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Abstract

We present a cut finite element method for the heat equation on two overlapping
meshes: a stationary background mesh and an overlapping mesh that moves around
inside/ “on top” of it. Here the overlapping mesh is prescribed a simple continuous
motion, meaning that its location as a function of time is continuous and piecewise
linear. For the discrete function space, we use continuous Galerkin in space and
discontinuous Galerkin in time, with the addition of a discontinuity on the bound-
ary between the two meshes. The finite element formulation is based on Nitsche’s
method and also includes an integral term over the space-time boundary between
the two meshes that mimics the standard discontinuous Galerkin time-jump term.
The simple continuous mesh motion results in a space-time discretization for which
standard analysis methodologies either fail or are unsuitable. We therefore employ
what seems to be a relatively new energy analysis framework that is general and
robust enough to be applicable to the current setting. The energy analysis consists
of a stability estimate that is slightly stronger than the standard basic one and an
a priori error estimate that is of optimal order with respect to both time step and
mesh size. We also present numerical results for a problem in one spatial dimension
that verify the analytic error convergence orders.

Keywords: CutFEM, space-time CutFEM, time-dependent CutFEM, overlapping meshes,
parabolic problem, energy analysis

1 Introduction

Issue - Cost of mesh generation: Generating computational meshes for numerically
solving differential equations can be a computationally costly procedure. In practical
applications the mesh generation can often represent a substantial amount of the total
computation time. This is especially true for problems where the solution domain changes
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during the solve process, e.g., evolving geometry and shape optimization. With standard
methods the mesh then has to be constantly checked for degeneracy and updated if
needed, meaning a persisting meshing cost for the entire solve process.

Remedy - CutFEM: Cut finite element methods (CutFEMs) provide a way of de-
coupling the computational mesh from the problem geometry. This means that the same
discretization can be used for a changing solution domain. CutFEMs can thus make
remeshing redundant for problems with changing geometry but also for other applica-
tions involving meshing such as adaptive mesh refinement. The cost of CutFEMs is
treating the mesh cells that are arbitrarily cut by the independent problem geometry.

CutFEM on overlapping meshes: A
common type of problem with changing
geometry is one where there is a mov-
ing object in the solution domain, e.g.,
see Figure[I] A straightforward CutFEM-
approach to this problem would be to con-
sider CutFEM for the interface problem,
i.e., to use a background mesh of the empty
solution domain together with an interface
that represents the object. However, a
more advantageous and sophisticated ap-
proach is to consider CutFEM on overlap-
ping meshes, meaning two or more meshes
ordered in a mesh hierarchy. This is also
called composite grids/meshes and multi-
mesh in the literature. The idea is to use
a background mesh of the empty solution Figure 1: Computed streamlines around a pro-
domain, just as for the interface problem, peller. Image| by Anders Logg is licensed under
but instead to encapsulate the object in |CC BY 4.0.

a second mesh. The mesh containing the

object is then placed “on top” of the background mesh, creating a mesh hierarchy. The
motion of the object will thus also cause its encapsulating mesh to move. There are
some advantages of using a second overlapping mesh instead of an interface. Firstly, an
overlapping mesh can incorporate boundary layers close to the object. Something an in-
terface cannot. Secondly, the total number of degrees of freedom (DOF's) of the resulting
linear system may be reduced. This is so since for CutFEM for the interface problem
this number can be twice the number of DOFs of the background mesh or more, whereas
for CutFEM on overlapping meshes it will be the number of DOFs of the background
mesh plus the number of DOFs of the second mesh. Thirdly, if the object has a com-
plicated geometry, representing it with an interface can lead to tricky cut situations and
thus a higher computational cost. By instead using an object-encapsulating mesh with a
simply-shaped exterior boundary, the cut situations can be made less tricky, see Figure [2]
A way to further sophisticate this is to allow the moving object to deform the interior
of the overlapping mesh while initially keeping its exterior boundary fixed. Only when
the deformations have become too large is the overlapping mesh “snapped” into place
to avoid degeneracy. Such a snapping feature provides a choice between computing cut
situations or computing deformations, thus allowing the cheapest option for the situation
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at hand to be chosen. A drawback of using a second overlapping mesh instead of an
interface is that overlapping meshes require collision computations between the cells of
the meshes, something that can be computationally expensive.

CwtFEM on overlapping meshes can
also be used as an alternative to adaptive
mesh refinement by keeping a smaller finer
mesh in regions requiring higher accuracy.
Yet another application example is to use a
composition of simpler structured meshes
to represent a complicated domain.

Literary background: Over the past
two decades, a theoretical foundation for
the formulation of stabilized CutFEM has
been developed by extending the ideas of
Nitsche, presented in , to a general weak
formulation of the interface conditions,
thereby removing the need for domain-
fitted meshes. The foundations of Cut-
FEM were presented in [2] and then ex-
tended to overlapping meshes in [3]. The
CuwtFEM methodology has since been de-
veloped and applied to a number of im-
portant multiphysics problems. See for ex-
ample . For overlapping meshes in

Figure 2: Overlapping meshes for a problem

particular, see for example [811]. So far, ith a rotating propeller. Tmage by |Anders
only CutFEM for stationary problems on Togg is licensed under [(CC BY 4.0.

overlapping meshes have been developed
and analysed to a satisfactory degree, thus
leaving analogous work for time-dependent
problems to be desired.

This work: The work presented here is intended to be an initial part of developing and
analysing CutFEMs for time-dependent problems on overlapping meshes. We consider a
CutFEM for the heat equation on two overlapping meshes: one stationary background
mesh and one moving overlapping mesh with no object. Depending on how the mesh
motion is represented discretely, quite different space-time discretizations may arise, al-
lowing for different types of analyses to be applied. Generally the mesh motion may
either be continuous or discontinuous. We have considered the simplest case of both of
these two types, which we refer to as simple continuous and simple discontinuous mesh
motion. Simple continuous mesh motion means that the location of the overlapping mesh
as a function of time is continuous and piecewise linear, and simple discontinuous mesh
motion means that it is discontinuous and piecewise constant. The latter is studied in
other work and the former in this.

Analytic novelty: The simple continuous mesh motion results in a space-time dis-
cretization with skewed space-time nodal trajectories and cut prismatic space-time cells.
This discretization lacks a slabwise product structure between space and time. Standard
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analysis methodology relying on such a structure therefore either fail or require too re-
strictive assumptions here. The reason for this is that standard analysis methodology
typically use spatial operators that map to the momentaneous finite element space, such
as the discrete Laplacian and the solution operator used to define the H ~!-norm on L?. If
the spatial discretization changes within slabs these operators get an intrinsic time depen-
dence that standard methodologies fail to incorporate. We therefore employ what seems
to be a relatively new analysis framework for parabolic problems that avoids the use of
operators of the aforementioned type which thus makes it general and robust enough to
be applicable to the current discretization. It seems that the core components of this
analysis framework have been discovered independently by us and Cangiani, Dong, and
Georgoulis in [12]. The analysis is of an energy type, where space-time energy norms are
used to derive and obtain a stability estimate that is slightly stronger than the standard
basic one and an a priori error estimate that is of optimal order with respect to both time
step and mesh size. The main steps of this new energy analysis are:

0. Handling of the time derivative: This is the initial step that characterizes and sets
the course for the whole analysis. Instead of the H~'-norm, the L?-norm scaled
with the time step is used to include the time-derivative term in a space-time energy
norm.

1. Analytic preliminaries: A “perturbed coercivity” is proved which is used to show
an inf-sup condition. These results become slightly different compared with corre-
sponding standard ones due to the new handling of the time derivative.

2. Stability analysis: The “perturbed coercivity” is used to derive a stability estimate
that is somewhat stronger than the standard basic one obtained by testing with the
discrete solution.

3. Error analysis: Just as in a standard energy analysis, a Cea’s lemma type argument
is followed by using the inf-sup condition, Galerkin orthogonality, and continuity.
A difference here is that the continuity comes with a twist, namely temporal inte-
gration by parts, which is needed because of the slightly different inf-sup condition.
Finally, together with an interpolation estimate, an optimal order a priori error
estimate may be proved.

Paper overview: In Section 2, the model problem is formulated. In Section 3, the
CutFEM is presented. In Section 4, tools for the analysis are presented. In Section 5, we
present and prove a stability estimate for the discrete solution. In Section 6, we present
and prove an optimal order a priori error estimate. In Section 7, we present numerical
results for a problem in one spatial dimension that verify the analytic convergence orders.
In the appendix we present technical estimates and interpolation results used in the
analysis.

2 Problem

For d = 1,2, or 3, let Qg C R? be a bounded convex domain with polygonal bound-
ary 9Qg. Let T > 0 be a given final time. Let G C €y C RY be another bounded
domain with polygonal boundary 0G. We let the location of G be time-dependent by



prescribing for G a velocity u : [0,7] — R We point out that the size and shape of
G remain the same for all times. Using €}y and G, we define the following two domains:

Q) =0\ (GUIG) (2.1)
QQ = QO NG

with boundaries 0€); and 0€)y, respec-
tively. Let their common boundary be

For ¢t € [0,T], we have the partition mQ

Qo = Q(t) UT(E) U Qs(t) (2.4)
Figure 3: Partition of Qg into ©; (blue) and
sider the heat equation in Qy x (0, 7] with Qs (red) for d = 2 with G moving with velocity

source f € L2((0,T],€), homogeneous "
Dirichlet boundary conditions, and initial data uy € H?(g) N Ha(Qo):

See Figure |3| for an illustration. We con-

U—Au=f in Qyx (0,T]
u=0 ondQ x (0,7] (2.5)
u=muy in Qy x {0}

3 Method

3.1 Preliminaries

Let 7y and 75 be quasi-uniform simplicial meshes of 2o and G, respectively. We denote
by hx the diameter of a simplex K. We partition the time interval (0, 7] quasi-uniformly

into N subintervals I,, = (t,,_1,t,]| of length k, = ¢, —t, 1, where 0 =ty < t; < ... <
ty =T and n = 1,...,N. We assume the following space-time quasi-uniformity: For
h = maxgerur.{hK}, and k = max;<,<n{kn},

h2 5 kmin k 5 h’min (31)

where ki, = mini<,<n{k,}, and Ayin = mingerur.{hx}. We next define the following
slabwise space-time domains:

SO,n = QO X In (32)

Sin i ={(x,t) € Son:x € Qi(t)} (3.3)

[,:={(s,t) € So,n:s€T(t)} (3.4)

In general we will use bar, i.e., -, to denote something related to space-time, such as

domains and variables. In addition to the domains € (¢) and 25(¢), we also consider the
“covered” overlap domain 2o(t). To define it we will use the set of simplices Top :=
{K € Ty : 3t € I, such that K NT'(¢) # 0}, i.e., all simplices in Ty that are cut by T,,.
We define the overlap domain 2o (t) for a time ¢ € I,, by

Qo(t):== | Kn) (3.5)

KG%,f‘n
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Figure 4: Left: Space-time slabs with simple continuous mesh motion.
Right: Space-time discretization for Sp, for d = 1 when p > 0. At time
t = t,, the nodes of the blue background mesh 7y are marked with circles
and the nodes of the red moving mesh 7g with crosses. The blue vertical
lines are thus the nodal trajectories of 7y and the red skewed vertical lines
those of Tg.

As a discrete counterpart to the motion of the domain G, we prescribe a simple continuous
motion for the overlapping mesh 7. By this we mean that the location of the overlapping
mesh 7¢ is a function with respect to time that is continuous on [0,7T] and linear on
each I,. This means that the discrete velocity we prescribe for 75 is constant on each
I,,. Henceforth, we let p denote this discrete velocity. Letting picons denote the velocity
prescribed for G, we take the discrete velocity to be plr, = k' [ 1 Heont(t) dt, for n =
1,..., N, ie., the slabwise average. An illustration of the slabwise space-time domains
Sin defined by is shown in Figure [4] (Left). Figure[4] (Right) shows a slabwise space-
time discretization that has both straight and skewed space-time trajectories as a result
of the simple continuous mesh motion. In a standard setting with only straight space-
time trajectories, the time-derivative operator 0, is naturally also a derivative operator in
the direction of the trajectories. This is convenient and we would like have an analogous
operator for our setting. We start by defining the domain-dependent velocity p; = p;(t)

by
0 i=1
i(t) {M(t) o (3.6)
We use this velocity to define the domain-dependent derivative operator D, = D, ; by

Dy{-} =0 -} +pi- V{-} (3.7)

The operator D, is a scaled derivative operator in the direction of the space-time tra-
jectories. To see this, consider the space-time vector fi; = (p;, 1) and the space-time
gradient V = (V, ;). The unscaled derivative operator in the direction of the space-time
trajectories is

Dyi— g 2Dy, (3.5)

R | i 7.

We thus have Dy;; = |f;|Ds,. Let 7 = 7(t) denote a space-time trajectory that is uncut

on the time interval (t,,%,), and v be a function of sufficient regularity. The intrinsic
scaling of D, gives the convenient integral identity

T(ty) ty
/ Dyvds = / Dyvdt (3.9)
7 ta

(ta)

(Mi'v"f‘at) =



Next we introduce some normal vectors. ¢
Let the spatial vector n = n; denote the
outward pointing unit normal vector to
0€);. Let the space-time vector n = n; =
(n?,nl) denote the outward pointing unit ¢
normal vector to 9S;,, where n¥ and n}
denote the spatial and temporal compo-
nent(s), respectively. On a purely spatial
subset, the space-time unit normal vector
is purely temporal, i.e., n; = (0,41), and
vice versa, i.e., i; = (n;,0). The remaining
case is a mized space-time subset and the
only such set is [',,. See Figurefor an illustration. We define the space-time unit normal
vector to I',, by

tn-|

Figure 5: Space-time normal vector fig to I,
(red) in relation to the spatial normal vector no
to 892

ke, = (. )lp, = (i, — (1) (3.10)

3.2 Finite element spaces

We define the discrete spatial finite element spaces V} o and Vj, ¢ as the spaces of con-

tinuous piecewise polynomials of degree < p on 7y and Tg, respectively. We also let the

functions in Vj, o be zero on 0€. For ¢t € [0,T], we use these two spaces to define the
broken finite element space V3 (t) by

Vi(t) :== {v : v|a,@) = vola, @ for some vy € Vj, o and

(3.11)

U|92(t) = Ug|Q2(t) for some Vg € Vh,G}

See Figure [6] for an illustration of a function v € Vj(¢). For n =1,..., N, we define the

v(x,t)

O*

X

Figure 6: Example of v(-,t) € Vi (t) for d =1 and p = 1, where 7y is blue
and Tg red.

discrete space-time finite element spaces V}', and V' as the spaces of functions that for
at € I, liein V), o and V}, ¢, respectively, and in time are polynomials of degree < g along
the trajectories of Ty and Tg for t € I, respectively. For n =1,..., N, we use these two
spaces to define the broken finite element space V" by:

n._ . — n n
Viii=A{v :vls,, = vgls,, for some vy € V;'y and

(3.12)
vls,, = VGls,, for some vg € Vi's}
We define the global space-time finite element space V}, by:
Vi ={v:vlg, €V ,n=1... N} (3.13)

7



3.3 Finite element formulation

We may now formulate the space-time cut finite element formulation for the problem
described in Section [2| as follows: Find u; € V}, such that

T
By (up,v) = / (f,v)a, At + (ug, v )a, Vv € Vj, (3.14)
0

The non-symmetric bilinear form By, is defined by

2 N N
Ba(w, v) = ZZ/ (1, 0) e dt + Z/ Apy(w, v) dt

— = JI, — J1,
i=1 n=1 n=1 (315)

N-1 N
3 (oo + (0 i)y + Y [ —ifule ds
n=1 n=1 n

where (-, -)q is the L?(Q2)-inner product, [v],, is the jump in v at time ¢, i.e., [v],, = v, —v

vE = lim. o4 v(7,t, & ¢). The last term in Bj;, mimics the standard dG-time-jump term,

but over I',,. Here, 7 is the space-time normal vector to I, defined by (3.10), [v] is the
jump in v over T, i.e., [v] = v1 — vy, v; = lim._,0, v(5 — eny), 5 = (s,t). If i = 0y, we
take o = 1(3 + sgn(n')) and if 7 = 71y, we take o = $(3 — sgn(n’)), where sgn is the sign
function. These choices make it so that o always picks the limit on the positive (in time)

side of T',,. The symmetric bilinear form Apy is defined by

2

Ana(w,v) =Y (Vw, Vo), — |l ({Frw), [W])re) — |2l((0aev), [w])re

i=1

+ 12l (Yhi [, [W)e) + (Vo] [VeDao e

(3.16)

where || = /|p]? + 1, (v) is a convex-weighted average of v on I, i.e., (v) = wiv] + wavs,
where wy,wy € [0,1] and wy + we = 1, Orev = R” - Vv, 7 > 0 is a stabilization parameter,
hx = hi(x) = hg, for © € Ky, where hg, is the diameter of simplex Ky € Ty, and Qo(t)
is the overlap domain defined by (3.5). The reason for including the factor || in the I'(¢)
terms is that when considering spacetime, these terms should be on T',,. Since |i| is the
skewed temporal scaling, we have that

\,u\(w,v)p(t)dt:/ wv ds (3.17)

I I'n
4 Analytic preliminaries

4.1 The bilinear form A,

The space of Ay is H3/27(U;€;(t)) where ¢ > 0 may be arbitrarily small. Let T'x(t) :=
K NT(t). We define the following two mesh-dependent norms:

HwH%/Q,h,F(t) = Z hl_(l”lez“K(t) ||w||2_1/2,h,r(t) = Z h’K”wH%‘K(t) (4.1)
K€ETor) KeTorr)

Note that
lwlEey < hllwlionre (@ g < lwll-y2nrollvlzmre (4.2)

8



We define the time-dependent spatial energy norm [|-[|| 5, . by

2 _
llwllla,, = auo) H1ENOa w12 o nrey + AT 2.0y + V@G0 @) (4-3)

Continuity of Ay, follows from using (4.2) in (3.16). Next we consider the coercivity:

Lemma 4.1 (Discrete coercivity of A ;). Let the bilinear form A, and the energy
norm |[-[[ 4, , be defined by and (4.3), respectively. Then, for ¢t € [0,7] and v
sufficiently large,

Ane(v,0) Z I0ll%,, Yo € Valt) (4.4)

Proof. Following the proof of the coercivity in [2], we consider

1A
2| ((Ga=v), [v])rey < ~— ”< n“’>”21/2hr + el al[|[v ]H%/Q,h,r(t)
2Iul -
< e, (3 190l + N9l (45)
=1
_@ O- 2 2
- [Oae V) 1Z1 2. 1) + LBV 20,00

where we have used Lemma and denoted its constant by C7 . We use (4.5)) in

Api(v,0) ZHWHQ = 2|7l({0a=v), [WD)ry + VRN I 20,00 + 1TV OIS0 0

21iCr ’M|
> (1- 229 S 19olt o + 1m0 .o (46)
i=1
_ 2|N|CI
+ (v = Al anre + (1 - 11V olllg0
By taking € > 2||Cy, and v > € we may obtain (4.4]) from (4.6]). [ |

4.2 The bilinear form B,

The bilinear form Bj, can be expressed differently, as noted in the following lemma:

Lemma 4.2 (Alternative form of By). Let ¢ = (3 — sgn(n')). The bilinear form By,
defined by ([3.15)), can be written as

2

(w,v) ZZ/ ) dt+Z/Ahtwv

+Z n7_ Qo+wN>UNQO+Z/ an

Proof. The proof is analogous to the standard case. The first term in (3.15)) is integrated
by parts in time via |, S (V,0) - (0,wv) dz and the result is combined with the last three

terms in . The comblnatlon of purely tlme—Jump related terms is exactly as in the
standard case. For the T',-integral terms, we let ¢ = (3 —sgn(n')), if o = 3(3 + sgn(n'))
and 7 = f;. This makes (,0 € {1,2} and ¢ # 0. [ |

9



An important result for the analysis is obtained by first taking the same function as
both arguments of B;. We present this result as a coercivity of Bj with the following
space-time energy norm:

N
2 2
el = 3 [ Wil a
n=1 In 7

N-—1 N
+ ) Mlalid, + lowlia, + lvg l1g, + > a2 [0]113,
n=1

n=1

(4.8)

Lemma 4.3 (Discrete coercivity of Bj). Let the bilinear form Bj and the energy
norm |[-[|5, be defined by and ([£.8), respectively. Then, for v sufficiently large,
we have that

Bi(v,0) Z vl Vv € Vi (4.9)

Proof. The proof is analogous to the standard case. First the same function v is taken as
both arguments of By,. Then the first term in (3.15)) is integrated in time via [, (V,d;)-

(0,v%) dZ and the result is combined with the last three terms in ([3.15). The combination
of purely time-jump-related terms is exactly as in the standard case. For the I',-integral
terms, we note from the interdependence of ¢ and n that the combined integrand may
be written as n‘sgn(nt)[v]?. Also using Lemma [4.1| then shows the desired estimate. W

For the continued analysis, we define three space-time energy norms by

2 N
ol = ZZ/J k| Devl[y, ) dt + ol (4.10)

i=1 n=1 n
N

2 1 2
lollly, = > (/l k—HUH?zO dt + i ol , dt + llon_y g, (4.11)
n=1 n T n
al 1
2 2 _
o= 3= ( [ o lelyae+ [ i, ae+ il (412)
n=1 n n n

The X-norm is the main norm, meaning that it is in this norm that we obtain stability
and error estimates. The Y-norms are auxiliary norms. We use the X-norm and Y-norms
to obtain continuity of Bj which comes in two variants depending on the starting point,
i.e., the standard form of By, or the alternative .

Lemma 4.4 (Continuity of Bj,). Let the bilinear form Bj, be defined by (3.15)) and the
norms ||, Iy, and [|-lly. by @T0), (IT), and (L13), respectively. Then for any
functions w and v with sufficient spatial and temporal regularity we have that
By(w,v) S {llwll Mlollly, (4.13)
Balw,v) < ol el (414)

Proof. The proofs of and are analogous so we only consider the latter
since it gives the continuity result needed in the error analysis. The starting point is
the alternative form of B, . Applying the Cauchy-Schwarz inequality to all the
terms (several times and different versions for some), to split the first term followed
by Corollary for the w-factor in the resulting p; - V-part, the continuity of A, in
the treatment of the second term, and Lemma in the treatment of the fifth, we get
product terms, where one factor may be estimated by |||w|||y and the other by ||[v]l|,,. W

10



Next, we present an estimate involving the bilinear form Bj and the X-norm that may
be viewed as a counterpart to such a coercivity. Due to the appearance of the estimate,
we call it “perturbed coercivity”. The estimate is a cornerstone of the energy analysis. It
is fundamental to the stability analysis and also the starting point for deriving an inf-sup
condition that in turn is essential for the error analysis. Key technical results used in the
proof of the perturbed coercivity are Lemma and Lemma [A.T0]

Lemma 4.5 (Discrete perturbed coercivity of By). Let the bilinear form By, and
the norm |||-||| x be defined by (3.15) and ( , respectively. Then, for ¢ = 0,1, and ~
sufficiently large, there exists a constant (5 > 0 such that

Bu(v,v 4 0k, D) 2 ||[v]l[5 Vv € Vi (4.15)
Proof. Using Lemma [4.3] with constant 3 > 0, the left-hand side of ([{.15)) is
B(v,v + 6k, D) > 8 |Hv|\|éh + By (v, 0k, Dyv) (4.16)

The second term on the right-hand side is

2 N
n(v, 0k D) :ZZ/ (0, 6k Dtvﬂ(t)+2/ Ap (v, 8k, D) dt

i=1 n=1
2 N-1 2

+ 3N (ol (Gka D) ey, + Y (0, (Okn D) ey, (417)

i=1 n=1 i=1
+) /F — ' [v](8kn D), 5

The treatment of most of the terms involve the Cauchy—Schwarz inequality and for some
also an e-weighted Young’s inequality. The first term in is split using , where
the D;-part is good, and we use standard estimates for the u; - V-part. For the second
term in (4.17)), we use the continuity of A ; followed by Lemma . The third and fourth
term in (4.17)) are estimated by Lemma For the fifth and final term in , we
use Lemma and Lemma [A.8 Collecting all the estimates and using the result in

(4.16)), we may obtain
2 N
Bulo v+ Okal) 2 6(1 a _C) ZZ/ anDtUH?zi(t) dt

i=1 n=1"1n (4.18)

5 )
w (- (40 Z)e) o,

where C' > 0 denote various constants. First taking ¢ > 0 sufficiently small and then
taking 6 > 0 sufficiently small gives the desired estimate. ]

Using Lemma [4.5 and Lemma [A.T1], we may obtain the discrete inf-sup condition:

Corollary 4.1 (A discrete inf-sup condition for Bj). Let the bilinear form Bj, and
the norm ||-|||x be defined by (3.15) and (4.10), respectively. Then, for ¢ = 0,1, and ~

sufficiently large, we have that

B
lolly < sup 2n020)
eV, \{0} |||U|||X

Yw € V), (419)
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To show Galerkin orthogonality, we need the following lemma on consistency:

Lemma 4.6 (Consistency). The solution u to problem ([2.5)) also solves ([3.14)).

Proof. First insert u in place of uj, on the left-hand side of (3.14)) and use the regularity
of u. Then integrate by parts in space via [; (V,0;) - (Vuv,0)dZ to get interior and
boundary terms. The exterior boundary terms vanish because of the boundary conditions

imposed on v thus leaving the I'-terms which are combined. Applying Lemmal[A.T|and the
regularity of u only leaves terms which from (2.5)) equals the right-hand side of (3.14). B

From Lemma [.6] we may obtain the Galerkin orthogonality:

Corollary 4.2 (Galerkin orthogonality). Let the bilinear form B, be defined by
(3.15), and let v and wu; be the solutions of (2.5)) and ([3.14)), respectively. Then

Bh(u—up,v) =0 YveV, (4.20)

5 Stability analysis

In this section we present and prove a stability estimate for the solution u; to (3.14).
The key component in the proof is Lemma[4.5] i.e., the perturbed coercivity of By, on V,.

Lemma 5.1 (A stability estimate in |||-||[). Let w, be the solution of (3.14]). Let
up and f be the initial data and source in ({2.5)), respectively. Then, for ¢ = 0,1, and ~
sufficiently large, we have that

llunlllx < lluollee + [1f 1 207152200)) (5.1)
Proof. By taking v = uj, € V), in Lemma and v = uy, + 0k, Dyuy, € Vj in (3.14), we

have
unll% < Bu(un, up + 6k, Dyup,)

= (uo, up g )ay + (o, 0k1(Dsun)g ey

N N
+ Z/ (f7 U’h)Qo dt + Z/ (f7 5knDtuh)Qo dt
n=1"1In n=1 Y 1In

Applying the Cauchy—Schwarz inequality to all the terms (several times and different
versions for some), Lemma in the treatment of the second term, and Corollary
in the treatment of the third, we get product terms, where one factor is ||ugllq, or
| fll2(0,m;22(020)) and the other may be estimated by |||up|||y. Dividing both sides by

llunll  thus gives (5.1)).

(5.2)

6 A priori error analysis

Theorem 6.1 (An optimal order a priori error estimate in |||-[[). Let [|-]||x be
defined by (4.10)), let u be the solution of (2.5)) and let u;, be the finite element solution
defined by (3.14)). Then, for ¢ = 0,1, and ~ sufficiently large, we have that

llu = wnlly S KR () + 1 (Ff?(u) + E,f;(ﬂ)) (6.1)
where Fj, F}, and Ej; are defined by (B.25)), (B.26)), and (B.23), respectively.
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Proof. We use the interpolant Iu € V},, where I}, is the space-time interpolation operator

defined by (B.19)), to split the error e = u — uy, into p = u — I,u and § = Iu — uy,. Thus

llelllx < lllellx + 1161l x (6.2)

where we focus on the #-part first. From Corollary [1.2] i.e., Galerkin orthogonality, we
have for any v € V}, that
Bh<97 U) = _Bh<p7 U) (63)

We note that § € V}, and use Corollary [4.1] i.e., a discrete inf-sup condition for By, the
Galerkin orthogonality result (6.3), and Lemma i.e., continuity of By, to estimate
the #-part by

By(6.v ~Bu(p,v lolly. Hvllc
e < sup 2200 o ZBle) o el il

veV,\{0} |||U|||X _vth\{O} |||U|||X veV,\{0} |||U|||X

Using (6.4)) in (6.2)), we estimate the approximation error by

llellix < Mol + Molls-

1
S X ([ 10wl at - [ o

By applying various interpolation error estimates: Lemma and using (3.1]) for the
first term, Lemma for the second, and Corollary for the third, we get results that
may be estimated by the right-hand side of (6.1]).

= llellly (6.4)

(6.5)

N
2 _
2 0 dt) el + 3 llon I,
n=1

7 Numerical results

Here we present numerical results for a problem in one spatial dimension on the unit
interval with exact solution u(z,t) = sin*(7z)e 2. We compute uy; for p = 1 and
g =0,1. For dG(1) in time, some of the left-hand side integrals involving time have been
approximated locally by quadrature. For integrals over cut space-time prisms, composite
three-point Lobatto quadrature has been used in time. For integrals over intraprismatic
segments of the space-time boundary I',,, three-point Lobatto quadrature has been used.
Both of these choices of quadrature result in a quadrature error = O(k*). The right-hand
side integrals have been approximated locally by quadrature over the space-time prisms:
first quadrature in time, then quadrature in space. In space, the trapezoidal rule has been
used, thus resulting in a quadrature error = O(h?). For dG(0) in time, the midpoint rule
has been used, thus resulting in a quadrature error = O(k?). For dG(1) in time, three-
point Lobatto quadrature has been used, thus resulting in a quadrature error = O(k?).
For simplicity, the velocity u of the overlapping mesh is set to be constant at the value
w(t,) on every subinterval I, = (t,_1,t,]. The stabilization parameter v = 10.

For the error convergence study, both 7y and 75 are uniform meshes, with mesh sizes
ho and hg, respectively. The temporal discretization is also uniform with time step k
for each instance. The final time is set to T" = 1, the length of 74 is 0.25, and the
initial position of 7T¢ is the spatial interval [0.125, 0.125 + 0.25]. The error is |||el||y =
llw — upl||. All time, space, and space-time integrals involving u in the X-norm have
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been approximated locally by three-point Gauss-Legendre quadrature: first quadrature
in time, then quadrature in space where applicable. This results in a quadrature error
= O((kS+h5)'/2). In the k-convergence study, the mesh sizes have been fixed at h = 1073
and h = 107* for dG(0) and dG(1), respectively. Analogously, in the h-convergence study,
the time step has been fixed at k = 107" and k = 1072 for dG(0) and dG(1), respectively.
Figure [7| and 8 display error convergence plots for dG(0) and dG(1) in time with x = 0.6.
The left plots show the error versus k and the right plots versus h = hy > hg. Besides
the computed error, each plot contains a line segment that has been computed with the
linear least squares method to fit the error data. This line segment is referred to as the
LLS of the error. Reference slopes are also included. In Table [I| we summarize the slope
of the LLS of the error for different values of .

el =
< v
= o lellx i = . o |lelllx
, s —LLS || e —LLS
e __E05 10d e __ B0
// _glo s __pLo
28 __gls __pls
0? - - 10 3
0 10 o 10 0 0
k h
Figure 7: Error convergence for dG(0) with = 0.6
10 10
107 10
> >
%mz %mz
= o lellx|] = ) o |lelllx
—LLS 7 —LLS
100 = 7'*'k0‘5 ] 103k /// 7777}10,5
-2 Lo 7 __pLo
_ k1‘5 _ h1.5
0 10 :
10 10 10° 10 102 10
k h

Figure 8: Error convergence for dG(1) with x = 0.6.

dG(0) in time dG(1) in time
p | versus k (points) | versus h (points) | versus k (points) | versus h (points)
0 | 0.5058 (4-12) 1.0190 (1-9) 1.4506 (1-5) 1.0137 (1-15)
0.1 0.5026 (4-12) 1.0205 (1-9) 1.4893 (1-7) 1.0155 (1-15)
0.2 0.4985 (4-12) 1.0221 (1-9) 1.4947 (1-8) 1.0162 (1-15)
04| 05163 (4-12) 1.0179 (1-9) 1.5031 (I-11) | 1.0147 (1-15)
0.6 | 05179 (4-12) 1.0047 (1-9) 15151 (1-13) | 1.0091 (1-15)

Table 1: The slope of the LLS of the error versus k and h for different
values of pu.
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The numerical solutions presented in Figure [0] have been computed for an equidistant
space-time discretization: 22 nodes for 7y, 7 nodes for 75 for all times, and 10 time steps
on the interval (0,3]. The length of 7¢ has again been 0.25 and the velocity p has for

simplicity been slabwise constant at p|;, = 3 sin(

),

L
REEONNN

o
=
A
zzA11]

4 05 08 07 o

xz

Figure 9: Space-time discretization (left) with resulting dG(0)cG(1)-
solution (middle) and dG(1)cG(1)-solution (right).

8 Conclusions

We have presented a cut finite element method for a parabolic model problem on an over-
lapping mesh situation: one stationary background mesh and one continuously moving
overlapping mesh. We have applied what we believe to be a relatively new analysis frame-
work for finite element methods for parabolic problems. This new analysis framework
may arguably be considered more robust and natural than standard ones, since it is the
only one that we have been able to successfully apply to our overlapping mesh situation.
The analysis is of an energy type and the main results are a basic stability estimate and
an optimal order a priori error estimate. We have also presented numerical results for
a parabolic problem in one spatial dimension that verify the analytic error convergence
orders.

A Analytic tools

Lemma A.1 (A jump identity). Let wy,w_ € Randw;+w_ =1,let [A] := A, —A_|
and (A) == w; A, +w_A_. We then have

[AB] = [A|(B) + (A)[B] + (w- — w4)[A][B]. (A.1)
Proof. Using the definitions and evaluating both sides shows the identity. |
A.1 Spatial estimates
Lemma A.2 (A Poincaré inequality for H}(U;;(t))). For ¢t € [0,T] we have that
Wlla, < IVolloy@ueae + v]llee Yo € Ho(Uifu(t)) (A.2)

Proof. To lighten the notation we omit the time dependence, which has no importance
here anyways. For v € H(; Uy), we consider the dual problem: Find ¢ € H?(Qg) N
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H}(Qp) such that —A¢ = v in Q. By using the dual problem, partial integration, that
v|og, = 0, Lemma and the regularity of ¢ ([0,¢]|r = 0 in L*(T)), we have

2 2

lold, = D (=2, v)0, = Y (Vo Vo)a, — ((90), [W])r (A.3)

=1 =1

Using a standard trace inequality for Volo, € H'(€;), elliptic regularity on H?(£) N
H}(Qp) for ¢, and the dual problem, the first argument to the last inner product may be
estimated by

2 2
1@nd)le < D 1IVSilloa, S D I1VSla, S dllz0, S [ASllay = l[v]lag (A.4)
i=1 i=1

(2

We note that this also gives an estimate for the first argument to the penultimate inner
product. Thus using (A.4]) in (A.3) followed by cancellation of a factor ||v||q, on both

sides gives (A.2)). [ |

By squaring both sides of (A.2)), using Young’s inequality, and (4.2)), we may estimate
the resulting right-hand side by |[-[|| 5, :

Corollary A.1 (An energy Poincaré inequality for H3/2%(U;Q;(t)) N HE (U 4(1))).
Let the time-dependent spatial energy norm |[|-[| ,, = be defined by (4.3). Then, for ¢ €
[0, T, we have that

ollay S vllla,, Vo€ HY2(Uiu(t)) N Hy (Uiki(t)) (A.5)

Lemma A.3 (A spatial continuity result for I'(¢)). Let the space-time vector n =
(n",n') and the time-dependent spatial energy norm [|-[f|,, . be defined by (3.10) and

(4.3), respectively. Let o change arbitrarily along I'(t) between the values 1 and 2 and
let |pljo,r) = maxeor{|p|}. Then, for ¢ € [0,T], we have that

('), vo)ra S lulomh' " [lwll 4, , V],

3/2+e 1 (A'6)

Proof. To lighten the notation we omit the time dependence, which has no importance
here anyways. Using |af| < |u|, which follows from (3.10)), the left-hand side of (A.6) is

(' [w], vo)r < |uloa I[w]llr[lvs|lr (A7)

Using (4.2) and (4.3)), the w-factor may be estimated by h'/2 [lwlll4, ,- Applying the stan-
dard trace inequality for H'(£2;), Corollary , and (4.3]), the v-factor may be estimated
by [[[v]ll 4, ,- This shows (A.6)). [ |

Lemma A.4 (A scaled trace inequality for domain-partitioning manifolds of
codimension 1). For d = 1,2, or 3, let 2 C R? be a bounded domain with diameter L,
ie., L =diam(Q) = sup, ,cq | —y[. Let I' C Q be a continuous manifold of codimension
1 that partitions €2 into N subdomains. Then

lolle < L7 llle + LIVl Vo e HY(Q) (A-8)
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Proof. If holds for the case N = 2, then that result may be applied repeatedly to
show for N > 2. We thus assume that I' partitions €2 into two subdomains denoted
Q; and €2y with diameters L; and Lo, respectively. From the regularity assumptions on
v, we have for i = 1,2, that v € H*(£;) and thus

Il < llollde, < Lillvllg,

+ L HV'UHQ (A.9)

where we have used a standard scaled trace inequality. Using the triangle type inequality
L < L1+ Ly and (A.9)), the left-hand side of (A.8) is

2

2 L.
Il <> F el £ 3 (2
=1

) < Lol + LIVolh  (AL0)

which shows (A.8]). [ |

Let 'x =T'k(t) = KNI(t). Fort € [0,T], j € {0,G}, asimplex K € T;ry) ={K €7,
KNT(t) # 0}, and v € HY(K), we have from Lemma [A.4] that

It S i ol + [V 0ll% (A.11)
where hg is the diameter of K. For v € P(K), we have the standard inverse estimate
1Dl < hil 1Dy ollf for k> 1 (A.12)
Using (A.12)) in (A.11)), we get the following corollary:

Corollary A.2 (A discrete spatial local inverse inequality for I'x(¢)). For ¢t €
0,77, j € {0,G}, K € T;rw with diameter hg, let T'x(t) = K NT'(¢). Then, for & > 0,
we have that

ID3vlIE ) S Prc I Dgollic Vo € Vi) (A.13)

Lemma A.5 (A discrete spatial inverse inequality for I'(¢)). Let the mesh-dependent
norm || - ||—1/2,n,r@ be defined by (4.1)). Then, for ¢ € [0,7], we have that

H<aﬁzv>‘|2—1/2,h,1“(t) S Z HWH%M + H[VU]”?zo(t) Vv € Vi(t) (A.14)
=1

Proof. To lighten the notation we omit the time dependence, which has no importance
here anyways. We follow the proof of the corresponding inequality in [2] with some
modifications. We use index j € {0, G}, such that, if j = 0, then ¢ = 1 and if j = G, then
i=2,and let T, = K; NI and T;pr = {K; € T, : K; NI # 0}. Note that for i = 1,2,

> hgluilli, S0 hicol|villt,, (A.15)
Ko€To,r Kg€Ta,r

which follows from Ug,ery . ', = I' = Ukgers 1 'k and the inter-quasi-uniformity of the
meshes. Since Jpev = 2* - Vo and |w;||a*] < 1, we have [w;(0z=v)ill7,. < [[((Vo)illf,. -
Using this after (A.15]), and followed by Corollary m A.2| the left-hand side of (A.14]) is

2

KOm=0) 21 jo e S Z > hll(Vo)lE, < Z > IVl

1KETF ZlKETF

(A.16)
= 5 (I90lon, + 1T, )+ 5 190l
Ko€To,r Kg€Tar
The resulting terms may be estimated by the right-hand side of (A.14)). [ |

17



A.2 Temporal estimates

Recall the domain-dependent velocity p;, defined by . For a time t* € [,, a point
x € Q;(t*) and a point s € I'(t*), approached from €;(t*), we define the spatial compo-
nents Z(t) and $;(t) of the slabwise space-time trajectory through = and that through s,
respectively, by

t

z(t) ==x +/ pi(r)ydr Vtel, (A.17)
t*
t

5i(t) :==s +/ wi(r)ydr Vtel, (A.18)
"

For i = 1, we get a straight space-time trajectory parallel to the time axis. For i = 2, we
simply follow a point along the space-time surface I',,. See Figure [10] for an illustration.
To lighten the notation, we omit the index ¢ and the time dependence when there is no
risk of confusion. Thus (5,¢) = (8;(t),t) and §; = &, = 8;(tx), if not explicitly stated
otherwise.

t
t (§1,n7tn) (§Q,n7tn)
n_|
Sl,n
tn—l_
(§2,n—17 tn—l) (<§1,n—17 tn—l)

—————————

Figure 10: Slabwise space-time trajectories through a point 5 € T, for
d=1.

Lemma A.6 (Discrete temporal inverse estimates in |- ||o)). Let &, be the length
of interval I,, and the scaled differential operator D; be defined by (3.7). For v € V", let
w = w, = Dv, where 0 < r < p. Then, for any v € V}', we have that

/I B2 Dywl3, oo dt < / T (A.19)
/I K2\ Dyl dt < / |3, 0 dt (A.20)

Proof. The estimates follow from applying a standard one-dimensional inverse estimate
for polynomials along the space-time trajectories. The presence of D; in the I,-integrals
gives the correct scaling for going to the space-time trajectories and back. |

Lemma A.7 (An inequality for W'!((a,b))). For an open interval (a,b), a point
¢ € (a,b), and for any function w € Wh((a,b)) it holds that

b b
(b—a)w(c) < / w(z)dr + (b— a)/ |w'(z)| dz (A.21)
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Proof. Consider an open interval (o, 8) C (a,b). For an arbitrary point y € («, ), we
use integration by parts to get

B

B
(B =y)w(B) + (y — a)w(a™) < / w(z)dz + (8 — a)/ |w'(z)| da: (A.22)

[e%

The left-hand side of is
(b —a)w(c) = (b —c)w(c) + (¢ — a)w(c)

< /wa(a:)d$+(b—c)/cb|w/(x)|dx
+ [w et e—a) [ )l
< [wwarso-a [ W@l

where we have used (A.22)) with y = = = =b and o = ¢, and (A.22)) with § = ¢ and
y = at = a = a to obtain the first inequality. This concludes the proof. |

(A.23)

Lemma A.8 (A discrete temporal inverse estimate in [|-[||,, ). Let [[-[l,,, be

defined by (4.3]), k£, be the length of interval I, and the scaled differential operator D,
be defined by (3.7). Then we have that

i k. Devlls,, At S i lloll,, dt Yo eV (A.24)

Proof. We expand the left-hand side of (A.24]) by using (4.3))

2
2 _
| WDl @t =3 [ BITDwl g dt+ [ Bl O DlE s

J

J/ ~~
-~

=1 =1 (A.25)
T / B2\l Deol syl + / K[V Dy, 0 dt
) 0 ’ % ’

We treat the terms separately, starting with the first. Using that VD,v = D,;Vv and

Lemma [A.6] the first term in (A.27) is

2 2
=y / KD, Vo3, df < / SVl + 119013 o
i=1 In Iy i=1 (A26)

2
< [ ol at

The second term in ((A.25]) receives the same treatment after first using Lemma thus

2
1< / k2|u|(2||w>tv||a(t)+||[vnw]||go(t)) at < / loll,  dt (A27)
n =1 n

The third term in (A.25) requires some more work than the others. Recall the slabwise
space-time trajectories through a point s € I',,, whose spatial components § = §;(t) are
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defined by . Let S? denote the set of points in [,, corresponding to temporal degrees
of freedom for V;". Thus S° = {¢,} and S} = {¢,,¢/ ;}. For ¢ > 1, interior points of
I,, are also included in S2. We consider the temporal basis functions A\, € PI(I,),
where every Ay corresponds to a point ¢, € S¢. Writing & = #(tx), where Z is defined
by (A.17), and using a somewhat relaxed notation, any v € V' may be represented
as v(x,t) = >, cga V(Tk, tk)Ak(t). With simple continuous mesh motion, i is constant
along every slabwise space-time trajectory, which means that D,v(Zy, %) = 0. Using this
together with the somewhat relaxed representation, we have that

Dyv(x,t) = Y vk, tr) Dide(t) = Y v(de, ti) M (t) (A.28)

tkESg thSZ

With (A.28)), the third term in (A.25) is

|,u|/ (Dy(s,t))1 — (Dy(s, t))]* dsdt
In

IIT <

2

k2 . .
< Iul/ ( > 101(Bus t) — va(Bz, ti)| [N (1)) ) dsdt

theSi <C(@)/kn (A-29)

< Ninin Z / || |v1(81. t) — v2(52, g te)|? ds dt

tpesd (1) )

—ILk
We split II1.k by
ILE S / W/ 101 (81, tr) — v1 (B0, t)|* ds dt
In (1)
—IILk.1 (A.30)
+/ Iul/ 01 (8.1, t) — Va(Bak, t1)|* ds dt
In I'(¢)
—Ik.2

For the first term in (A.30]), we consider the spatial plane curve resulting from projecting
s(t) € I'(1), for all 7 between ¢, and ¢, onto the spatial plane at time t;. By applying
the fundamental theorem of calculus for line integrals to this curve, we have that

HI.k.lz/I |,u|/ lv1(s(t), tr) — vi(s(ty), t)|* ds dt

ARl |

) - Vo (s(1),tg) dr| dsdt
2 g / 1l V01 (s(7), t4) 2 dr ds dt
In F(t) In

= Iulikﬂul/r( . (Vs (s(7), )2 dr ds (A.31)
tk n

< lul, k) Vo (2, ) |* da
Q1 (tk)UQo0 (tr)

S |Mﬁnk’n/l VoLl (iyoao o) At
2
St kn [ ll0lll,, dt
; :
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where, in the fifth step, we have taken possible multiples of the same line integrals into
account and expanded the domain of integration. In the sixth step, we have used a
standard inverse inequality for polynomials. For the second term in (A.30), we use

Lemma [A.7], thus

L.k.2 = k| / 01 (8, tk) — va(s, t)|* ds = /
T(t5) r

<[ ([ i oa sl [
F(tk) I, I

. |[v]|2ds+/cn/F I[v])]| Dy2[v]] ds
<12, + kall[o]ll5, || Deale]Ir,

1
< (1 " E) Iz, + kol Dealolllz,
—
=IIL.k.2.2

(il Ge.m ) s

(tr)

Dt72[7}]2(§2, t)‘ dt) ds

(. J/

~-
=IIl.k.2.1

Using (4.2)), the first term is

1 B _
k21 = (14 ) [ bl de S b | IR san d
<h [ el

Using again (4.2), the second term is

IILk.2.2 = ek}|| Dysvr — Dysualli = ek || Doy + g - Vor — Dyol|3
S eknll[DwlIE, + ekl - Vg,

<k / D] 2y At + 2, k2 Vo 2,

<t [ RIADIR sar dt-+ i, EI Tl

~
N ~~ d =I11.k.2.2.2
=IIT

where the first term is done. For the second term, we use Corollary [A.2] thus

III.k.2.2.2:|p|§nki/ il > IVl dt

In KeTorq)

Y. Vel at

In KeT, T(t)

Wln
< BB T 19 B, at S B [ e, o
mll'l rnln

mlIl

(A.32)

(A.33)

(A.34)

(A.35)

This concludes the separate treatment of all the terms unfolding in the estimation of the
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third term in (A.25)). Collecting all the estimates and using (3.1)) gives us

S gty 3 (Il [ ol a0 [ i, de-+ Lk22)

tLESY
<t (100 L ) [ i, - chm ) (4.36)

< [ I, de+ e

In

By kicking back the e-term and taking e sufficiently small, we may estimate the third
term in (A.25)) by the first term on the right-hand side of|A.36] The fourth term in (A.25))

receives the same treatment as the first, thus

IV S /1 ki(HDtvUH?ll(t)UQo(t) + IIDth]%Q(t)) dt < /1 H|”|“?4h,z dt (A.37)
The treatment of all the terms in (A.25]) is done. This shows (A.24)). m

Lemma A.9 (An inverse inequality for P((a,c),(c,b))). For an open interval (a, b),
a point ¢ € (a,b), and for w € P((a,c), (¢, b)), i.e., w is a polynomial on (a, c), possibly
another polynomial on (c,b), and possibly discontinuous at ¢, there exists a positive
constant depending on the polynomial degree such that

(b— a)|w(a* |2</|w |2dx+/ ()P dz + (b— ¢)|[w](e)

+ (b—)( c—a/!w (z)]? dw

Proof. Using a standard inverse inequality for polynomials with a positive constant that
depends on the polynomial degree, the left-hand side of (A.38]) is

(A.38)

b= alu@)P S [ fut@)Pde+ 0 Ofufa)? (4.3)

Adding and subtracting w(c¢™) and w(ct) within the absolute value, followed by using
standard estimates, the second term is

2

(b—)w(a®)* =(b—0c)| - /Cw’(w) da — [w](c) + w(c™)

< (h—)c—a) /c|w’(:):)\2dx (A.40)

b
+ - Ol + / ()P da

Lemma A.10 (Discrete temporal inverse inequalities for V}'). Let k,, be the
length of interval I,,, the scaled differential operator D, be defined by (3.7), |u|;, =
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maxes, {|p(t)]}, and |||'|||Ah,t be defined by (4.3]). Then, for ¢ = 0,1, we have that

2
=1 n

2
>kl (Dw)y|
i=1

(A.41)
%WM/MWLAtWGW
In
2 2
wammwsz/mwm%w
i=1 i=1 V1In (A.42)

+wm[mw;ﬂtWew

Proof. We only prove (A.41]), since the proof of (A.42)) is analogous. Recall Z(t) defined
by (A.17). We denote by z}' the slabwise space-time trajectory through a point z;,_; €
2 n—1. We define the set of points in €2y ,,_; with cut and uncut space-time trajectories
by

0,1 i={r € Qp: 37N, # 0} (A.43)
O, ={r e, 3N, =0} (A.44)

The idea to prove (A.41) is that if a point’s space-time trajectory is uncut, we use a
standard inverse inequality, and if it is cut, we use Lemma A.9l Using that Qf,,_, and
7, form a partition of €y, 1, the left-hand side of A.41)) is

2
Y kD), = k2Dl | +EAI(Dw) I, ,

= M T (A.45)
FRID

1

J/

~~
=III

We treat the terms separately. See Figure [11] for an illustration of the proof idea. Using

p—

fomiz Ton

Figure 11: The starting domains f , 4, Q22,,—1, and Qlin_l. The arrows
represent the treatment of the corresponding right-hand side terms.

a standard inverse inequality, the first and second term in (A.45)) are
15 [ BlDalb gt 1S [ kDol de (A.46)
I In
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For the third term in (A.45), we recall § defined by . We consider a space-time
curve that starts at = € Q! n—1, goes straight up in time until it hits I, which occurs
at time ¢, then travels on F along (5(t),t) up to t,. We will apply Lemma to the
function that is (Dv); up until ¢r along this space-time curve, and (D;v)y afterwards.
Here the corresponding derivative term on the right-hand side of vanishes since
D?v(z,t) = 0 for ¢ < 1. Thus

I = k, / (kn|Dtv(x,t:{ 1)|2dm)
Ql"

1,n—1

tr tn
S krn/ (/ IDtv(a:,t)IQdH/ | (Dyv)a(3(2), 1) dt
of . th—1 tp

1

+ (tn — tr)|[Dev] (2, t0) |* + (tn — tr) (tr — o 1)/F |D?v(z, t)\zdt) dz

(A.47)
/ / |Dyv(zx,t |2dtda:+k‘ / / |(Dyv)2(5(t),t)|* dt dor
ln 1 Vitn-1 ln 1
=111 —1i1.2
tky / (b — t0)|[Dev](z, £2)|2 da
Qll—‘n 1
=113
Simply expanding the domain of integration, the first term is
.1 < / knl| Dyvl[y, ) dt (A.48)
In

For the second and third term in , we want to change the domain of integration
from Qf ,_; to its temporal projection onto I',. To do this, we note that dz < |, ds,
where dz and ds are the integration differentials for QF n1 and L, respectlvely Using
this, a standard trace inequality for H1(y), that VD, = D,;Vv, and Lemma m the
second term is

mz<k/ [ Jill(Dana(s(e). 0 dtda
<k, / (D)2 () dtlpals, d5 < |l k2 [ |II(Dew)alZ dt
w1, In (A.49)
< [yl ka / Eal Deoll3 0 A+ [, / K2(1D, V|3,

2
< / | Dyvll2, 0 At + [, / lloll?,, dt

Using the relation between the integration differentials, the estimate (4.2]), and Lemma ,
the third term in (A.47) is

M3 <k [ (IDal(et)Pde S [ 1(Dl(6)uls, ds
I'n

1,n—1

S s, k2 / D] Ry dt S luls, / lkaDecllf,, At (A50)
In In

2
Sy AT
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The treatment of all the terms in (A.45]) is done. This shows (A.41]). [ |

Lemma A.11 (A discrete temporal inverse estimate in [[|-||y). Let the norm
Il x be defined by (4.10)), k,, be the length of time interval I,,, and the scaled differential
operator D; be defined by (3.7). Then, for ¢ = 0,1, we have that

IknDrolllx S Mlvllly Vo€ Vi (A.51)
Proof. The square of the left-hand side of (A.51]) is

2 N
lenDeolle = 323 [l Datka Do) o

i=1 n=1 n

N
+ 3 ( [ WDl ae+ a5, DalIR, )
n=1

In

- (A.52)
S kDl
1=1 n=1
2
'y (H<kan>NH?h,N n r|<knDtv>3Hai,0)
=1

The first term vanishes since D?v(x,t) = 0 for ¢ < 1. The [',-norm term is estimated
by the Aj;-norm term by using (4.2). Applying Lemma to the Aj ;-norm term and
Lemma to all the terms in the last two rows, we get terms which may be estimated
by [lvllx- u

B Interpolation

Let -° denote the interior of a set, e.g., I? = (t,_1,t,). Also let Cy(U,1°) denote the space
of functions that are continuous and bounded on every I;. In this section, the space-time
interpolation operator I, : Cy(U,I2; L1(€)) — Vj, is successively constructed by first
defining spatial interpolation operators, then temporal ones, and finally combining them.
Interpolation error estimates are also presented.

B.1 Slabwise operators and local estimates

Definition B.1. (Spatial interpolation operators) We define the spatial interpolation op-
erators 7,0 : L'(Q) — Vi and 7, : L'(G) — Vi, to be the Scott-Zhang interpolation
operators for the spaces V}, ¢ and V}, ¢, respectively, where the defining integrals are taken
over entire simplices.

Note that 7, ¢ is time-dependent but to lighten the notation we omit this. The temporal
interpolation operators will interpolate along the space-time trajectories of the domains

Oy and G. Forn = 1,..., N, we define the slabwise space-time trajectory for a point
x € Qg and that of a point z,, € G(t,) by
a0 = {(2(t),t) : 2(t) = x,t € I,} (B.1)

= {(3(0),8) : #(t) = 2 — /t Cu(r)drt e 1) (B.2)



Note that (A.17) can be used to obtain all trajectories defined by (B.2 - but not all defined
by (B.1] . because some 2y may lie completely in Sy ,,. Let S denote the set of temporal
interpolation points for interpolation to P4(1,). We take SO = {t,'} and S} = {¢,,,t;_,}.
For ¢ > 1, we include interior points of I,, in some suitable fashion.

Definition B.2. (Temporal interpolation operators) For each time subinterval I,,, where
n=1,...,N, we define the temporal interpolation operators 7% : C(#2°) — P4(2) and
7l Cy(2%°) — P(2%) to be the nodal interpolation operators that use the points in S¢
as nodal interpolation points.

Note that 7y and m are spatially dependent but to lighten the notation we omit this.
We combine the spatial and temporal interpolation operators to define space-time ones.

Definition B.3. (Slabwise space-time interpolation ogerators) Forn = 1,...,N, we
define the slabwise space-time interpolation operators I;'y : Cy(I5; L'(Q0)) — V}y and
It Gy(Iy; LNG)) — Vil by

m . .n m . .n

Recall the interdependent indices i € {1,2} and j € {0,G} where j = 0 for i = 1 and
| = G for i = 2. Let K, := {(z,t) : * € K = K(t),t € I,} denote an arbitrary
space-time prism, where K = K; € T;. Let N(K) denote the neighborhood of a simplex
K, i.e., the set of all adjacent simplices to and including K. We also use the notation

lwllx.r, = maxer, {[Jw(:, 1)k }-

Lemma B.1 (Local space-time interpolation error estimates for K,). Let I}Z’ be
defined by (B.3)), where j € {0, G}, and let D, be defined by (3.7). Then, for a functlon v
with sufficient spatial and temporal regularity, we have for 0 S s<g+land0<r <p+l1
that

I1D; (v = i 0) |k, S ka2 D ol g, + PR D2 Dol i, (B4)
1D5 (v — I )|, S k& IDE Dol g, + WPk DR v (B.5)

Proof. We ShOW the two estimates separately, starting with the first. Using that If};j =
T Thy = ThjT that Djmy, ; = 7, ;D;, stability of 7, ;, and a trivial estimate, the left-

hand side of is

ID; (v = I o)l &, < [1Dfmn (1 = 7)ol g, + 1D} (v = mn0) | &,

s n 1/2 s s (B6)
SID; (L = 77)llg, + kZlDfv = mn Dol i

Applying standard estimates for 77 and 7, ; shows the first estimate and we move on
to the second. We are going to use the expansion of interpolants of 7} into a sum over
the temporal interpolation points ¢, € S? with A\, € P9(1,,) denoting the corresponding

shape function. For a function w of sufficient regularity, we have that

ol = [ [ |3
In K(t) t qu (B 7)

<(g+1) Z// ().t et 5 b e,
I, JK

tLEST ®

2

26



Using this after using that D}n7 = ' Dy, the left-hand side of (B.5)) is

1Dz (v = I o)l &, < D% (v = 73 0)l| g, + 1 D5y (1 — )0l g,

r n yr 1/2 r (B8)
5 HD:):U - DIU||Kn + kn ||D:/r(]l - ﬂ-h,j)U”KJn

Applying standard estimates for 77 and m, ; shows the second estimate. |

Recall § defined by (A.18). Let T,p = {K € 7, : KN D # 0}, where D is a possibly
time-dependent subset of R4+

Lemma B.2 (Slabwise space-time interpolation error estimates for I',,). Let f,’; ;
be defined by (B.3), where j € {0,G}, and let D; be defined by (3.7). Then, for any

function v with sufficient spatial and temporal regularity, we have that

(v = Ir w)l2 S K22 DI 0l ooy + R Ykl D2 0l (B9)

KeT;r,

Proof. The general proof idea is the same for all ¢ > 0. What varies is how a temporal
difference is treated. We show how to treat if for ¢ = 1 from which it should be relatively
straightforward how to handle the other cases. Using the shape functions A\, € PI(1,),
corresponding to interpolation points ¢, € S¢, the argument of the norm on the left-hand

side of is

(0= I 0)ile, = v(s,t) = Y mj0(8k te) Me(t)

tkES%
- Z <U(3v t) — v(Sk, tk)) Ak(t) + Z (U(é‘k, te) — Th V(5K tk)) e () (B.10)
tkes% tkeSZ
=4 %

The left-hand side of may thus be split by [[(v — I j0)il[} < AR+ |BlI2 where
we consider the terms separately, starting with the first. We proceed with some further
treatment of A for which we restrict ourselves to the case ¢ = 1. From this case it should
however be relatively straightforward how to treat A for ¢ # 1. Using the mean value
theorem along the space-time trajectories, the explicit expressions for the shape functions
An—1 and A, for ¢ = 1, and the fundamental theorem of calculus, we have

A=3" Duws,a)(t - tAlt) = “_t")l(;_t"—l) / D(s,7)dr  (B.11)

tkESZ

Using (B.11)), we have that
A1, < [l [ #len—ean) [ DR Parasas
In F(t) Cn—1

< kiHDtQU“%%Fn,LOO

(B.12)
(In))
Writing By, = v(8y, tg) — mh,;v(8k, t), using (A.11), and standard estimates for m, ;, we

27



have that

IBI, S [ 13 oG t) = gt dsct

) tresy
=D SALTED D D (LA SR RS RETRE)
treSy K€Tjr, tyeSh KeT, p,
< pt Z kn ‘|D§+1UH/2\/(K)1
KeT; r,

Lemma B.3 (Local spatial interpolation error estimates for temporal end-
points). Let I} be defined by (B.3), where j € {0,G}, let t; € {t} | ¢, }, and let D; be
defined by . Then, for any function v with sufficient spatlal and temporal regularity,
we have for ¢ > 0 that

(v = I 0)illx S AP DY o t7) v (B.14)

and for ¢ = 0 that
(v = I jo)n I S RPEHIDE o, 1) v (B.15)
(v = I o)l S kPIDewll g, + BPHIDE o 60 v (B.16)

Proof. Estimates and follow from simply using that ¢] is an interpolation
point of 7} and then a standard estimate for 7 ;. This does not work for , since
th | is not an interpolation point for ¢ = 0. Instead, we integrate along the slabvvlse
space-time trajectory of an element x € K to obtain

2

v(x(ty_y), ty_y) —v(x(t,),t,)| dz

) (B.17)
dr < kn||Dthf—(n

lo(at ) — ol )% = /K

-,

Using the definition of 7} for ¢ = 0, the left-hand side of (B.16) is

/ Dyv(x(t),t)dt

In

(v = I v)a—illx < (v = 7F0) otk + (75 v — 7w g0) () |k (B.13)
= lo( ti1) = U('a to)ll + 1l (v = mn0) (- 8, |
Applying (B.17) and a standard estimate for 7, ; shows (B.16]). [ |

B.2 Global operator and estimates

Definition B.4. (Main space-time interpolation operator) We define the main space-time
interpolation operator I, : Cy(U, I%; LY(Qg)) — Vi, by, forn=1,..., N,

Lwls,, =Ilols.,,  Inwls,, = I} qvls,., (B.19)

28



Lemma B.4 (Global space-time interpolation error estimates for ( x (0,77).
Let I, be defined by (B.19) and D; by (3.7). Then, for any function v with sufficient
spatial and temporal regularity, we have for 0 < s <g+1and 0 <r < p+ 1 that

2 N
ZZ/ 1D (0 — T3, dt < K9 E2 () + R0 E2 () (B.20)
i=1 n=1
2 N
S0 [ D0~ Bl ot S ROV B () 4 1B ) (B2
i=1 n=1

where

2 N

Ei,(v)=) % > |IDf"'Dl, (B.22)
i=1 n=1 Keﬂ-ysl.’n
2 N

Epn )= > kllDE Do), (B.23)
i=1 n=1 Keﬁysi’n

Proof. Both estimates follow by applying Lemma [ ]

Lemma B.5 (An 1nterpolat10n error estimate in ||-[||5, ). Let [[-[l| 5, , I, and D, be

defined by (4.§), (B.19), and (3.7), respectively. Then, for any function v with sufficient
spatial and temporal regularlty, we have that

- 2
o= T}, S K+ FR(w) + W FE(0) (B.24)
where
2 N
FRw)=> Y <||D?+1U|IK + | DIV %, + |1 DE D23 )
i=1 n=1 KE7}75.
o B.2
. (B.25)
+ > D e, e a)

2 N
:ZZ Z kn||D§+1U||J2\f(K),In (B.26)

i=1 n=1 K€T; s, ,

Proof. Letting w = v — I},v, the left-hand side of (B.24)) is

2 N-1
2
lwlls, = /”‘wl“Ahtdt‘i‘ZH’nt PRI, + D> wlalld,,
%/_/ i=1 n=1
%,_/
=1 =111 (B.27)

+ Z lwnllg, +Z IIwJHQ Treg Tl

zlw_/ i=1 S—~—
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We consider the terms separately, starting with first.

2
(= 3 [ 190 [ a0

=i = Li (B.28)
+ [ it R 9l o
g I T

Letting w} = v — I_,’Z’jv, we treat each term in (B.28|) separately, starting with the first.

Li< Z ||Vw?||§<dt§ > Ivellx, (B.29)

In KeT; Q; Keﬁ,siyn

By using standard estimates, (A.15)), and (A.11]), the second term is

Lii < Z > g ll(Vw) illf, dt

In =1 K ET T(t)

(B.30)
333 (uwumh |D2u H%n)
i=1 K€T; 7,

For the third term we use the same standard estimates and again (A.15]), thus

2
g [y Y midlwl, dt<hmfn2|r NiE (B3

i=1 K;€T;r@e)
The fourth term is

s [ SITolpasy ¥ 19l (8.32)

In =1 i=1 KeT, r,

We are done with the separate treatments of all the terms in (B.28]) and move on to the
second term in (B.27)). For this term, using that |n’| < |u| and (4.2)) results in a factor
that is Liii which may simply be estimated by (B.31)), thus

II < !uho,ﬂh/[ Al [l 2. rey At S Ll OThhmlan 1(w})illz, (B.33)

GO o (A

Combining the third, fourth and fifth term in (B.27)), we have
N
I+ IV+VSY <||w_

2
Qin_1
n=1

SN SN T ||<w;f>:1u%()

n=1 KEEVQ’L n KET Q

(B.34)
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The separate treatments of all the terms in (B.27)) are done. The obtained estimates give
N
2
el >0 ( Y IVuilk, + Y hlIDMI%,
n=li=1 *KeTjs, , T KeTir, — ~p
’ = =B (B.35)

+hall@)lE, + > i li+ Y H(w?)illli)
—_——

- C 3% .n _ 324 n—1 - B

We proceed by considering the five different types of terms separately. For term A we
use Lemma [B.1l with r = 1:

A= V(v — I o)k, S kTVNIDITVlR + WPk DY 0l ), (B.36)
For term B we apply Lemma with r = 2:
B = 13| D3 (v — I o) %, S k2 VIDIT Diol%, + h*ka | DY 0l Ry, (B237)
For term C we use Lemma and :
C = hinll(v = I )il

1
S B HNDE ol aqe, poey + 7 Y Bl Dl (B-38)
K€7}’f‘n
By applying Lemma to term D and using (3.1]), we get
D = [[(v = Iy o), Ik S PPkl DE 0l R0 1, (B.39)

Using Lemma and (3.1) for term E, we get

E = (v~ I o)iallic S kXHIDE ol + Wkl DY 0, (B.40)

Using these local estimates in (B.35) gives (B.24). |
By applying Lemma and using (3.1]), we get the estimate:

Corollary B.1 (A global spatial interpolation error estimate for temporal end-

points). Let I, and F}, be defined by (B.19) and (B.26), respectively. Then, for any
function v with sufficient spatial and temporal regularity, we have that

N

Dl = L) lIg, S W*PE(v) (B.41)

n=1
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