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Abstract

Let S,, denote the symmetric group on n letters. The k-point
fizing graph F(n,k) is defined to be the graph with vertex set S,
and two vertices g,h of F(n,k) are joined by an edge, if and only
if gh~! fixes exactly k points. Ku, Lau and Wong [Cayley graph
on symmetric group generated by elements fixing k£ points, Linear
Algebra Appl. 471 (2015) 405-426] obtained a recursive formula for
the eigenvalues of F(n, k). In this paper, we use objects called excited
diagrams defined as certain generalizations of skew shapes and derive
an explicit formula for the eigenvalues of Cayley graph F(n, k). Then
we apply this formula and show that the eigenvalues of F(n, k) are in
the interval [%, |S(n, k)|], where S(n, k) is the set of elements o
of S, such that o fixes exactly k points.
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1 Introduction

For a graph I', the eigenvalues of I' is the eigenvalues of its adjacency
matrix. The study of eigenvalues of graphs is an important part of modern
graph theory. In particular, eigenvalues of Cayley graphs have attracted
increasing attention due to their prominent roles in algebraic graph theory
and applications in many areas such as expanders [§] 18], chemical graph
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theory [24] and quantum computing [2, 23]. Let G be a finite group and S
be an inverse closed subset of G with 1 ¢ S. The Cayley graph I'(G, S) is the
graph which has the elements of G as its vertices and two vertices u,v € G
are joined by an edge if and only if v = au, for some a € S. A Cayley graph
['(G, S) is called normal if S is closed under conjugation with elements of G.
Also I'(G, S) is called integral if its eigenvalues are all integers.

Suppose k and n are positive integers. For k < n, a k-permutation of
[n] :={1,2,...,n} is an injective function from [k] to [n]. Let 1 <r <k <n.
The (n, k,r)-arrangement graph A(n,k,r) has all the k-permutations of [n]
as vertices and two k-permutations are adjacent if they differ in exactly
r positions. Note that A(n,k,r) is a regular graph [3]. The family of the
arrangement graphs A(n, k, 1) was first introduced in [5] as an interconnection
network model for parallel computation. A relation between the eigenvalues
of A(n,k,r) and certain Cayley graphs was given in [3].

Let n be a positive integer. Given an integer k with 0 < k£ < n — 1, let
S(n, k) be the set of elements o of S, such that o fixes exactly k points
in [n]. The k-point-fixing graph is defined [I5] to be the Cayley graph
F(n, k) :=T(S,,S(n, k)), that is, two vertices o, 7 are adjacent if and only if
o7~ ! fixes exactly k points. Note that the k-point fixing graph is also a kind
of arrangement graph, i.e., F(n,k) = A(n,n,n — k). Since S(n, k) is closed
under conjugation, all k-point-fixing graphs are integral [3| Corollary 1.2].
Ku, Lau and Wong [15] obtained a recursive formula for the eigenvalues of
F(n, k), and using this formula, they determined the signs of the eigenvalues
of the 1-point-fixing graph F(n,1). In [16], they obtained exact values of
some eigenvalues of F(n,1). Also Renteln [22] gave several interesting for-
mulas for the eigenvalues of F(n,0). In this paper, we wish to obtain an
explicit formula for eigenvalues of F(n, k).

It is well known that the eigenvalues of a normal Cayley graph I'(G, S)
can be expressed in terms of the irreducible characters of G [4, p.235].

Theorem 1.1. ([1], [6], [T7], [21]) The eigenvalues of a normal Cayley graph
(G, S) are given by n, = ﬁ Y acs X(a@) where x ranges over all the complex

irreducible characters of G. Moreover, the multiplicity of n, is x(1)2.

A partition is a weakly decreasing finite sequence of positive integers
A= (A, N). Wecall |A] = Ay + -+ - 4+ X\ the size of A\, and [ = [()\) the
length of A. The notation A F n is used for a partition A of a positive integer
n. The diagram of X is [\] = {(4,7)] 1 < i <I(A), 1 <7 < N\}. We call
the elements of [A] the cells of A\. For partitions p and A, we say that mu is
contained in A\, pp C A, if [u] C [A]. We say that A\/u is a skew shape of size
[A/u] = |A| = |p| and the diagram of A/ is [A/p] = [A]\[u].



The conjugate of a partition A is the partition N whose diagram is the
transpose of [A]; in other words, \; = maz{i| \i > j}. The hook length
ha(u) == Ai =i+ N, —j+1of acell u=(i,7) € [\ is the number of cells
directly to the right and directly below u in [A].

Excited diagrams defined as certain generalizations of skew shapes play
an important role in combinatorics and representation theory of symmetric
groups. Excited diagrams were introduced by Tkeda and Naruse [9], and in
a slightly different form independently by Kreiman [13], [14] and Knutson,
Miller and Young [II]. Let A/u be a skew partition and D be a subset
of the Young diagram of A. A cell u = (i,j) € D is called active if (i +
1,7),(i,7+1) and (i 4+ 1,5+ 1) are all in [A]\D. Let u be an active cell of D,
define (D) to be the set obtained by replacing (7,7) in D by (i + 1,7+ 1).
We call this replacement an ezcited move. An excited diagram of \/p is a
subdiagram of A obtained from the Young diagram of y after a sequence of
excited moves on active cells. For example, (23,1)/(1%) has three excited
diagrams {(1,1),(2,1)},{(1,1),(3,2)} and {(2,2), (3,2)}. The set of excited
diagrams of A/ is denoted by €(A/u). Now we are ready to present our main
result.

Theorem 1.2. The eigenvalues of F(n, k) are given by

n:ok —1)nk Dee(u/(t wep M (u
mk) = > | =0 ™~ Lopeetuion Luen Pul) ST I ),

,ng;\k Hué[u] () Ece(Mp) u€E

where \ ranges over partitions of n. Moreover, the multiplicity of nx(k) is
n! 2
(Hue[A]hA(u)) ’

Remark 1.3. The number of excited diagrams of skew shape A/ is given
by a determinant [19, Corollary 3.7], a polynomial in the parts of A and p.

The complete transposition graph (also known as the transposition net-
work) T,, is the Cayley graph on S, with connection set consisting of all
transpositions in S,,. Note that T,, = F(n,n — 2).

Corollary 1.4. For the transposition network T,
a) The eigenvalues of T, are given by
mn-2= 3w - (3)
(6).Gg DD
i<j

where A ranges over partitions of n.

3



b) The multiplicity of an eigenvalue m of T,, is equal to

Sl A X (@G0 = (5)+mh

weyr () (50, (,3 €N
1]

Suppose k and n are non-negative integers with & < n. For every partition
A n, we define M (A\) := max{|n,(0)| | p = n —Fk and p C A\}. As another
application of our main theorem, we can state the following result.

Corollary 1.5. For the Cayley graph F(n, k),
a) If X n, then |n\(k)] < (7) Mi(N).
b) The eigenvalues of F(n,k) are in the interval [= |Sk"kl‘, |S(n, k)|].

¢) Ny (k) = [S(n, k)| and nany (k) = —(n —k —1)(5).

d) If k =n—2 orn—4, then the least eigenvalue of F(n, k) is given by
— —I5n.k)]
= ="k -
e) Suppose A = (m,1"™™), for some positive integer m < n. Then ny(k)
15 equal to

D T g i)

m—1 s=maz{l,m—k}

2 Preliminaries

In this paper, all groups are assumed to be finite. We first state well-
known results on the character theory of the symmetric groups; for a complete
account, see [I0]. We often represent a partition A\ by its Young tableau, in
which a cell (7, 7) € [\] is represented by a unit square in position (¢, j), and
we again denote it by [A]. It is well known that both the conjugacy classes
of S, and the irreducible characters of S,, are indexed by partitions A of [n]
(see [10]). The irreducible character indexed by A - n may be identified with
the Young tableau [A] of A. The character value of [A] on the conjugacy class
indexed by 5+ n is denoted by [A]S. In representation theory of symmetric
groups, the branching rule tells us how to restrict an ordinary irreducible
representation from S,, to .S, _1.



Lemma 2.1. [I0}, Theorem 2.4.3](branching rule)
If o = (a1, a9, ..., as) is a partition of n, then we have for the restriction
of [a] to the stabilizer S,_1 of the point n

[a] LS = Z [ai_]a

Q; >0 41

i

where [ | is a diagram obtained by taking a cell away from i’th row in [a].

A generalization of branching rule is as follows:

Lemma 2.2. Suppose m and n are positive integers with m < n. Then for

every A Fn,
= )

pEm
HCEA

Proof. We do by induction on k := n —m. If k£ = 1, then using branching
rule, it is clear. Let ¢ > 2 be an integer. Now, we assume that the statement
is true for every k <t and we prove it for £ = t. By induction hypothesis,

AL S = > (]

paFm4-1
ACA

Thus using branching rule,

NS = S M LS,

aFm-+1
RCA
= ST L
fFmA41 :
ACA Hi>[it1

If 1= m and u C A, then obviously, fM* = Eugt fME. Hence

AL S = ).
pEm
HCEA

O

The standard Young tableaux and skew shapes are central objects in
enumerative and algebraic combinatorics. A standard Young tableau (or SYT
for short) of shape X is a bijective map T": [A\| = {1,...,|\|}, (¢,7) — Tij,
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satisfying T5; < T; j41 1f (4, 7),(¢, j+1) € [N and T35 < Tiqq; if (¢,7),(i4+1,7) €
[A]. The number of SYT’s of shape A is denoted by f*. Analogously, if
i € A, we can define a standard Young tableau of skew shape \/u as a map
T MNpul = {L ..., |Aul}, (4,5) — Ty, satisfying T;; < T; 41 if (4, ),
(i, +1) € [N p] and T} < Tipqj if (4,7), (i +1,7) € [A/p]. The number of
SYT’s of shape A/ is denoted by f**.

Lemma 2.3. ([7]) Let A be a partition of n. We have:

n!

[Luepy f(w)

This formula also gives dimensions of the irreducible representation corre-
sponding to .

=

Lemma 2.4. ([20)])( Naruse’s formula) Let \, u be partitions such that u C

M. We have:
=t 3T ;

Dee(N/p) ue )\]\D

Remark 2.5. There are an algebraic and a combinatorial proof of Naruse’s
formula in [19]. Also Konvalinka [I2] gave a simple bijection that proves an
equivalent recursive version of Naruse’s formula.

There exists an interesting formula to evaluation the eigenvalues of F(n, 0)
as follows:

Lemma 2.6. ([22, Theorem 3.2]) The eigenvalues of F(n,0) are given by

N
m(0) =) (—1) km Y

k=0

where A runs over all partitions of n.

Lemma 2.7. ([22, Theorem 7.1]) The least eigenvalue of the adjacency ma-
triz of the graph F(n,0) is given by

_ —I8(m,0)]

n—1

3 Proof of main results

In this section, we wish to prove our main results. We begin by an observation
an eigenvalues of F(n,0).



Lemma 3.1. The eigenvalues of F(n,0) are given by

n

m©0) =Y (=" > [[ M@

k=0 Dee(N/(k)) ueD
where X\ runs over all partitions of n.

Proof. We have,

(0) = i(—l)""“in! i (L 236)
U2 = (n — /{;)! 2 emma
k=0
n 1
_ (_1)n k n! ‘)\/<k)" EDEE()\/(:C)) Hue[)\}\D ()
_ | n!
k=0 <n k> Hue [A] hA(u)
(Lemmas 2.3, 2.4])
n—k)!
_ i( 1)n—k n! Hu(e () fa(w) ZD@;()\/ (k) HuED ha(u)
a (n — k)! o
k=0 Hue[x] ha(u)
-y 0" > ] haw
k=0 Dee(\/(k)) ueD
O
Proof of Theorem Let A n. Then
1
(k) = 2 Z (A8 (Lemma [T.T))
BeS(n,k)
= %) > B
BeS(n—k,0)
= (L)? Z Z P (Lemma 2.2))
f BeS(n— kO)ul—n k
nCA
S0 et S e
uzrct)\k BES(n—k,0)
= (sz Z Fr ey (0)
puFn—k
HCA



n )\h)\u
:(k)Hu;[!] ()Z(H([] ( IEYVZID DR | o

u;gk Eee(A/p) uEP\]\E

(Lemmas 2.3, 2.4])
. (Z) Hue[)\] ha(u) (n— k)!

uFn—k u€lp Ees()\/u) ueE
= (>
2§

) Z I_IhA

uCA
pFn—k u€[y] ot Eece(\/p) uEE

HCA
n—k n—k—t
—o (DY [cp hu(u)
— Z [ t=0 H DZ&(!ZT/JL(;)) eD "1 Z H h)\(u)]
u;g;k uelu e Eee(A\/u) ueE
(Lemma [3.])
Moreover, using Theorem [T and Lemma 23] the multiplicity of n(k) is
(#M)Q This completes the proof. 0
ue

In the sequel of this section, we require an interesting observation as
follows:

Lemma 3.2. Let n and k be non-negative integers with k < n. Then for

every A Fn,
(n) _ Z EEea()\/u) HueE ha(u)
k Hue[u} hu(w)

uFn—k
HCA

Proof. suppose A =" n_k b2, ei_(f/ ) Hue(i)m . Then
uCA u€[p] hu

B n\ [uepy Pa(u) (0 — k)! A/ ! .
4= Z[(k) 0 T o) ey () 2= Lm0

u
ukn—k Eee(\/p) uek
y,C)\
)\ Z b pr (Lemmas 2.3, 2.4])
f puFn—~k
uCA
ny\ £A
_ (k};\f - (Z) (Lemma 2.2))

O



Proof of Corollary 1.4] Let A F n. Then by Theorem

2—0 —1 > Dee(p/(t ueD h# u
ﬁA(”—Q):Z[Zt_< ) e 1] ) Z HhA(U)]

pk-2 Hue[u] hu(u) EBee(\/p) uEE
HCA
1
“HY M- X T 0
Eee()\/(2)) u€E Eee(A\/(12)) u€E

Note that if (A/p) = 0, then 35/ [1uep Pr(u) = 0. Now using Lemma
B.2

n 1
(5)-3 X Muw+ ¥ Inw )
Eee()/(2)) u€E Eee(2/(12)) ueE
Hence equations (1) and (2) imply that

min-2= 3 TImw-(})

Eee(A/(2) ueE

- ¥ hA((i,i))hA((j>j+1))_<Z>

(5,1),(7,7 +1) €[]
1<j

Therefore using Theorem [LL.2], we are done. O

Proof of Corollary

n— k n—k—t
) ZDEE(,u/(t)) HuGD
= g g | | h(
a) Im (k) =1 Hue[u] hu(w) A

ukn—k Ece(\/p) uekE
HCA

(Theorem [T.2])
< 3 Zo O Socey uen il 5~ pry

pukn—k HUGM h“ <u) Ece(\/n) ueE

= Z [H 7(0) Z Hh (Lemma B.1))

prn—k +Auely] o Ees()\/u) u€E

T hw 2 Mm@

uFn—k u€y] ,u EGE()\/;L) ueE

IN
(]
:T

- (Z) My (). (Lemma 3.2)



b) Clearly, F(n,k) is vertex-transitive, so it is |S(n,k)|-regular and the
largest eigenvalue of F(n, k) is |S(n, k)|. Let A F n. Then

?;ok —1)nk Dee(p/(t) LlueD Py (u
pFn—k u€fu] K Eee(\/p) u€E

= (Theorem [T.2))
= Z [Hn¢ Z Hh,\(u)] (Lemma B.1))

pbn—k L 1uely] hu(u) Ece(\/p) u€E

HCA
( —|S(n—k,0)|
> Z[anl( Z Hh)\ (Lemma 2.7))
“ngk uely] Py Eea()\/u) u€E

_ —|S(’I’L - ka O)| Z ZEEE(A/M) HuEE h)\(u)
n—k-1 pFn—k [uepu P ()

HCA

. _‘S<n_ kvo)|(:)
= S (Lemma B.2)

_IS(n, k)
n—k—1"
¢) Applying Theorems [Tl and [[L2] we are done.

d) Using part (c), it is easy to see that nny (k) = M. Thus by part (b),

n = % is the least eigenvalue of F(n, k).

e) Let u Fn — k such that p C A\. We can see that e(A/u) = {u}. Also it is
clear that

{pbn—Fk pCAYC{us:= (51" s€ Ny, 1 <s<n—k},

where (n—k) = (n—k,1%) and (1"7%) = (1,1"7%71). Sincen—k—s <n-—m
and s < min{m,n — k}, we deduce that m —k < s < min{m,n —k}. Hence
as s is a positive integer, maz{l,m — k} < s < min{m,n — k}. Now using
Theorem [I.2] we have:

n—k n—k—t
o (1) > Dee [Tuep fu(u)
mk)= > [ T 2 I mw)
pFn—k, pCA u€(p] "OH Eee(\/p) ueE
min{m,n—k n—
B {z: I [E ( 1)r=h- tZDEe (1s/(£)) [Tuep . () H o ()]
[aepu. o () =

s=maz{l,m—k}
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(=1 * et 14 2 (F1)! [Tucry P (@) n(m — 1)1(n — m)!
- (n—k) Z [ (s =Dl (n—Fk—s)! (m—s)!(k+8—m)!]

s=maz{l,m—k}

(=) Fnm — 1)l(n — m)! mi"“”i‘”
a n—k

s=maz{l,m—k}
s —1)t(s—1)!
1+ (n—k)> ( 1(1£t)!1)
(s—=Dl(n—Fk—s)l(m—s)(s+k—m)!

Since
(—=1)"Fn(m — 1)!(n —m)! _ (—1)nk (Z) (n—k—1)k!
n—k (1) |
we have
 {\n—k(n min{m,n—k}
) = C B S
(m—l) s=maz{l,m—k}

+(n—k‘)i%)<n;f;1) (mk—b“)]

t=1

MO S +tZs}<—1>t“(i)><n )5

(:1:11) s=maz{l,m—k}

(—]_)n_k (n) min{m,n—k}

- Y s ) (L)

m—1 s=maz{l,m—k}

- CID TS sl -2 (T (LF )

(m—l) s=maz{l,m—k}

This completes the proof. O
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