+ 1) — 3 = 39 cases, since the possibility of three or more copies of
L? appearing is ruled out because py > 2/3.)

For the Banach target spaces, both for later use in Section 8 and for the convenience
of the reader, we recall the endpoint-cases that need to be considered and the orders of
decay of the amplitude that are involved in each case. This is of course quite similar to
the analysis that was carried out in [15, Section 5], with the only difference that here we
also consider the cases of various multilinear OIOs. However the interpolation procedure
towards the establishment of Banach-target results remain the same. We summarise this
in the following lemma:

Lemma 6.1. Let m = z;y:o mj, = = SN L and o(x,E) € S™(n,N) and ©;j be phase

PO J=1p;’
functions of order s with s > 0. Let also
(43)
1 1 o .
m(p) = —(n—1) ‘5 — 5|, n>1, ¢j's positively homogeneous of degree 1, T <p<oo
—ns‘%—% , @j's of order s, m < p < o0.

For Banach-target spaces (i.e. XP with p € [1,00]), it is enough to prove Theorem 1.4 for
the following values of exponents:

(i) Target bmo. H;VZI bmo — bmo, i.e. (pj,m;) = (co,m(c0)) for all j =1,...N;

(ii) Target L2. (po,mo) = (2,0), and for each 1 < j < N, (pj,m;) = (2,0) and
(pr, mi) = (00, my(00)) for k # j;

(iid) Target hl. (po,mo) = (1,m(1)) and any pair 1 < j1 < jo» < N, (pj,mj,) =
(pja- M) = (2.0) and (p,my) = (00,m(00)) for i F kA o and

(iv) Target hL. (po,mo) = (1,m(1)) and for any 1 < j < N, (p;,m;) = (1,m(1)),
and (px, my) = (00, m(c0)) for k # j.

Proof. This is a standard application of multilinear interpolation, as was also done in
[15]. In short, we take two end points, Px = (pa1,...,pan) and Pp, from the list

above, with corresponding amplitude orders my4 = Z;V: ym(pa,;) and likewise for mp.
We then form the amplitude family o, given by o.(z,Z) = &(z, Z)(E)1-2)matsms  where
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& € 87 y(n, N) is arbitrary, so that o € 7" and o1 € S{’. Notice that for any Schwartz

fi,---, fn, the map z — Tf;(fl, ..., fn) is analytic, and that the bounds in our proof
depend polynomially on Im z. This ensures that we can use the mentioned interpolation
result, showing the boundedness of Tq’ for z € [0,1]. Since ¢ was arbitrary boundedness

holds for any TCI’ with amplitude az € S(1 2matemp (n,N), z € [0,1] and source space
XPUx - x XPN where P~! = (p1',...,py") = (1 —2)P;' +2P5*. One can then do this
for any two points P4 and Pg in the convex polygon of studied P to get the full range

of exponents, but it suffices to show boundedness at corners and where the function m
ceases to be linear. O

7. BOUNDEDNESS OF THE MULTILINEAR OPERATORS

In this section we shall very briefly indicate the modifications that are needed in the

proofs that were provided in [15], in order to prove the corresponding results for multilin-
ear OIOs.

As far as boundedness results are concerned, due to the symmetry of (40) in the indicies
j=2,...,N, as was shown in [15], we only need to consider endpoint cases (py,...,pN)
which are distinct within the equivalence class of permutations of (po,...,px). Similarly,
due to the symmetry of the form of (42) in the indicies j = 1,2 and j = 3,..., N we only
need to consider endpoint cases (py, ..., pn) which are distinct within the equivalence class
of permutations of (p1,p2) and (ps,...,pN).

This reduces the analysis of boundedness of T to the investigation of just one of the

T;I;)’S say T;};, one of T;}; .S say T;}i - and of course also the boundedness of low-frequency

part T, ;I;. All the other cases can be studied in essentially identical ways as these.
In each case we fix

Y
Z_ 1<pj<007 j:07"'7N7
1 Pj

and m; := m(p;), j = 0,..., N, with m(p;) given as in (43) and consider f; € XPJ for
j=1,...,N. The rest of the analysis is identical to that of multilinear FIOs as carried
out in Section 8 of [13], Having this lemma at our disposal, we can run the machinery of
the proofs in the case of multilinear FIOs and obtain the desired results.

7.1. Boundedness of Tf; . Here, due to the localised nature of the amplitude and in
contrast to the other parts of the OIO, we can furnish a proof which covers both the
quasi-Banach and Banach target spaces cases. In order to control T;I; defined in (36), we
observe that since § € C2°(R™), Lemma 2.7 yields that

177 Dllxo S 1 lxr - and |78, 0 (D], S 160

for n/(n + s.) < p < oo. Applying these two estimates, the fact that each term is
frequency localised, the translation invariance of the norms and Hélder’s inequality (using
the Littlewood—Paley characterisation of local Hardy spaces) altogether yield

N
HT J OTQ‘rrk (f]) S H Hfj”hpj .
j=1

Jj=1 hr

Combining these estimates one has

N N
L R | e (2
j=1 7=

XPo
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for all the endpoint cases of pg,p1,...,py in Lemma 6.1. Finally, the boundedness of T
follows by applying (37) with the inclusions CI} -h? C h?, L>®.L? C L? and CI} -bmo C bmo
(see [8]).

Therefore, for the purely low-frequency portion of the operator, we have now established
the boundedness with both Banach and quasi-Banach target spaces.

7.2. Boundedness of T;IZ. Due to the symmetry of the representation (40) of Ty (in
the indicies j = 2,...,N) we only need to consider endpoint cases (po,...,pn) which are
distinct within the equivalence class of permutations of (pa,...,pn).

7.2.1. Boundedness with Banach targets. Having this, then all the boundedness re-
sults with target spaces L? and bmo (in accordance to Theorem 6.1) are proven in exactly
the same way as in the case of multilinear FIOs in [15], where one replaces —(n — 1)/2
of multilinear FIOs by —ns/2 of multilinear OIOs and noting that no restriction on the
dimension (as in the FIO case) is necessary, since —ns/2 < 0.

7.2.2. Boundedness with quasi-Banach targets. As discussed earlier in connection to
representation (40), matters can be reduced to the study of the regularity of the multilinear
operator

N

(44) I:= Z Q% |( e oT“Jl H P oT% )(f5)

k=ko j=2

Our goal is to prove the boundedness of T with target in hP° with n/(n+s.) < py < 0o
and pg # 2. We also note that the cases py > 1 are all Banach, but our method of proof
will cover these cases as well. Using (44), we infer that the boundedness of Tf’l, could via
(9), be investigated by considering

)

N
(45) Z Jo(D [(Q“1 o Ty )(f) [T o T3 ) (o)

k=ko =2
and for j > 1
o) N
LD = 3 9,(D)QUD) [( woTe)(f) LR o ng‘k)(fz)]
k=ko,|k—j|<4 (=2

= Y Loy (L + 1027 D) G2 UHID)FLL),
(=—4

where for all k € Z
N

F = (@ o T (f) [T o T )(fo)-
(=2
Now given an (N — 1)-tuple (ps,...,pn), we define
Jo={je{2,...,N}:p;=2},T,={j€{2,...,N}: 2#p; < o0}
and
J={j€{2,...,N}: pj = c0}.
Using this notation we can write

(46) Fy = (@ o Ty ) (f) [T (B o ) () TT (B o T () TT (B o T ) ()

FISAD) JEJf VISAES

Taking (9) into account for a generic piece of Flg] , we shall see that the following
proposition will be useful in dealing with various cases that arise in connection to the
proof of hPo-regularity of I (given by (44)).
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Proposition 7.1. Given p1 > 0 and N1 > 2, assume that % = p% + % and XP' be
defined as in (4). Then one has

0, / ol
(S 1@ H PEGHR) L S 1l TT Il

k=ko 7j=2

Proof. By the translation invariance of the norm of the spaces XP, we can reduce the
study to the case where u; = ... =upn, =0.

Consider the multilinear pseudodifferential operator

Ny
T (fiy-- s n) (@) == Qufr [ Pufs
j=2
with the symbol

N1
PH(E) = w2 Fe) T]o@ ")
j=2

Now since, in addition to the frequency localisations |[27%&| ~ 1, [27%¢;| < 1 for
2 < j < Ny, one also has that |Z| < ¢|£1] on the support of o1 (note that the later follows
from (33) and (34)), then the Leibniz rule, the aforementioned support properties, and
finally (35) yield

02(p"(2))] < (E)7,
which yields that p* € S?,O(n, N), uniformly in k.

Let assume first that p; < oo. Khinchin’s inequality yields that

I( Z Q) H )|

L

N1
o~ > en®)Qufr [ Prti
=2

h>=5 70, (R x[0,1])

= Z Tk fl, "ale) s

h>=5 70, (Rm x[0,1])

where {€;(t)}; are the Rademacher functions. Now the family of multilinear pseudodiffer-
ential operators > oo e (¢)Tk(f1,- .., fn,), has the symbol

o0

pt(&la- .- ’£N1) = Z €k(t)pk(£1,. .- ’£N1) € S?,O(n’N)’

k=—5

uniformly in ¢. Therefore, the boundedness of multilinear pseudodifferential operators of
order zero from HN hli — L" [17, Theorem 1.1] yields

N1
> e®Th(fr, - ) Sl JT 11172 -
k>—5 j=2

L% (R x[0,1])

Now let us assume now that p; = co. Note that we are also allowed to assume (38) on
the support of p*, which yields that

Tk(f17' .. ,le)(I')

Ny

— /([Ran) 2N1nk¢v <2k (x — yl) e ,2]C (x — le)) H Pk (fj) (yj) Qk (fl) (?/1) dy.

Jj=2
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Holder’s inequality, the translation invariance of the Lebesgue measure and the definition
of the maximal operator 9" , in (15) yield

Tk (f1,- -, fv)(x)] <

/ v P, (F) Wl 1@, (F1) (y)]°
Nink k S V (ok J k
P {/RN (2ky'ys ‘¢ (2 Y } /[Ran 1;[ e Sq/NI ey Y

Ny
< 92— Nink/q' 2N1nk9ﬁq (Qkfl)(l')z_lm/q H mZ/Nl o (Pkfj)(.%')Q_kn/q

1/q

s/N1,2k
j=2
N1
S My, on (Qrf1) (@) 11 M\ e (Pef) (@)
=2

where we have also used that for all z € RV
N1
@ +2% o+ 422 ey, Y H (1+2% | %),

Now denoting the set of all dyadic cubes in R™ by D, and denoting for each k£ € Z the
elements of D with side length 27% by Dy, we have by inequality (17) that for every dyadic
cube J € Dy and every f

with constants independent of f and k.

Therefore, since there is no overlap between D;’s, we have

(47)
= 1/2 > 1/2
H<k225 ’Tk(f17---fN1)’2> ‘LTO = H<k225 J;k ’Tk(f17---fN1)’2XJ> ‘LTO
Ny ) ) 1/2
< Z Z H‘mZ/Nl,Qk(Pkfj)(w)‘ ‘m(s]/Nl’gk(Qkfl)‘ X.J
k>—5 JeDy, j=2 Y
) 1/2
N Z & Ol s o s
: Lro
2\ 1/2
< Z Z H;Ielgmts/]\h’Zk Pkf])( )%gmg/]\/hzk(Qkfl)XJ
k>—5 \Je(Dy)j=2 o

Now by Theorem 2.4, given 19 € (0,00}, 0 < ¢ < o0, v € (0,1) and s/N; >
n/(min (2,q,rg)), for any dyadic cube J € D there exists a measurable subset S; C @,
depending on 7, fx,q, s, N1 such that |S;| > «|J|. For this S; and any 0 < p < oo one
has for z € J that

1Sy 1 <1

1/p
XJ(%') = 1 < ’Yl/p ’Jll/p = 'Yl/p ‘J‘ /XSQ(y)dy> g 7_1/pMp (XSJ) (.%')
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Hence, using this and the vector-valued maximal inequality (18), one can bound the
last term in (47) by

o\ 1/2
N1
(48) > ZH;Ielgmtg/]\[hgk(Pkfk)(x);Ielgmtg/]\[hgk(Qkfl)XSJ
k>—5 \JeDy, j=2 .

We also note that the characterisation of BMO given in Theorem 2.4 implies that,
given 0 < g < 00, v € (0,1) and s/N; > n/(min (2, q)), one has

Yo D mEm? o (Qufixs, ~ [ITD) fillemo < 1 fillbmo -

2\ 1/2
yeJ

k>—5 \JeDy .
oo

where I'(D) is a high-frequency cut-off.

Therefore, Holder’s inequality, Theorem 2.5 and the L?-boundedness of Hardy-Littlewood’s
maximal functions yield that the expression in (48) is bounded by

N 2\ 1/2
1
11 SUp MY, v (Pif) > | 2 mEM o (Qefi)xs,
j=2 o || \kE>—5 \Je(Dy) Lo
N1 Nl
S H Sgpmg/]\[hgk(P/ﬁfJ) ”flubmo S H Sup‘Pkfj’ Hlebmo
j=2 L? j=2ll Kk L2

N1 Nl
S THIME I U fallmo < TT 15022 11 o -

Jj=2 Jj=2

Now we turn to the study of the regularity of the multilinear operators associated to
T;};. This will be divided in the following cases:

Case I. J5 # (. Observe that by our previous considerations the frequency support
of FY (given by (46)) is contained in B(0, 2" R), for some R > 1. Therefore, for £ € [—4,4],
the frequency support of qurz is contained in B(0,27(2°R)). Hence using (20) we have

Leo’

(S o) (5 517

k=—5

Note that for j € Ja, the b;;’s dependence on k could be suppressed due to the fact
that for these terms the corresponding m;’s are equal to zero and one can replace the
amplitudes by the constant function one. Hence using the uniform boundedness given in
(25), the embedding ¢'(N) C ¢2(N) jointly with the Cauchy-Schwarz inequality, Holder’s
inequality, Lemma 4.2, Proposition 7.1 and the boundedness of linear oscillatory integrals
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given in Theorem 2.9, yield

(3 ey,

<[( 3 e )H(Pﬁij")(fj)F)l/ |

Lo
(49) k=-5
TN e m @), T
J; k=—5
N
< |mea|| L, T Gl TT s TTNilhowo S TT 1500,

Jo jf Too 7=1
where

11,51 L_ 1 %]

Po 0 /5 pe’ o P1 2

Case II. Jo = 0. In this case r9 = p; and if moreover p; < oo the we have

(50) I( Z @ergme)”|

o Sl

and we can proceed as in (49) to reach the desired estimate. However, if p; = co then
the classical Fefferman—Stein estimate yields that

(51) Sl;pHQzl(fl)Hoo S I fillbmo -

Hence Lemma 4.2 yields
> 1/2
U2
|05 1mee) .
k=—5
<rrf1\\bmoHH(Zr P )R) |

k=-5

N
. HHfaHbmo LT 0l rs -
j=1

Finally, for the low frequency part (45), we only need to estimate the LP° norm of F; ,g .
To that end, we use the following generalised Holder’s inequality

N
(52) ITT fillzeo < TT 15500 HHfJHLoo
j=1

J2UJf

where p% = Zjv 15 which is is a consequence of [17, Theorem 1.1], together with Lemma

4.1, which concludes the proof.

7.3. Boundedness of T‘;}; 2 In the analysis of the boundedness of Tf; . the symmetry
of the operators form under permutations of the frequency variables allows us to restrict
our attention to just one of the o;;, the argument for all the others being identical. For
definiteness, we choose to study o7 2, so we have that |£;| and |£3| are comparable to each
other.
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7.3.1. Boundedness with Banach targets. The demonstrations of the boundedness of
T;Ii ., With target spaces bmo and L? are idential to that of multilinear FIOs as carried out
in Section 8 of [13]. However the analysis in [13] required a result about Carleson measures
associated to linear FIOs. The analogue of that result was provided in Proposition 4.4
above, and with that proposition at hand, we can run the machinery of the proofs in the
case of multilinear FIOs in [15] and obtain the boundedness of T2  with target spaces

01,2
bmo and L2.

7.3.2. Boundedness with quasi-Banach targets. Using the representation (42), we
are dealing with the hj-regularity of the multilinear operator

(53) D(f1,..., fn)(z ZM o T o P [GY] (2),

k=ko

where

GY = (@) o TE(RN@ < TR [ (B 0 T3)(1)

LETo
X H (P o Ty )(f.) H (P o TS )(1.)
LEjf LEJ 0o

Now given an (N — 2)-tuple (ps,...,pn), we define
32 :{] S {3,...,N} 1 pj :2}, Jf:{j S {3,...,N}: 37§pj <OO}

and

Jo={j€{3,...,N}: pj = o0}
Now, by using (26) we can rewrite

do(k, &) = dj(k, €) + d(k. ),
and observe that the supports of wi and o allow us to write
720 o P = 20T o P,

where Qy:=1 — xo.

The analysis concerning djy. For d},(k, &), we replace (T“JO o PY)(f) by T¥" o R0 PY(f),
where v(£) := xo(§)[£|™° € 8™ with mg < 0, and Ry is as tn (28). This yields that

ZM oT“’OoPk (GY] ()
k=ko

(54) = > akmmonf 1o, P [GY] (x)

j=ko k>3

- ZkaO Z Mma+k v QJPIC-H [Gkﬂ] ( )

k=0 J=ko

Remark 7.2. Note that here the fact that mo < 0 (which excludes target-space L?) is
crucial in the analysis that follows below.

Now we observe that one can write

j+1 1
©0 o E U C— E E .
]\4'11”_”C OT’Y OQ] = j—_’]‘,j/7k OQ] = T’+Z,]/k OQ]
J=i—1

l=—1j'—j5=¢ (mod 3)
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where T & is the oscillatory integral with amplitude m(j + k,z,U) v(§) ¢ (£) and phase
©o. Observe that

1
U ._
Ta=2 D Tiugs
l=—1j'—35=¢ (mod 3)
is periodic in j with period 3, and is an oscillatory integral with amplitude in $™° uniformly

in k.

Thus (54) can be rewritten as

2
ZkaO 27}% (Df,k(fla e 7fN)) (1’),

k =0

where

Dyi(f1s-- -5 fn)(@) == x0(2D) > QY PRy ; [GF ] (@),

j=¢ (mod 3), j=>ko
and Yo is the same high-frequency cut-off introduced previously (with a symbol in S9).

For the high-frequency part of the multilinear operator we observe that

1Dkl S | 30 QYR (G

j={ (mod 3),75>ko

hPo

Now since the spectrum of 0 GY is inside an annulus of size 27, a theorem in
p kJr] Jj+k )

Section 2.5.2 on page 79 of [18], together with estimate (20) and finally the Cauchy-Schwarz
inequality (using the boundedness of the operators T:l’; ' and TCZ %), yield that

H Z Q] Pk-i—a [Gﬁ-k]

j=¢£ (mod 3),j5>ko

(55) I 2 e et

j=¢ (mod 3), j>ko

SIS el

j=k+ko

hPO

1
2

Lro

eo’

Now we proceed by dividing the regularity results into cases which we shall deal with
accordingly.

Case I. p1 < o©

Let us first assume that po < co. Here we use the same reasoning as in the paragraph
preceding the displayed equation (49) and note that the left-hand side term of (55) is
bounded by

1/2
5 [ oz
j=2ko o
2\ 3
H(Z ‘ Q¥ o TL?)(f2) H (P o Ty )(f.) > .
§>2ko LE€J2UT fUJoo
where
1 1 1

+—,
Po p1 1
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and the term (Q5* o T,7%)(f2) 1

Now since we have that

LGSQUSfUSOO(PUL o T‘pL )(fL) is essentially F given in (46).

1/2

Y l@orzi[) | |z, < 1l

7=2ko
p1

the same argument as the one involved in deriving estimate (50) for the case N = 2 and
(49) for N > 3, yield the desired bound.

Now if po = oo, then by using Fefferman—Stein’s estimate (51), one extracts the || f2||bmo
from the left-hand side of (55) and the remaining term will be

[(2 [@emon T @romii]
for which the boundedness can be established as was done previously.

LTl’
7=2ko L€32U3fU300

Case II. p; = oc.
In this case, applying Fefferman—Stein’s estimate (51), one has that (55) is bounded by

il [( @2 ez IT @roz)m)|)’

J>2ko 1€J2UT fUJ oo
If we assume that ps < oo, we just proceed as in the analysis of (49) (or Case I above).

eo

Now if pp = 00, since py < oo, then Jo U Js # 0. If Jo # 0, (55) is bounded by

2\ 1
1o || (2 (@52 0 T () T (B 0 TP0 0] ) 7
Jj=2ko LEJ2
2\ 1
<Al (X [@pergnw| )| T o
j=2ko Lo Joo
where -
1_ B
9 2 ’

Therefore, the same analysis as in (49) yields the result.

If 3o = 0, then J¢ # (). Therefore applying Fefferman-Stein’s estimate (51), yields that
(55) is bounded by

il 1l TL|| (S @020 )Pl TL Ao

Jr j=>2ko Lpe Joo

and using Lemma 4.2 concludes the discussion of this case.

The analysis concerning d%. The following lemma will be useful in to proving the
desired regularity result.

Lemma 7.3. Let kg be fized, 0 < pg < oo and 0 < p;j < 0o so that

Then one has that

Sl;p HPISO (GU tho ~ Cko H ||fJHXPJ :
7j=1
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Proof. We shall give the proof for the case that pg < 1. A small modification of the
argument yields the case for pg > 1.

First we assume that p;+po < co. We use the Littlewood-Paley characterisation of h?0,
and the inclusion /70 C ¢! C (2. Then applying [18, p.17] and the fact that the frequency
support of ¥, (D)P,SO is included in a ball of radius O(2%) followed by Hélder’s inequality
(52) and Lemma 4.1, we find that

N (ko) 1/2
HPISO (Gg)Hhm ~ Z W Pko GUH
Po
N(ko) 1/po
S Z l9;D) B8 (GO | S IIGH,

2
<T@ ez (ol TT |7 oz, (8
=1

LEJ2UT

oo I[P o2 ()
ASK 1SS

2

STI e T 1l TT 14 omo
=1

LE€J2UJ ¢ 1E€J oo

In the case that p; = oo or po = 00, a modification of the argument above, where one
just uses that supy>p, [|QrGll e S |Gl » Yields the result. O

Finally to deal with > 7%, My o T;;O o PY [GY] () we observe that Lemma 7.3 yields
0

Po

o0

Z 2’“”“0]\4m o ng o PISO [Gl[s]]

k;:k;o hPO
< 3 g | B [GY] |, < H il -
k=ko

Summing up and using the fact that my < 0, we deduce the boundedness of D(f1, ..., fn),
with target hP°.

8. SPACE-TIME ESTIMATES FOR SYSTEMS OF DISPERSIVE PDES

In this section we shall prove Theorem 1.6, which amounts to showing Sobolev estimates
for the solution u of the system of coupled PDEs

i0pu + po(D)u = T¢ (vi,...,vN) with u(0,2) =0
i0v; + pj(D)v; =0, j=1,...,N vj(0,2) = fj(z), j=1,...,N,

where ¢; € C*(R"\ 0), f; € H?Pi, 0; > 0, j =0,..., N are assumed to be positively
homogeneous of degree s € (0,00) and T is the multilinear multiplier given by (8) with
symbol ¢ € §™¢(n,N) for some m¢ < 0, to be specified later. The solution can be
represented using the Duhamel formula as

(56) u(t, ) / ¢(2) (fj(g ) mfﬁi”%(ﬁj)) eit=r)po(E1++EN) 4= dr-
RN =

This formula contains a multilinear oscillatory integral, and should therefore be suitable
for analysis with the results of this paper. There are, however, two reasons why we cannot
directly apply Theorems 1.4 and 1.3. Firstly, we must deal with the time dependency of
u, and secondly, proving bounds in Sobolev spaces introduces more complicated ampli-
tudes, which are a product of the multilinear amplitudes we have seen earlier and linear



ESTIMATES AND MULTILINEAR OSCILLATORY INTEGRALS 35

amplitudes in each variable. The following two results solve the first problem and extend
regularity estimates of oscillatory integral operators with space-dependent phases to the
corresponding time-dependent operators. We then proceed to prove Theorem 1.6 as a
scholium to Theorems 1.4 and 1.3.

We shall start with the following lemma which yields time-dependent LP estimates for
linear evolutions.
Lemma 8.1. Let ¢ € C*®°(R™\ 0) be a phase function positively homogeneous of degree
s >0. Then if s # 1 then for allt >0
(57) (D)~ =2t ey 1 < () P12 | 1,
and for s =1

(58) ”<D>—(n—1)\1/p—1/2\eitso(D)u”Lp < <t>(n—1)\1/p—1/2\”uHLp_

Proof. We only prove the case of s # 1, the remaining case is proven in a similar manner
using Theorem 2.8. First note that Theorem 2.9 yields that for 1 < p < o0

. _ 1_1
1P (D)2l 1 < )| o

To include ¢t-dependence, we first note that in the case t < 1, tp(§) is a phase of order s
uniformly in ¢ and therefore satisfies the estimate

(59) e Phul| s < (DY P2l Lo < () [(D) P P 1,

for any @ > 0. When t > 1, we write m(p,s) = —ns|1/p — 1/2| and perform a change of
variables (and using homogenelty of ¢), finding

/eim-£+ittp(£)<§>m(p,s)a(§) ¢ :tn/s/ it~ Y s x-E4ip(€) < 1/s§> (tfl/sg) dag¢

(60)
_ -mps)/s / it i) 5 ()u(tL/50) (€) de,

where o4(€) = t™Ps)/s(t=1/s¢)mP:5) gatisfies 080 (§)] < Co(&)™P3)=lol when ¢ > 1 and
m(p,s) = 0. Therefore the LP—bound given by Theorem 2.9, (59) and (60) yield the
desired result. O

A useful multilinear generalisation of this result is the following.

Lemma 8.2. Let p; € C*(R"\0), j =0,...,N, be phase functions that are homogeneous
of degree s > 0 and o € S™(n,N) with m € R. Define

N
T foy / gite(Ertten) o (2) ) eimitite; (6) 4z,
I (f17 7fN) RNn 1;[
Assume that for some 1 < pg,...,pn <00 and rg,...,rny € R one has the estimate
N
D) TN (fr, - f3) e < H )" fill s s

where C(o,®) only depends on a finite number of seminorms of o and upper bounds on
the size of a finite number of derivatives of @;. Then it follows that, for allt >0

N
4D) " TD (fr, ..., fn)llze < C(o, @) (8) =m0+ T g wax(rs-ON/s TT (DY fil| o,
j=1



36 A. BERGFELDT, S. RODRIGUEZ-LOPEZ, D. RULE, AND W. STAUBACH

Proof. For 0 <t < 1, there is an upper bound on the derivatives of t{® that is uniform in
t, so this case is clear. When ¢t > 1, we let g; = (D)7 f;, so that

(DY T (f1,.... fn)(x) =

/ eim'(£1+"'+§N)+it<P0(§1+"'+5N)+Z;'V:1it‘pj(gj)
[RNn

2

X (§14-+&n) 0 (E) H )7 g;(&5)d

_ 4~ Nn/s / ezrl/s:v-(sl+---+£m+wo(51+---+5N>+Z§LIm(sj)
RNn

2

X (Ve EN) 0ot H Mgy gt ogg) d=

— t(max(*m,O)JrZ;y:o max(r;,0)—Nn)/s / eitfl/sff'(il+"'+£N)+ilﬂo(€1+'"+£N)+Z;~V:1 i (&5)

RNn

::]2

X (€14 -+ £N>*T0tmin(m70)/s + 1/8” ( )G (t Usfj))

y tfmax(ro,O)/s@fl/s(éhl_i_ +§N t—max(rj,O)/s<t—1/s£j>—r &=

1+ +&N)T0 (&)

:t(max( mO)JrZ _o max(r;,0))/s

X So(DY T (DY S1g1 (1/5), ..., (D) Sngn (tY5)) (17 Vo),

j=1

where
Sj — max(r;,0)/s <t—1/sD>—7"j <D>rj,
O't(E) — tmin(m,O)/sO_(tfl/sE).

Now, o, € S™(n, N) uniformly in ¢, so we can use the known boundedness of (D)~ TOT( )
The operators S; are furthermore Mikhlin multipliers uniformly in ¢ and hence bounded
LP — LP. It follows that

N
DY TO(fr, .., ) loeo < (max(=m,0)+3>7 y max(r;,0))/s H (D)7 f;]| v - O
j=1

Now let us return to the Duhamel representation (56). Here we set

N

T @) = [ @ T (Fg) ensrinei©) ag,

N
Rn Jaiey

and observe that
t
u(t, x) _ / ei(t=7)po(D) <D>m(po,s) (D>_m(p0’S)T<(T)(f1, . ,fN)($) dr
0
Let

00 = %+ Me — Mg, » = min 0j,
Jj=1,...N

where m. = m.(s) is as in the statement of Theorem 1.6. From this and Lemma 8.1 we
immediately obtain

t
O Nulluam S [ (¢ =r) D) OO i )
0
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for 1 < pg < oo. Using Lemma 8.2 it will therefore be enough for us to study the right-
hand norm in the case where r = 1. Now, using the decomposition of Section 5 we can
decompose ¢ and reduce the analysis of Tc(l) to the study of multilinear operators T¢,,
T¢, and T¢, ,. It should however be noted that for these terms the method only takes
advantage of the added regularity on the first argument (i.e. f1). For the similar terms
T¢y, Tty 5, etc. one can take advantage of a different o;. This is the reason why s is the
minimum of the o, 5 =1,..., N.

Treatment of T¢,. Here we make use of the representation given in (36), which in our
case with z-independent amplitude translates to

I.— <D>fm(p07s)T<O(f1’ . ,fN)

= Y (D) (DR >(HTffor@<fj>).

KEZ"N j= 1

The method in Subsection 7.1 can then be carried out to show that for any o € R

N
om0 < TT 1S lIxes S H 15l 33

Jj=1

Treatment of T¢,. Using (39) and (40), with the same notation as was introduced there,
its LP-boundedness can be inferred from that of the multilinear operator

II:= <D>_m(p°’S)T(1(f17---7fN):/ﬁU( :

rropr

where

N
IIU:<D m(po,s ZXO 2D Qk (QuloTsol fl H P JOT‘PJ ])
Jj=2

k>ko
N
— ZXO(2D)< mmos) o QY | (Q Tg’h_ol (ID|7* 1) H ujoTsoJ )(f;)
k>ko j=2
= X0(2D)(D) ) | Dt e e
N
1 2 1 o U j ©
o Z Qp | (@i o TE)(IDI™ x0(2D) f1) H JOT~J )|
k>ko j=2

where by € S and b;;, € S™. Qi, has symbol

2 (5)|27k£|7m<+mc(s)*m0(po,s)+al )

Qj, has symbol
Yr(§) ’2_/65‘7714 —m(p1,5)—01 62%5'“1 ’

and we define

bi(€) = xo(€) [ € 57,

biw() = 2P (€),  j=2....,N.

Now since the operator Y, @ [(Qk oT“’l)(fl)Hj o (P oTl;jJ;)(fj)] is of the form
(44) the boundedness of the latter yields that

N

N
I o000 S 1L ortme-mewo S IWFrllzzones T 1 f5llxes S TT 1filliesns
j=2 '
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Treatment of T¢, ,. For this part we will need to invoke an interpolation argument. To
that end, we fix 0;’s , 0 < j < N with o9 > 0. Then the goal is to show that the N-linear
operator W given by

W(f1s o ) = (D)7 70T, (D)™ fr o (D)7 fiy)

is bounded [] j XPi — XPo, provided that m¢ = m. — og + s. Observe that m. depends
linearly on the 1/p; between any two adjacent endpoints in Lemma 6.1, and hence the
same goes for m¢. We can therefore use the interpolation argument in Lemma 6.1 on W.

Just as in the treatment of II, we only use the Sobolev regularity in fi, and that of
f2,..., fv will only be used in the analogous estimates for other (; ;.

Now, using the representation (53), we need to study the boundedness of

~ 1
II1 := (D) ~™Pos)T, — /III — 4
< > C1,2(f15 7fN) U (1+’U‘2)M Ua
where U = (uy,...,un) and
N o) N
Iy = Y Mudo(D)(D)"™®=) P |(@Q1* o T (f1) (Q)2 o TH?)( H T“’J Yl
k>ko j=3

with M, being the operation of multiplication by m(k,U), which is uniformly bounded in
k. Moreover dy = 2k(m¢—metm(pos))yy, (€) and the amplitudes for each OIO are defined by
(41).

We shall consider the norm of fIvIU in H79Po where pg = 2, pp = 1 and py = oo, which
by duality corresponds to estimating

S = /ITIU(x)fo(x) dz
with fo € H=70%0 (pg is the Holder dual of pg). First we observe that
k
PP =P+ Y Q
l=ko+1
and therefore one can write § = Sp 4+ S with

SP = / Z Mme(D)<D>_m(p075)Pk,0f0(.’E) Q;C“Tiplfl( )QZQT:IZQ H PUJT‘PJ dﬂ?

k>ko

SQ_/Z Z MuQedo(D) (D)~ m(po’s)fo(x) Qle%ﬁ( )QU2T¢2 HP”JT‘PJ

k>ko l=ko+1

To show the needed boundedness of these parts, we shall rely on the method laid out
in detail in Section 8.1 of [15]. The terms S, and Sp correspond in that text to the
expressions (60) and (61), respectively. For the term S, we note that using the condition

) dx



ESTIMATES AND MULTILINEAR OSCILLATORY INTEGRALS 39

%+ me —m¢ > 0, we have that

@ Yy | [ (Ma@uo(D)(D) 70 0) @) (@1 o 757 ) (1) (@)

k>ko {=ko+1

x (@ o) () @) [T (B o T, () (w)de]

J=3

< Z i Q(k—ﬁ)(m(pms)—al—mc-i-mg)‘/(MmQ—km(po,S)chzo(D)<D>—01—mc+m€~f0>(x)
k>ko f=ko+1
N
< (@uorgt) b 1) @) (@1 o T2) () ) TT (B 0712, ) (1) () e

Jj=3

y oy | [ (Ma@udo(D)D) 7 fy) @) (@1t 0 721 (DI 1) ()

k>ko f=ko+1

x (@ o) () @) [T (B o T, () (w)de]

J=3

-y [ (Mn@udo(D)DY " ) @) (@4 0 TE) (DI 1) (2)

N
% (QeoTE) () @ T (P o T2 ) (1) () da|
j=3
where do (&) = wy,(€). This last expression corresponds to the sum in k of expression (62)
in [15].

With this set, one can follow the procedure in [15] to show the required end-point
estimates. However, in order for every step of that proof to translate to this setting, we
need to show some additional facts about our terms.

First we consider the target space H?"2, and to make use of duality take fy such that
(D)= fo € L%, To deal with Sp we hence have to estimate

Z ‘/(MmPkOdO(D)<D>m(po’s)fo) (z)

k>ko
N
X (@ o TEY (@) (@1 o TE) () (w) [[(PY o TL)(f5) )
7j=3

Now since ky is fixed, the symbol of the multiplier Py, is a Schwartz function and therefore
My Pyydo(D)(D)~" W) fy
= (Py, (D)~mPoss) DYTL+M=IC o (D) o Py o My )((D) ™71 ~metme f0)
=K * ((Py o Mw)((D)~7 7™ f)),

for k > ko, with |[K ()] < (-7, for any N > 0, which shows that this term has the
required form for the steps on page 36 in [15] to go through.

Following those steps, we therefore see that III is bounded in L? provided that for
j=1,2 and f € bmo the measure

i) = 3| (e o 72) (@) 82 o(te
=0
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is Carleson with a decay in ¢ in the Carleson norm. However, in Proposition 4.4 it was
shown that the Carleson norm is bounded by a multiple of 27| f||2 for some & > 0.
This decay in k is needed to be able to deal with double sum in (62) in various cases that
are handled below.

This fact enables us to use the arguments in Section 8.1 on page 35 of [15], in accordance
with case (i) of Lemma 6.1 to conclude that

N N
(D)7 ILL 2 < (D) fullxeon [T IA5xes < TT KDY £illxos
j=1

J=2

and therefore

N
W (frses i)l S T xes

j=1

Next, we deal with the target space with norm |[(D)?° - ||,1, and therefore take fy such
that (D)~ fy € bmo. Therefore if (D) f; € bmo and f; € bmo for j = 2,..., M, then
for any 3 < M < N it is not hard (mainly using Proposition 4.4) to see that the measure

dpar(e,t) =Y (QeMndo(DY(D) ™~ fy () )

=0
M
x| (QeoTE) (DI 1) (@) (@1 0 T2 ) (f2) @) T (PiLe o T2 ) () ()| dadyan(t)
=3
is a Carleson measure with the Carleson norm bounded by a multiple of

M
27 (D) ol o 1Y Fillbmo LT 115 lbimos

Jj=2

for some & > 0. Moreover by estimate (25) we also have that

sup || QMado (D)D)= =< o S ID) 70 fo |
0>k L
and
58;11? (QZ{M OT:ZJ) (fj)HLoo SIfillpme  for j =1,2 when p; = oo,
=Z R0

where the hidden constant in the above estimate is uniform in k. These facts together
with estimates (10), (11) and (12) enable us to run the arguments of Section 8.2 on page
40 of [15] to prove various boundedness results corresponding to the cases (i) and (iv) of
Lemma 6.1 and finally arrive at

N N
(DY T S (DY fullxon T 15l S TT DY fillsers
j=2 j=1
and hence

N
W i)l S TT I fllees -

j=1

The last case to deal with is when fy in the duality arguments above has the property
that (D)~ f € h'. Here we observe that the measure

o0

dp(a,t) = D (@4t o T (DI ) (@) (Q o T2) (f2) @) [T (P, 0 T () () dadyer (1)

¢=0 =3



ESTIMATES AND MULTILINEAR OSCILLATORY INTEGRALS 41

is Carleson with Carleson norm bounded by a multiple of

N
27 I{DY" Fillbrmo | T I1illbmo.

Jj=2

for some & > 0. Therefore (11) yields that

N
(DY I fbmo < (DY fillcon [T 1505 S H (DY £l v ,
Jj=2
yielding
W (F1, s £35) oo < Hufjuxpj

With all the end point estimates set, we can by interpolation finally deduce that

N
W (1o f)llxr S TTSilxns . pose- o € [0,00],
j=1

which means that
N

11| goowo < [ I fillaesrss pos- - px € (0,00).
j=1

Returning now to (61), we recall that Tél) is a sum of operators, of the type T¢,, T¢,
and T¢, , and the bounds obtained above for I, IT and III can therefore be used to show
that

N
||(D>—m(po,S)TC(1)(f1, o N o0 < H 1 fill grosoms -
j=1

Lemma 8.2 then yields that

N
(D)) ttmemme O (£ e S ()T S T fll g
j=1
where 3¢ := max(m(po, s) — 3¢ — m¢ + m¢,0). Thus we conclude that for the solution u in
(61) one has

¢ / N . N
Hu(t, -)HHUO,pO([Rn) S /0 <t _ r>*m(p07s)/8<r>(—m<+% +Z]’:1 o5)/s dr H HfjHHoJ"pJ
j=1

from which one obtains the space-time estimate

HuHLq( OT})H“J””C (PO (R0 < Cr H Hf]HHU-,pJ,
Jj=1

which is valid for any ¢ € [1,00], any T' € (0,00). Theorem 1.6 is thereby proven.
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