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Abstract

We extend to manifolds endowed with a general geometric structure, the clas-
sical notions of gradient as well as Laplace operator, and provide some of their
natural properties.
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1 Introduction

The main purpose of this article is to introduce and study some natural differential
operators generated by geometric structures on general manifolds, where by geometric
structure we mean any non-degenerate (0,2)—tensor field (e.g., Riemannian or semi-
Riemannian metrics, Lorentzian metrics, symplectic structures). More precisely, the
first class of operators, extend to manifolds endowed with geometric structures, the
concepts of gradient vector field from Riemannian or semi-Riemannian geometry, and
Hamiltonian vector field from symplectic geometry, while the second class of operators,
generalize to manifolds with geometric structures the Laplace-Beltrami operator from
Riemannian geometry, as well as the d’Alembert operator from Lorentzian geometry. On
vector spaces, these classes of operators were recently introduced in [5].

The structure of the article is the following. In the second section we introduce
the concept of geometric structure on a general manifold, the notion of geometromor-
phism (i.e., a diffeomorphism that preserves geometric structures), and provide some of
their natural properties. Also here we introduce the notion of left/right—adjoint of a
(1,1)—tensor field with respect to a geometric structure. The third section is devoted to
the study of two of the main protagonists of this work, namely, the left /right—gradient
vector fields, naturally associated to a general geometric structure. These vector fields
extend to geometric manifolds the notion of gradient vector field from the Riemannian
and semi—Riemannian geometry, as well as the Hamiltonian vector field from the sym-
plectic geometry. Using these special vector fields, we prove the existence of a natural
Leibniz bracket on each manifold endowed with a geometric structure, and we also re-
discover the left /right—gradient vector fields as being the left /right—Leibniz vector fields
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generated by this bracket. Moreover, various relations between the gradient-like vector
fields on a manifold with geometric structure and the Leibniz vector fields associated
to the symmetric or skew—symmetric part of the above mentioned Leibniz bracket, are
also given. In the fourth section we define left/right—Laplace operators generated by
a general geometric structure on a manifold, and study some of their natural proper-
ties. Among other things, we provide Green’s identities for these operators, and give the
Euler—Lagrange equation for Dirichlet energy associated to a general geometric structure.
The last section of this article is devoted to a dynamical approach of the gradient—like
vector fields, associated to a general geometric structure. Here we discuss the com-
patibility of these vector fields with the Leibniz bracket of a manifold endowed with
geometric structure, we give a natural transport theorem, and provide a non—existence
result regarding periodic orbits.

We end the introduction by mentioning that throughout this article, all manifolds
are assumed to be connected, Hausdorff, paracompact, and smooth. Moreover, in order
to have a unitary presentation, and also to avoid intricate formulations, all mappings
are assumed to be smooth.

2 Geometric structures on a manifold and some nat-
ural properties

In this section we introduce the concept of geometric structure on a general manifold,
and provide some of their natural properties which will be of crucial importance on the
rest of the article.

2.1 Geometric structures

Let us start by introducing the notion of geometric structure, the concept on which relies
the whole construction of the article. This is a generalization of the similar notion from
the linear framework, recently introduced in [5].

Definition 2.1 We call geometric structure on a manifold M, any non-degenerate
(0,2)—tensor field b : X(M) x X(M) — C>®(M,R). The pair (M,b) will be called a
geometric manifold, or a manifold with geometric structure.

If = (z',...,2") denote a set of local coordinates on M, where n = dim M, then a
geometric structure b is locally represented by the non—singular matrix

o 0
Bm = (Bi'(x»lgi,jgm BZ =b <%, %> .

Notice that Riemannian, semi-Riemannian, symplectic, almost symplectic, Lorentzian
structures, are all particular examples of geometric structures. Of course, in order to ex-
ist, most geometric structures require additional properties of the ambient manifold (e.g.,
an almost symplectic structure on a manifold requires the manifold be orientable and



even-dimensional; a Lorentzian structure requires the manifold be either non compact
or compact with zero Euler characteristic, etc.).

Let us point out a simple method to generate more geometric structures, starting
from a given one. More precisely, on a general geometric manifold, (M,b), any non-
degenerate (1,1)—tensor field, T : X(M) — X(M), induces two more geometric
structures, bk, b% . X(M) x X(M) — C>*(M,R), given by

VL(X,Y) = b(TX,Y), VX, Y € X(M); b}(X,Y) :=b(X,TY), VX,Y € X(M).

Recall that particular examples of non—degenerate (1,1)—tensor fields include almost
compex structures, almost product structures, almost golden structures, etc.

Conversely, to any given pair of geometric structures defined on a manifold, one
can naturally associate various non—degenerate (1, 1)—tensor fields, essentially, following
backwards the previous construction. An important particular case is provided by a
geometric structure defined on a Riemannian manifold.

Remark 2.2 If (M, g) is a Riemannian manifold and b a geometric structure on M,

then the non-degeneracy of b implies the existence of a non-degenerate (1,1)—tensor field
B, : X(M) — X(M) uniquely defined by the relation

g(X,Y) =b(X,B,Y), VX,Y € X(M).

The pair (b, B,) will be called the geometric pair associated to the geometric structure
b.

As already mentioned, the above construction can be generalized mimetically to the case
of an arbitrary fixed geometric manifold, together with an additional geometric structure
b. However, we focused on this particular case, because of the rich geometry offered by
the Riemannian settings, thus making it easier to analyze the geometry of b with respect
to it.

Let us now give a local representation of the quantities introduced in Remark 2.2.
Thus, relative to a set of local coordinates, z = (x!,...,2"), where n = dim M, the

metric g is represented by the symmetric and positive definite matrix

o 0
Gy = (9:j(2))1<ij<n: 9ij =9 (%’ @) ’

the geometric structure b is represented by the non—singular matrix

o 0
B, := (Byj(%))1<ij<n, Bij =0 <%’ @) ’

and the tensor field By is represented by the non-singular matrix

n

By = (Bj(x))1<ij<n, Bj(x) = ZBik(i’f)gkj(I), where (BY(x))1<ij<n = B, '

k=1



2.2 Geometromorphisms

Next step that follows naturally after introducing geometric manifolds is to see how this
notion is preserved through maps between such manifolds. In order to do this, we de-
fine a class of diffeomorphisms, which preserve geometric structures. These maps will
suggestively be called geometromorphisms, they becoming isometries in the category of
Riemannian, semi—Riemannian, or Lorentzian geometric structures, and symplectomor-
phism in the category of symplectic geometric structures.

Definition 2.3 Let (M, ™) and (N, ") be two manifolds endowed with geometric struc-
tures. A geometromorphism from (M,bM) to (N,bY) is a diffeomorphism ® : M — N
which preserves the geometric structures, i.e., ®*bY = bM | where

(@*B)(X,Y) == &* (b (9, X, D,Y)), VX,Y € X(M),

®,X :=DboXod ! € X(N), VX € X(M), and ®*F := Fo® € C°(M,R), VF €
C®(N,R).

In local coordinates, z = (z',...,2") (where n = dim M), if (B} (x))i<ij<n and
(BY(®(x)))1<k1<n denote the local representations of the geometric structures b and

bY respectively, the local representation of the geometromorphism ® has to satisfy
0Pk OP!
M _ N .
Bij (LU) - Z Bkl(q)(x» ot 8xj’ VZ,j S {17 st 7n}‘

1<k,l<n

Next, we prove that the set of all geometromorphisms of a given manifold M endowed

with a geometric structure b, forms a group, called the group of geometromorphisms of
(M, D).

Theorem 2.4 Let b be a geometric structure on a manifold M. Then the set of all
geometromorphisms of (M,b), denoted by G(M,b) := {® € Diff(M) | &*b = b}, is a
subgroup of the group of diffeomorphisms of M.

Proof. By the very definition of geometromorphisms we have the inclusion G(M,b) C
Diff(M). Notice that the identity map, Id,,, is obviously a geometromorphism. Next,
we prove that for any ®, W € G(M,b), their composition, o ¥, belongs to G(M,b).
Indeed, as ®*b = b and U*b = b it follows that

(@ o W)*b = U*(D*D) = U*b = b,

In order to finish the proof we show that for any ® € G(M,b) the inverse map, &~ €
Diff (M), is also an element of G(M,b). This follows directly taking into account that
®*b = b and hence

(@)D = (& H)*(®*b) = (® o ®1)*b = (Idy)*b = b.



2.3 The left/right—adjoint of a (1,1)—tensor field

The aim of this subsection is to extend to geometric manifolds the notion of adjoint
associated to (1, 1)—tensor fields from the Riemannian or semi-Riemannian setting.

Definition 2.5 Let b be a geometric structure on a manifold M, and A : X(M) — X(M)

n (1,1)—tensor field. Then there exist two (1,1)—tensor fields, denoted by A*L ) A*R :
X(M) — X(M) and called the left-adjoint, respectively the right-adjoint of A with respect
to the geometric structure b, uniquely defined by the following relations:

b(A*™X,Y) = b(X,AY), VX,Y € X(M),
B(AX,Y) = b(X, A*"Y), VX,Y € X(M).

In local coordinates, x = (z!,...,2"), where n = dim M, the above tensor fields are

represented by the matrices
At =B TAIB!, A*r =B 'AlB,.

In the case when b is a geometric structure on a Riemannian manifold (M, g), since
G, = B, B,, the above local expressions can be equivalently written as

A =G,'BIAIB;TG,, A" =B,G;'AlG,B;"

Note that the left and right adjoint (of a (1,1)—tensor field A) with respect to the
Riemannian metric tensor g coincide, and are locally given by

A¥ = G'A]G,, asin this case B, = I,.

Let us provide now the main properties of the left /right—adjoint operators associated
to a geometric manifold.

Proposition 2.6 Let (M,b) be a geometric manifold, A,B : X(M) — X(M) two
(1,1)—tensor fields, and F,G € C>(M,R). Then the following equalities hold

(i) (FA+ GB)*t/*k = FA*LI*r 4 GB*L/*R
(i) (A = A, (A5 = A,
(iii) (AB)*t/*1 = Bri/n psi/*n,
(iv) (ATV)yelsr = (A*/r)=LGf A is invertible,

(v) AL = A*E_if b is symmetric or skew—symmetric.

Proof. All relations follow directly from Definition 2.5. m
In the case of a geometric structure defined on a Riemannian manifold, some specific
compatibilities between the associated adjoint operators are presented below.



Remark 2.7 Let b be a geometric structure on a Riemannian manifold (M, g), and
(b, By) the associated geometric pair. Then By~ = By®, and B}® = ByBy’B.*, where
By’ stands for the adjoint of B, with respect to the Riemannian metric g. Moreover, if
b is symmetric (skew—symmetric) then By’ = B, (By’ = —B,).

In local coordinates, x = (z',...,2"), where n = dim M, the tensor fields from Remark

2.7 are represented by the matrices
B =G.'B/G, =B, B*=B,G'B/G,B;' =B,B*B,".
Note that, as B, = G, B, ", the following relations hold
(i) if b is symmetric, then B] = B, & G,;'B] = B,G!,
(ii) if b is skew—symmetric, then B] = —-B, & G, 'B] = -B,G; 1.

3 Gradient—like vector fields generated by geometric
structures

In this section we introduce two of the main protagonists of this work, namely, the
left /right—gradient vector fields, naturally associated to a general geometric structure.
These vector fields extend to geometric manifolds the notion of gradient vector field
from the Riemannian and semi-Riemannian geometry, as well as the Hamiltonian vector
field from the symplectic geometry. On vector spaces endowed with constant geometric
structures, the gradient-like vector fields were recently introduced in [5].

Definition 3.1 Let (M,b) be a geometric manifold, and U C M an open set. Then for
every F' € C*°(U,R), the left-gradient of F, denoted by VEF, is the vector field uniquely
defined by the relation

WVEF, X)=dF - X, VX € X(U).

Similarly, the right-gradient of F, denoted by VIF, is the vector field uniquely defined
by the relation
b(X,VIF)=dF - X, VX € X(U).

Note that C! is the sufficient regularity class in order the definition of left /right—gradients
hold. Nevertheless, we choose to work in the smooth class, for having a unitary approach
throughout the article, and also to avoid intricate formulations.

In terms of local coordinates, z = (z!,...,2"), where n = dim M, the left/right—
gradient vector fields are represented by the matrices

(VbLF>m = B;T(dF>mv (V5F>m = B;I(dF):vv

Ol ) ... On

.
where (dF), := ( (93)) . Using the notation (BY(x))1<; j<n := B, ', we

obtain
n n

S | 0 0 0
ViF— Y (Z Ba—F> 2 wprey (Z B%) 2
J:

i=1 \j i=1 \j=l1




Remark 3.2 Note that if b is symmetric (i.e., (M,b) is a Riemannian or semi—Riemannian
manifold) then Vi = VE. Particularly, when b = g is a Riemannian metric then
Vi =V[ =V,, where V, stands for the gradient operator on the Riemannian manifold
(M, g), deﬁned for any function F € C(U,R) by the relation

gV, F,X)=dF - X, VX € X(U).
On the other hand, if b is skew—symmetric (i.e., (M,b) is an almost symplectic manifold)
then Vi = —VE. If moreover, db = 0 (i.e., (M,b) is a symplectic manifold), then for
any H € C*(M,R), the associated Hamiltonian vector field, Xy (defined by the relation
ix, b =dH ), coincides with VEH = —VFH.

In the case when b is a general geometric structure on a Riemannian manifold, (M, g),
the relation between the operators V&, V! is given by the following result which is a
direct consequence of the definition of V}, VI, and V,.

Proposition 3.3 Let b be a geometric structure on a Riemannian manifold (M, g), and
let (b, By) be the associated geometric pair. Then for any fired open set U C M, and
for every F € C*(U,R), we have that VEF = By°V,F, VEF = B,V F, and VLF =
By’ Bg—lva.

In local coordinates, x = (z!,...,2"), where n = dim M, as G, = B, B,, the left /right—

gradient vector fields are represented by the matrices

3.1 Gradient—like vector fields and geometromorphisms
This subsection is devoted to analyzing the compatibility between left/right—gradient
vector fields and geometromorphisms.

Theorem 3.4 Let (M,b™), (N,bY) be two manifolds endowed with geometric structures,
and let ® : M — N be a geometromorphism. Then the following relation holds true

o, 0V o = VIE, (3.2)
or explicitly,
O, (VL (@ F)) = VILEF, YF € C®(N,R).
Proof. Let F' € C*(N,R) be arbitrary fixed. We will prove first the identity concerning

the left-gradient operator. In order to do this, let Y € X(N) be arbitrary fixed. Then,
as @ : M — N is a geometromorphism (i.e., ®*b" = bM), we have

WY (04 (Viu (P F)), Y) = b™(u (Vi (D7 F)), B (D, 1Y)

= (@)1 (@ (BN (Do (Vi (P F)), Do (@, 1Y)
= (@) (DY) (Vyu (97 F), 1Y)

= (@)Y (Vi (O7F), 1Y)

= (@) THA(P*F) - 1Y) = () H@*(dF - Y))
=dF Y = bV (V} FY)



Thus, we obtained
WY (@ (Vi (97 F)),Y) = VY (Vin FY), VY € X(N),

and by the non-degeneracy of bV, we get (Vi (P*F)) = Vi F. Since this relation
holds for any F' € C>*(N,R), we conclude that

D, o VfM o ®* = VfN

The identity for the right—gradient operator follows similarly. More exactly, for any
Y € X(N), we have

DM (Y, (Vi (D4 F))) = 0 (Du(D1Y), Du(V3i (D7 F)))
= (@)@ (Y (Pu(P]Y), Du(Vii (P°F)))))
= (@) (2" )(2;'Y, Vi (P F)))
= (") (M2 1Y. Vi (2 F)))
= (") 7H(d(P*F) - DY) = (2*)(P*(dF - V)
=dF Y =bN(Y, Vv F),
and by the non-degeneracy of b", we obtain @, (V5 (P*F)) = Vi4 F. As this relation
holds for any F' € C*°(N,R), we get

D, o VfM o d* = V{,%N

|
A particular case of Theorem 3.4 which worth mentioned, occurs when (M, b") =
(N,b™). More precisely, the following result holds.

Corollary 3.5 Let (M,b) be a manifold endowed with a geometric structure, and G(M, b)
the associated group of geometromorphisms. Then

D, o VI =V o (@), VO € G(M, D), (3.3)
or explicitly,
o, (VIR = VIR (@) F), VF € C*(M,R), ¥® € G(M,b).

Let us point out now that for any manifold with geometric structure, (M, b), there are
two natural actions of the group of geometromorphisms:

(i) 7(®) o F := (d~1)*F, VF € C*(M,R), Y& € G(M,b),
(i) 7(D) e X :=d,X, VX € X(M), YO € G(M,b),

given by the restriction to G(M,b) of the corresponding actions of the group Diff(M).
In terms of the above defined actions, relation (3.3) says actually that the operators
VE VI are G(M, R)—equivariant, namely

7(®) o V/RF = VR (r(®) o F), VF € C*(M,R), VP € G(M,b). (3.4)
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3.2 Brackets associated to a geometric structure

In this subsection we introduce and study several brackets naturally associated to a
geometric structure. Those brackets reveals another feature of geometric manifolds,
proving that geometric manifolds are particular cases of Leibniz manifolds. Moreover,
each geometric manifold can be given naturally three Leibniz structures. The existence
of these brackets is tight related to gradient-like vector fields generated by geometric
structures. For details regarding Leibniz manifolds, see e.g., [2].

Let us provide now a simple result which constitutes actually the starting point of
the above mentioned constructions.

Proposition 3.6 Let b be a geometric structure on a manifold M, and U C M an open
set. Then the following identity holds

b(VEE,ViG) = b(V{EF, VEG), YF,G € C*(U,R). (3.5)

Proof. The relation (3.5) follows directly from the definition of left /right—gradient vector
fields induced by the geometric structure b. Indeed, for any F,G € C*(U,R) we obtain

W(VEF,VEG) =dF -ViG =b(VEG,VEF) =dG - VEF = b(VEF, VEG).

|

The Proposition 3.6 implies the existence of a natural Leibniz bracket on each ge-
ometric manifold, (M,b), which will be called the b—bracket, thus proving that each
geometric manifold is an example of Leibniz manifold. This will be formalized in the
following result.

Theorem 3.7 Let b be a geometric structure on a manifold M. The mapping {-,-}s :
C®(M,R) x C*(M,R) — C>*(M,R), given by

{F, G}, :=b(VLF,ViG) = b(V{IF, VEG), VF,G € C*°(M,R),

is a Leibniz bracket (i.e., an R—bilinear mapping on the algebra C*°(M,R), which is a
derivation on each entry), and consequently (M, {-,-}) is a Leibniz manifold.

Proof. As the R—bilinearity of {-,-};, is a direct consequence of the R—linearity of the
left /right—gradient operators, we will prove only the derivation property of {-,-}, on the
first entry, the derivation property in the second entry following mimetically. Indeed, for
any F,G, H € C*(M,R), we have

{FG,H}, = b(VE(FG),VEH) = b(FVEG + GVEF, VEH)
= Fb(V{G,VEH) + Gb(VLF, Vi H)
= F{G,H}, + G{F,H}}.



Example 3.8 Recall from Remark 3.2 that if b is skew—symmetric and db = 0 (i.e.,
(M, D) is a symplectic manifold), then for any H € C*(M,R), the associated Hamiltonian
vector field, Xy, coincides with VEH = —VJ{H. Thus, in this case, the b—bracket
coincides with the Poisson bracket induced by the symplectic form b, i.e., {F,G}, =
b(Xp, Xg), VF,G € C*°(M,R). Recall that a Poisson bracket on the algebra C*°(M,R)
1s a a skew-symmetric Leibniz bracket which verifies the Jacobi identity. For details
regarding Poisson brackets, see e.g., [3], [/].

Let us now give a local representation of the b—bracket. More precisely, in terms of

the local coordinates, x = (x!,...,2"), where n = dim M, the b—bracket becomes

{F> G}b(x) = (dF)IB;T(dG):ca

or equivalently
LOF 0G
FGh= Y B
{ Y G}b B axl axj Y

1<i,j<n

where (BY(x))1<i j<n := B, "

In the following result we show that the gradient-like vector fields generated by a
geometric structure b, actually coincide with the Leibniz vector fields generated by the
b—bracket.

Proposition 3.9 Let b be a geometric structure on a manifold M, {-,-}, the associated
b—bracket, and F' € C*(M,R). Then the left-Leibniz vector field generated by F (i.e.,
G € C®(M,R) — {G,F}, € C°(M,R)) coincides with VEF, while the right—Leibniz
vector field generated by F' (i.e., G € C*(M,R) — {F,G}, € C*°(M,R)) coincides with
VEF.

Proof. Let us fix I’ € C>(M,R). Then the left-Leibniz vector field,

G eC®(M,R)— {G,F}, =b(VEG,VEF) € C*(M,R),
can be equivalently written as

G € C®(M,R) + dG - VEF = (VEF)(G) € C*(M,R),

hence, it coincides with VEZF.
Similarly, the right-Leibniz vector field,

G € C®(M,R) — {F,GY, = b(VIF, VEG) € C®(M,R),
can be equivalently written as
G € C®(M,R) — dG - VF = (ViF)(G) € C*(M,R),

and consequently, it is exactly VEF. =

Let us now present another compatibility between geometric structures and the asso-
ciated brackets, this time in terms of geometromorphisms. More exactly, we shall prove
that geometromorphisms preserve b—brackets.
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Theorem 3.10 Let (M,b™), (N,b™) be two manifolds endowed with geometric struc-
tures, and let ® : M — N be a geometromorphism. Then

(I)*{F, G}bN = {(I)*F, (I)*G}bM, VF,G € COO(N, R),

where {-, -}y, {-,-}y,v denote the b—brackets associated to the geometric structures b™
and b, respectively.

Proof. As ® : M — N is a geometromorphism, and (®~1)* = (®*)7! it follows
that vV = (®71)*b™. Using this observation and the Theorem 3.4, we obtain for any
F,G € C*(N,R)

{0 F, &Gy = 0 (V" (@ F), VI (@*G)) = b (0 (VLT F), 0, (VAR G))
= (@) 1M (0 (VL F), o (VIRG)))
= (@M (VI F VR G)) = o (N (VIR VIEEG))
= ®*{F> G}bN>
and thus we get the conclusion. m

A particular case of Theorem 3.10 which worth mentioned, occurs when (M, b™) =
(N, b™). More precisely, the following result holds.

Corollary 3.11 Let (M,b) be a manifold endowed with a geometric structure, and
G(M,b) the associated group of geometromorphisms. Then the following relation holds
true

O*{F, G}y = {®*F, &*G}y, VF, G € C°(M,R), Vd € G(M,b),

or equivalently, in terms of group actions
7(P) o {F,G}, = {7(P) @ F,7(P) e G}, VF,G € C*(M,R), V& € G(M,b),
where 7(V) @ H := Ho W™ VH € C*(M,R), VU € G(M,b).

Next, we prove that the b—bracket on a geometric manifold (M, b), induces two more
natural brackets on the manifold M, namely the symmetric and the skew—symmetric
part of the b—bracket, which will be in their turn Leibniz brackets on M.

Let us start with the definition of the symmetric bracket associated to the b—bracket

{'7'}b-

Definition 3.12 Let b be a geometric structure on a manifold M, and {-,-}, the asso-
ciated b—bracket. Then the application {-, -}y sym : C°(M,R) x C*(M,R) — C>(M,R)
given by

1
{F> G}b,sym = 5 ({F> G}b + {G? F}b) 5 \V/FaG € COO(M> R)a
15 called the symmetric b—bracket associated to the geometric structure b.

Remark 3.13 If b is a symmetric geometric structure (i.e., (M,b) is a Riemannian
or semi-Riemannian manifold) then {-, - }b sym = {-,}p, whereas if b is skew-symmetric
(i.e., (M,D) is an almost symplectic manifold) then {-, -}y sym = 0.
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In the following result we show that the symmetric b—bracket is itself a Leibniz
bracket on M. Moreover, the associated left and right Leibniz vector fields coincide, and
equals the geometric mean of the left and right gradient vector fields generated by the
geometric structure b.

Proposition 3.14 Let b be a geometric structure on a manifold M, and {-, -}y sym the
associated symmetric b—bracket. Then the following assertions hold:

(1) {-, }osym is a symmetric Leibniz bracket, and hence (M, {-, }b sym) IS a symmetric
Leibniz manifold,

(ii) for any arbitrary fized F' € C*°(M,R), the associated left and right Leibniz vector
1
fields coincide, and are both equal to 5 (VEF 4+ VEF).

Proof.
(i) This is a direct consequence of the fact {-,-}, is a Leibniz bracket on M.

(i) Let F' € C*(M,R). By the symmetry of the bracket {-, -}, s,m we get that the left
and right Leibniz vector fields associated to F' coincide and are given by

G € C®(M,R) = {G, F}psym = %(b(vga, VEF) +b(VEF,ViG)) € C°(M,R).
Using the Proposition 3.6, the above relation equals to
G € C®(M,R) > {G, F}psym = %(b(VfG, VEiF) +b(VEF, VEG)) € C°(M,R),
which becomes
G € C(M,R) = {G, F}psym = %(dG -VEF +dG - VEF) € C*°(M,R),
or equivalently
G € C*(MR) = {G, Flymyn = 5 (VEF)(G) + (VIF)(G)) € C*(M,R),

and hence we get the conclusion.

Note that both Theorem 3.10 as well as Corollary 3.11 remain true if we replace the
b—brackets by their symmetric parts.

Let us now give the definition of the skew—symmetric bracket associated to the
b—bracket {-,-}s.
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Definition 3.15 Let b be a geometric structure on a manifold M, and {-,-}, the asso-
ciated b—bracket. Then the application {-,-}p skew : C°(M,R) x C>(M,R) — C>*(M,R)
given by

1
{Fa G}b,skew = 5 ({Fa G}b - {G> F}b) ) VFa G e COO(Ma R)a
15 called the skew-symmetric b—bracket associated to the geometric structure b.

Remark 3.16 If b is a skew-symmetric geometric structure (i.e., (M,b) is an almost
symplectic manifold) then {-, }p skew = {-,-}», whereas if b is symmetric (i.e., (M,b) is
a Riemannian or semi-Riemannian manifold) then {-, -}y skew = 0.

Next, we show that the skew-symmetric b—bracket is an almost Poisson bracket
on M. Moreover, the associated Hamilton—Poisson vector field equals half the difference
between the left and the right gradient vector fields generated by the geometric structure
b.

Proposition 3.17 Let b be a geometric structure on a manifold M, and {-, - }p skew the
associated skew-symmetric b—bracket. Then

(1) {-, }bskew is an almost Poisson bracket (i.e., a skew-symmetric Leibniz bracket),
and hence (M, {-, }o.skew) i an almost Poisson manifold,

(ii) for any arbitrary fired F' € C*®(M,R), the associated Hamilton—Poisson vector
1
field, Xp :={-, F'}p skew, 05 given by 3 (ViF —V{IF).
Proof.

(i) The proof of this item is a direct consequence of the fact that {-,-}, is a Leibniz
bracket on M.

(ii) Let F' € C>(M,R). From the skew-symmetry of the bracket {-,-}4 skew We get that
the associated left and right Leibniz vector fields of F' are opposite to each other.
The Hamilton—Poisson vector field (which is by definition the left-Leibniz vector
field) associated to F'is given by

G € C(M,R) = {G, F}pshew = %(b(VfG, ViF) —b(VEF,VEG)) € C°(M,R).
Using the Proposition 3.6, the above relation equals to
G € C¥(M,R) > {G, F}psronw — %(b(VfG, VLR — b(VEE, VRG)) € C°(M,R),
which becomes

G € C®(M,R) — {G, F}pshew = %(dG -VEF —dG - VEF) € (M, R),
or equivalently

G € C¥(M,R) = {G, Flyiew = 5 (VEF)(@) — (VEF)(G)) € C*(M, R),

and hence we get the conclusion.
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Remark 3.18 In the case when b is a constant geometric structure on R™ (i.e., for
any pair of linear functions F,G € C*°(R"™,R), their b—bracket, {F, G}, is a constant
function on R™) then the associated skew-symmetric b—bracket is also constant, and
hence a Poisson bracket (i.e., a skew-symmetric Leibniz bracket which verifies Jacobi
identity). Consequently we get that (R, {-, } skew) 15 actually a Poisson manifold.

We end this section by pointing out that, both Theorem 3.10 as well as Corollary
3.11 remain true if we replace the b—brackets by their skew—symmetric parts.

4 Laplace—like operators generated by geometric struc-
tures

The aim of this section is to introduce and study Laplace-like operators naturally as-
sociated to a geometric structure. For doing this, we shall need besides the geometric
structure, the manifold be endowed with a volume form, in order to have a well behaving
divergence operator. Hence, the natural environment for our purpose will be a volume
manifold (M, p) (i.e., a smooth orientable manifold together with a fixed volume form
1) endowed with a geometric structure.

Given a volume manifold (M, ;) and a vector field X, the scalar function div, X
uniquely defined by the relation £xp = (div, X )y, is called the divergence of X with re-
spect to the volume form g, where £x stands for the Lie derivative along the vector field
X. As Lxp=d(ixp) +ix(dp) and dp = 0, the relation Lyp = (div, X)p is equivalent
to d(ixp) = (div, X)u. Recall that ixp denotes the interior product of the vector field X
and the volume form p, i.e., (ixp) (X1, ..., Xno1) = pw(X, X1, ..., Xpo1), VX4, ..., X1 €
X(M), where n = dim M.

Now we have all necessary ingredients to define the Laplace-like operators associated
to a geometric structure on a manifold. These operators extend to manifolds the Laplace—
like operators from the linear setting, recently introduced in [5].

Definition 4.1 Let b be a geometric structure on a volume manifold (M, ), and U C M
an open set. Then for F' € C®(U,R), the left-Laplacian of F, is gwen by AL =
div,(VEF), and similarly, the right-Laplacian of F, is given by A = leu(VRF)

Note that C? is the sufficient regularity class in order the definition of left /right-Laplacian
holds. Nevertheless, we choose to work in the smooth class, for having a unitary approach
throughout the article, and also to avoid intricate formulations.

Let us now analyze the relations between the Laplace—like operators associated to two
different volume forms on the same manifold. More exactly, given another volume form,
w, on the volume manifold (M, p), there exists a function f € C*°(M,R) with f(m) #

1
0, Vm € M, such that w = fu. Then using the formula divy,(X) = divu(X) + 7 df - X

for the vector fields X = VL/RF, we get that AfﬁF AL/RF + = 7 df VL/R

14



More precisely, in the hypothesis of Definition 4.1, we have
1
f
or equivalently (cf. Proposition 3.6)

1

Ay F =0 F+— Vi f,ViF), A F=AF+ 7

(Vi F. Vi),

1 1
A F=ALF+ 7 {f.F}o, A F=ALF+ 7 {F, fl.

Hence, we proved the following result.

Proposition 4.2 Let b be a geometric structure on a volume manifold (M, i), and let
w be another volume form on M. Then the following relations hold

1 1
Aliw = lf:u_‘_? {fa'}ba Alﬁw = l}ju_‘_? {'>.f}b>

where f € C*(M,R) is the nowhere—vanishing function given by w = fpu.

As we deal with a geometric structure b on a volume manifold (M, ) where the
volume form p is explicitly mentioned by definition, from now on, each time the volume
form is clear from the context, we will use the shorthand notation AbL’iLR =: Af/ r

Next, we present some particular examples of Laplace-like operators, defined by a
geometric structure on a Riemannian manifold. The particularity of this case is due to
the existence of a natural divergence operator, associated to the canonical volume form

induced by the Riemannian metric.

Remark 4.3 Ifb is a geometric structure on an orientable Riemannian manifold (M, g)
and U C M an open set, then for F' € C>®(U,R), the left-Laplacian of F is given by
ALF = divy(VEF), while the right-Laplacian of F is given by AFF = divg(VF), where
div, X s the classical divergence operator induced by g, i.e., determined uniquely by the
relation Lxp, = (divy X)p,, with p, being the canonical Riemannian volume form on
M induced by g.

Let us now give a representation of the main quantities from Remark 4.3 in terms of

local coordinates, z = (x!,...,2"), where n = dim M. More precisely, the metric g is

locally represented by the symmetric and positive definite matrix

g 0
(gz'j(f))lgi,jgm gi; =49 <%, %) )

whose determinant is denoted by |g| := det(g;;).

0 0
For any vector field, locally given by X = X lﬁ +-- 4+ X "8—, the expression for
T il
div, X is

1 <= 0 .
divy X = —— (+/]g] XP). 4.1
\/@;W( lg] X*) (4.1)

15



Thus, the above equality together with the expressions (3.1) of the left/right—gradient
vector fields, imply the following local representations for the b—Laplace operators of a
C* scalar function F:

AFF =

T (V)
AfF—\/‘?ZﬁxZ(Z \g|§§>,

j=1

where the geometric structure b is locally given by the matrix

o 0
B, := (Byj(%))1<ij<n, Bij =0 (@’ @) ’

and (BY(2))1<i,j<n = B, .

Let us return now to the general case of Laplace-like operators on a volume manifold
endowed with a geometric structure, and see what happens if the geometric strcuture is
symmetric, skew-symmetric or constant.

Remark 4.4 The following assertions are direct consequences of Definition 4.1.

()

(i)

(iii)

If b is symmetric (i.e., b is a Riemannian or semi—Riemannian structure) then
AL = AR thus inducing a geometric b— Laplace operator, denoted by Ay. Partic-
ularly, sz = g 15 a Riemannian metric on M and p = pg, then Ay, = Ay, where
A, is the Laplace-Beltrami operator on the Riemannian manifold (M, g); sz =
with h a Lorentzian metric on M and p = py, then Ay = Oy, where Oy, is the
d’Alembert operator on the Lorentzian manifold (M, h).

If b is skew—symmetric (i.e., b is an almost symplectic structure) then Al =
—APR. Note that in order to exist an almost symplectic structure on M, its di-
mension must be even (dim M = 2n). Recall from Remark 3.2 that if more-
over db = 0 (i.e., (M,b) is a symplectic manifold) then for any H € C*(M,R),
the associated Hamiltonian vector field Xy equals VEH = —VEH. As Lx,b =
d(ix,b) + ix,(db) = d(dH) + ix,(0) = 0, we get that Lx,A = 0 (where A :=
(—1)/2

b", is the Liouville volume form, and b" := bA---Ab), and hence

n-times
diva Xg = 0, VH € C*(M,R). Consequently, for any H € C*(M,R), AL, H =
diva(VEH) = divy X = 0, and since Ay = ALy, it follows that also AfyH =
0. Thus, on a symplectic manifold, the Laplace—like operators defined with
respect to the Liouwville volume form, vanish identically. On the other
hand, by Example 3.8 and Proposition 4.2, it follows that if w is an arbitrary fived

volume form on the symplectic manifold (M,b), then A}, = ?EXf = —Ay,,, where
f € C®(M,R) is the nowhere—vanishing function given by w = fA.

If b is a constant geometric structure on R™ endowed with the canonical volume
form, it was recently proved in [5] that AL = AF, regardless the symmetry-like
properties of b.
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4.1 Fundamental properties of Laplace—like operators

In this subsection we provide some fundamental properties of the Laplace-like operators
on a general volume manifold endowed with a geometric structure.

Proposition 4.5 Let b be a geometric structure on a volume manifold (M, ), and U C
M an open set. Then the following identities hold, for any F,G € C*(U,R) and s,t € R

(i) AR (sF +1G) = sAY P F + 1Al a,
(i) AFR(FG) = FAMRG + GAYFF + (VY RE N RG) + oV PG, v R,
(iii) AF(FG) — FAFG — GAFF = AR(FG) — FARG — GARF.
Proof. (i) For any F,G € C*(U,R) and s,t € R we have

AFR(SF +1G) = AP (sF +1G) = div, (VP (sF + Q) = div,,(sVL/ " F + tv/F @)
— s5div, (VY F) + tdiv, (ViR G) = sal PR + 1A R G.

(71) We prove the required identity only for the left—Laplacian, since for the right—
Laplacian the arguments are similar. Thus, for any F, G € C>*(U,R) we get successively

AY(FG) = div,(Vy (FG)) = div,(GVEF) + div,(FVLG) = Gdiv, (Vi F) + (Vy F)(G)
+ Fdiv,(ViG) + (VEG)(F) = (VEF)(G) + (VEG)(F) + Fdiv,(VEG)
+ G div,(VEF) =dG - Vi F +dF - VLG + FAYG + GALF
= b(VEG,VEF) +b(VEF,VEG) + FAFG + GALFE.

(7i1) Using the previous identity, and the Proposition 3.6, it follows that for any F,G €
C>(U,R)

AFHFG) — FAFG-GALF = b(VEF,VEG) + b(VEG,VEF)
= b(VEF,VIG) +b(VEG, VER) = AF(FG) — FAEG — GAEF,

and thus we obtained the required identity. m
Recall now from the Remark 4.4 that on a symplectic manifold (M, b), the Laplace—

like operators associated to any arbitrary fixed volume form w, are given by Afw =

1
?;CX — —AL

; bw> Where f € C*(M,R) is the nowhere-vanishing function defined by
the equality w = fA, with A being the Liouville volume form. Thus, both Laplace—
like operators verify the Leibniz identity, since the Lie derivative, Lx, : C*(M,R) —
C*(M,R), do so.

Obviously, this does not happen generally for Laplace-like operators generated by
an arbitrary geometric structure b, as it is well known from classical properties of the
Laplace-Beltrami operator (if b is a Riemannian metric), or the d’Alembert operator (if
b is a Lorentzian metric).

The following result gives an analytic interpretation of the symmetric b—bracket, as
being a measure for the failure of the Laplace—like operators to verify the Leibniz identity.
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Theorem 4.6 Let b be a geometric structure on a volume manifold (M, ), and {-, -}y,
s }o.sym the associated b—bracket and symmetric b—bracket, respectively. Then
b y
1
(i) {F, Ghoom = 5 (Ag/R(FG) — FAMRG - GAf/RF) , VF,G € C*(M,R),

(i) AFEG(F) = ¢/(F)AYPF + ¢"(F){F, F},, VF € C*(M,R), Y¢ € C*(R,R).
Proof.

(i) The proof follows directly from Proposition 4.5, Definition 3.12 and Proposition
3.6.

(ii) For any F' € C*(M,R) and ¢ € C*(R,R) we get successively

A RG(F) = div, (VT o(F)) = div, (¢ (F)V, " F) = ¢/ (F) div, (V" F)
+ (VR (¢(F)) = ¢/ (F)ARF + d(¢/(F)) - v, /7 F
= ¢ (F)AYPF + ¢"(F)dF - VP F = ¢ (F)ALFF
+ " (EV(V, RE, VR E) = ¢ (F)AYRF + ¢ (F){F, F.

]

As the b—bracket, and hence the symmetric b—bracket too, are independent of
the volume form, Theorem 4.6 implies that for any volume form w on the volume
manifold (M, u), the associated Laplace-like operators verify the identities

1
() {F. Ghoam = 5 (A%R(FG) — FAMRG - GAjQRF) , VE,G € C°(M,R),

(it) ARG(F) = ¢/ (F)AF + ¢"(F){F, F}y, VF € C*(M,R), V¢ € C*(R,R).

b,w

Consequently, the following relations also hold
(i) ALRFG) - PAYRG — GAYLR P = A(PG) — FALLRG — GAYTF, YE.G €
C>(M,R),
(i) AL 0(F) — ¢/ (F)ATF = AYTO(F) — ¢/ (F)ALTF, VF € C®(M,R), V¢ €

b,u

C¥(R,R).

4.2 Laplace—like operators and geometromorphisms

This subsection is devoted to analyzing the compatibility between left/right—Laplace
operators and geometromorphisms. For doing this, we need to recall first a classical
result concerning the compatibility between divergence operators and volume preserving
diffeomorphisms. In order to provide a self-contained presentation, we shall give also a
proof of this result.
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Proposition 4.7 Let (M, ™), (N, V) be two volume manifolds, and ® : M — N a
diffeomorphism such that ®*u™N = pM. Then the following relation holds true

d* o diV“N O(I)* = diV“]\/I,

or explicitly
o* diV“N(q)*X) = diV“M X, VX e %(M)

Proof. For any arbitrary fixed X € X(M), we have
(®* div,v (P, X)) = (O* div,w (2, X)) Y = &*(div,w (2, X)) = @*(d(is, x 1))
= d(®* (g, xp™)) = d(ix (®*p")) = d(ixp™) = (div, X)u",

and consequently
o* div,n (9, X) = div,m X.
]

An important particular case of Proposition 4.7 occures when (M, u*) = (N, uv).
More precisely, the following result holds.

Corollary 4.8 Let (M,p) be a volume manifold, and Diff ,(M) = {® € Diff(M) |
O*p = p} the associated group of volume preserving diffeomorphisms. Then

div, o®, = (®71)* o div,,, V® € Diff (M),
or explicitly, in terms of group actions,
div,(7(P) e X) = 7(®) e div, X, VX € X(M), VP € Diff ,(M), (4.2)

where the actions of Diff (M) (and therefore of any of its subgroups, e.g., Diff,(M)) on
C®(M,R) and X(M), are given by

(i) T(®) @ F:= (O~ 1)*F, VF € C>(M,R), V& € Diff (M),
(1) 7(P) e X := D, X, VX € X(M), Vo € Diff(M).
The relation (4.2) actually says that the operator div,, is Diff ,(M)—equivariant.

Next result gives a natural compatibility between left /right—Laplace operators on
volume manifolds endowed with geometric structures, and volume preserving geometro-
morphisms.

Theorem 4.9 Let (M, ™M, bM), (N, ¥, 0™) be two volume manifolds endowed with ge-
ometric structures, and ® : M — N a geometromorphism such that ®p™ = M. Then
the following relation holds true

AI%R od* =P* o A;{,R,

or explicitly AR 11— (AR N
pM ( )—(I) (AbN F), VF eC (M,R).
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Proof. Using Theorem 3.4, Proposition 4.7 and the definition of b—Laplace operators
it follows that

AU 0 @ = div,n oV 0 @ = & o (8*) L o div,u 0BT 0 d, 0 Vo &
=®* o ((®*) " odiv,m 0@ ') o (P, 0 ij\/ﬁ o %)
= &* o div,w oV = & o AT

and hence we obtained the conclusion. m

Let’s see now what Theorem 4.9 becomes in the particular case when (M, u
(N, 1V, bN).

Mij)

Corollary 4.10 Let (M, u,b) be a volume manifold endowed with a geometric struc-
ture, and Diff,(M,b) := Diff ,(M) N G(M,b) the associated group of volume preserving
geometromorphisms. Then

AR oo = 0% o A" YO € Diff (M, b),
or explicitly, in terms of group actions,
AR (7 (D) o F) = 7(®) o (AFRF), VF € C¥(M,R), YO € Diff ,(M,b),

i.e., the operators AL, Al are both Diff (M, b)— equivariant.

5 Green’s identities for the Laplace—like operators

In this section we provide an equivalent of Green’s identities for Laplace-like operators
generated by a general geometric structure b. In the case when b is a Riemannian
metric, we recover the classical Green identities on Riemannian manifolds, while if b is
a symplectic structure, we recover some well known identities regarding the integration
(with respect to the Liouville volume form) of Poisson bracket of compactly supported
smooth functions.

Let us state now the main result of this section, which gives the Green—like identities
for the left /right—Laplace operators on a general geometric manifold.

Theorem 5.1 Let M be an oriented manifold with boundary, and p a volume form on
M. Let b be a geometric structure on M, and {-,-}, the associated b—bracket. Then for
any F,G € C(M,R) the following identities hold:

(i)
M M oM

(i)
| FaiGu== [ (Grhus [ Figen
M M oM
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/ (FAYG — GAJF) p= / iFng—GV{SF -
M oM
Proof.

(i) The proof is based on applying the divergence theorem to the vector field FVLG,
defined on the volume manifold (M, p1). In order to do this, we first compute

div,(FVEG) = Fdiv,(VEG) + (VEG)(F) = FALG +dF - VG
= FAEG +b(VEF, VEG) = FAEG + {F,GY,.

The above relation together with the divergence theorem yield

/FAqu:—/{F,G}bu+/ div,(FVEG)
M M M

:—/{FaG}b/H'/ ipyra b

M oM

:_/{FvG}bM+/ Figrg p,
M oM

and thus we deduce the required identity.

(ii) For this item we use the divergence theorem for the vector field FV*G. As before,
we first compute

div,(FV{G) = Fdiv,(ViG) + (VEG)(F) = FALG + dF - VG
= FALG +b(VIG,VEF) = FAJG + {G, F},.

Applying the divergence theorem we obtain

/ FARG = —/ {G, F} ,u+/ div,(FVEG) p
M M M

:—/{G>F}b,u+/ ipyra 1

M oM

:—/{G7F}bl~b+/ Fligrg p.
M oM

(iii) Using relations (i) and (i), we successively get

| pate-cafr) = [ PalGu- [ oalru=- [ (RGLu
M M M M

+/ FingM—<—/{F,G}b,U+/ Giv;}F,U>

oM M oM

= / (F ivga p—=G iv{}F M) = / iFVbLG—GV{}F H-
oM oM
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]

Before stating next result, let us recall from Riesz representation theorem that given
an oriented manifold M together with a fixed volume form g, there is a unique mea-
sure m,, on the Borel o—algebra of M, such that for every continuous and compactly
supported scalar function F' € C.(M,R),

/deM:/F,u.
M M

For detalis regarding the above mentioned remark, see e.g., [1].
The following result is a restatement of Theorem 5.1 in the case when the manifold
M is boundaryless.

Theorem 5.2 Let M be a boundaryless oriented manifold, and u a volume form on M.
Let b be a geometric structure on M, and {-,-}, the associated b—bracket. Then for any
F,G € C(M,R) the following identities hold:

(i) /MFAfG dm,, — _/M{F,G}b dmy,,
(i) /MFAfG dm,, = _/M{G, F}y, dmy,
(iii)

ator) = [

FALG dm, = / GAJF dm, = (G, A}'F),
M M

where (-,-) denotes the L*(M,m,,) inner product.

Obviously, in the case when M is a manifold with boundary, the identities from Theorem
5.2 hold also for any compactly supported smooth functions vanishing on 9M.

Remark 5.3 Note that the identities from Theorem 5.1 and 5.2 still hold true if at
least one of the smooth functions F, G is compactly supported. Consequently:

(i) if F = 1, the identities given by Theorem 5.1 reduce to
/ AMRG = / iun, 1, G € C2(M,R),
M oM P

(ii) if F =1, the identities given by Theorem 5.2 reduce to

/ ARG dm, =0, VG € C°(M,R).
M
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5.1 Green’s identities for Laplace-like operators on Rieman-
nian manifolds

In this subsection we present Green’s identities for the left/right-Laplace operators as-
sociated to a geometric structure b, defined on a Riemannian manifold (M, g). A special
case occurs for b = g, when we recover the classical Green’s identities for the Laplace—
Beltrami operator. Before stating the main result, let us recall that if (M, ¢) is an oriented
Riemannian manifold with boundary 0M, then there is a unique outward-pointing unit
normal vector field v along M. In this case the Theorem 5.1 becomes:

Corollary 5.4 Let (M, g) be an oriented Riemannian manifold with boundary OM , and
War, foym the canonical Riemannian volume forms on M and OM, respectively. Let
b be a geometric structure on M, and {-, -}, the associated b—bracket. Then for any

F,G € C*(M,R), the following identities hold:

()
/ FALG dm,,, = —/ {F, G}y, dmy,, —I—/ Fg(ViG,v) dm,,,,,
M M oM

(i)
/ FAI?G dmy,, = _/ {G. F}y dmy,,, _'_/ Fg(vl?Gv V) dmy,,,.,
M M oM

(iii)
/ (FALG — GAF) dm,,, = / g(FVLG — GVF,v) dm,,,,,
M oM

where v is the outward—pointing unit normal vector field along OM .
For b = g we obtain that Af = Al = A, (where A, is the classical Laplace—Beltrami
operator), thus the above relations become the Green’s identities on a Riemannian man-

ifold.

Remark 5.5 Note that as in the general case, the identities from Corollary 5./ still hold
true if at least one of the smooth functions F, G is compactly supported. Consequently,
if F'=1 the identities given by Corollary 5./ reduce to

/ Af/RG dmy,,, = / g(vf/RGa v) dmy,,,, VG € CZ(M,R).

5.2 Green’s identities for Laplace—like operators on symplectic
manifolds
In this subsection we provide Green’s identities for the left /right—Laplace operators on a

symplectic manifold. Before stating the result, let us recall from Remark 4.4 that if (M, b)
is a 2n—dimensional symplectic manifold manifold, then for any H € C*>°(M,R), the asso-

1)/
=)™

ciated Hamiltonian vector field Xy equals VEH = —VIH. Moreover, if A = ‘
n!
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denotes the Liouville volume form of (M, b), then divy Xy = 0, for any H € C*(M,R).
Consequently, the b—Laplace operators associated to A vanish identically, i.e.,

A H = Ap\H =0, YH € C*(M,R). If instead w is an arbitrary fixed volume form
1
on M, then the associated Laplace—like operators are given by A{fw = 2Lx, = —AL

b,w?

where f € C*°(M,R) denotes the nowhere—vanishing function given by w = fA.
Thus, the above remarks together with the skew—symmetry of the b—bracket, imply
that Theorem 5.1 becomes:

Corollary 5.6 Let (M,b) be a symplectic manifold, and {-, -}, the Poisson bracket as-

sociated to the symplectic structure b. If w is an arbitrary given volume form on M, then
for any F,G € C*(M,R)

F . . G .
/M{F,G}bw——/M?{f,G}bw—l—/aMlecw— /M{F,f}bf w 8MG ix,w,

where f € C®(M,R) is the nowhere—vanishing function given by w = fA, with A being
the Liouville volume form of the symplectic manifold (M, D).

Note that as in the general case, the above identities still hold true if at least one of

the smooth functions F, G is compactly supported. Consequently, if /' = 1 the identities
from Corollary 5.6 reduce to

1 ) o
/M?{f,G}bw:/aMIXGw, VG € C°(M,R).

Let us point out an important particular case of Corollary 5.6. More precisely, if w = A,
then {-, f}» = {f,-}» =0 (as f = 1), and hence Corollary 5.6 becomes the well known
result:

Corollary 5.7 ([3]) Let (M,b) be a symplectic manifold, and {-, -}, the Poisson bracket
associated to the symplectic structure b. If A is the Liouville volume form of (M,b), then
for any F,G € C*(M,R)

/ {F,G}bA:/ Flix, A=— G ix,A.
M oM oM
If Flopr =0 or Glay = 0 then

/ (F,G}y A = 0. (5.1)

Obviously, if OM = 0, then the relation (5.1) holds true for any F,G € C(M,R).
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5.3 The Dirichlet energy associated to a geometric structure

The aim of this short subsection is to present the Euler—Lagrange equations associated
to Dirichlet energy in the context of a general geometric structure. In the case when the
geometric structure is a Riemannian metric, we recover the classical Dirichlet energy,
whose Euler—Lagrange equation is precisely the Laplace equation associated to Laplace—
Beltrami operator while if the geometric structure is a Lorentzian metric, the Euler—
Lagrange equation corresponding the Dirichlet’s energy is exactly the wave equation
associated to the d’Alembert operator.

As we shall analyze the case of a general geometric structure, in order to define a
non-trivial Dirichet energy functional, the geometric structure it must not be skew—
symmetric. More precisely, the following result holds.

Theorem 5.8 Let M be a boundaryless oriented manifold, and p a volume form on
M. Let b be a geometric structure on M which is not skew-symmetric, and {-,-}, the
associated b—bracket. For F' € C*(M,R) we define the associated Dirichlet energy by

E(F) = %/M{F F}, dm,.

Then the Fuler—Lagrange equation for £ is

1
5(AgF +ARF) =0.
Proof. Let F' € C*(M,R) be a critical point of £. Then
d
aS(FJr AOF) |y=0= 0, YOF € C*(M,R). (5.2)

Using the properties of the b—bracket, for any 0F € C°(M,R) and any A € R, we get
1 1
E(F + NF) = §/ {F+XF,F+ XoF}, dm, = 5/ {F,F}, dm,
M M

2
a (1 [ worydm, 5 [ R dmu) 5 [ (oF5F) dm,

From the above relations together with Theorem 5.2 we obtain that
d 1 1

—g(F+)\5F) |)\:0 = —/ {F,(SF}b dmu + —/ {5F,F}b dmu
dA 2 Iy 2 Iy

1 1

:——/ AfF-édeH——/ ALF - 0F dm,
2 Ju 2 Ju
1
= —/ 3 (AYF + AJF) 6F dm,.
M

Consequently, the equality (5.2) is equivalent to

/ % (AYF + AJF) 6F dm,, =0, VOF € C*(M,R),
M
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and thus we get
%(AfF +ARF) =0.
[

In the hypothesis of Theorem 5.8, if b is a symmetric geometric structure (i.e., (M, b)
is a Riemannian or semi-Riemannian manifold) then A} = AF =: A, and consequently
the FEuler-Lagrange equations for £ is AyF" = 0. In this case the solutions to Euler—
Lagrange equations are the b—harmonic functions.

Notice that if (M, b) is a Riemannian manifold, the equation A, F' = 0 is precisely the
classical Laplace equation associated to Laplace-Beltrami operator, while if (M, b) is a
Lorentzian manifold, the equation A, F = 0 is precisely the wave equation associated to
d’Alembert operator, i.e., [, F' = 0.

6 Dynamical properties of gradient—like vector fields

In this section we present some important dynamical properties of left /right—gradient
vector fields associated to a general geometric structure on a manifold. For particular
examples of geometric structures (e.g., Riemannian or semi—Riemannian metrics, sym-
plectic structures) we recover some well known properties of various classes of vector
fields (e.g., gradient vector fields, Hamiltonian vector fields).

6.1 The flow of left /right—gradients and the b—bracket

Let us start by providing a compatibility result between the flow of a left /right—gradient
vector field generated by a general geometric structure b, and the associated b—bracket.
This is the correspondent on geometric manifolds of the similar result regarding the
Hamiltonian vector fields on symplectic manifolds, see, e.g., [3], [4].

Theorem 6.1 Let b be a geometric structure on a manifold M, and {-,-}, the asso-
ciated b—bracket. Let F € C*(M,R) be a smooth function, and Vf/RF € X(M) the
corresponding gradients. If <I>tL/R denotes the flow of Vf/RF, then for any f € C>°(M,R)

d L\x £ L\ d Rk p Rk
SO = @ L (@1 = (@) {F f,

where (@f/R)*g =go (IDtL/R, for any g € C>*(M,R).

Proof. We shall prove first the equality concerning the flow of the left-gradient. In
order to do this, for any arbitrary fixed f € C*°(M,R) we have

L@y f = (L) (df - VEF) = (@) (W(VEf, VEF))

dt
= (@) {f. F.
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The equality regarding the flow of the right-gradient follows mimetically. More precisely,
for any arbitrary fixed f € C*(M,R) we have

S (@f)f = (@F)(df - VEF) = (@8) ((VEF VL))

dt
= (D7) {F, fh,
and hence we get the conclusion. m

Corollary 6.2 Let b be a geometric structure on a manifold M, {-,-}, the associated
b—bracket, and F,G € C*°(M,R). Then the following three assertions are equivalent:

(1) {F.G}, =0,
(ii) F is a constant of motion of VEG,

(ii) G is a constant of motion of VIF.

In the case when b is symmetric (i.e., (M,b) is a Riemannian or a semi-Riemannian
manifold) or skew—symmetric (i.e., (M, b) is an almost—symplectic manifold), we recover
the well known equivalences (see, e.g., [3], [1]):

(i) {F Gl =0,

(ii) F is a constant of motion of V,G, if b is symmetric (F' is a constant of motion of
Xg, if b is skew—symmetric),

(ii) G is a constant of motion of V,F if b is symmetric (G is a constant of motion of
Xp, if b is skew—symmetric),

where VI = V& =: V,, if b is symmetric, while VI = -V = X, = {- e}, if b is

skew—symmetric.

6.2 A transport theorem

In this short subsection we present a transport theorem associated to flows of left /right—
gradient vector fields generated by a general geometric structure. This result gives also
a dynamical interpretation of the Laplace-like operators.

Theorem 6.3 Let b be a geometric structure on an oriented manifold M endowed with
a volume form p, and F € C*(M,R). If <I>tL/R denotes the flow of the left /right—gradient
vector field Vf/RF, then

d L/R _/ L/R
=, (o () = ¢5/R(U>Ab F dm,,

where U is a compact reqular domain contained in the domain of definition of the flow.
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Proof. For any compact regular domain U contained in the domain of definition of the
flow, we have

d d d ) d )
dt my (@L/R(U)> dt /L/R o dmu = E ; ((I)f/R> dmu = E g ((I)tL/R> "

d .
= [ @t [ @ Lqmu= [ @H) die, ()
U U .

= [ @rrartE = [ @ty Al am,
U

— / Af/RF dmy,,
oy /()

and thus we obtained the conclusion. =

Corollary 6.4 In the hypothesis of Theorem 6.3, the following assertions hold.
(i) If F is left/right-b—subharmonic (i.e., A L/RF > 0 on M) then the function
t— m, (@L/R(U)> is increasing. Consequently, as @g/R(U) = U, we get that

my <<I>L/R(U)) >m,(U), fort > 0.

(ii) If F is let/right-b—harmonic (i.e., L/RF = 0 on M) then the function t
my <<I>L/R(U)) is constant, and hence we obtain that m, (CDL/R(U)) =m,(U), for
t>0.

(Recall from Remark /J.j that if b is a symplectic form on M, then the b— Laplace

operators defined with respect to the Liouwville volume form p = A =

(—1)ln/2 1 S . , L/R
— b" (where n = §dim M ) vanish identically, i.e., A)"F =0 on M,
n

for any F € C°(M,R). Thus, in this case, any F € C®°(M,R) is left/right-
b—harmonic.)

(iii) If F is left/right-b—superharmonic (i.e., L/RF < 0 on M) then the function
t—m, (CDL/R(U)> is decreasing, and so it follows that m,, (CDL/R(U)> <m,(U),
fort > 0.

6.3 Periodic orbits of left /right—gradient vector fields

The aim of this subsection is to provide a result concerning the non-existence of periodic
orbits of left /right—gradient vector fields, extending to gradient-like vector fields, the
well known result for classical gradients. In order to do this we need to introduce first
some terminology.

Definition 6.5 Letb be a geometric structure on a manifold M, and {-, -}, the associated
b—bracket. Then {-,-}, is called positive definite if {F, F},(m) > 0, VF € C*(M,R),
Vm € M\ Crit(F'), where Crit(F) = {m € M | dF,, = 0}. Similarly, {-,-}, is called
negative definite if {F, F},(m) <0, VF' € C*(M,R), Vm € M \ Crit(F).
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Recall from Definition 3.12 that {F, F'}, = {F, F}psym, VE € C®(M,R). Conse-
quently, the b—bracket is positive/negative definite if and only if the associated sym-
metric b—bracket is positive/negative definite.

Next, we give the definition of a positive/negative geometric structure.

Definition 6.6 Let b be a geometric structure on a manifold M. Then b is called pos-
itive definite if (b(X,X))(m) > 0, for all vector fields X and m € M such that
X(m) # 0. Similarly, b is called negative definite if (b(X,X))(m) < 0, for all vector
fields X and m € M such that X(m) # 0

Let us recall that given a geometric structure b on a manifold M, its symmetric part,
bsym. is given by by, = 1(b+ b%), where b : X(M) x X(M) — C®(M,R) is the
non-degenerate (0,2)—tensor field given by 07(X,Y) :=b(Y, X), VX, Y € X(M). Note
that if by, is non-degenerate (i.e., by, is also a geometric structure on M), then b is a
positive/negative definite geometric structure if and only if by, is so.

Remark 6.7 If b is a positive/negative geometric structure on a manifold M, then the
associated b—braket is positive/negative definite, since

{F,F}Y, = bV F VR F), VF € C®(M,R).
Let us now state the main result of this subsection.

Theorem 6.8 Let b be a geometric structure on a manifold M, such that the associated
b—bracket is positive or negative definite. Then for any F € C*(M,R), non of the vector
fields VEF and VEF admit non—trivial periodic orbits.

Proof. Suppose that v : [0,7] — M is a non-trivial T'—periodic solution (i.e., 7 is not

a constant periodic function) of the vector field Vf/ RF. Then we get

0= (D) = FGO) = [ GFa@ = [ ape s

= [ dr - VI EO@) = [ b0 (7 FG0). 9 FO @)

0 0

- / W(VE*F, VL F)) ( (1))t = / (F, Fhy(()dt,

which contradicts the fact that {-,-}, is positive or negative definite. Thus, non of the
vector fields V£ f and V§ f admit non-trivial periodic orbits. m

Corollary 6.9 When b is a Riemannian metric on M, Theorem 6.8 reduces to the

classical result which states that for any F € C*®(M,R) the associated gradient vector
field, Vo = VEF = VEF, does not admits non—trivial periodic orbits.
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