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COVERING SHRINKING POLYNOMIALS BY QUASI
PROGRESSIONS

NORBERT HEGYVARI

ABSTRACT. Erddsintroduced the quantity S =T ZiT:1 | X;|, where X1,..., Xp are
arithmetic progressions that cover the squares up to N. He conjectured that S is
close to IV, i.e. the square numbers cannot be covered ”economically” by arithmetic
progressions. Sérkozy confirmed this conjecture and proved that S > ¢N/ log® N.
In this paper we extend this to shrinking polynomials and so-called {X;} quasi
progressions.
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1. INTRODUCTION

A long-standing and challenging problem in combinatorial number theory is to
give an upper bound on the number of squares in any arithmetic progression. In
relation to this problem, Erdos posed the following question, which he formulated
as follows: Is it true that square numbers cannot be ”economically” covered by
arithmetic progressions? More precisely let X; = {m;j + ri};?;l C {1,2...,,N},
1=1,2,...,T be a system of arithmetic progressions such that Ule{mij +r,~}§;1 )
Qn, where Qy is the set of squares up to N, i.e. Qu := {12,22.32 ... |V/N]?}. Let
F(Qn) :=mingx 7 T YL, ki Ts it true that F(Qy) > N'=¢, (¢ > 0)?

Maybe this conjecture was motivated by the following two examples. When we

cover Qy by arithmetic progression with length two (i.e. the squares are covered
1
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by piecewise), then T ~ v/N, so ngpzl k; ~ 2N. The other example, when Q) is
covered by the interval {1,2,..., N}, then T=1,50 T>.-_ k; = N.

In [8] this conjecture was proved in a sharper form:

Theorem 1.1 (Sarkozy). There exists an Ny such that for all N > Ny and

1 N

F > .
(Qn) > 755 log? N

The purpose of this note is to investigate what happens if we ask quasi-progression

to efficiently cover shrinking polynomials (see Section 3). Quasi progression proper-

ties have been studied by several authors (see [2],[3] and [4]).

1.1. Erdoés conjecture under some arithmetic constrain. We may ask, if we
restrict ourselves to some additively behaving m;s modulus, what happens?
The following result shows that for ”good covering” the moduli must be highly

composite.

Theorem 1.2. Assume that K = max{r(m;) : i = 1,2,...T} and J_,{mj +
ri};?;l D Qu where 7(x) is the divisor function. Then T Y i ki > %.

Proof. In [5] I proved the following lemma:

Lemma 1.3. For every i € [T]
|Qn N {7 + jmi | < 2VK\/k;log k.

Proof of the lemma. Write shortly m =m;; r=1r;; k=Fk;.
Let J := {j1 < j2 < --- < ji} be the sequence of indices for which r +i;m € Q,
r=1,2,...,t. Let J; C J be the set of indices for which 7;,_, —i;, > \/%.
Clearly |J;| < k/\/@ = VE/ETogk.

Now let J, := J \ Ji. For these indices we have 7, ,, —i;, <

k

Tlogk and so

(1) 7;jerlrn' - z]sm = (/r _I_ Z.js+1m) - (/r _I_ Z]sm) = $2 - y2 = (x - y)(z _I_ y)
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for some z,y. Fix the couple i; _ ,7;,. Denote by M the number of pairs (z,y) for

which () holds. Then M < T(zjsHm —1j,m). Thus we have

Ll< > rma)<t(m) > r@) <K Y r(x)
mS\/#gk < Klﬁgk mS\/#gk

using the fact that 7(mz) < 7(m)7(z). It is well-known that

k k klog k
< < .
>, (o)< Klogklog< Klogk:)_ K

Finally

\J| + | o] = |J] < VENklogk + VK +\/klogk.

O

Suppose now that some system of arithmetic progressions covers the squares up

to N, ie. UL, {mij+ ri};?;l D Qn. Thus VN < 27 |On 0 {ri + jmi}5i,|. Now
by Lemma [[.3] and the Cauchy inequality we get
T
N<(> lovnirn 22\/_\% log k;)>
=1
ZQ\/_\/I{: log N)? < 4KTZI{: log N
i=1
which implies that T Z i ki > W as we wanted.
O

2. COVERING BY QUASI PROGRESSIONS

In [3] Brown, Erdds and Freedman introduced the generalization of arithmetic
progressions. For k > 11let X = {27 < 23 < --- < x1}. The sequence X is said
to be a k-term quasi (or combinatorial) progression of order d (briefly CP-d) if the
diameter of the set of {x;41 —x;: 1 <i <k —1} is bounded by d.
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In this section we prove that Qu can be covered with quasi-progressions far more
efficiently than with arithmetic progressions.

We will consider the case of d = 2, especially when z;,1 — z; € {D,D + 1}, as
this is the most similar to arithmetic progression. In this case we write that X is

CP-{D,D +1}

Definition. Let X1, X5,..., Xy C {1,2...,, N} be a system of sequences, where
for each 1 < i < T, X; is CP-{D;, D; + 1}. Assume that UiTzl X; O Qp. Let
G(Qw) = mingpy T 31, | X

Theorem 2.1. We have

G(Qn) < CN**log, N,

where C' = ‘2[232/3:41, (logy N is the logarithm in base 2).

Proof. Let T = |logy(N)] and for every 1 <4 < T let I; := [N/2', N/2"71].

We cover first I; (and since each I; and X; the treatment will be similar to I; and
X; respectively, we can briefly give a bound for G(Qy)).

Let n <nj < --- < n? be the squares in I; and let Dy = [/n1].

We have that ”ED;I"% > el > 2/ 2 Ri+12 Di+1if m > 1. Note that
A=n—n?— "™ |D; < Dy and ["5"1] > Dy

Now we are going to define the elements of X; in the interval [n?, n]. Let x; = n?
and from the differences z;, 1 —x; (i = 1,2, .. L"Q_"IJ) let A be the number of Dy +1
and L"Z "1J A be the number of D;. From the definition of X; we obtain that

2
L%jth element is just n3.

2_ 2
ny—nj
Dy

2 _p2
Now consider the interval [n3,n?,,], j > 2. Since Ln”Dll N> | we can

repeat the previous process; i.e. let anrl — n? - J“ - 2| Dy be the number of the

consecutive differences Dy + 1, and let the rest be Dl.
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Now we calculate the cardinality of the quasi-progression X;. N/2 < n?, so
Dy = |/ > /mi —1> {/N/2—-1> {/N/3. Furthermore X; C [N/2, N|, and
Tiy1 — x; > Dy for all 4, hence | X;| < Nz N2 VS N3/

D, 4 N/3 2
The calculation for every X;, i = 2,...,T is the same so we have

T T o)
V3 N\ 3/4 V3 1
T X <2 (—) log, N < =N/ e loga N = CN%41og, N,
=1 i=1

where C' = %g 22/ O

Remark. The reason we can cover the squares ”well” is that we use a lot of D; + 1
in addition to D;. The above proof works even if we require that the number of
(D; 4+ 1)s in each quasi-progression is at most N°¢ (in the sense that the squares are

"well” covered, i.e. G(Qn) < N'7¢) where 0 < c(e) < 1).

In the next section we extend the result of Sarkozy to the Erdés problem for a

wide class of polynomials.
3. COVERING SHRINKING POLYNOMIALS BY QUASI PROGRESSIONS

A sub-sequence of prime numbers P’ = {p; < ps < --- < ps < ...} is said to be
n—dense if there exists an 1 > 0 for which |P'N[1, z||/7(x) > n holds for every large

x.

Definition. Let f(z) € Z[x]. We say that f is an (7, u)—shrinking polynomial if
there is an n—dense sequence of primes P’ = {p; < py < --- < ps < ...} such that
for all i large enough, |f(F,,)| < pp; (here f(F,,) :={f(x) : 2 € F,,}). We say the f
is shrinking if for some 0 < n, u <1 f is (n, u)—shrinking polynomial

Clearly all functions f(z) = 2™; n > 2 are shrinking, since for 1 < d = g.c.d.(p —

Ln), {z" :xz € {1,2,...,p—1} = p%dl, and 7(z,1,d) = (1 + 0(1))@%, where

m(x,1,d) denotes the number of primes = 1 (mod d) which are less than or equal
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to x. Further example is the polynomial f(z) = 2z® + z. In [6] it was proved
for any prime p > 2 the number of distinct residues in the form 2% +z (mod p) is
2p/3+0O(y/plogp). For a generic polynomial g(z) (i.e. where the integral coefficients
distributed uniformly and independently in Z) it is known that the number of distinct
residues represented by g(z) is p(1 —1/2+1/3 —--- — (=1)?/d!) + O(/p), where
d is the degree of g and p > 2 prime (see [1]). Note that the sequence in the first

brackets tends to 1 — 1/e as d — c©.

The aim of the present section is to extend Erdos’ problem of covering shrinking
polynomials.

So let f be an (7, u)—shrinking polynomial fy = f(N) N {1,2,..., N} and let
X1, Xo,..., Xy C {1,2...,, N} be a system of quasi progressions, where for each
1 <i¢<T, X;is CP-{D;,D; + 1}. As we have seen in the previous section we
have to bound the number of (D; + 1)s. So we assume that for every 1 < i < T
(D; + 1) occurs at most log® N times for some A > 0. We will write that X; is
CP-{Dj, (D;i 4 1)1oga i}

Theorem 3.1. Let f be an (n, u)—shrinking polynomial with degree d. Assume that
UZ.T:1 Xi 2 fn. Let Haa(fn) :=mingr x5y, TziTzl | X;|. We have

C/N2/d
H > (1 1) ————
aalf) 2 (o)

1 (1=p)?n?
where O = 500

Note that trivially 75", | X;| < ON?4; when fy is covered by singletons.

Proof. Assume that 7, u is fixed and N > N(n, ) is large enough. Let X be a CP-
{D, D+1} quasi-progression where the number of gaps D+1 is at most M < log® N.

Let I = {i1 < iy < ...in} be the sequence of subscripts for which x; 11 — z;; =

V

D + 1. Furthermore let I’ C I be the sub-sequence of indices for which ;41 — 4;
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logZ N. Write Zi; = {Tij41 < Tijq2 < -+ < 24,1} Note that Z;, is an arithmetic
progression with difference D or D + 1 (and D + 1 can be only if A > 2). Here we
assume that Z;; is non-empty set. To do this, you need to have |X| > log* 2 N.
Actually we split X into not too short arithmetic progressions with difference D or
D + 1. In the sequel we assume that the difference is D, the argument completely
the same when the difference is D + 1.

From this point by some modification of the proof of Sarkozy, we could extend his

result. For this we need the arithmetic form of the large sieve (see [7] p. 560):

Lemma 3.2. Let U C {1,2,...,M}. Denote by U(p,h) == {u:u € U; u =
(mod p)}| we have
p—1 1 9
> Y |Ute )~ JUl] < 01 + WU
p<W  h=0
For some fixed i; let U = {t : x, € Z;; N fx}, M = s = |Z;|, and W = /5. We
are going to give an upper bound for U, so without loss of generality we can assume
that U > \/% (i.e. U is larger than a fixed constant).
Now we use the large sieve in the form }° _ ~p S U(p, h) — %|U| i < 2s|U].
Now we are going to sieve just for the primes for which f is shrinking, i.e. if

V8 > xo and then there is an n—dense sequence of primes p; < ps < -+ < py < /s
such that for all 4, | f(F),)

< up;. Write Z = {p; <ps < --- < p}. Here t > nn(y/s).

Since f is (n, u)-shrinking we conclude that for every 1 < i < t the number of
resides h modulo p; for which U(h, p;) = 0 is at least (1 — p)p;. Furthermore we have
to leave those p from Z for which p|D. Clearly it is w(D) (the number of distinct
prime factors of D) which is at most (1+0(1)) log N/loglog N. Denote the remaining
set by Z'. We have

> p§ ‘U(P’ h) — ]%IUIF > p(1 —u)p%|U|r _

p<vs h=0 peT’
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= (1= w|UP(nm(Vs) = (1+0(1))log N/loglog N) > d ;u)mmzlg/;s’

since we assume that s = | X;| > log? N and U > \/% Comparing the left and
right hand side of the sieve inequality we get
U] < —Y Jslogs.

(1 —p)n
Now we are going to estimate the number of values of f in X. Write X = U; ¢ Z;, U
(X \ Uj,erZ;;). By the definition of Z’, the number of values of f is at most |X \
UyerZi,| < log” N -log? N = log"*? N.

The number of values of f in the rest of X can be calculated by

10 r At2 20 A
—_ Zi;|log|Z;,| +1log"m™ " N < ——— [log”™ N Zi;|log N <
(1—u)77Z 12108 2 (1—pn 2 1%]

i;el’ i;€T’

20 A/2+1
<= /|X|log?*' N
(L —p)n -

since the function /x is concave function (the estimation comes from the Jensen
inequality).

Now we complete the proof of the theorem. Since the degree of f is d thus |fy| >
(1+o0(1))N¥4. Assume that the union of X, Xy, ..., X7 covers fy, and for every
1 <i<T, Xjis CP-{Dj, (D; + 1)j,44 x} quasi progression. Write X = X; N fy.
The above sieving estimation can only be used for "long” quasi-progressions, so we

divide the sum ), |X/| into two parts. We have
T
2 2 2
A+oMNM< (FOIXI <2( >0 X +2( X X))
i=1 | X;|<log"+2 N | Xi|>log?t2 2N

since (a + b)? < 2a% + 20?. Let Ty be the number of terms in the first sum and
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Cauchy inequality the second sum can be estimated as
(Y X< Y xpP<n—2 S X[l N,
T N S R/ &
| X;]>logAt2 N | X;|>1logAt2 N | X;|>logAt2 N
Putting everything together we get

2
(1+o(1))N** < 2T log" > N )~ X+ Ty 20 S [ Xiflog N <

1_ 212
|X;|<logAt2 N ( ,u) " |X;|>logAt2 N

200
< mE log"N(Ty Y X+ > X))
H X[ <log"*? N | Xi[>log*+? N
T
200 A
=—— _log®™N(T D |Xi]).
(1= p)?n? ( ;' )
Rearranging the inequality we obtain the statement. 0
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