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Abstract

A graph is edge-transitive if the natural action of its automorphism group on its
edge set is transitive. An automorphism of a graph is semiregular if all of the orbits
of the subgroup generated by this automorphism have the same length. While the
tetravalent edge-transitive graphs admitting a semiregular automorphism with only
one orbit are easy to determine, those that admit a semiregular automorphism with
two orbits took a considerable effort and were finally classified in 2012. Of the several
possible different “types” of potential tetravalent edge-transitive graphs admitting a
semiregular automorphism with three orbits, only one “type” has thus far received no
attention. In this paper we focus on this class of graphs, which we call the Woolly
Hat graphs. We prove that there are in fact no edge-transitive Woolly Hat graphs
and classify the vertex-transitive ones.
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1 Introduction

Investigation of tetravalent graphs admitting a large degree of symmetry has been an active
topic of research attracting many researchers as is witnessed by numerous publications on
the subject. Among such graphs, the edge-transitive ones (for which the automorphism
group acts transitively on the edge set of the graph) have received by far the most attention.
An edge-transitive tetravalent graph I' can be arc-transitive (the automorphism group
Aut(T") acts transitively on the set of all arcs, that is ordered pairs of adjacent vertices).
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If, however, I is not arc-transitive (but still is edge-transitive), then it is either half-arc-
transitive or semisymmetric, depending on whether Aut(T") acts transitively on the vertex
set V(T') of T or not, respectively (see for instance |21} 25]).

The tetravalent edge-transitive graphs of each of these three “types” have been thor-
oughly investigated, but these families of graphs are simply far too rich and diverse to
admit a complete classification. There is thus still an abundance of questions to be an-
swered and problems to be solved. In attacking such a wide-ranging topic, it makes sense to
investigate and possibly classify certain subfamilies of these graphs. When attempting to
solve any such problem or decide what kind of subfamilies to study, it is beneficial to have
a large database of tetravalent edge-transitive graphs. With this aim in mind, Poto¢nik
and Wilson constructed a Census [24] of all known tetravalent edge-transitive graphs up
to order 512 (known to be complete for the arc-transitive and half-arc-transitive graphs
but possibly incomplete for the semisymmetric ones) where for each graph in the Census,
various properties of the graph are given, together with several known ways on how to
construct it.

To be able to describe the graphs from the Census and more generally within the whole
family of tetravalent edge-transitive graphs it is desirable to have a large list of known infi-
nite families of such graphs. One very natural way of obtaining such families is to analyze
and possibly classify the examples admitting a semiregular automorphism (an automor-
phism having all orbits of equal length) with few orbits. It is an easy exercise to classify
all tetravalent edge-transitive graphs admitting an automorphism with just one orbit (such
graphs are known as circulants). The situation becomes much more interesting for graphs
admitting a semiregular automorphism with two orbits (these are called bicirculants). It
has taken a considerable effort of several researchers in a handful of papers before the
last step of the classification was obtained in [II]. For instance, one of the major steps
was the classification of edge-transitive Rose window graphs [12], a family of graphs intro-
duced in [27] that have since been the object of investigation in various contexts (see for
instance [10]).

While all of the examples in the case of circulants and bicirculants turn out to be
arc-transitive, the situation gets even more interesting when one considers the tetravalent
edge-transitive tricirculants, that is, graphs admitting a semiregular automorphism with
three orbits. Here, for the first time, half-arc-transitive examples start to appear. In fact,
the smallest half-arc-transitive graph, the Doyle-Holt graph (see [II, 14} [8]) turns out to be a
tricirculant. Moreover, infinite families of tetravalent half-arc-transitive tricirculants have
been constructed (see for instance [I]).

To be able to explain why we focus on a particular family of tetravalent tricirculants
in this paper we introduce a notion of a diagram and its simplifed version. We point out
that our diagrams are essentially what are known as voltage graphs and the corresponding
graphs are what are known as cyclic covers of the corresponding simplified diagrams (see
for instance [0, [15]).

A tetravalent tricirculant can succinctly be represented by a diagram in the following
way. Let p be a corresponding semiregular automorphism, let n be its order, let u, v and



w be representatives of the three orbits of (p) and let us denote these orbits by ¢, V and
W, respectively. We represent each of these three orbits by a circle, and then for each pair
of distinct z,y € {u,v,w} we join the circle representing the orbit X of = to the circle
representing the orbit ) of y by k edges, where k is the number of neighbors of x within
Y. We orient all of these edges in one of the two possible ways, say from X to ), and for
each a, 0 < a < n, such that z is adjacent to yp®, we put the label a onto this set of edges
(where we usually omit the label 0). For each z € {u, v, w} we also put a semiedge, a loop,
or a semiedge and a loop at X', whenever x has 1, 2 or 3 neighbors within X', respectively.
Note that a semiedge will be present at the circle representing X if and only if n is even
and z is adjacent to x,o”/Q. On a loop we put the label a, where 0 < a < n/2 is such that
x is adjacent to zp® (and xp~?). To indicate that p is of order n we also put an n in the
middle of the diagram. An example of a diagram is given in the left part of Figure [2 (where
we in addition indicate the names of the vertices from each of the three orbits as chosen
in Construction . The simplified diagram is obtained from the diagram by omitting n
and the labels and arrows on the edges.

Distinguishing cases depending on the maximal indegree of the three orbits of (p) (the
valency of the subgraph induced on that orbit), it is easy to see that there are 9 possible
simplified diagrams for tetravalent tricirculants (depicted in Figure . Considering the
number of 4-cycles through each edge, it is not difficult to show that none of the diagrams
with an orbit of indegree 3 (the first three) can give rise to edge-transitive graphs. Similar
considerations reveal that the simplified diagram IV gives rise to a unique edge-transitive
example (it is the graph of order 18, named C4[18,2] in [24], which in fact also corresponds
to the simplified diagram IX, of course for a different semiregular automorphism of order
6). The simplified diagram VIII takes a bit more work, but using the results of [20] one
can show that this diagram also gives rise to a unique edge-transitive example, namely
the so called wreath graph of order 6 (or equivalently the complement of the complete
multipartite graph Ka22).

The results of [26] show that there are infinitely many edge-transitive examples for
the simplified diagram V, while those of [16] 17, 25] show that there are infinitely many
edge-transitive (in fact, infinitely many half-arc-transitive and also infinitely many arc-
transitive) examples for each of the simplified diagrams VI and IX.

This leaves us with the simplified diagram VII. We call the corresponding diagram
the Woolly Hat diagram. The corresponding graphs (see Section have thus far not
been investigated. It is the aim of this paper to investigate their symmetries. One of the
main results of this paper (see Theorem is that the Woolly Hat diagram yields no
edge-transitive examples.

When constructing semisymmetric tetravalent graphs, certain structures, called LR-
structures (see [21), 22] 23]), can be very useful. The underlying graphs of these structures
are tetravalent vertex-transitive graphs, which are not arc-transitive, but have some ad-
ditional properties regarding their symmetries (see [2I] for a definition). Inspecting the
above mentioned Census [24], we find out that some semisymmetric graphs from the Cen-
sus arise via LR-structures corresponding to the Woolly Hat diagram. This motivates the
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Figure 1: The nine simplified diagrams for tetravalent tricirculants.

second part of this paper, in which we give a complete classification of the vertex-transitive
graphs corresponding to the Woolly Hat diagram (see Theorem [4.11]).

2 The family and basic properties

In this section we introduce the family of graphs corresponding to the Woolly Hat diagram
and state some of their basic properties (but see also [24] where the graphs were first
defined). Before doing this we would like to point out that throughout the paper Z, will
always denote the residue class ring modulo n, where n is a positive integer.

Construction 2.1. For each integer n > 3, for each a,b,c,d € Z,, where 2a # 0, b,c,d
are pairwise distinct and n, a, b, ¢ and d have no common prime divisor, the Woolly Hat
graph WHy, (a, b, ¢, d) is the graph of order 3n with vertex set

{Al 1 E Zn}U{BZ 1€ Zn}U{Cl 1€ Zn}
and in which for each i € Z,, we have the following adjacencies
Ai ~ Ai—ay Aita, Bi, Ci

B ~ A;, Ciyp, Cite, Cita
Ci ~ A, Bi—p, Bi—¢, Bi_q,



where all of the subscripts are computed modulo n. The Wooly Hat diagram and a corre-
sponding drawing of the graph WHy(1,0, 1,3) are given in Figure [2]

Figure 2: The Wooly Hat diagram and the graph WHy(1,0, 1, 3).

Note that, by definition, the subscripts of the vertices of WH,,(a,b,c,d) are always
computed modulo n. Note also that the assumptions that 2a # 0 in Z, and that b, c and
d are pairwise distinct ensure that the graph is regular of valency 4, while the assumption
that n, a, b, c and d have no common prime divisor ensures that the graph is connected.

Throughout the paper we abbreviate the term “a Woolly Hat graph” to a WH-graph.
We also make an agreement that the vertices of a WH-graph of the form A;, B; and C;
are called the A-vertices, the B-vertices and the C-vertices, respectively.

We first record some fairly obvious symmetries of the WH-graphs. The proof is straight-
forward and is left to the reader.

Lemma 2.2. Let I' = WH,(a,b,c,d) be a WH-graph. Then T' admits the semiregular
automorphism p, mapping according to the rule

Aip=Ait1, Bip=DBiy1, Cip=0Ciy1, i€ Ly, (1)
and the automorphism T, mapping according to the rule
AiT = A,i, B,m = Cfl', Cﬂ' = Bfi, 1€ L. (2)

In Figure 3| a symmetric drawing of the graph WHy(1,0,1,3) from Figure [2| is given
in which the automorphism p corresponds to a 4-fold rotation while the automorphism 7
corresponds to reflection over the dotted line. We remark that in Figures [2| and |3] as well
as in Figures [5] and [6] from Section [} the vertices and edges are colored in such a way that
the vertices (or edges) from the same (p)-orbit receive the same color. The sole purpose



Figure 3: A symmetric drawing of the graph WHy(1,0,1, 3).

of this coloring is to make it easier to keep track of vertices and edges in these figures and
should not be confused with the coloring of the edges we will be talking about in Section [4]

Note that WH,,(a, b, ¢, d) = WH,,(—a, b, ¢,d) and that for ' = WH,,(a, b, ¢,d) and any
q € Zpy, coprime to n, relabeling each A;, B; and C; by Ay, By and Cy, respectively,
yields WH,,(qa, gb, gc, qd). This shows that the following holds.

Lemma 2.3. Let I' = WH,(a,b,c,d) be a WH-graph and let q € Z,, be coprime to n.
Then I' 2 WH,,(qa, gb, qc, qd). In particular, I' =2 WH,,(a, —b, —c, —d).

Let I be a WH-graph and let p € Aut(T') be as in (I). The subgroup (p) of Aut(I)
then has six orbits in its action on the edge set of I'. We call the edges from the (p)-orbit of
ApA, the a-edges, those from the orbit of AgBy the left edges, those from the orbit of AgCy
the right edges, and for each = € {b, c,d} the edges from the orbit of ByC, the z-edges.

We also point out that each WH-graph has certain 6-cycles. These will play an im-
portant role in the determination of the automorphism group of the WH-graphs. For each
i € Z,, we clearly have the 6-cycles (recall that b, ¢ and d are pairwise distinct)

(Bi, Cizy, Bivv—cs Civp—ctrds Bi—etd, Citd)- (3)

We call the 6-cycles of this form the canonical 6-cycles. Observe that these 6-cycles are
characterized by the fact that for any pair of antipodal edges on such a 6-cycle there exists
an x € {b,c,d} such that both of these edges are z-edges.



3 Nonexistence of edge-transitive WH-graphs

In this section we prove Theorem which states that there are no edge-transitive WH-
graphs. One of the main tools in our proof is the following nice result of A. Lucchini, which
can be found in the book [9] (we point out that the result was discovered independently by
Herzog and Kaplan, see [7]), and has been used successfully several times before in various
classification results concerning symmetries of graphs (for instance in [2] [5, 12 13| [14] to
name just a few).

Proposition 3.1. [7,[9] Let G be a group containing a nontrivial cyclic subgroup H. If
|G| < |H|?, then H contains a nontrivial subgroup which is normal in G.

We will be applying the above result in the setting where G is the automorphism group
of a WH-graph and H is the cyclic subgroup generated by the semiregular automorphism
p from . Before stating and proving the next proposition we recall the definition of a
2-arc-transitive graph and define the notion of a quotient graph that we will be using in
this paper.

A 2-arc of a graph is an ordered triple (u,v,w) of its vertices such that u # w and v is
adjacent to u and w. A graph is 2-arc-transitive if its automorphism group acts transitively
on the set of its 2-arcs. Let I be a graph and K < Aut(I"). The quotient graph ' of T'
with respect to K is the graph whose vertex set consists of the orbits of K in its action
on the vertex set of I' and in which two distinct orbits 07 and Oj are adjacent whenever
there are u € O and v € O which are adjacent in I'. Therefore, such a quotient graph is
by definition simple (in the sense that there are no loops or multiple edges).

Proposition 3.2. Let I' = WH,(a,b,c,d) be a WH-graph and let p € Aut(T') be as in
. Suppose T' is edge-transitive and K < (p) is a nontrivial normal subgroup of Aut(T).
Then the quotient graph U'g of I' with respect to K is also an edge-transitive WH-graph.
Moreover, if I' is 2-arc-transitive, then 'k s also 2-arc-transitive.

Proof. Since K is normal in Aut(I"), its orbits are blocks of imprimitivity for Aut(I'), and
so edge-transitivity implies that there are no edges of I' joining two vertices from the same
K-orbit. Moreover, as By is clearly the only neighbor of Ay in the K-orbit of By, edge-
transitivity also implies that for each vertex of I' its four neighbors are in four different
K-orbits. Therefore, the quotient graph I' is regular of valency 4. Since K < (p) it
is now clear that I'x is a WH-graph. Moreover, the induced action of Aut(I') on ' is
edge-transitive, and if Aut(T") acts 2-arc-transitively on I', then so does this induced action
of Aut(I") on I'k. O

Our proof that there are no edge-transitive WH-graphs is carried out in two steps. We
first show that there are no 2-arc-transitive WH-graphs and then show that there are also
no edge-transitive ones. But first we make a useful observation.

Lemma 3.3. There are no edge-transitive WH-graphs of girth 3. Consequently, if the
graph WH,,(a, b, ¢, d) is edge-transitive, then b, ¢ and d are all nonzero.



Proof. Suppose I' = WH,,(a, b, ¢,d) is edge-transitive and is of girth 3. Let x € {b,¢,d}.
Since I' is edge-transitive, the edge ByC, is contained in a 3-cycle, and so By and C,
have a common neighbor. By definition of I' this is only possible if z = 0 (and this
common neighbor is Agp). But then b = ¢ = d = 0, contradicting the assumption from
Construction that b, ¢ and d are pairwise distinct. O

Using Lemma by which we can assume that a divides n, together with Lemma [3.3
a computer search for all relatively small edge-transitive WH-graphs can be performed. A
couple of hours of computation using a suitable package such as MAGMA [3] on an ordinary
computer reveals that there are no edge-transitive WH-graphs of order up to 3 - 71 (that
is, with n < 71). For ease of reference we record this fact as an observation.

Observation 3.4. There exists no edge-transitive WH-graph WH,,(a, b, ¢,d) with n < 71.
Proposition 3.5. There are no 2-arc-transitive WH-graphs.

Proof. By way of contradiction, suppose 2-arc-transitive WH-graphs exist and let I' =
WH,,(a, b, c,d) be a smallest 2-arc-transitive WH-graph. Let p be as in . By Proposi-
tion no nontrivial subgroup of (p) is normal in Aut(I"), and so Proposition implies
that |[Aut(T')| > n?. Since I is of order 3n and is 2-arc-transitive, |Aut(T")| = 3n-12-t, where
t is the order of a stabilizer of a 2-arc in Aut(I'). Then n < 36¢, and so Observation
implies that ¢ > 2. Analysing 6-cycles of I' we now show that this is not possible.

Since I' is 2-arc-transitive and possesses the canonical 6-cycles, there exists a positive
constant A such that each 2-arc of I" lies on A different 6-cycles. Clearly, any 6-cycle of T’
containing the 2-path P = (By, Ag, Cp) is of the form

(CwaBO>A0>007ny7A*y)7 (4)

where z,y € {b,c,d} are such that © = —y. Therefore, the above 2-path P lies on a
6-cycle of T if and only if 2z = 0 for some = € {b,c,d} or = + y = 0 for a pair of distinct
z,y € {b,c,d} (or both). Since b,c and d are pairwise distinct and are all nonzero (by
Lemma , 2z = 0 for at most one = € {b,¢,d} and = +y = 0 for at most one pair of
distinct z,y € {b,c,d}. Therefore, since a condition of the form 2z = 0 gives rise to one
6-cycle through P, while a condition of the form = + y = 0 for x # y gives rise to two
6-cycles through P, we have that A € {1,2,3}.

Suppose first that A = 1. Inspecting the canonical 6-cycles from we see that in this
case, for any 2-path containing no A-vertices, the unique 6-cycle through it is a canonical 6-
cycle. It thus follows that the unique 6-cycle through the 2-path (A4g, A, C) must contain
a 4-path of the form (A, Ag, Ca, Ba—z, Aa—z), where x € {b, c,d}. Therefore, Ay and A,—,
must have a common neighbor, which obviously must be an A-vertex and is thus A_, (and
so a —x = —2a). But then this 6-cycle and the one obtained by applying p® are two
6-cycles containing the 2-path (A_,, Ao, As), contradicting A = 1.

Suppose next that A\ = 3. The above discussion shows that we can assume that b = n/2
and ¢+ d = 0. Consider the corresponding three 6-cycles from . The successors of By



(in the direction of the 2-arc (Cy, Ao, Bp)) on them are Cy, C. and Cy, and so each 3-arc
whose initial 2-arc is (Cp, Ag, Bp) lies on a 6-cycle. As I' is 2-arc-transitive, each 3-arc lies
on a 6-cycle. But this clearly is not the case for the 3-arc (By, Ao, A4, By), since no two
C-vertices are adjacent, showing that \ # 3.

We are left with the possibility A = 2. Recall that in this case we can assume that
c+d =0 and b # n/2. Again, inspecting the corresponding 6-cycles from we find
that for each 2-arc (u,v,w) of I" there is a unique z € I'(w) \ {v} (here I'(w) is the set of
all neighbors of w in I') such that I" has no 6-cycle containing the 3-arc (u,v,w, z), and
moreover, that the two 6-cycles of I through (u, v, w) have precisely these three vertices
in common. We now show that this contradicts ¢ > 2. To this end, let (u,v,w) be
any 2-arc of I', let € I'(u) \ {v} and y € T'(w) \ {v} be the unique vertices such that
I’ has no 6-cycle through (z,u,v,w) or (u,v,w,y), and let u',u”,w',w” be such that
I(u) = {z,v,u", v}, T(w) = {v,w',w",y} and that T' has a 6-cycle through each of
(v, u,v,w,w') and (v, u,v,w,w”), see Figure Since one of the two 6-cycles through

e 0 9
u v’ w’
oL Y - oL oY
u// ,U// w//
'Y ° »

Figure 4: The local situation around a 2-arc in the case of A = 2.

(v, u,v) contains (u',u,v,w), we can also assume that I'(v) = {u,v’,v”, w}, where v" is
such that there are no 6-cycles through (v, u,v,v”) (note however that there is a 6-cycle
through (u/,u,v,v")). Suppose now that o € Aut(T") fixes each of u, v and w. By definition
of x and y it then also fixes each of x and y. Now, suppose that in addition « also fixes
at least one of v/, u”,v' v, w' w”. Because of the two 6-cycles through (u,v,w) it is clear
that if « fixes any of u/,u”,w’,w" it fixes each of them. Because of the two 6-cycles
through (u/,u,v) it now follows that if « fixes any of u/,u”,w’ w” it then also fixes v’
and thus also v”. Conversely, if « fixes any of v' and v”, it fixes both, and then the fact
that v’ € T'(u) \ {v} is the unique vertex such that there is no 6-cycle through (v”, v, u,u’)
implies that « also fixes v/ (and thus each of v/, u”,w’, w"). This thus shows that if « fixes
any of v/, u”,v',v",w',w” it fixes each of them. It is now easy to see that any such « also
fixes each neighbor of any of x,y,u,u”,v’,v"”,w',w”. Since I is connected, an inductive
approach then shows that « is the identity. Therefore, the stabilizer of (u,v,w) in Aut(T")
has at most one nontrivial element, and so ¢ < 2, a contradiction. O



Before stating and proving the main result of this section we review a concept from [18§]
that will play an important role in our proof. Here we only describe the part essential to
our proof, but see [18] for details. Suppose T is a tetravalent arc-transitive graph and C is
a set of cycles of ' such that each edge of T' lies on precisely one cycle from C (in other
words, C is a decomposition of the edge set of I' into cycles). If a subgroup G < Aut(T")
preserves the set C (that is, each element of G maps cycles from C to cycles from C) then
we say that C is a G-invariant cycle decomposition of I'. Our argument in the proof of
Theorem will rely on the following corollary of [I8, Theorem 4.2].

Proposition 3.6. [I8/ Let T' be a tetravalent arc-transitive graph. If T is not 2-arc-
transitive, then there exists at least one Aut(T")-invariant cycle decomposition of T'.

Theorem 3.7. There are no edge-transitive WH-graphs.

Proof. We first point out that since each WH-graph admits the automorphism 7 from
Lemma a WH-graph is edge-transitive if and only if it is arc-transitive. It thus suffices
to show that there are no arc-transitive WH-graphs. By way of contradiction, suppose
arc-transitive WH-graphs do exist and let I' = WH,,(a, b, ¢, d) be a smallest arc-transitive
WH-graph. Proposition [3.5] implies that I" is not 2-arc-transitive, and so Proposition [3.6]
implies that T' admits at least one Aut(I')-invariant cycle decomposition. Let C be one
of them. For an adjacent pair of vertices u, v of I' we denote the unique member of C
containing the edge uv by C*".

Just as in the proof of Proposition [3.5| we obtain that |[Aut(I')| > n2. Since I is of order
3n and is arc-transitive, |Aut(I')| = 3n - 4 - ¢, where ¢ is the order of a stabilizer of an arc
in Aut(T"). Then n < 12¢, and so Observation implies that ¢ > 6. In particular, ¢ > 1.
Now, let u be a vertex of I' and v, v’, w,w’ be its four neighbors, where we have denoted
them in such a way that (v,u,v’) is contained in C*¥ and (w,u,w’) is contained in C**.
Let s be the size of the intersection of the vertex sets of C** and C*". Since t > 1, there
exists an automorphism « € Aut(T") fixing v and « while moving at least one of v', w and
w’, but as C is Aut(T')-invariant, « fixes C*¥ pointwise and reflects C** with respect to u.
Consequently, « fixes each of the s common vertices of C*¥ and C*" while reflecting C*",
and so s < 2 must hold. As I' is vertex-transitive and C is Aut(I')-invariant, each pair of
distinct nondisjoint cycles of C meets in s vertices.

Consider now the left edge AgBg. With no loss of generality we can assume that
the member of C containing this edge contains the 2-path (Ag, By,C.). Applying the
automorphism 7p¢, where p and 7 are from Lemma we see that this cycle in fact
contains the 3-path (Ag, By, C., A;). Moreover, considering the orbits of this cycle under
the subgroup (p) we see that the other member of C containing the vertex By consists
solely of b- and d-edges and is thus of the form (By, Cy, By—g, Cop—d, - - .). Edge-transitivity
of I therefore implies that all members of C are of length

2n
ged(d — b,n)’ (5)

10



We distinguish two possibilities depending on what the cycle C4050 looks like.

CASE 1: there is a cycle in C containing (By, Ag, Cp).
In view of the automorphism p it is clear that, besides the cycles consisting solely of the
b- and d-edges, C consists of all the cycles of the forms

(. .. ,Ai, Ai—i—a; Ai+2a, .. .), 1 € Ly
(. .. 7Bi> Ai, Ci, Bi,C, AZ;C, CZ;C, BZ‘,QC, .. .), 1€ Zn

The first of these are of length n/ gcd(a, n) while the second are of length 3n/ged(c,n). As
both of these lengths need to equal the length from (f]), we obtain ged(d—b, n) = 2 ged(a, n)
and ged(e,n) = 3ged(a,n). In particular, {(c) is an index 3 subgroup of (a) in Z,. The
intersection of the two members of C containing the vertex Ag is thus

{Airie{a)nN{c)}={A4;:i€ {0},

and so s < 2 implies that 2¢c = 0. Lemma thus forces n to be even and ¢ = n/2.
The cycles from C are therefore of length 6, n is divisible by 6, and the two members of
C containing Ay meet in their antipodal pair of vertices. However, considering the two
members of C containing By we see that the antipodal vertex in one of them is By, /5, while
in the other one it is a C-vertex, which contradicts vertex-transitivity of I'.

CASE 2: no cycle in C contains (By, Ag, Cp).

With no loss of generality we can then assume that the cycle C4950 contains (By, Ag, Aa),
and so applying p we see that besides the cycles consisting solely of the b- and d-edges, the
only other members of C are of the form

(- cey Bi7 Ai7 Ai-‘,—av Ci-l—av Bi—l—a—a Ai+a—07 Ai+2a—ca Ci+2a—ca Bi+2a—2c; .. -)7 1€ Zn
This implies that the two members of C containing the vertex By are of the form

cPo%: (..., Cog-p, By—p,Ca, By, Cy, By_a, .. .)

CcPoCe. (...,Cy, Au, Ag, By, Ce, A, . . ).
Since t > 1, there exists an automorphism a € Aut(I') fixing each of By and Cj but
interchanging Ag and C.. It follows that a fixes the cycle CBoCv pointwise and reflects

CBoCe with respect to By. In particular, « fixes By_4 and interchanges Ag with C., and
thus also C40%0 with C¢Be-d. Observe that these two cycles are of the form

CAOCO : ( oy Ba,A—q, Ao, Co, B, ... )
CYBe=d: (1., Corprds Beeb, Coy Be—dy Ched, - - .)-

Therefore, o maps Cpy.—gq to one of B_, and B_.. However, the fixed vertex By_4 is
adjacent to Cpy._q but is clearly not adjacent to any of B_, and B_., bringing us to the
final contradiction. O
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4 The vertex-transitive WH-graphs

While there are no edge-transitive WH-graphs, one can find vertex-transitive examples.
In fact, as the next two propositions show, there are infinitely many of them. Before
introducing the corresponding two infinite families we make a simple observation. Let
I' = WH,(a,b,c,d) be a WH-graph and recall that I' admits the automorphisms p and 7
from Lemma [2.2] The subgroup (p, 7) of Aut(T') has two orbits on the vertex set of I' with
one orbit consisting of all the A-vertices. It thus follows that I' is vertex-transitive if and
only if there is an automorphism of I mapping at least one A-vertex to a B- or a C-vertex.

Proposition 4.1. Letn > 4 be an even integer and let a, b, ¢, d be integers with 1 < a < n/2
and 0 < b,c,d < n such that b, c and d are pairwise distinct, a, b and d are odd, while ¢ is
even, and each of the following holds:

e d=2a-+b;
e 2¢ = 3a + 3b.

Then the graph WH,,(a,b, ¢, d) is vertez-transitive.

Proof. By the comment preceding the statement of this proposition we only need to exhibit
an automorphism of I' = WH,, (a, b, ¢, d) mapping an A-vertex to a B- or a C-vertex. Let o
be the permutation of the vertex set of I' defined by the rule given via the following table,
where ¢ € Zy,:

1mod 2 H Ao ‘ B;o ‘ Cio
0 B; Cite A;
1 Ci—avd | Aitatd | Bi—pte—d

Due to the assumptions on the parity of a, b, ¢ and d it is clear that ¢ is indeed a permutation
of the vertex set of I'. Using the assumption that 2a = d — b and 2¢ = 3a + 3b one can also
verify that it preserves adjacencies. For instance, while it is clear that the a-edges A;A;14
with ¢ even are mapped to edges of I', one can use the assumption d = 2a + b to see that
also for ¢ odd the vertex A;q0 = Bji, is adjacent to A;0 = C;_q1q = Citqrp. Similarly,
to see that the right edges A;C; with i odd are mapped to edges of I', one needs to show
that Cj_q1q and B;_pyc—q are adjacent. As d = 2a + b and 2¢ = 3a + 3b, we see that
Ci—atd = Citarp and Bi_pyrec—q = Bi2a—2012c—c = Biyatb—c are indeed adjacent. That o
preserves all other adjacencies is verified in a similar way and is left to the reader. O

Figure |5 shows symmetric drawings of the graphs WHy(1,3,0,1) and WHy(1,3,2,1),
the smallest two members of the family of vertex-transitive WH-graphs from Proposi-
tion [4.1] The colors of the vertices are consistent with Figure[2] For each of these drawings
the 6-fold rotation is an automorphism mapping an A-vertex to a B-vertex. We remark
that the counterclockwise rotation corresponds to the automorphism op? in the case of
WH4(1,3,0,1) and to the automorphism o in the case of WHy(1,3,2,1), where o is as in
the proof of Proposition [{.1] and p as in Lemma [2.2]
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(a) WH4(1,3,0,1) (b) WHA4(1,3,2,1)

Figure 5: The smallest two examples of the family of WH-graphs from Proposition

Proposition 4.2. Let m > 3 be an odd integer. Then the WH-graph WHy,, (2, m—2,0, m+
2) is vertez-transitive.

Proof. As in the previous proof, we only need to show that there exists an automorphism
of I' = WHy,,, (2, m — 2,0, m + 2) which maps an A-vertex to a B- or a C-vertex. Since m
is odd, there is a unique ¢ € {1,3} such that m = ¢ (mod 4). Let 6 be the permutation of
the vertex set of I' defined by the rule given via the following table, where ¢ € Z,,:

tmod 4 H A0 ‘ B;6 ‘ C;0
0 B; A; C;
2 Citm | Aitm | Bitm
4-9 Bi—m Ci—m Ai—m

Using the fact that m is odd and m = 6 (mod 4), it is easy to verify that € is indeed a
permutation of the vertex set of I'. Since ¢ = 0, it is clear that # maps all of the c-edges,
the left edges and the right edges of I' to edges of I'. As a = 2 it is also easy to verify that
the a-edges of I' are all mapped to edges of I'. To see that the b- and the d-edges are also
mapped to edges of I' observe that m —2=m+2=4—06 (mod 4). It is now not difficult
to verify that the b- and the d-edges are mapped to edges of I'. For instance, in the case of
i =0 (mod 4), we see that B;# = A; is indeed adjacent to Cjtpm—20 = Ajpm—o-m = Ai—2
and Ciim420 = Ajrm+2—m = Aijra. We leave the remaining three cases to the reader. [

It turns out that WHg(2,1,0,5) and WHg(2, 1,4, 5) are both vertex-transitive and are
nonisomorphic. A symmetric drawing of each of them which is given in Figure [6]shows that
the 6-fold rotation is an automorphism mapping an A-vertex to a B-vertex. Clearly, these
two graphs belong to neither of the two families from Proposition and Proposition [£.2]
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Our goal in the remainder of this section is to prove that each vertex-transitive WH-graph
which is not isomorphic to one of these two sporadic small graphs is isomorphic to a WH-
graph from one of the two infinite families given by Proposition [£.1] and Proposition .2

(a) WHs(2,1,0,5) (b) WHs(2,1,4,5)

Figure 6: The two sporadic vertex-transitive WH-graphs.

We start by introducing some further terminology and by making a few useful obser-
vations, which we record in Proposition for ease of reference. Let I' = WH,,(a, b, ¢, d)
be a vertex-transitive WH-graph and let H = (p, 7), where p and 7 are as in Lemma 2.2}
Since I is vertex-transitive, Theorem implies that the four edges incident to Ag are
not in the same Aut(I')-orbit. As these four edges come from two H-orbits, Aut(I") has
precisely two orbits on the edge set of I' and each vertex is incident to two edges from
each of these two orbits. Let R be the Aut(I')-orbit of the edge AgA,. Applying p~% we
see that A_,Ag € R, and so AgA, and A_,Ag are the two edges from R incident to Ap.
Letting B be the Aut(I')-orbit of the edge AygBy we thus see that R and B are the two
Aut(I')-orbits on the edge set of I'. We call the edges from R red and the ones from B
blue. Since each vertex is incident to two red and to two blue edges this gives rise to red
cycles and blue cycles.

The red cycle containing the red edge AgA, is (Ao, Aa, A2a,-..,A_g) and is thus of
length n/ged(a,n). Since AgBy is blue, there is precisely one x € {b, ¢, d} such that BoC,
is also blue. With no loss of generality assume ByC, is blue. Applying p¢ we thus see that
the blue cycles are of the form (A;, B;, Cite, Aite, Bite, Citoc, Aitocy -, Cie), @ € L. Tt
follows that the red cycle through By is (Bo, Cy4, Bi—b, Cad—b, Ba(d—p), - - - Cp) and is thus
of length 2n/ged(d — b,n). Since all red cycles must be of the same length, we must have
that 2ged(a,n) = ged(d — b,n). In particular, n and the order |a| of a are both even.
Our agreement regarding the colors of edges can be seen in Figure [7] where the choice of
colors is represented via the Wooly Hat diagram and is shown in the case of the WH-graph
WH,(1,3,0,1).
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C3

Figure 7: The red and blue edges and a basic 6-cycle in WHy4(1,3,0,1).

Recall that each WH-graph possesses canonical 6-cycles and note that each canonical
6-cycle consists of four red and two blue edges where the blue edges are antipodal on this
cycle. We call all 6-cycles consisting of four red and two blue edges where the blue edges
are antipodal on this cycle basic. Since I' is vertex-transitive, there exists a basic 6-cycle
containing the red 2-path P = (A, A4, Aaq). Since no red 2-path can connect a B-vertex
to a C-vertex it follows that the two blue edges of any basic 6-cycle containing P are either
both left edges or are both right edges. It is thus clear that one of 2a =d—0b or 2a =b—d
must hold. With no loss of generality we assume that 2a = d — b holds. An example of a
basic 6-cycle in the graph WHy(1,3,0,1) is highlighted in Figure [7]

Suppose one of b and d is 0, say b = 0. Then the red edge BoC} lies on a 3-cycle
containing two blue edges. Since R is an Aut(I')-orbit the same should hold for the red
edge ByCy, clearly forcing d = 0 and thus contradicting the fact that d # b. Therefore, b
and d must both be nonzero.

We finally look at the intersections of blue and red cycles. The intersection of the blue
and the red cycle containing the vertex Ag is

{Aizie(a)n ()} (6)

On the other hand, taking into account that d — b = 2a, the intersection of the blue and
the red cycle containing the vertex By is

{Bi:i€ 2a)N{c)} U{Ci: i € (b+ (2a)) N{c)}.

Note that the distance on the corresponding blue cycle between any two vertices from @
is a multiple of 3. However, the distance on the corresponding blue cycle between By
and any potential vertex from {Cj: ¢ € (b+ (2a)) N (c)} is never a multiple of 3. By
vertex-transitivity we thus get

(b+(2a))N{c) =0 and (a)N{c) = (2a) N {(c). (7)
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This shows that lem(ged(a, n), ged(e,n)) = lem(ged(2a,n), ged(c,n)). Since the order of a
is even, ged(2a,n) = 2ged(a,n), and so ged(e,n) is even. In fact, if we define the 2-part
of a positive integer m to be 2, where k > 0 is the largest integer such that 2% divides m,
we have thus shown that the 2-part of ged(c,n) is larger than the 2-part of ged(a,n). We
record all of the above observations for ease of future reference.

Proposition 4.3. Let T' = WH,,(a, b, ¢, d) be a vertez-transitive WH-graph. Then, chang-
ing the roles of b, ¢ and d if necessary, the following hold:

® 1 is even.

e b and d are both nonzero.

e 2a=d—b.

e The 2-part of ged(e,n) is larger than the 2-part of ged(a,n). In particular, c is even.

e The two Aut(T')-orbits on the edge set of I' are B and R, where B consists of all the
left, the right and the c-edges, while R consists of all the a-, the b- and the d-edges.

Our classification of the vertex-transitive WH-graphs relies heavily on the analysis of
certain structures in these graphs in relation to the two colors of edges. In particular, the
following notion will play an important role. We say that two vertices of a WH-graph are
basically R-antipodal if there exists a basic 6-cycle on which each of them is incident to
two red edges (and so they are antipodal on this cycle). We also say that a path, a walk
or a cycle is red (blue, respectively) if all of its edges are red (blue, respectively) and is
alternating if no two consecutive edges of it are of the same color.

Before proceeding with our analysis a remark is in order. Observe that the above result
ensures that for a vertex-transitive I' = WH,,(a, b, ¢, d) the order of a is even. Therefore,
d — b = 2a implies that the orbits of the subgroup (p?*), where p is as in (), are blocks
of imprimitivity for Aut(T") (each of them coincides with a set consisting of every other
vertex of a red cycle). One could thus consider the quotient graph with respect to these
blocks (where we regard the “double” red edge as a single edge) and obtain a cubic graph
on which the induced action of Aut(I') is vertex-transitive. This graph is of course a
tricirculant (in the sense that it admits a semiregular automorphism with three orbits),
and so one could use the results of [I9] where all cubic vertex-transitive tricirculants were
classified. Nevertheless, the relevant result, namely [19, Theorem 4.2], only classifies the
graphs up to isomorphism, its proof is very long and technical (about 11 pages), and even
so one would still need to carefully examine what the conclusions of that result on our
quotient graph say about the original parameters n, a, b, ¢ and d. Especially so since the
quotient might (and in fact quite often is) be one of the sporadic small graphs of orders 6
(the prism) and 12 (the truncation of K4) from [19, Table 1]. This is why we have decided
to take a direct approach without referring to the results of [19].

We start our analysis with a useful observation regarding red 2-paths and basic 6-cycles.

Lemma 4.4. LetI" = WH,,(a, b, ¢, d) be a vertex-transitive WH-graph where the parameters
n, a, b, ¢ and d are as in Proposition[{.3. Then the following hold:
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o [fda # 0 then each red 2-path lies on precisely two basic 6-cycles.
o [fda =0 then each red 2-path lies on precisely four basic 6-cycles.

Proof. Let us consider the basic 6-cycles containing the red 2-path (By, Cy, B4—p). Clearly,
if at least one of its two blue edges is a left edge (and so there are also two a-edges on this
cycle) then both are left edges. If this is indeed the case, then the 6-cycle must contain
(Ao, By, Cyq, By—p, Aq—p). Since d —b = 2a, one of the possibilities for the remaining vertex
of this basic 6-cycle is A,. The only other possibility is A_, which gives rise to a 6-cycle
if and only if —2a = 2a (which is equivalent to 4a = 0). A similar situation occurs if
both blue edges are c-edges, where we seek for red 2-paths connecting C. and Cy_p1.. One
possibility results in a canonical 6-cycle while the other is only possible if 2(d — b) = 0,
which is of course equivalent to 4a = 0. O

Let I' = WH,(a,b,c,d) be a vertex-transitive WH-graph, where a,b,¢,d are as in
Proposition [£.3] Consider the part of I depicted on Figure [§] We see that the blue edge

BO AO Oa+b Aaer

CQa—i—b Aa Ba A2a+b

By, Azq Csa+b  Asatp

Figure 8: The situation around the blue edge A, B,.

A, B, has the property that each of its endvertices has a basically R-antipodal vertex,
say u for one endvertex and v for the other, such that u and v are connected by a blue
edge. Let p and 7 be as in Lemma Since B is an Aut(I')-orbit and 7p¢ flips the blue
edge ByC,, there is an automorphism 7 € Aut(I') such that A,n = By and B,n = C..
Then Cy,4pn is basically R-antipodal to By, Aoq1pn is basically R-antipodal to C., and
Coq4pm is connected to Asqipn by a blue edge. The next result gives the three possible
conditions on the parameters that are obtained from the corresponding analysis of the
different possibilities.

Proposition 4.5. Let I' = WH,(a,b,c,d) be a vertex-transitive WH-graph where the pa-
rameters n, a, b, ¢ and d are as in Proposition[{.3 Then one of the following holds:

e 2¢ = 3a + 3b.
e 4a =0 and 4c = 4b+n/2.
e 4c = 4a + 4b.
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Proof. Let n € Aut(I') be as in the paragraph preceding this proposition. We consider
the possibilities for Cyq1pm and Asqypn and analyse the different corresponding conditions
under which these two vertices are connected by a blue edge.

Suppose first that 4a # 0. Then Lemma [4.4] implies that there are only two possibilities
for each of Couypn and Aoy ypn. It is easy to verify (see Figure @ that in this case

C2a+b77 S {Aa+ba CQa+2bfc} and A2a+bn S {Acfafby B2072a72b}-

If Coqipn = Agap, then for this vertex to be connected to As,ipn by a blue edge we

BQa+b—c C2c—2a—b

Figure 9: The situation around the blue edge ByC. when 4a # 0.

must have that Asqpm = Baoc 9495 and a + b = 2¢ — 2a — 2b, that is 2¢ = 3a + 3b.
Similarly, if Asqysn = Ac—a—p, then Coq1pn = Coqyop— and ¢ —a — b = 2a + 2b — ¢, again
yielding 2¢ = 3a + 3b. The only remaining possibility is that Cosipn = Cogiop— and
Asgipn) = Bac—2q—2p With 3¢ — 2a — 2b = 2a + 2b — ¢, that is 4¢ = 4a + 4b.

Suppose now that 4a = 0. Since 2a # 0, this implies that n is divisible by 4 and that
a € {n/4,3n/4}. This time Lemma implies that there are four possibilities for each
of Coqtpn and Agqypn. However, as is evident from Figure [I0] the extra possibilities are
just the antipodal vertices on the corresponding red 4-cycles (which are just the vertices
obtained by adding n/2 to the subscript) of the vertices obtained in the case of 4a # 0. In
other words,

Coa+6M € {Aptnyas Abs3njas Cob—cs Cop—cynya}
and
Azaiom € {Acbin/as Ae—bi3n/4> Bac—2b, Boc_opynsa}-

If one of Ay, /4, Apy3n/4 is connected by a blue edge to one of Ba._9p, Boc_gp4n /2, then
2c¢ = 3b+n/4 or 2c = 3b+ 3n/4. Exchanging the roles of a and —a if necessary (note that
2a = 2(—a), and so we do not violate the assumption d = 2a+ b this way) we thus see that
2¢ = 3a + 3b. A similar conclusion can be made if one of Cop_, Cop_c1y 2 is connected
by a blue edge to one of A._y /4, Ac_pi3n/4- Finally, suppose one of Cop—c, Cop_cyp2 18
connected by a blue edge to one of By, 2p, Boc_gp4n/2. Then one of 4c = 4b(= 4b + 4a) or
4c¢ = 4b + n/2 holds, as claimed. O
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Aa+b Ab Acfb Acfafb

By Ce Bey Ac—a—b—i—n/Q

Ac7b+n/2
Cchb B2cf2b

Aa+b+n/2 Ab+n/2
Cbec Bbfc

Cb+n/2 Bn/2 C’c-i-n/2 Bc—

CZb—c+n/2 Bb—c+n/2 CQc—b+n/2 BZC—2b+n/2

Figure 10: The situation around the blue edge ByC, when 4a = 0.

We now show that each of the three possibilities from the above proposition leads to
the graphs from Proposition Proposition 4.2] or to the two sporadic examples with
n = 8, mentioned at the beginning of this section. The first possibility is easy to handle,
while the other two require a more detailed analysis of the structure of the corresponding
graphs.

Proposition 4.6. Let I' = WH,,(a,b, ¢, d) be a vertex-transitive WH-graph where the pa-
rameters n, a, b, ¢ and d are as in Proposition[{.3 If 2c = 3a + 3b then a,b and d are all
odd, and so I belongs to the family of graphs from Proposition [{.1]

Proof. Proposition implies that n is even, and so 2¢ = 3a 4 3b implies that a + b is also
even. Therefore, a and b are of the same parity. Since d = 2a + b and c is even, the fact
that by definition I is connected implies that a, b and d must all be odd. OJ

Proposition 4.7. Let WH,,(a,b, c,d) be a vertez-transitive WH-graph where the parame-
ters n, a, b, ¢ and d are as in Proposition 4a = 0 and 4c = 4b+n/2. Then n =8,
c €{0,4} and, exchanging the pair {b,d} with {—b,—d} if necessary, {b,d} = {1,5}.

Proof. Let I' = WH,,(a, b, ¢, d) and suppose 4a = 0 and 4c¢ = 4b + n/2. Since 2a # 0 but
4a = 0, n is divisible by 4 and a € {n/4,3n/4}. Consequently, as 4(c —b) = n/2, n in
fact must be divisible by 8. Since a is thus even, b must be odd (otherwise, as ¢ is even
and d = b+ 2a, T" is not connected). Moreover, no odd prime divisor of n can divide b
as otherwise it would also divide ¢ (and of course a), again contradicting the assumption
that I' is connected. Therefore, b is coprime to n, and so Lemma implies that we can
assume b = 1. We thus get 4¢c = 4+ n/2, and so 2(c — 1) € {n/4,3n/4} = {a,—a}.
Consider now the situation around the blue 2-path (Ag, By, C.) depicted on Figure By
vertex-transitivity and since 7 € Aut(I") there exists n € Aut(I') mapping Ay to By, By
to Ag and C. to Co. Note that {Bac—21, Boc—o4n/2m} and {Coc—17, Coc_14n/on} are pairs
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Age—oqns2 Bac—ognsz Coc—iqnjz Be—iynj2

Figure 11: The situation around the blue 2-path (Ag, By, C¢).

of antipodal vertices on the same red 4-cycle. Since {Aac—27, Age—94n/2m} = {C1, Ci4n 2}
and {Bc-17, Be_14n/2m} = {B-1, B_14n/2}, We see that

{320727” B2c—2+n/277} € {{Alv A1+n/2}v {Blfc’ Bl—c+n/2}}

and
{C2c—1777 C2cfl+n/277} € {{A—h A71+n/2}7 {Cc—17 Cc71+n/2}}‘

Since all of the indices of these two B-vertices and these two C-vertices are odd (recall
that ¢ and n/2 are both even) and b =1 and d = 1+ n/2 are also odd, it thus follows that
there are no red edges between the pairs {B1_¢, Bi_cin/2} and {Ce—1,Co_14p/2}, and so
the only possibility is that {A1, A4, 2} and {A_1, A_14, )2} are the two pairs of antipodal
vertices on the same red 4-cycle. But then —1 4 n/4 € {1,1 + n/2} which is clearly only
possible if —1 + n/4 = 1, implying that n = 8. To complete the proof, observe that since
a is even, Proposition implies that c is divisible by 4, and so ¢ € {0,4}, completing the
proof. O

We now finally analyse the last of the three possibilities from Proposition In fact,
in view of Proposition 4.6, it suffices to consider the possibility that 4c = 4a + 4b but
2¢ # 3a + 3b. Before making this analysis we introduce some more terminology. Suppose
I' = WH,,(a, b, ¢,d) is a vertex-transitive WH-graph where the parameters n, a, b, ¢ and d
are as in Proposition [£.3] and 4c = 4a + 4b but 2¢ # 3a + 3b. Note that this implies that
we cannot at the same time have 4a = 0 with 4¢ = 4b + n/2.

Suppose first that 4a # 0. The proof of Proposition [4.5] then reveals that for the blue
edge ByC, there is a unique basically R-antipodal vertex of By (namely Co,y9p_) and a
unique basically R-antipodal vertex of C. (namely Ba._2,—25) such that these two vertices
are connected by a blue edge. Since B is an Aut(I')-orbit this means that for any blue
edge uv there is a unique blue edge u/v’ such that v’ is basically R-antipodal to v and v’
is basically R-antipodal to u. In this case we say that the blue edge u/v' corresponds to
the blue edge uv and more precisely that the blue arc (u',v") corresponds to the blue arc
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(u,v). Of course, the relation of correspondence is symmetric and if (u’,v’) corresponds to
(u,v), then (v',u") corresponds to (v,u). Using the automorphism p from (1)) and the fact
that we have the situation from Figure [§] we clearly get the following.

Lemma 4.8. Let WH,,(a, b, c,d) be a vertez-transitive WH-graph where the parameters n,
a, b, ¢ and d are as in Proposition [{.3 Suppose 4a # 0, 4¢ = 4a + 4b and 2¢ # 3a + 3b.
Then the following holds for each i € Zy,:

e (A;, B;) corresponds to (Aiyatb, Citatb)-

o (Bi,Ciyc) corresponds to (Biyac—2a—2bs Cit3e—2a—2b)-

The situation is slightly different in the case where 4a = 0. Namely, the proof of
Proposition [£.5] reveals that in this case there are two blue edges that correspond to a
given blue edge in the above sense. However, in the case of 4a = 0 each blue edge clearly
lies on four basic 6-cycle but on each of them the antipodal blue edge is the same. We
can thus speak about basic pairs of blue edges (two blue edges lying on the same basic
6-cycle). In this sense however each basic pair of blue edges corresponds in the above way
to a unique basic pair of blue edges and it is also clear how to again introduce this concept
for blue arcs. Since the “basic counterpart” of (A;, B;) is (Ajypn/2, Bijns2) and similarly

for the other two types of blue edges, we simplify the notation by writing (A;, B;) for
{(Ai, Bi), (Aitns2; Biyny2)} (and similarly for the other types of blue edges). With this
agreement it is now easy to see (see also Figure that we get the following.

Lemma 4.9. Let WH,,(a, b, ¢,d) be a vertez-transitive WH-graph where the parameters n,
a, b, ¢ and d are as in Proposition [{.3. Suppose 4a = 0 and 4c = 4b but 2¢ # 3a + 3b.
Then the following holds for each i € Zy,:

e (A;, B;) corresponds to (Aitatb, Citatb)-

® (B;,Ciyc) corresponds to (Bitac—ab, Citae—2p)-

Proposition 4.10. Let I' = WH,(a,b,c,d) be a vertex-transitive WH-graph where the
parameters n, a, b, ¢ and d are as in Proposition [{.3 If 4c = 4a + 4b but 2¢ # 3a + 3b
then n = 4m for an odd integer m, ¢ = 0 and, using an isomorphism from Lemma [2.3 if
necessary, we have that a =2, b=m — 2 and d = m + 2. In particular, I' belongs to the

family of graphs from Proposition [4.1]

Proof. As was explained in the paragraphs preceding Lemma and Lemma, we have
the notion of corresponding pairs of blue arcs (if 4a # 0) or corresponding pairs of basic
pairs of blue arcs. We claim that a + b is of order 4 (in Z,,). We describe how to see this
in the case that 4a # 0 but a completely analogous argument works also in the case of
4a = 0, where one needs to work with correspondence between basic pairs of blue arcs
instead of correspondence between blue arcs. Suppose then that 4a # 0 and let us consider
the following. We start at a given blue arc (u, v) and then inductively construct a sequence
of blue arcs as follows. Let (u/,v’) be the corresponding blue arc of (u,v). There is then
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a unique blue arc of the form (u/,w), where w # v'. The blue arc in our sequence that
follows (u,v) is then set to be (v/,w). Now, using Lemma [4.8 and taking into account the
assumption 4c¢ = 4a + 4b we find that starting with the initial blue arc (By, C.) we get the
sequence

(307 Cc) — (B2c72a72b7 A2072a72b) — (CQCfafln Bcfafb) — (Caer; Aaer) — (BO; Cc) —

which thus has precisely four distinct elements. As B is an Aut(I')-orbit and we have the
automorphism 7 from , the same must hold for the sequence starting with the blue arc
(Ag, By). Here we get the sequence

(Ao, Bo) = (Aatbs Batb) = (A2a126, Baarap) = -+,

thus showing that a 4 b is of order 4 in Z,, as claimed.

This implies that n is divisible by 4 and 4c = 0. Moreover, no odd prime divisor of n
(which of course divides ¢) can divide any of a and b since otherwise it divides both (and
thus also d = 2a + b), contradicting the assumption that I' is connected. Moreover, since
c is even at least one of a and b is odd, and so is coprime to n. Now, suppose b is even.
Then a is odd and thus coprime to n, and so 0 € b+ (2a), contradicting . Therefore, b
is odd and thus coprime to n.

If a is odd, then Lemma [2.3] implies that we can assume a = 1, and so a + b being
even and of order 4 forces n to be divisible by 8 and b € {n/4 — 1,3n/4 — 1}. Us-
ing Lemma with ¢ = —1 if necessary we can thus assume that {b,d} = {n/4 —
1,n/4 + 1}. Now, 4¢ = 0 implies that ¢ € {0,n/4,n/2,3n/4}. Consider the closed
walk (Ao, A1, A2,..., Apa—1,Crja—1, Bo, Aog) of length n/4 + 2 and note that its first
n/4 — 1 edges are red, which are then followed by a blue, a red and another blue edge.
Vertex-transitivity and the fact that we have the automorphism 7 imply that there is
an automorphism 7 € Aut(I') mapping this walk to a walk starting with the red 2-path
(Bo, Cpjat1, B2). Then A, _9n = B, /4o (recall that n/4 is even) and thus A, /,_1n =
Cpj2—1- Clearly, if n maps at least one of the two blue edges of the above walk to a left
or a right edge, none of them can be mapped to a c-edge. But as Ag and A,,/,_; are not
adjacent, this shows that n maps both blue edges of the walk to c-edges, and so C, and
By, j2—1—. are adjacent via a red edge, that is 2¢+1+n/2 € {n/4 —1,n/4 + 1}. Since
2c € {0,n/2}, this is only possible if n = 8 and 2¢ = 4. But then the blue edge ByC. lies
on two alternating 4-cycles, while the blue edge AgBy lies on just one, a contradiction.

This finally shows that b is odd and a is even. Since 4(a +b) = 0 and a + b is
odd, n = 4 (mod 8). Since the 2-part of ged(a,n) is at least 2 and the 2-part of n is 4,
Proposition and 4c¢ = 0 imply that in fact ¢ = 0 and the 2-part of ged(a,n) is 2. In
view of Lemma [2.3] we can thus assume that a = 2. As a + b is of order 4 in Z,, we must
have that b € {n/4 —2,3n/4 —2}. If b =n/4 — 2 then d = b+ 2a = n/4 + 2. If however
b=3n/4— 2, then d = 3n/4 + 2 and using Lemma with ¢ = —1 shows that we can in
fact assume {b,d} = {n/4 —2,n/4 + 2}, as claimed. O

This finally proves the main result of this section.
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Theorem 4.11. Let I' = WH,,(a,b,c,d) be a WH-graph. Then T' is vertez-transitive if
and only if n is even and after possibly changing the roles of b, ¢ and d, possibly replacing
a by —a and possibly using an isomorphism from Lemma[2.5 we have that d = 2a + b and
one of the following holds:

(1) T 4s one of WHg(2,1,0,5) and WHg(2,1,4,5), or
(2) a, b and d are all odd, c is even and 2¢ = 3a + 3b, or
(3) n=4m with m > 1 odd and T' = WHy,,(2,m — 2,0, m + 2).

We remark that the smallest two members of the family from item (2) of the above the-
orem are the nonisomorphic graphs WHy(1,3,0,1) and WHy(1,3,2,1), while the smallest
member of the family from item (3) of Theorem is the graph WH;2(2,1,0,5).

5 Concluding remarks

As was mentioned in the Introduction, tetravalent vertex-transitive but not arc-transitive
graphs can be useful when constructing tetravalent semisymmetric graphs. In particu-
lar, [2I, Theorem 5.2| states that each worthy (no two vertices have the same set of neigh-
bors) tetravalent semisymmetric graph of girth 4 arises from what is called a “suitable
LR-structure” (see [2I] for the definition). Not to add too much to the length of this pa-
per, let us simply say that the results of the previous sections imply that vertex-transitive
WH-graphs are very good candidates for suitable LR-structures. In particular, Lemma [2.2
and Theorem [3.7] imply that a vertex-transitive WH-graph together with the natural col-
oring of its edges, described in Section [4] giving rise to the red and blue cycles, is a suitable
LR-structure if and only if it has no alternating 4-cycles and for any of its vertices there
exists an automorphism fixing this vertex and two of its neighbors while interchanging the
other two neighbors.

It is easy to see that, of the WH-graphs appearing in Theorem precisely those
from item (2) with the extra condition a € {£b, £d} have alternating 4-cycles. Moreover,
one can verify that the two sporadic examples WHg(2,1,0,5) and WHg(2, 1,4,5) do admit
automorphisms fixing a vertex and two of its neighbors while swapping the remaining two
neighbors. Moreover, as the automorphism 6 from the proof of Proposition [£.2] fixes the
vertex Cy and each of B_,,_ o and B_,,1o while swapping By with Ag, the only vertex-
transitive WH-graphs that might not give rise to suitable LR-structures, are the ones from
item (2) of Theorem [4.11]for which either a € {£b, £d} or the only nontrivial automorphism
fixing the vertex Ay is the automorphism 7 from Lemma [2:2]

It is easy to see that if there is a ¢ € Z,, such that ga = —a, gc = ¢ and ¢b = d (in which
case d = 2a + b implies gd = b), then the permutation mapping each A; to Ay, B; to By
and C; to Cy; is an automorphism of WH,,(a, b, ¢,d) fixing Ay, By and Cp but swapping
A, with A_,. Thus all WH-graphs admitting such a ¢ € Z, are suitable LR-structures
(provided that a ¢ {+b,+d}). We leave it as an open problem to determine if there are
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any other LR-structures among the graphs from item (2) of Theorem (that is those
that do not admit a “suitable” q).

Problem 5.1. Determine whether there exist graphs from the second item of Theorem[{.1]]
for which a ¢ {£b,+d}, there is no q € Z,, with ga = —a, qc = ¢ and qgb = d, but they
do admit an automorphism firing Ag, By and Cy while swapping A, and A_,. In the case
they do, determine all such examples.

Finally, there is the natural question of which pairs of vertex-transitive WH-graphs
are isomorphic. Up to isomorphism, the only three members of the family from item (2)
of Theorem of order 24 are WHg(1,3,2,5), WHg(1,7,0,1) and WHg(1,7,4,1), none
of which is isomorphic to any of the two sporadic graphs from item (i) of Theorem
Suppose I'y = WHy,(a, b, ¢,d) and T's = WHy,, (2, m — 2,0, m + 2) are isomorphic graphs
from items (2) and (3) of Theorem respectively. Of course, n = 4m has to hold.
The blue cycles in I'y are 3-cycles, while the red cycles of I'y are of even length (recall
that a is odd). Therefore, a corresponding isomorphism maps the red cycles of I'y to the
red cycles of I's. But since m is odd and the red cycles of I's are of length 2m, while
those of I'; are of length 4m/ ged(a,4m), which is divisible by 4, this is not possible. This
contradiction shows that the only possible isomorphisms are among the graphs from item
(2) of Theorem Of course, by Lemma it suffices to consider the examples with a
dividing n. This brings us to our second open problem.

Problem 5.2. Determine a necessary and sufficient condition for two graphs WH,,(a, b, ¢, d)
and WH,,(a, b, ¢, d") with a dividing n, both satisfying the conditions from item (2) of The-
orem[{.11], to be isomorphic.
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