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BOUNDEDNESS OF COMPOSITION OPERATORS ON HIGHER
ORDER BESOV SPACES IN ONE DIMENSION

MASAHIRO IKEDA, ISAO ISHIKAWA AND KOICHI TANIGUCHI

ABSTRACT. This paper aims to characterize boundedness of composition operators
on Besov spaces By , of higher order derivatives s > 1+1 /p on the one-dimensional
Euclidean space. In contrast to the lower order case 0 < s < 1, there were a few
results on the boundedness of composition operators for s > 1. We prove a rela-
tion between the composition operators and pointwise multipliers of Besov spaces,
and effectively use the characterizations of the pointwise multipliers. As a result,
we obtain necessary and sufficient conditions for the boundedness of composition
operators for general p, ¢, and s such that 1 < p < 00,0 < g < oo, and s > 1+1/p.
In this paper, we treat, as a map that induces the composition operator, not only
a homeomorphism on the real line but also a continuous map whose number of ele-
ments of inverse images at any one point is bounded above. We also show a similar
characterization of the boundedness of composition operators on Sobolev spaces.

1. INTRODUCTION

In this paper, we characterize a mapping ¢ : R — R for which the composition

operator
Co:fr=fop

is bounded on the inhomogeneous Besov space By , = By (R) in one dimension.

The composition operator appears in the context of a change of variables. Its
boundedness has long been studied on various function spaces (see, e.g., [1H3,[7HI2]
14116118, 20,2124, 27,29,[30,[32] and references therein). In addition, there have been
applications to the analysis of dynamical systems (see [10,[15]), theory of function
spaces on domains (see [17,26,27]), transport equations (see [3,5,10,131]), and so on.
For the composition operators on Besov spaces, Bourdaud and Sickel [2] provided
the necessary and sufficient conditions on homeomorphisms ¢ for the boundedness
of Cy, on homogeneous and inhomogeneous Besov spaces with low order derivatives
0 < s < 1, and later, Bourdaud [I] weakened the assumption on ¢ and gave sufficient
conditions on (not necessarily homeomorphisms) ¢ for the boundedness to hold. In
contrast, the higher order case s > 1 is also important, but there needs to be more
research. To the best of our knowledge, the characterization was mentioned only for
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*We think of the composition operator C, as the mapping to be defined by f — f o ¢ for
continuous functions f as canonical representative if By  is embedded in the space of continuous
functions on R, i.e., if “s > 1/p” or “s =1/p and 0 < ¢ < 1” (see Proposition 2.3]). Otherwise, the
mapping f +— fop is well-defined in the sense of equivalence classes with respect to equality almost
evertywhere if ¢ is non-singular (i.e. |p~!(E)| = 0 for any measurable null set E C R).
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s € N with s > 2 in the framework of Sobolev spaces (see [2, Remark 1.14]). Our
purpose is to study the boundedness of C, on inhomogeneous Besov spaces B, , with
s > 1, and our main results are its necessary and sufficient conditions in the case
s > 1+1/p. In this paper, we do not deal with composition operators on homogeneous
Besov spaces B; o because they are limited to the trivial ones in the case s > 1 (see,
e.g., [2 Remark 1.14] and [II, Section 6]).

To state the results, let us give some notations and definitions. We employ the

characterization of By, by differences, i.e, Bj  is the collection of all f € Ly, such
that

1f1

ot g AR
gy = e ([ Az L) < oo
Ihl<1 Al
)

(with the usual modification for ¢ = co), where m € N with m > s. Here, L, =
L} (R) is the space of all measurable functions on R such that f € L'(K) for any
compact set K C R, and the difference operator A}* of order m € N is defined by
([2.2) below. See Subsection 2. for the details of By . We say that ¢ is Lipschitz if

there exists a constant L > 0 such that

lo(x) —o(y)| < Llz —y|, z,y €R.
We denote by #A the cardinality of a set A. For a measurable mapping ¢, we define

U(p) = sup 7 D] and - M(e) = sup || (D],
where the supremum is taken over closed bounded intervals in R. We denote by
M (X)) the set of all pointwise multipliers of a quasi-normed space X, i.e., the set of
all measurable functions f on R such that

| fllamxy == sup ||fgllx < oc.
llgllx <1

The previous results on boundedness of C, in the case 0 < s < 1 are summarized
as follows:

Theorem 1.1 (Theorems 1.5 and 1.7 in [2] and Theorems 9 and 11 in [I]). Let
0<s<1l,1<p<ooandl<qg<oo. Assume that

¢ : R — R is a homeomorphism. (H)
Then C, is bounded on B, if and only if
1
o~ is Lipschitz if0<s < —,
p

1
@ 1s Lipschitz and U(p) < 0o if — <s<1.
p

Theorem 1.2 (Theorems 7 and 8 in [I]). Let 0 <s < 1,1 <p<ooandl <q < co.
Assume that ¢ : R — R is a mapping such that

sup #¢ ) (x) < 0. (F)

z€R
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Then C, is bounded on B, , if

1
¢ 1s locally absolutely continuous and M(p) < oo if0<s<—,
p

1
@ 1is Lipschitz and U(yp) < oo if — <s<1.
p

These theorems are obtained by interpolation from the borderline spaces: Lebesgue
spaces LP, Holder spaces B, ., Sobolev spaces VVp1 and Besov spaces Bf; for 1 <
p < oo and 0 < s < 1. Theorem [[LT was first proved by [2], and then, a priori
condition on ¢ was improved in [I]. In addition, [1] also provided Theorem [[.2 under
the weaker assumption ([E]) than (H]). The results on the borderline spaces are well

organized in [I, Section 3.

Remark 1.3. Let us give remarks on the above theorems.

(a) It is easy to see that (H) implies (), as sup,cg #¢ ' (x) =1 for any homeomor-
phism .

(b) The range of q can be easily extended to 0 < q < oo in Theorems 1.1 and [I.2.

(¢) The critical case s = 1/p has been only partially studied (see [1,21[14.211129] ), but
it still has open problems.

This paper addresses the higher order case s > 1+ 1/p. In this case, we may
assume that ¢ is continuously differentiable in R without loss of generality. In fact,
it is necessary if C,, is bounded on Bj , with s > 1 +1/p (see Lemma 210 below).

Our main result is the following:

Theorem 1.4. Let 1 <p <00, 0<g<oo ands>1+1/p. Assume (E). Then C,
is bounded on Bj , if and only if U(p) < co and ¢' € M(Bs.).

p,q
For the case p = oo, we have the following:

Theorem 1.5. Let 0 < g < oo and s > 1. Then C,, is bounded on BS, , if and only
if o' € M(B,).

Let us here give some remarks on Theorems[[.4land [L5l The major difference from
the lower order case 0 < s < 1 is that the product of functlons appears: C,f € By
is roughly

q

(Cof) =¢'-Cof' € By

in the higher order case s > 1, which implies that the composition operator C, on B, ,
is related to the pointwise multiplier ¢ of B? ql From this, the sufficient condltlon
is derived from a combination of the result on the lower order case 1/p < s < 1
(Theorem [L2) with an inductive argument (see Lemmas B, B7 and B.I0). The
main part of our proofs is the necessity of ¢’ € M(Bs ') (see Lemmas and [3.9).
The critical tool is the characterizations of M (B, '). There are many works dealing
with pointwise multipliers of Besov spaces and, in particular, Nguyen and Sickel [19)]
presented the characterizations for s > 14 1/p:

M(BS 1) f € Lloc sup ’f Czw(' — Z) < X0
{ {e=}zllen 2y <1 % Byg'
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for p # oo, and M(BZ ;) = B3, (see also Subsection 23). Here, 1) € Cg° is a
non-negative function on R defined by (2.6]). The proofs of the theorems are given in
Subsections [3.1] and [3.2], respectively.

Remark 1.6. If either 0 < p < 1,0<g< o0 ands >1+1/p” or 0 < q <
p <1 and s = 14 1/p”, then it is proved that the conditions U(p) < oo and
@' € M(B3 ') are necessary for the boundedness of Cy, on B , under the assumption
[E) (see Lemmal32 and Remark[3.8). It is still open if these are sufficient as long
as we know. The case 1 < s < 14 1/p remains open.

We also mention the case of Sobolev spaces H,. In this case, we also obtain a
similar result to Theorem [[L4l This result generalizes the previous result for Sobolev
spaces of positive integer order derivatives s € N, s > 2/ in [2] Remark 1.14]. The
characterization of M(HS™") with s > 14 1/p was presented by Strichartz [25] (see
also [23]). See Section Ml for the details for H,.

We also discuss necessary and sufficient conditions on homeomorphisms ¢ for auto-
morphism of C, on B; , to hold. Here, the automorphism means that C, is bijective
and both C,,, C' (= Cy,-1) are bounded on Bj . As corollaries of Theorems [L4 and
LAl we immediately have the following:

Corollary 1.7. Let 1 <p < o00,0< q¢< o0 and s > 1+ 1/p. Assume (H)). Then
Cy, is automorphic on By . if and only if ¢, (™Y € M(B;;ll).

Remark 1.8. Let us give remarks and related works on the automorphism of C, on
Besov spaces and Sobolev spaces.

(a) For 0 < s <1, the characterizations have been studied in [1112,29].

(b) A similar result for the Sobolev spaces to Corollary[1.7 can be also obtained from
Theorem [{.1].

Remark 1.9. For all parameters s € R and 0 < p,q < oo (except for p = oo for
the Sobolev spaces), some sufficient conditions for boundedness and automorphism of
C, on By and Hy are known in [22] Theorem 4.46] and [27, Theorem in Subsection
4.3.2], respectively (see also the comments on Theorem 4.46 on page 563 in [22] for the
boundedness). Our results improve these for 1 <p < o00,0<qg<oocands>1+1/p.

Acknowledgement. This work is based on the discussions at FY2022 IMI Joint
Usage Research Program Short-term Joint Research “Boundedness of Koopman op-
erators on Besov spaces and its applications”. The first author is supported by Young
Scientists Research (No.19K14581), JSPS. The second author is supported by JST
ACTX Grant (No. JPMJAX2004), Japan. The first and second authors are sup-
ported by JST CREST (No. JPMJCR1913), Japan. The authors thank Professor V.
K. Nguyen for giving some useful comments on pointwise multipliers of Besov spaces.

2. PRELIMINARIES

Let us introduce some notations and definitions used in this paper. For a,b > 0,
the symbols a < b and b 2 a mean that there exists a constant C' > 0 such that
a < Cb. The symbol a ~ b means that a < b and b < a happen simultaneously. We
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define xg by the characteristic function of £ C R. We use the notation || - || x_y for
the operator norm from a quasi-normed space X to another one Y, i.e.,
[Tl x~y == sup [ Tf[ly
I fllx=1
for an operator 1" from X into Y. For quasi-normed spaces X and Y, the notation
X — Y means that X is continuously embedded in Y, i.e., X is a subset of ¥ and
there exists a constant C' > 0 such that

I flly <C|fllx forany f e X.

We denote by BUC = BUC(R) the Banach space of all uniformly continuous and
bounded functions on R equipped with the supremum norm. For & € NU {co}, we
denote by C* = C*(R) the space of k times continuously differentiable functions on
R, by C§° = C§°(R) the space of smooth functions with compact support in R, by
S = S(R) the Schwartz space, which consists of all rapidly decreasing infinitely dif-
ferentiable functions on R, and by &' = S§’'(R) the space of all tempered distributions
on R. The space &’ is the dual space of S. We denote by LP = LP(R) the Lebesgue
spaces and by Wlf = WIf(R) the Sobolev space for k € N and 0 < p < oc.

2.1. Besov spaces. Let {¢;}52, be the Littlewood-Paley decomposition. More pre-
cisely, let ¢y € C§° be a non-negative function with ¢o(z) = 1 for |z| < 1 and
wo(z) = 0 for |z| > 2, and define ¢; by

0;(x) = po(277z) — (277 Mz), T €ER
for j € N. Then {p;}32 is the partition of the unity such that

> pir)=1, zeR
j=0

Definition 2.1. Let s € R and 0 < p,q < 0o. Then the Besov space By = By (R)
is defined by the collection of all tempered districutions f € 8" such that

1
0o q
1705 5= (Z 2 H%Wm\‘b) -
j=0

(with the usual modification for ¢ = oo ), where F and F =1 are the Fourier transform
and its inverse, respectively.

The Besov space has the characterization by differences.
Proposition 2.2. Let 0 < p,q < 0o and s > max{0,1/p—1}. Then the Besov space

Bs , is the collection of all functions f € Ly, such that

e am g 4D\
IFlag = U+ ([ AR AL )" <o (2.0)
el 0

(with the usual modification for ¢ = oo), where m € N with m > s. Here, the
difference operator A7* of order m € N is defined by

AP f(x) =Y (=1 (Z’L) flz+jh), zheR (2.2)

J=0
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and AY is the identity operator.

Note that B, , is independent of the choice of ¢y and m. We write the notation
| fllBs, as J) and the notation |f|ps as the second term in (Z.T):

1
—s m dh'\ e
Bp.q = (/ |h| qHAh f”%p_) :
hi<1 7l

The space B; _ is a quasi-Banach space (a Banach space if p,q > 1). The following

p,q
are known.

f

Proposition 2.3. Let s € R and 0 < p,q < oo. Then the following three statements
are equivalent:

(i) B,, — L>.

(ii) By, — BUC.

(iii) There holds either “s > 1/p” or “s=1/p and ¢ < 1”.
Proposition 2.4. Let s € R and 0 < p,q < oco. Then the following statements are
equivalent:

(i) B, , is a multiplication algebra, i.e, By  — M(B, ).

p,q

(ii) There holds either “s > 1/p” or “s=1/p, p# o0 and ¢ < 17.

For the details of these propositions, we refer to [19, Lemma 2.2, Remark 2.3,
Theorem 3.2, Remark 3.3] for instance.

2.2. Some necessary conditions and sufficient conditions. In this subsection,
we give some preliminary lemmas on necessary conditions and sufficient conditions of
boundedness of C, on B, . These lemmas are already known, but we give the proofs
for the reader’s convenience.

Lemma 2.5. Let 0 < p <00, 0 < g < o0 and s > max{0,1/p —1}. Then, if C, is
bounded on B: ., then U(p) < co and

P’
Ulp)r S 11C,

By ¢—B; 4* (23)
Proof. The proof is the same as in [2, Subsection 2.3]. Let us take a non-negative
function f € C§° such that f =1 on [0, 1], and define f,(x) := f(z —a) for a € R.

By the assumption that C, is bounded on B, , there exists a constant C' > 0,
independent of a, such that

1Cs falle < | CofallBy, < NCellB; ,— 55, 1 fallBs,, = 1 Coll B3 .85, 1 f | B,
for any a € R. Moreover,
ICatall = | fulp (@)l dz = o7 (la,a + 1))
1 (a0 +1)

for any a € R. Combining the above two estimates, we have U(yp) < oo and the
inequality (2.3)). O
Lemma 2.6. Let 0 < p < 00, 0 < ¢ < o0 and s > 1/p. Assume that U(p) < oo.
Then

1Co fllBs ;10 S Ulp)?.
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Proof. The proof is the same as in the proof of [I, Theorem 5|. It is known that

1

(Z Hpr‘X’ [JJ+1])>

JEL

(2.4)

for 0 < p < 00, 0 < ¢ < oo and s > 1/p. The proof of (24) can be found in
[2, Subsection 3.3]. By using (2.4)), we obtain

ICofl, =3 / (@) do

]EZ [.7 ]+1]
U@) Y I geny
JEZ
< CU)I I,
for any f € B . O

Lemma 2.7. Let 0 < p < 00, 0 < ¢ < 00 and s > max{1,1/p}. Assume that C, is
bounded on Bs'. Then

1Coll 5 e S 1IC|
Proof. Tt follows from a combination of Lemmas and 2.6l O

s—1 s—1.
Bpq —=Bpq

Next, we shall prove the following result on a necessary condition for the bound-
edness of Cy, on Bj . Tt is one of the fundamental lemmas to prove the necessary
condition in Theorem [L.4]

Proposition 2.8. Let 0 < p < 0o and 0 < ¢ < oo. Assume either “s > 1+ 1/p” or
s >1/p and [ H)”. Then, if C, is bounded on B}, then ¢ is Lipschitz and

D,q’

I¢1 S 1C, 55 ,~5;, (2.5)

To prove this, we prepare the following two lemmas:

Lemma 2.9 (Proposition 1 in [I]). Let ¢ : R — R and A > 0. Assume that for any
xo € R, there exists a neighborhood V' of xy such that

[p(x) —(y)] < Alz -y
for any x,y € V.. Then ¢ is Lipschitz and ||¢'||p~ < A.

Lemma 2.10. Let 0 < p < o0, 0<q< o0 and s > 1/p. Then, if Cy, is bounded on
Bs . then ¢ belongs to C** wzth s—=1/p=k+a, ke NU{0}, a € (0,1], where

Cka = Ck(R) is the space of all C*-functions such that their k-th derivatives are
Hoélder continuous of order «.

Proof. To begin with, by the Sobolev type embedding, we can see that ¢ is continuous
in R as C,, is bounded on By with s > 1/p. Let I C R be an open interval with
|I| < oo, and take f € C§° such that f(ﬁf =z for x € I. Then C,f(x) = ¢(x) for
T E Yo (I), and hence, p € BS (¢~ '(I)Ml. Therefore, the Sobolev type embedding
B (¢7'(1)) C C’k’a(ap_l(])) for 0 < p < 00,0 < q < oo ands > 1/p shows that

fSee e.g. [, Section 2] for the definition of Besov spaces B ,(I) on an open set I C R.
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o € CP(p7(I)). Since R = |Jp !(I), where the union is taken over all open
intervals I C R with |I| < oo, we conclude that ¢ € C*, O

Proof of Proposition[2.8. The proof of the case 1 < p < oo and 1/p < s < 1 under
the assumption (H) can be found in [2| Subsection 2.2]. We also use the same idea
to prove the other cases.

Case: s> 14 1/p. We give only the proof of the case 1 < s < 2, as the other cases
are similarly proved. By Lemma 210, we note that ¢ € C*. Then, for any z € R
with ¢'(z) # 0, there exists an open interval J C R such that either ¢/ > 0 on J
or ¢’ <0 on J. Hence, let b € R with ¢'(b) # 0, and it suffices to prove that there
exists a constant C' > 0 independent of b such that |¢/(b)| < C. We give proof only
in the case of ¢/ > 0 on J, as the proof of the other case is similar. For ¢ > 0, let us
take a non-negative function 7. € C§° such that

1
€
Then, n.(z) = 1 for z € [-1,1], suppn. C [-1 —¢e,1+¢], and |n|p; < Ce'/P=s,
where the constant C' is independent of €. Take a,b,c € J such that a < b < ¢ and
b—1<c¢c<a+1and

77; = (X[—l—s,—l] - X[l,l—l—s])-

and define ’ .
o) e el ele) - )
2 r 0 2 ’ 2
and
f(x) = n (x _TIO)

Then, 1

1 fllr = C (p(c) — (b))?
and

|f B3 4 = 7’_%+5|n€ B:, S C’f’_%—i_sE%_S —C (gO(C) _ w(b))%_s .
By the assumption of boundedness,
Coflsg, < NICl

3035111
By.a=Bp.q f

< ClIC g, 55, ((#(e) = 9B)> ™ + (w(c) = p(B)7)

s
Bqu

Noting that

fle(x +2h)) = 2f(p(z + h)) + f(p(2) =1
for any x € [c — h,b] and h € [c — b, ¢ — a], we estimate from below

c—a b % dh
q
Cof i 2 /c—b (/c—h ! d:c) hltsa

c=a . dt
2/ (b—c+h)> > Cc—b)1,

b hl—l—sq -
Therefore, there exists a constant C' > 0, independent of b and ¢, such that

p(c) —p(b) < Clc—1b)
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for sufficiently close b and ¢. Since ¢ € C', we obtain 0 < ¢/(b) < C as ¢ — b.
Case: s > 1/p and (H)). By the assumption (HI), we may assume that ¢ is strictly
increasing in R without loss of generality. By the same argument as above, for any

b and c sufficiently close, there exists a constant C' > 0 independent of b and ¢ such
that ¢(c) — ¢(b) < C(c —b). Therefore, the proof is completed by Lemma O

In the case p = ¢ = 0o, we have the following:

Theorem 2.11 (Theorem 2 in [1]). Let 0 < s < 1. Then C, is bounded on B3, if
and only if ¢ is Lipschitz.

As a corollary of Theorem 2.11] we have the following sufficient condition by the
real interpolation argument (B3 ., B3 )o,q = B3, , With s = 0o+ (1 —0)s1, so # 51
and 6 € (0,1).

Corollary 2.12. Let 0 < s <1 and 0 < g < oo. Then, if ¢ is Lipschitz, then C, is
bounded on B, ,.

2.3. Characterization of M(B; ). Let ¢ € Cg° be a non-negative function such
that
Zw( —z)=1onR and suppy =[-1,1]. (2.6)

Z€EZ

We define

sup |01 = 2) a5, < oo} @)

- oo} |
Bp.q
M(B;q) — B;
for 0 < p,q < 0o and s > max{0,1/p — 1}. Moreover, we also have the following:

R 1
zsz,q,unif = ;,q,unif(R> T {f € Lloc

For p # 0o, we also define

sup
[{e=}zller(z) <1

M, =M (R) := {f eLl. Y e - z)‘
Z€EZL
It is immediately seen that

,q,unif *

Lemma 2.13. Let 0 <p < 00, 0 < ¢ < 00 and s > max{0,1/p—1}. Then
M(B, )= M, — B,

,q,unif*

Proof. To show the second embedding, we have only to take ¢, = 0, ; for Z € Z (see
also the statements before Theorem 1.5 in [19]). To see the first embedding, we show
that »__, c.¥(- — 2) belongs to By . For this, we write ¢, := ¥(- — 2) and divide Z
into {Q}¥, such that

dist(supp ¥, supp ¢,;) > 3m
for any z;,2; €  with z; # z; and for £ = 1,..., N. Here, we note that the finite
number N depends only on m. Then

p
| S e = Dt el = el 615,
2€Qy 2€8y
p
| > e = 3 leal Azl = I{e: ol 185015,
2€Qy 2€8y
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for |[h| <1land £ =1,...,N. Hence,

Czwz = H Czwz + / h|—* HAm Cz¢z
H Zg;{ Bjq Zg;{ Ly \h|§1| | " ;m

p \7 d_h
e ) |h|
= [{c: }alleron 19| 20

+( [ (e 74 )” ﬁhﬁ)

= [{ez}zllern 1]
for ¢ =1,..., N, which implies

|5 e
Z€Z

The proof of Lemma is finished. O

Q=

s
prq

e < H{Cz}zHZP(Z) ||¢’|B;,q’
P.q

Combining Proposition [2.4] and Lemma 2.T3] we see that
By, — M(B; ) — M, — B}

p,q,unif

(2.8)

for O<p<oo,0<g<ocands>1/p"or“0<p<oo,0<qg<1lands=1/p",
and that
Bgo,q;)M(Bs );)Bgoqumf

for 0 < g < oo and s > 0. The results of [19] are summarized as follows.

Theorem 2.14. Let 0 < p,q < oo and s > 1/p. Then the following assertions hold:
(i) M(B; ) = By it if and only if p < q.
(i) Let p # oc. Then M(B; )= M, .

(iii) M(B;,) = if and only if p= oo.

Pq

Proof. For the assertion (i), the sufficiency part was proved by [19, Theorem 1.2] and
the necessary part was proved by [19, Corollary 3.18] (where p, ¢ > 1 is imposed, but
the proof shows this assumption can be removed when s > 1/p). The assertion (ii)
was proved by [19, Theorem 1.5] when ¢ < p and by a combination of [19, Theorem
1.2] with (2Z8) when p < ¢. For assertion (iii), the sufficiency part was proved by
[19, Theorem 1.7]. The necessity immediately follows from the fact that 1 € B;
if and only if p = oo (see e.g. [22, Example 2.7, page 241]) and it is clear that
1 e M(B;,). Hence, p=ooif M(B; )= B, O

Remark 2.15. From Proposition 2.4, Lemma and Theorem [2.1]], we also see
the following relations between By, By . ¢ and My . for s > 1/p:

p,q’
(a) By it = By if cmd only if p=q = oo (see [19, Remark 1.8 (iii)]).
(b) Let p # oco. Then M} = B;qumf if cmd only if 0 < p < g < o0.

(c) Let p # oo. Then B, 7&
In addition, we have the following result for s = 1/p.

Theorem 2.16 (Theorem 1.91in [19]). Let0 <p <1 and s = 1/p. Then the following
assertions hold:
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(i) If0<p=q <1, then M(ByY) = B ...
(ii) If0 < q <p <1, then M(ByF) = M)P.
We also have the following embedding.

Proposition 2.17 (Theorem 2.21 in [28]). Let 0 < p,q < oo and s > max{0,1/p—1}.
Then

B;,q,unif — L>
holds if and only if either “s > 1/p” or “s=1/p and ¢ < 17.

3. PROOFS OF MAIN RESULTS

3.1. Proof of Theorem [I.4. We begin by showing the following;:

Lemma 3.1. Let 0 < p,q < oo and s > max{1,1/p}. Assume that C, is bounded
on Bs ' and o' € M(B;'). Then C,, is bounded on B ,.

Proof. Tt follows from the chain rule and Lemma 2.7 that

1C, ] By, < [Cofllzr + " - Ccpf/| Bt
<cC (||Oso| By ,—~Lr T ||S0/||M(B;;1)||Cso| B;;Z1—>Bf,fql> /] Bs, (3.1)
< 0 (14 19/ ) 1ol g1 13,
for any f € B, . O

Next, we prove the following:

Lemma 3.2. Let 0 < p <00, 0 < ¢ < o0 and s > 1+ 1/p. Assume (E). Then, if
Cy is bounded on Bj . then U(p) < oo and ¢’ € M (B ').

p,q’
For this purpose, we give two auxiliary lemmas.
Lemma 3.3. Let ¢ : R — R be a contionuous mapping satisfying (El) and U(p) < oo.

Then, for any a € R and b > 0, the closed set ¢~ ([a — b,a + b]) is a finite disjoint
union of closed intervals Jy, ... J.. Moreover, we have

D1 <2[01U(p), (3:2)
r <sup#p ' (z), (3.3)

z€R

where [x] is the minimal integer greater than or eqaul to x.

Proof. Let J := [a—0b,a+b]. We show that ¢~1(J) is a finite disjoint union of closed
intervals. Tt follows from the fact that d¢~'(J) is contained in the finite subset
0o 1 0J) = ¢ ({a — b,a + b}), and thus ¢~ '(J) is necessarily a disjoint union of
finite closed intervals. Let

e '(J) = |_| Jj.
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First, we show (3.2). Let Jy D J be a closed interval of width 2[b]. Thus,
S 1 =17 (D] < e ()| < 2[b1U ().
j=1

Next, we show ([3.3). Since 0o (J) C 1 (0J) = ¢~ ({a — b,a + b}), the inequality
B3.3) follows from
2r = #0997 (J) < #p7H(9J) < 2supH#p~(2).
zeR

O

Lemma 3.4. Let {I;};en be a countable sequence of closed intervals of R. Assume
that

sup#{i: ;NI # 0} < oc. (3.4)
jEN
Then, there exists a finite partition Si,...,S, of N such that I; N I; = 0 for any
i, jESywithi#j (k=1,...,r).

Proof. For any nonempty subset S C N, we inductively define increasing finite subsets
71(S) C 1(S) C -+ C S as follows: 79(0) := 0, 71(S) := {min S}, and for n > 1,

i (S) = {Tn(S) U{min{j € S\ 7.(9) : Uier,s)ls) N L; = 0}} (1a(S) € 5),

Then, we define 7(5) := U,>07,(5). By the condition (B.4), for any nonempty subset
S C N, 7(5) C S is also nonempty and satisfies the following two conditions:
(i) N I; =0 for any 4,5 € 7(5), and
(ii) Z; N (Uier(syli) # 0 for any j € S\ 7(9).
Then, we inductively construct disjoint sets Sy, Si,--- C N as follows:
So = (Z),
Snr1 = T(N\ Up_oSk)

for n € N. Let L = sup;ey#{i : [; N I; # 0}. We claim that Sp4o = (. In
fact, suppose Srio # (. Fix j € Srio. Then, by the construction of Si’s, we
have j € N\ U{_,Sk but j ¢ 7(N\ U{_,Sk) = Seyq for £ = 0,...,L. Thus, by
(i), for any ¢ =1,...,L + 1, there exists i € S, such that I; N I; # 0, but it implies
#{i: ;NI; # 0} > L+1 that is contraditions. Therefore, we conclude that Sy,» = 0.
Then, Since N = U2, S, and S, = 0 for all £ > L + 2, there exists r < L + 1 such
that N = L} _, Sk. O

Proof of Lemma[32. We note from Lemmas and 2.8 that o is Lipschitz and sat-
isfies U(p) < co. Hence, it is enough to show that ¢’ € M(Bs ') = M5' (see
Theorem 2.14] (ii)).

Recall that ¢ € C§° is a non-negative function satisfying (2.6]), and let ¢, := ¥ (-—2)
for z € Z. Define

.= U supp (A7 70+ ).
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We take a positive integer R > 0 such that
2R > [|¢||p= - max{diam(S.,), 2m} + 2. (3.5)

where diam(S) := sup, ,cg |7 — y| for a set S C R. We note that the right-hand side
of (B3 is independent of the choice of z € Z.
We divide Z into {2}, such that

dist(S:,, Sz;) > 12RU () (3.6)

for any z;,2; € Qp with 2; # z; and £ =1,...,N. Let us fix £ € {1,...,N} for a
while. Since ¢ is Lipschitz and (3.5) holds, we have

diam (¢(S:)) < [[¢/[|zdiam (S;) < 2R.
Thus, for z € €}, there exists a, € R such that

5. C oM a. — Roa. + R)). (3.7)
and in particular, for any z € €, we have
supp . C ¢ ([a. — R, a. + R)]). (3.8)
Let Z, := [a — 2R, a + 2R)]. Then, we claim that
#lweQ: T, NI, #0} < sgﬂg #op~H(x) < o0 (3.9)

for any z € Q. In fact, each connected component (closed interval) of ¢='([a, —
6R,a. + 6R)) intersects with at most one S, for z € Q, by ([B.2)) in Lemma B.3 and
B3.6). Since Z,. NZ,, # 0 implies that S, intersects with ¢~*([a, — 6R, a, + 6R)),
the formula ([B.9) follows from (B.3)). Thus, by Lemma B.4] there exists a partition
Qf, ..., Q) of Q such that Z,, NZ,, =0 for z,w € Qf for k=1,...,7.

We further fix k € {1,...,7}. Let us take a function f € C§° such that f(z) ==z
forx € [-R,R] and supp f = [-R—1,R+1]. For a € R, we define f,(z) := f(z —a)
and

I, :=¢ *a— R,a+ R)).
Then,
(Cofalw)) = ¢'(x) (3.10)
for x € I,. Moreover, since supp (Cyf,) = ¢ '([a — R — 1,a + R+ 1]), we see that
for any z,w € QF with 2z # w

' 2R —2
d1st(supp (C¢faz), sSupp (Csofaw)) > ||S0'||L°°

> 2m. (3.11)

Let ) .
S.i= U U supp (A)C,fo.).

g=1,...m |h|<1

Then, by (3.5) with (3.I1)), for any z,w € QF with 2 # w, we have
S.NS, =0 (3.12)

for z,w € QF with 2 # w.
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Then, by ([B.6) and ([B.12), we have the following formulas:

| > o = 3tk Il (3.13)
z€Qf zeQF
|8 S et ime|| = 3 led ap i+ el (314)
zeQk 2€Qk
| 3= el sy || = 3 Il 1) T (3.15)
2€Qy zEQP
|81 3 €olledr)y || = 3 el 200, 5, (3.16)
zeﬂf ZeQ

for || <1,7=1,....m,¢=1,....Nand k=1,...,ry
By the triangle inequality, we have

‘ o'y e,
2EZ
Therefore, the proof of ¢ € M;;l is reduced to showing that

0y e
2€QF

14

2
=

=<
By

P> e

(=1 k=1 cqk

S,
p,q

sup
[{ez}zllep(z) <1

< C (¢l + 1Co 55,55,

sl_

Bs.,) (3.17)

for ¢ =1,...,N and k = 1,...,7,. First, it follows from (B.I3), (3.8)), (B.10) and
BI5) that

le > e, = 3 e v
zEQ? zGQ
<CY el 16,
zEQk
(3.18)
<C Z 2P 1(Cpfa.) HLp (Ia.)
z€Qk
p
<o| S @tedny |,
zeﬂf
Next, it follows from (B.14)) that
|are > e =3 lea laregIE,. (3.19)
zeQ zEQ
Using the formula
AR () (@) = D ( ) AT (x + jh) ALY (),

Jj=0
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we have

IAT = ||r < C(!IA%(- +mh)|| e[| ¢]| Lo

(3.20)
S IAL 4 1) A Do e, o )

7j=1
Here, we see from (3.7) and (B.I0) that
1250l o oupp(arm=r gy < 1A% oty < 1A3(Cfar)' o (3.21)

Combining (BIQI)—(BE), we derive from (B.16]) that

|are S e <y \cA”(HAm« )|l
z€Qf z€Qf
£S5 IAT (4 ) IIA?;(Cgofaz)’H’ip)
=1
(H{cz} Bl AR,
’ P
+ZHA ol |3 3 Cotiedno ) )
zEQk
Hence,
¢ ], < Ol I o il

& Bpq
2€Qy

(3.22)

m(s 1)°

Y (Collesl fa))

zle

+ DI s
j=1 00,00
Summarizing ([BI8) and (3.22), we obtain
SO Hellol e + | D2 (Collelfa))

’ o'y e
"

Bsfl
2€Qk 2€Qk -

< C [ Hebellollg'lle + || 3 Collelfo)

zEQk

| S tetse] < 3 lecple

zEQ zEQ

lar S lelre | < 3 leriag s

Lp»
zeQp zeQf

By using

Lp

and
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we estimate

s < | Xl

Lr
z€Qk ' 2€Qf

3=

SIS
Q=

22’“" sup | Y e PlIAT fullf

Lr
|h|<2—k b
2€)y

< [Hezdellell flloe + [{ez}zlle | flsg,
= [{ez}zller ]l f]
Thus, Zzem |c.|fa. is a well-defined element of Bj . By the assumption that C,

is bounded on B; o We see that

| 3 cetledsen)],, =|ce | X ledse.

z€Qk P zeQf

s .
BP,Q

Bs

< [|C] [fa-|,

B3.a=Bp,q
zEQ

By combining the above estimates, we conclude (B.17). The proof of Lemma is
finished. O

Remark 3.5. When p < q, the assumption () in Lemma (32 can be removed, and
the proof becomes simpler. In fact, the assumption (F) is essentially used to take
appropriately the finite partition {QF}, 1., but there is no need to take {Qf}, if we
use the characterization M(B3 ') = B“’qumlf for p < q from Theorem[2.17) (i).

Remark 3.6. The assertion of Lemma [3.2 also holds for 0 < ¢ < p < 1 and
s = 141/p, since we have the same characterizations of M(B;;l) for these parameters
from Theorem [2.10.

Finally, we show the following:

Lemma 3.7. Let 1 <p <o00,0<qg<ooands > 1+1/p. Assume (B), U(p™!) < oo
and @' € M(B5'). Then C, is bounded on Bs'.

The proof of this lemma is as follows. Combining Proposition 217 with (2.8), we
see that ¢ is Lipschitz. Hence, when 1 +1/p < s < 2, the operator C,, is bounded
on By.! by Theorem [L2l Thus, the case 1+ 1/p < s < 2 is proved. Next, to prove
the case 2 < s <24 1/p, we use the following;:

Lemma 3.8. Let 1 < p < 00,0 < ¢g<oocandl <s <1+1/p. Assume (E),
U(p™') < o0 and ¢' € M(B;,) for some 5 > 1/p. Then C, is bounded on B '.

Proof. Lemma [B.8 follows from the interpolation argument between the case 1/p <
s < 1 (Theorem [[.2)) and the case 1 +1/p < s < 2 of Lemma 3.7 O
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When 2 < s < 2+ 1/p, it is clear that ¢ satisfies the assumptions of Lemma 3.8
Hence, C,, is bounded on B, ql The same can be proved inductively for the higher
order case s > 2+ 1/p. Thus, Lemma [3.7] is proved.

Proof of Theorem [1.4]. Theorem [[.4]is immediately proved in a combination of Lem-
mas [3.1] B2 and B.71 O

3.2. Proof of Theorem [1.5. Theorem is proved in a combination of the follow-
ing two lemmas.

Lemma 3.9. Let s > 1 and 0 < ¢ < co. Assume that C, is bounded on B3, .- Then
o e M(Bg;;).

Proof of Lemma (3.9 From Theorem 214 (iii), it suffices to show that ¢’ € B3]}, Let
s > 1and m € N with m > s — 1. Let us take f € C5°(R) such that f(z) = z on
0,1}, and define fo(z) := f(2 — a) for a € R. Then, since C, is bounded on Bj_,
we have

[(Cofa)llLee < CllCpfal B3, —Bs I fllBs.
where the constant C' is independent of a. For any a € ]R we also have

1(Cofa) I = (Cofa) - 'l 2 19| L0 (o1 (faas11)) -
Since R = [,z ¢ '([a, a + 1]), we obtain
[ |2 < C|Cy]
Next, let us take g € B3, , N C such that
g (x) = (=1)* for x € [2(4k — 1)m, 2(4k + 1)m)]

Bs,, < ClC,|

00,q —

s s
Boqu_)Boqu

for k € Z. Set
L, == [ J[2(4k — 1)m + m, 2(4k + 1)m — m).
keZ
Then we have
sup  |[AFY(z)| = sup  [AF(CLg)'(2)]
z€p~ (1) x€p~1(Ip,)

for |h| < 1. Hence,

- dh
/| sup |Ah@(x)|qm

h|<1 z€p™ (Im)

dh

= sup  [A(Cog)' ()| o

/|h<1 x€p~1(Iy) " v ‘h‘l—i— 1
= [(Cyg )| B L < [|Cpyll7 Bs,, < 1C,| quo,q—>Bgo,q||g| quo,q-

Similarly, if we translate g by 2m, 4m and 6m and make the above argument, we get
dh
sup AV ()| < 1 . lall%s
f s I iy < 1ol ol

for ¢ =1,2,3. Since
3
R = )T +2m), ie,R= U<p m + 20m),

=0
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we have
dh
/19 — A™ / q
s = 2 10 e
3
dh
< sup A (@) .
; /h|<1 rept Int2tm) |15~

< 4| Cy %go,qugo’qu (JIBgo’q'

The proof of Lemma is finished. OJ

Lemma 3.10. Let s > 1 and 0 < ¢ < oo. Assume that ¢’ € M(BS; ). Then C,, is
bounded on BS, ,

Proof of Lemma[3.10. Since ¢ is Lipschitz by Proposition 217, we see that C, is
bounded on B2} with 1 < s < 2 from Theorem 2.IT and Corollary 212 Hence, the
proof can be done by a similar inductive argument to Lemma 3.7 O

4. THE CASE OF SOBOLEV SPACES

In this section, we mention the composition operators C, on the Sobolev spaces
H;, which are defined by
Hy = {f € S'[flmy = 1F QA +IEF)2F flllr < 00}

for s € R and p > 1. Similarly to the case of B} ,, we have the following:

Theorem 4.1. Let 1 <p < oo and s > 1+ 1/p. Assume (H). Then C, is bounded
on H if and only if U(p) < oo and ¢’ € M(H;™).

The proof is done by a similar argument to that of Theorem [[.4] with the charac-
terization of [ by differences

1 2d %
g ~ 1l + ( [ / _1Azf @)l dn) {) SENCRY

Lp

/1

and the following two lemmas.

Lemma 4.2. Let 1 < p < oo and 1/p < s < 1. Assume (H)). Then C, is bounded
on Hy if ¢ is Lipschitz and U(p) < oo.

Proof. The proof is similar to [2, Subsections 3.2 and 3.3]. Similarly to the proof of
Lemma [2.6] it can be shown that

|Cefllzr < CU(P)]If]

for any f € H> and some constant C' > 0. For the second term in (&), we use the
complex interpolation

Hy

. . 1 9
[BMO, W g, = H,  so= 01, = p—l, 0<6 <1
0

for 1 < pg < 00, and further, the complex interpolation
[H;O’Wpl]92 = ng s=(1—=0)s0+6, 0<b<1
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(see [6, Corollary 8.3] for the complex interpolations). Combining these interpolations
with the results on boundedness of C; on BMO ([12, Theorem]) and on W, ([I}
Theorem 4]), and taking p, close to 1, we see that C,, is bounded from H; to the

homogeneous Sobolev space Hl‘j forany 1 < p < oo and 1/p < s < 1if ¢ is Lipschitz
and satisfies (HI). The proof is finished. O

Lemma 4.3. Let 1 <p < oo and s > 1/p. Then M(H,) = H

ounif- Here, the space
H e s similarly defined to (2.7).

Lemma is a famous result by [25, Corollary in Section 2 in Chapter II] (see also
[13, (1.2) in Section 1] or [23, Theorem 2.5]).

Remark 4.4. Theorem [{.1] includes the previous result for the Sobolev spaces Wlf
with k € N, k > 2 mentioned in [2, Remark 1.14], since Hf = W} for k € N and
1 <p<oo.

Remark 4.5. We impose the assumption (H)) in Theorem [{.1] and Lemma [{.2, be-
cause the monotonicity of p is required to use the result on the boundedness on BMO
by [12, Theorem].
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