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1 Introduction

The H-control is a technique used in control theory to design robust stabilizing feedback controllers that force
a system to achieve stability with a prescribed performance even if the system output may be corrupted by
perturbations. This method involves a transfer function which incorporates the effects of the input perturbations
towards the output observation. The aim is to determine the optimal feedback controller which minimizes the
effect of these perturbations on the output, by ensuring that the L2-norm of the transfer function is smaller
that the L?-norm of the perturbation with a certain prescribed bound. This turns out in finding a suboptimal
control solution constructed by means of a mathematical optimization problem. The formal H°°-control theory
was initiated by Zames in [34], as an optimization problem with an operator norm, in particular, the H°-norm.
State space formulations were initially developed in [I8] and [23] and continued later by the formulation of
the necessary and sufficient conditions for the existence of an admissible controller in terms of solutions of
algebraic Riccati equations. The state-space approach for linear infinite-dimensional H°°-control problems was
developed in further works and we cite here e.g., [2], [3], [4], [9], [21], [22], [25], [30], [31], [32], [33], [5], the last
for Navier-Stokes equations.

In this paper we discuss the H°-control problem for linear infinite dimensional systems of parabolic type
and give applications for equations with singular Hardy potentials, of the type #, which as far as we know
is a novel approach. Following the papers [2], [3], [4], where the H°°-control abstract problem was solved
with assumptions proper for the hyperbolic case, we prove here a main result stating the formulation of the
H*°-control problem in the parabolic case, relying on appropriate assumptions for parabolic operators. This
is further applied to three parabolic control systems with Hardy potentials and with distributed or boundary
controls. There is an extensive literature on Hardy-type inequalities with the singularity located inside the
domain or on the boundary, focusing also on controllability studies (see e.g., [15], [I6], [29]). Besides the high
mathematical interest in such singular equations revealed in the past decades, a parabolic operator with a
Hardy potential term describes a non-standard growth condition which may affect the behavior of the solutions
to diffusive physical models, as for example of heat transfer or diffusion of contaminants in fluids. Also, it
may represent an equivalent formulation of a system of two equations in which a state in one equation is
represented as a fundamental solution by the other one. Operators with other similar potentials can arise for
example in quantum mechanics, [1] or in combustion theory, [10], [I6]. Linear parabolic equations with Hardy
potentials have been studied in connection with stationary Schrodinger equations —Ay + V(z)y + E(z)y = f
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with the singular potential V' € L*>(Q\z() arising from the uncertainty principle. The robust stabilization of
the corresponding dynamic control system y; — Ay + V(2)y + E(z)y = Biw + Bau, via the H*-control method,
with the control u and the exogenous perturbation w has direct implication for the equilibrium solution to the
above Schrodinger equation. The content of the paper is briefly described below.

In Section ] we present the mathematical formulation of the H°-control problem. In Section [3 after
specifying the work hypotheses we provide the main result stating the existence of the feedback controller
determined via a Riccati equation. In Sections [ and [l there are given applications for parabolic equations
in the N-dimensional case with a distributed control and a boundary control, respectively, and with Hardy
potentials with interior singularity, while in Section [fit is treated the 1-D case with a boundary singular Hardy
potential.

2 Problem presentation and preliminaries

In this section we briefly explain the state-space approach of the H*-control problem for the linear system

y'(t) = Ay(t) + Byw(t) + Bau(t), t € Ry :=(0,+00) (2.1)
2(t) = Cyy(t) + Dyu(t), t € Ry, (2.2)
y(0) = vo, (2.3)

where A, B, By, C1, D1 are linear operators satisfying hypotheses that will be immediately specified. Here, y
is the system state, u is the control input, w is an exogenous input, or an unknown perturbation and z is the
performance output.

At this point we put down a few notation, definitions and results necessary for explaining the problem. Let
X be a real Hilbert space with the scalar product and norm denoted by (-,)x and |[|-|| i , respectively and X’
is its dual. The symbol (-, ~>X/7X is the pairing between X’ and X. Let A be a linear closed operator on X with
the domain D(A) := {y € X; Ay € X} dense in X. By A* we denote the the adjoint of A. If Y is another
Hilbert space, L(X,Y) represent the space of all linear continuous operators from X to Y.

Let H, U, W, Z be real Hilbert spaces identified with their duals. For the beginning we assume:

(i1) A is the infinitesimal generator of an analytic Co-semigroup e* on the Hilbert space H, eA? is compact
for t > 0, and
Bl S L(Wa H)v B2 € L(Uv (D(A*))I)v Cl € L(Ha Z)a Dl € L(Ua Z) (24)
Here, (D(A*))" is the dual of the domain of A*, where D(A*) is organized as a Hilbert space with the
scalar product (y1,y2)pa=) = (A*y1, A*y2)u + (y1,y2)u for yi, y2 € D(A").

We note that the space (D(A*))" is the completion of H in the norm |[|y/|| = ||(4 — )\OI)flyHH, Xo € p(4).
Also, we define the extension of the operator A from H to (D(A*))’, denoted for convenience still by A, by
<Aya7/1>(D(A*))/,D(A) =(y, A")y, fory € H, ¢ € D(A"). (25)

We shall work with both operators and if not seen clearly from the context which operator is used, we shall
specify this.

Let us consider the uncontrolled system y'(t) = Ay(t), t € Ry, y(0) = yo, with A the infinitesimal generator of
a Cp-semigroup on H.

Definition 2.1 The operator A generates an exponentially stable semigroup et if
HeAtHL(HﬁH) < Ce ™, forallt >0, (2.6)
where a and C' are positive constants.
Relation (2.6]) still reads
HeAtyHH < Ce |yl , for all y € H and all ¢ > 0. (2.7)

Moreover, a result of Datko (see [14]) asserts that relation ([Z7)) is equivalent to

/0 Ty dt < oo. (2.8)



Definition 2.2 The pair (A, C1) in system (211)-(22) is exponentially detectable if there exists K € L(Z, H)
such that A+ KC1 generates an exponentially stable semigroup.

In order to state our H°°-control problem, we recall some issues about such a problem. Assume that under
certain conditions system (2.1)-(23) has a mild solution y € C([0,T]; H) for all T' > 0 and u can be represented
as a feedback controller v = Fy, where generally F' : U — H is a linear closed and densely defined operator.
Then, the solution (y(t), z(t)) becomes dependent only on w(t) and reads

t
y(t) = e(A+B2F)ty0 —|—/ e(A+B2F)(t*S)Blw(s)ds, t € [0,00), (2.9)
0
t
2(t) = (Cy + D1 F)e AT Bty 4 (Cy + Dy F) / e(A+B2I)(t=5) B4y (5)ds. (2.10)
0

The latter equation can be still written
z2(t) = fo(t) + (Grw)(t), t 20 (2.11)

where fo(t) = (Cy + D1 F)eAtB2M0tys € 7t >0, and Gp : L*(Ry, W) — L?*(Ry, Z), defined by

t
(Grw)(t) = (Cy + Di F) / ATBF) (=) By (s)ds € Z, t > 0, (2.12)
0
shows the transfer of the influence of the perturbation input w to the output. Roughly speaking, the H°-control
problem means to find a feedback controller which stabilizes exponentially the system (with yo = 0), with a
certain specified performance for the output G rpw, depending on a given constant -y. Such a feedback control
F' is called a suboptimal solution and the H* problem can be formulated as follows: given v > 0, find the
feedback control I which exponentially stabilizes system @.I)-@2.2) such that |Grlly 2@, wy r2w, z) <7-
To be more precise in what concerns the relation with the Hardy space H*°, we briefly recall a well-known
result property of vector-valued Hardy classes (see e.g., [26], [27], [I3], Theorem A6.26). The space H* is
defined as the vector space of bounded holomorphic functions on the right half plane, C; = {z € C; Rez > 0},
with the norm || f|| yoo = supy, < [f(2)|. Let us take the Laplace transform in system (Z.I)-(2.2) and get

2(0) = C1(¢I — A= BoF) 'yo + Gr(Q)@(C). (2.13)
The function G : C4 — L(W, Z),
Gr(¢) = (C1 + DiF)((I + A+ ByF) ' By (2.14)

is the transfer function in the frequency domain, giving a relationship between the input and output of the
system. It plays an important role in control theory by providing an insight in how disturbances in the system
can affect the output. The results in the papers cited before express the fact that the L?-operator norm of the
gain in the time domain is equal to the Hardy H*(L(W, Z))-norm of the transfer operator in the frequency
domain, i.e.,

|G ruwl
1Grul@ez _ o
weL2(Ry,W) Hw||L2(R+,W) ¢eCy

G|, =G| <r @)

1Grl Loy Wy 2@y, 2)) = L(W,Z)

Notation and some necessary results. We end this section by recalling some other notation and results
necessary in the paper. We denote by H™(£2) the Sobolev spaces W2™(Q), for m > 1 and by Hg({) the
space {y € H'(Q); tr(y) = 0 on '}, where tr(y) is the trace operator of y on I' := 9. Moreover, H ()
denotes the dual of H}(f2). Given a Banach space X and T € (0, 00] we define by LP(0,T; X) the space of LP
X-valued functions on (0,T), p € [1, <], by C([0,T]; X) the space of continuous X-valued functions on (0,7)
and WHP(0,T; X) = {u € LP(0,T; X); du/dt € LP(0,T; X)}.

Let L : D(L) C H — H be a linear operator defined on the Hilbert space H. We say that L is m-accretive if
L is accretive, meaning that (Ly,y)g > 0, Yy € D(L), and if R(I + L) = H, where R is the range. The operator
L is quasi m-accretive or w-m-accretive if wl 4+ L is m-accretive for some w > 0.



Hardy inequalities. Let N > 3 and let € be an open bounded subset of RY, with 0 € . Then we have

2
/ \Vy(z)|? dz > Hy 'y@g' d, for all y € HL(Q), (2.16)
Q o |z
_ (V-2)? . ;
where Hy = ==~ is optimal (see [I1], p. 452, Theorem 4.1).

Let Q = (0,1). Then we have

1
/ /()| da > 4/ ?T(T;)da:, vy € H'(0,1), y(0) =0, (2.17)
x
see [12], p. 217, or Lemma A.1, p. 234.
We recall the Young’s 1nequahty for convolutions (f * g)( fo fit—71)g(r)dr,
1 1 1
1f * 9l 1 (0,00) S 1l 200,000 191l Lag0,00) » Where » + P I+ =, 1<p ¢ r<oo (2.18)

For simplicity, where there is no risk of confusion, the LP(2)-norm will be denoted by ||, p € [1,0c],
instead of [||| 15y - We set R = (—o0,00) and Ry = (0,00). Also, || will represent the Euclidian norm in RV,
for any N = 1,2, ..., accordingly. In the further calculations C, C1, ..., Cn, Cr denote positive constants (which
may change from line to line), Cy depending on N, via A < Hy and Cr depending on T.

3 The main result

Besides (i1) we assume the following hypotheses:

(i2) the next relation takes place:

HB* At LY(0,T), for all T > 0, (3.1)

L(H,U)

(i3) the pair (A, C7) is exponentially detectable (that is there exists K € L(Z, H) such that A+ K C4 generates
an exponentially stable semigroup) and

o0 * * *
/ HB;e(A TR,
0

v+ = |lully and DiCy = 0.

’UdtSCHyHH, for all y € H, (3.2)

(ia)

Let us comment a little these hypotheses. The L!-admissibility hypothesis of the observation operator Bj in
(i2) is made in order to ensure the existence of a mild solution to (1)) in L*(0,T; H) for every T > 0, with
initial condition yo and inputs u € L2(0,T;U) and w € L*(0,T; W). In an ideal situation when By € L(U, H),
egs. (2I)-23) have a unique mild solution y € C([0,T]; H), for every T > 0, given by

t t
y(t) = ey —|—/ A=) Biw(s)ds —|—/ eAt=9) Byu(s)ds, t € [0,00). (3.3)

0 0
But generally, Bo may be not continuous from U to H, in some situations its range being in a larger abstract

space, indicated before to be (D(A*))’. The unique solution to (ZI))-(23]) is in this case in C([0, 00); (D(A*))).
Consequently, the previous formula should be written in a weak sense, that is for all ¢t > 0, we have

t
(W), o)m = (e*yo, ©)u +/ (EA(H)(BW(S),@H + (u(s), Bye® (H)@U) ds, Vo€ H, yo € H.  (3.4)
0



Assumption (iz) ensures that y € L2(0,T; H), and this follows by proving that fOT(y(t), () adt < Clloll 20,78 -

for p € L2(0,T; H). Indeed, this is clearly seen for the first two terms in ([3.4)), since Byw € L*(R,; H). For the
last term we calculate

/OT /Ot (u(s),B;‘eA*“‘S)cp(t))Udsdt:/OT /ST (“(S)vB§€A*(t_s)¢(t)>Udtds (3.5)

T 1/2 T T ) 2 Yz
< ([ mnas) 1] Ber e opmar s

0 0 0

U
T T 1/2
* A*t 2

<l gao.zen (/ |Bse HL<H,U>df> (/ |so<t>|Hdt>
<

T
* A™t
||UHL2(0,T);U) </0 HBQ@ L(H,U

)dt> HSOHL?(O,T;H) <C ||80||L2(0,T;H) )

where we used (i2) and the Young’s inequality for convolution [2I8) with p = 1, ¢ = r = 2. Then, it follows
that y € L?(0,T; H) and the last term in (3.3)) is in H.

Regarding (3.2) we mention that the corresponding result related to L? instead of L! is a particular case
of Theorem 5.4.2 in [28], so that we expect that (3]) and the detectability hypothesis imply ([B.2)), at least in
some cases. However, we keep here relation ([B.2]) as a hypothesis and check it in the applications, by different
proofs according the case. In applications, the first relation in hypothesis (i4) may be weaken to DfDy > el
(see e.g., [B]). However, for certain choices of operators D; and Cf, relations (i4) may be proved as they are.

Theorem 3.1 below is the main result concerning the H*°-control problem under hypotheses (i1)-(i4) and it
gives a representation for the feedback operator F' which is a suboptimal solution to our H°°-control problem.

This theorem was proved, under some appropriate hypotheses for the hyperbolic case in [2] and [3]. Actually,
instead of ([B.0)) there it was used the L2-admissibility condition

T 2
/ HB;%A tyH dt < Cr|lyl3, , for every y € H and T > 0. (3.6)
0 U

For the treatment of specific parabolic problems intended to be achieved in the paper, we have in mind to adapt
that approach to the case covered by assumptions (i1) — (i4) to obtain the following main result.

Theorem 3.1 Let hypotheses (i1) — (i4) hold and let v > 0. Assume that there exists F € L(H,U) such that
A+ ByF generates an analytic exponentially stable Cy-semigroup on H and

G Loy w), L2@yszy) <7 (3.7)
Then, there exists a Hilbert space X C H with dense and continuous injection and an operator
Pe L(H HYNLX,D(A%)), P=P* >0, (3.8)
which satisfies the algebraic Riccati equation
A*Py+ P(A— ByB3P +~ 2B B;P)y+C;Ciy =0, Yy € X, (3.9)
where B3P € L(X,U) and the operators
Ap:=A—ByBsP+~ ?BB{P, Ap:= A— ByB}P (3.10)
with the domain X generate exponentially stable semigroups on H. Moreover, the feedback control
F=—BiP (3.11)

solves the H®®-problem, that is HGﬁ"L(LQ(R+;W),L2(R+;Z)) < 7.
Conversely, assume that there exists a solution P to equation [3.9) with the properties (3.8) and such that the
corresponding operators Ap and AL generate exponentially stable semigroups on H. Then, the feedback operator

F = —B3 P solves the H>®-problem (57).



The space X will be defined in the theorem proof before Lemma B in ([45]). Moreover, we shall show in
Lemma[B.Fthat if the operator A p with the domain D(Ap) = {y € H; Apy = (A—B2B3P+~v2B1B;P)y € H}
is closed, then X = D(Ap). This will happen in all examples given the next sections.

Proof of Theorem Bl We assume first that there exists a solution F' € L(H,U) to the H*-control problem
such that Ap := A 4+ ByF generates an analytic exponentially stable Cy-semigroup and ([B.7) holds. We must
prove that there exists P satisfying (B.8])-(B.11).

The state-space approach of the above H°-control problem comes back to solve the differential game

. 1 e 2 2 2
sup inf —/ z(t — w(t dt, 3.12
O SO AN (ECIPRER IS (312)

subject to (ZI)-(23)), which ensures a prescribed bound on the Hardy norm H of the transfer operator (see

e.g., [3]).
Let J: L?(Ry;U) x L?(Ry; W) — [—00, 0] be defined as

Huw) = [TH1Cw0 + D)1 =2 (ol (3.13)

and consider first a minimization problem, for a fixed w € L2(R; W),

inf J 3.14
ueL%I(IR+;U) (u, w), (3.14)

subject to system (ZI))-(22)). By hypothesis (i4) we see that

T = 3 [ CWOIE + 1@ =2 o] i (3.15)
so u — J(u,w) is strictly convex, whence it easily can be shown that (3I4) has a unique solution
u* =Tw (3.16)
with T': L2(Ry; W) - L2(Ry;U).
We denote by y*  the solution to @) corresponding to u* (realizing the minimum in (I4)) and w, that
is, y* =gy" .
Lemma 3.2 There exists p € C(Ry; H) N L*(Ry; H) satisfying
P(t) = —App(t) + CrCry™ (t) + Fru*(t), t € Ry, (3.17)
u*(t) = B3p(t), a.e. t > 0. (3.18)

Proof. We note first that the solution to the equation y'(t) = Apy(t) + Byw(t) with yo € H, where Ap =
A+ ByF is exponentially stable on H, is in L?(R; H). Indeed,

t
90l < Ce ol + [ [Jeruis)]|  ds
0
t
< e |lyolly + / ) () | ds, 20,
0

and by applying the Young’s inequality for convolution [2I8) with r = 2, p =1 and ¢ = 2 we obtain

/ Tyt < c {nyonz + N ( / o () ds)2 dt} (3.19)

o0 2 o0
2 —a 2 2 2
< cuyoun(/o ‘ fdt) [ O de < il + 01 ) < o



We specify that the solution to ([B.IT) should be understand in the following mild sense
p(O) == [ eI (o) + P (s))ds,
t

and so C([0,00); H) because F* € L(U,H), C;Cy € L(H, H). Since A}, generates an analytic Cop-semigroup it
follows by its regularizing effect that p € W'2(0,T; H) N L?(0,T; D(A%)), for all T > 0.
We introduce v := v — Fy and write problem ([B.I4) as

. 1 /= 2 2 2 2
el 5 [ UCWOIE + IFW® + o1~ oty e (3.20)

subject to y'(t) = Apy(t)+Brw(t)+ Bav(t), t > 0, y(0) = yo. Since the functional is weakly lower semicontinous
and convex, it follows that (320) has a unique solution v* = u* — Fy"", with u* the solution to (3Id) and y*
the solution to (1)) corresponding to u* and w.

We set the variation v = v* + AV, where A >0, V € L? (R4;U) and write the system in variations

Y'(t) = ArY (t) + B2V (t), Y(0) =0, (3.21)
7./)\ U*
where Y(t) = limy_,0 £—¥— weakly in L?*(Ry; H). Eq. @B2I) can be still written as Y'(t) = AY(t) +
By(FY (t) + V(T)) and so it is easily seen that it has a unique solution Y belonging to W?(R; (D(A%))) N
L?(Ry; H), the latter following in the same way as shown before for y(t) in ([B.3).
Writing that v* realizes the minimum in ([3.20), in particular that J(v},w) > J(v*,w), we deduce

| {cw” .0 @)z + (Fg 0+ 0. FY (@) + Ve e > 0.
0
If A - —\ we obtain the reverse inequality, so that in conclusion
/ {(Cf Cry™ () + F*Fy™ (t) + F*v* (1), Y () + (Fy™ () + v*(t), V(t))U} dt =0, (3.22)
0

for all V € L?(Ry;U). By testing the first equation 3.2I) by p(t) € D(A%), solution to (B.I7) and integrating
with respect to t from 0 to co, we obtain

/Ooo(p’(t) + Arp(t), Y (8)) mdt + /Ooo(Bé‘p(t), V(t))vdt =0, (3.23)
which by (BI7) yields
/0 " (ciow” o+ P, Y() di = /O " (Bip(t). V(1)) (3.24)
By comparison with ([3:22), where we write v* = u* — Fy* , this yields
/OOO(—B;p(t) +u*(t), V(t)pdt =0, for all V € L*(Ry;U). (3.25)

Therefore, we obtain (BI]) as claimed. m
Then, the dual system (BI7) can be still written by the replacement of v* as
P (t) = —A*p(t) + CrCry™ (), ae. t € R,. (3.26)
Now, let us consider the function ¢ : L(R4; W) — Ry, p(w) = —J(Tw, w),that is

otw) =5 [ (Il e 0+ D] ) a



where y* is the solution to (1)) corresponding to (u*,w). By (ZII) and (ZI2) we have
Cry™ () + Diu*(t) = Grw(t) — fo(t)
and so
. 2
[©y @+ Duw )|, = 1GRw®I} = 2Grw), fot)z + @)
< L+ IGru®l + Cs I fo@)Z, ¥ 2 0.

Now, we integrate from 0 to oo, note that fo € L2(Ry; H), and get,

oo . 2 oo
| e @+ Do ar< 4062 =) [~ lw +cs
0 0
where ¢ is fixed and the last inequality is implied by ([3-7). We can find § and 4 such that (1+6)(72—¢) < 42—,
which is verified with the choice § < ¢ — §(y? —¢) and § < —=—. Then

y—e’

plw) =8 [ o)} it C.
0

and it turns out that ¢ attains its minimum on L?(R, ;W) in a unique point w*.

Lemma 3.3 We have
w*(t) = =y 2Bip(t), a.e. t >0, (3.27)

where p € W12(0,T; H) is the solution to (3.20).
Proof. Recall that u* = T'w and that y* satisfies the problem
(y")'(t) = Ay™ (t) + Biw(t) + BaTw(t), t € Ry, y*(0) = yo
and proceed by giving variations to w, that is w* = w* + A\w, w € L*(Ry; H). Then, the system in variations is

Y'(t) = AY (t) + Byw(t) + BoT'w(t), t e Ry, Y(0) =0 (3.28)

and the condition of optimality reads
/ (Y?w*(t) — D*Tw* (¢), (1)) wdt — / (CCuy™ (1), Y (1)) mdt = 0, (3.29)
0 0

for all w € L?(R4;W). Let us recall the dual system ([B.26) and test [3.28) by p(t) and integrate for ¢ € (0, 00).
We get

| @O+ ap0.mar+ [ (i) + T Bip(o), dle)wat 0. (3.30
The latter and [B.29) gives
| Pt = rrat @ st + [ (Bipte) + 1 B0, 50wt =0,
so that, since —T*T'w*(t) + T*Bip(t) = —T™*u*(¢) + I™*u*(¢) = 0, we obtain
| e+ Bipto. aeywa o
for all w € L?(R,; W), that implies 3.27), as claimed. m

Thus, we have proved that ([812) has a unique solution (u*,w*) with the corresponding state denoted y*,
characterized by the Euler-Lagrange system

Yy (t) = Ay*(t) + Biw*(t) + Bau™(t), t € Ry, y*(0) = yo, (3.31)



p'(t) = —A*p(t) + C;Cry*(t), t € Ry, (3.32)
u*(t) = B3p(t), a.e. t> 0. (3.33)
w*(t) = =y 2Bip(t), ae. t >0, (3.34)

where we already know that

y € C(0,00);(D(AM))) N L*(0,T; H), VT >0,
p € C([0,00); H) N L*(Ry; H).
Lemma 3.4 Let yo € H. Then,
y* € C([0,00); H)NWY2(5,T; H), ¥6, 0 < 6 <T < o0, (3.35)
p € WH2(0,T; H) N L*(0,T; D(A*)), VT > 0. (3.36)
Proof. Since A* generates an analytic Cp-semigroup and C;Ciy* € L?(Ry; H) we see by ([3.32) that (3.36)
holds. Moreover, by (331 and (B33) we have

y* (1)

t t

eAty0+/ eA(tfs)Blw*(S)ds—l—/ e =5 By Bip(s)ds (3.37)
0 0

= eMyo+gi(t) + ga(t), VE > 0.

The first two terms are in C([0,00); H) N WY2(6,T; H). By B36), BoBsp € WH2(0,T; (D(A*))') and so we
may represent it as BoBip = (A — wl)f, with f € WH2(0,T; H), for w sufficiently large. This yields

/Ot A (A — wI)f(s)ds = —w /Ot A=) f(s)ds — /Ot (dieA(ts)> f(s)ds

S

92(t)

—w /t A=) f(s)ds — f(t) + e £(0) + /t eAt=9) f(s)ds, Wt > 0.
0 0

Since e is an analytic semigroup it follows that g(t) = fg eA=9) f/(s)ds, the solution to ¢'(t) = Ag(t) + f(t),
g(0) = 0 € D(A), is in Wh2(0,T; H), as the first two terms. Though f(0) ¢ D(A), the third term is in
C([0,00); HYNWY2(6,T; H), V0 < § < T < oo and so is g2 and y*, too. Moreover, since A* is analytic, then

B30) holds. m
Proof (of Theorem Bl continued). Now we set

Pyo := —p(0), for yo € H (3.38)
and note that P € L(H, H).
Moreover, by adding (831 multiplied by p(t) with (332) multiplied by y*(¢) and integrating on (0, c0) we
get,
—2(yo,p(0))r = /o {<Ay*(t)ap(t)>(D(A*))’,D(A*) + (w*(¢), Bip(t)w + (u* (1), Békp(t))u} dt

* /O°° {_ (Ay™ (1), (1)) (pa)y.pan) + (Ci‘Cly*(t),p(t))H} dt (3.39)

[ {1 Ol + 1w 01 + e @1 }

whence
1 [ « * *
Pivw)n = =GO =3 [ (100 O + 1w O = " O ) d
= s [ (1wl + Ol - 2 e ) d
weLQ(R+;W)“€L2(R+§U)2 0

Y]

. 1 [
nf 5 | (10w + ) ae >0,

w€L2(Ry;U) 2



hence P > 0.
Moreover, P = P*. Indeed, let yo, 20 € H and (y*,p), (2%, ¢) be the corresponding solutions to (331)-B.34).
Namely, (z*, q) satisfy

2 (t) = Az*(t) + Byw* (t) + Bou*(t), t € Ry, y*(0) = yo,

q'(t) = —A%q(t) + CTC12*(t), t € Ry.
We see that

S p(0), 2" () = a8,y (), V2 0

and this yields (Pyo, z0)x = (Yo, P20)H, as claimed.
We recall that by the dynamic programming principle (see e.g., [6], p. 104), the minimization problem (314
for w = w*, is equivalent with the following problem

nf o5 [ (10w + O =22 o GI5) ds

weL2(Ry;U) 2

subject to ZI)-22) in S; = {(¢,00); y(t) = y*(¢)}, for every ¢ > 0. Since u* is the solution to this problem it
follows by (B38) that
p(t) = —Py*(t), Vt > 0. (3.40)

We denote by Tp(t) : H — H the family of operators
Tp(t)yo = y*(t), Vi > 0 (341)

where y*(¢) is the solution to (B31)) with u* and w* given by [B.32)-B.34)). By [B35)) it follows that Tp(t) is a
Cy-semigroup on H.
Let us denote by Ap the infinitesimal generator of Tp(¢), that is

dy*

or, equivalently
y*(t) = e*Plyo, >0, Vyo € H. (3.43)
If yo € D(Ap) we have
y* € C1([0,T]; H) N C([0,T); D(Ap)), VT > 0. (3.44)

Here, D(Ap) = {y € H; Apy € H} is the domain of Ap. The space X' in Theorem [B1lis actually

X :=D(Ap). (3.45)
Now, replacing in the right-hand side of (331 v* and w* by B33)-B34), B32) and BA0) we get
v () = Ky (1) (3.46)

where K;a is the operator
Ap:H — (D(A%)), Apy = Ay — ByBjPy+~"*B1B; Py € (D(A"))

and A is the extension from H to (D(A*))'.
We define by Ap : D(Ap) C H — H the restriction of the operator Ap to H, namely

Apy = (A—ByBsP+~ ?B1BiP)y, y € D(Ap), (3.47)
D(Ap) = {yeH; (A—ByB}P+~ 2B, B;P)yc H}.
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Lemma 3.5 We have

P e L(X,D(AY)), (3.48)

B;P e L(X;U), (3.49)

Apy = Apy, for ally € X C D(Ap) (3.50)
and Ap generates a Cy-semigroup on H.
Moreover, if Ap is closed in H, then

X =D(Ap) = D(Ap). (3.51)

Proof. Let yo € D(Ap). We know by [B.44) that y* € C1([0,T]; H) and Apy* € C([0,T]; H) for all T > 0, and
so by B32)) it follows therefore that p’ € C([0,T]; H) and so A*p € C([0,T]; H). Hence, A*p(0) € H. It follows
that p(0) € D(A*) and so Pyo € D(A*). This implies (848). Since P € (X, D(A*)) and Bs € L(D(A*),U) it
follows (3.49)).

We have by [B.42]) and (3.44) that

d

E(y*(t)v(p)H = (APy*(t)u SD)Ha vt > 07 B H.

On the other hand, by (348) we have (see the weak form (4] applied to Ap:H — (D(A")))

d dy* > —~
L (1), 0 = 1), — {Apy*(b), LVt >0, Yo € D(A").
GO = (G0 = 00) o D(AY)

Hence,

Apy*(t = {Apy*(t t> D(A%).
(Apy (1), ) = (Rew™ (0 0) 0 V20, Vg € DAY)

Recalling that y* € C1([0,00); H) C C([0,00); (D(A*))") and letting t — 0 we get

A = (Ap Vi € D(A*).
( P?JO#P)H < Py07s0>(D(A*))/1D(A*)7 QOE ( )

This implies that K;:yo € H, namely yo € D(Ap), and Apyo = Apyo on D(Ap) C D(Ap), that is (E50).

Since these two operators coincide on D(Ap) then Ap generates a Cy-semigroup on H.

Now, D(Ap) C D(Ap) C H and since D(Ap) is dense in H it follows that D(Ap) is dense in H and D(Ap)
is dense in D(Ap).

Assume that Ap is closed and let yo € D(Ap). There exists (y§)n, C D(Ap), y§ — yo in H and by B.50)
we have

(Apyy,v)r = (APyy,v)y, v € H,

which implies (using the adjoint of A% which is the generator of a Cy-semigroup on H) that

(o, Ape)y = (ApPyy, )y, » € D(Ap) C H.

Since Ap is closed, by letting n — oo we obtain

(yOaA}F?SD)H - (APy07§0)H7 "2 € D(A}FD)

Then, ¢ — (yo, App)m is a linear continuous functional on H and |(yo, Ap@)u| < C'|l¢ll 4 , so that yo € D(Ap)

and (BE0) is proved. m
Proof. (of Theorem Bl continued). To prove that P is a solution to the Riccati equation (8] we use the
relation

L (0,001 = (") OO panry.pian + 0" 07 O)n

dt
and calculate by (B31)-(B34) and (B40) a relation as done for (3:39) but integrating from ¢ to co. We get
Py ), y" ) = (=p(t),y"(t)n
1 > * * *
= 5/ (10w O+ @1 =22 o @)1 ) de. ¢ >0,
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If yo € D(Ap) this implies by differentiating (by using (8:42) and (B:44)) that

(Py* (1), Apy* ()i + (PApy*(t), y*(t))ir + |C1y*(1)||,
* * — * * 2
+Bs Py ()5 — 2|y 2B Py ()]f;, =0, t >0

and since, by (348), B; P € L(D(Ap), D(A*)) we obtain for ¢ — 0 the equation
2(Pyo, Apyo)n + |Cryoll + 1 B3 Pyollyy — v 1B} Pyollyy = 0, Vyo € D(Ap). (3.52)
By differentiating along z € D(Ap) we get
(Pyo, Ap2z)u + (Pz, Apyo)u + ((B2Bs — v *B1BY) Pz, Pyo)u + (CfC1yo, 2)u = 0,

for all yo, z € D(Ap). But here Apy = Apy for y € D(Ap) and we can replace Ap by Ap in the previous
equation obtaining after all calculations

(A*Py()a Z)H + (P(A - BQBS + 7_2B1BT)PZJ07 Z)H =+ (Ofcly07 Z)H =0
for all yo, z € D(Ap), namely (39).
For proving that the semigroup e*#* is exponentially stable we use the detectability assumption (i3). Let us
take K € L(Z, H) and write eq. (3.31)) in the following form
y*'(t) = (A+ KC1)y*(t) + Bau*(t) + Byw*(t) — KCyy*(t), t > 0,

or equivalently,

t
y*(t) = e(ATEC)L, —|—/ e(ATKC)(t=s) (Bau*(s) + Biw*(s))ds
0
t
- / eATECN(E=9) Oy y* (s)ds, for all t > 0.
0
Since Byw*, KCyy* € L*(Ry; H) and eA+tKC1)! i exponentially stable it remains to show that

t
t— / eATKCN(E=9) Boy* (s)ds € L*(Ry; H). (3.53)
0

To this end, for each ¢ € L*(R4; H), using the Young’s inequality ZI8) (with p =1, ¢ =r = 2) and B.2) we

calculate
[e’e] t
/ <1/)(t),/ e(A+K01)(tS)B2u*(s)ds> dt
0 0 H

/ (/ Bge(A*"’C;K*)(t_S)w(t)dt,u*(s)) ds
0 s U

%) %) 2 1/2 %) 1/2
< (/ ([ e scimnemv) ) ds> ([ 1o as)
0 s U 0
s s 2 1/2
* * (A"+CTK™)(t—s
< 1l agoce (/ ([ mseccimnes] ooy ae) ds)
oo o0 9 1/2
* * (A*+CTK*)s
< Ul ([ Brer s as) ([T oo as)
<

Cllu™ll 20,000y 1%l 22 (0,00:0) < CLIY M L2 (0,00:07) 5

and this implies (8:53)), as claimed.

12



We shall prove now that the operator AL := A — By B} P generates an exponentially stable Cp-semigroup in
H with the domain {y € H; (A — B2B3P)y € H} = D(Ap). The solution y*(¢) to B31) is in L*(Ry; H) can
be written also as

t
Y (1) = ety + 7_2/ M=) By BY Py (s)ds
0

and since the second term on the right-hand side is in L2(R; H), it follows that eA}Ptyo € L*(Ry; H).
Now, we shall prove (817). Let us consider the equation

y'(t) = (A= B2 B3 P)y(t) + Biw(t), t >0, y(0) =0, (3.54)
with w € L2(R,; W). As seen earlier, this equation has a unique mild solution and by (3.4]) we have

a
dt

Let p(t) = —Py(t), t > 0. Since by 34R) P € L(D(Ap), D(A*)) it follows that p(t) € D(A*) and p is the solution
to eq. (3:32) with y* replaced by y. Moreover, as seen earlier by ([3.32) it follows that A*p, p’ € L2(R; H) and
we have by ([B.53)

4
dt
Then we calculate using (340) and (B9)

(y(t), o) = (y(t), (A" — B2B3 P)p)u + (Biw(y), )u, Ve € D(A"). (3.55)

(y(t), p(t)mr = (y(t), (A" = Ba B3 P)p(t))m + (Brw(t),p(t)) s + (¥'(t), p(t)) nr-

& (Pyt),y1)m = 2Py(0) (1) m

= 2(Py(t), Ay(t))u — 2| B3 Py(t)||3 + 2(Brw(t), Py(t)) i
= 1BsPy()|3 — v 2B Pyt % — IC1y() |3 — 211B5 Py(6)| 3 + 2(Biw(t), Py(t)u
= —|BsPy)|3 — 1Cy@)ll3; — v 2 I BiPy(®)|3; + 2(w(t), Bi Py(t))w, a.e. t > 0.

Integrating this from 0 to co we obtain
0= / (= 1B Py )17 = ICwy @15, =2 1B Py(®) 7 + 20w(t), Bi Py(t)w ) d,

since y(0) = 0 and limy—, o (Py(t), y(t)) g = 0. Therefore,

/ooo (”Ow(ﬂllif + IIB;Py(t)Hi,) dt

= [T (=B Py + 2000, B Py~ w0 ) di+ [ 22 o)l
0 0

e 2 e ~ 2
/0 o lw(t) |3 dt / V@)1 dt.

where

w(t) = w(t) —y 2B Py(t). (3.56)
If we prove that there exists a > 0 such that
1@ 12 (0,00w) 2 @ 10ll 20 0wy » Y € L2(Ry; W), (3.57)

it follows that

7 (IlolZe gy = 18132, ) <720 = @) Nl e, vy
and therefore -

/O (lCry@)1% + 1B5 Pyl dt < (v = 8) w2,
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with § > 0 independent on w. Therefore,

| (el + 1B:Puol ) ae < 02 =) [ o)l ar
which by (2I2) implies 8.7). We note that once (857) proved, a can be chosen smaller such that a < 1. It
remains to prove [B.57) and this will be done in Lemma 3.6 given at the end of this section.

Therefore, G corresponding to F := —BjP has the property HGﬁwHL2(R+;Z) < yllwllp2r, w) - that is F
is the feedback operator which solves the H°°-control problem. This ends the proof of the the first part of
Theorem 311

Assume now that P is a solution to equation (3.9), satisfying (3.8), such that Ap = A— (BoBj —y 2B1B})P
generates an exponentially stable semigroup on X. We set y*(t) = ey, for yo € H, so that y* € C([0,00); H)N
L?(Ry; H). Let us define p(t) = —Py*(t), for t > 0. Then, p € L*(R4; H)NC([0,00); H) and by replacing Py*(t)
in (8B9) we get that p satisfies equation (8:32) with the regularity obtained in Lemma 3.4. The , as before.
Finally, we show that the operator A} generates an exponentially stable semigroup and that the controller
Fy = — B} Py stabilizes equation /(t) = (A 4+ BoF)y(t) + Byw(t), y(0) = 0, arguing as before beginning from
(3354). This ends the proof of Theorem 311 =

It remains to prove (B01). We set

®(w) = [|B]|72 @, w) - (3.58)

Lemma 3.6 We have
P(w) >« ||w||i2(07m;w) , for allw € L*(Ry; W), (3.59)

where a > 0.

Proof. We proceed by reduction to absurdity. Assume that ([8359) does not hold and argue from this a
contradiction. Thus, let (wy), C L?*(R4;W) be such that lwallpew, . wy = 1, Vn € N and ®(w,) — 0 as

n — oco. Hence, by (B58)) and eq. ([B54]) we have

— 0, as n — 0. (3.60)

t
®(wn) = Hwn - 772B1‘P/ eA=B2B2 Pt By, (5)ds
0 L2(R4;W)

On the other hand, on a subsequence, we have w, — W weakly in L*(R;;W), and since ® is weakly lower
semicontinuous in L?(Ry; W) (because it is continuous and convex) we have by (3.60) that ®(w) = 0 which
implies that

¢
w(t) =y 2B} P / eA=B2B2P)t B 15(5)ds, Yt > 0.
0
By Gronwall’s lemma we deduce that w(t) = 0. Now, if we prove that
w, — W strongly in L*(R; W) as n — oo

(namely, that (wy,), is compact in L2(R; W)) we arrive to a contradiction because, the choice lwall L2, wy =1
implies ||0][;2(g, 1) = 1, which was found before to be 0.
To prove that (wy,), is compact in L2(Ry; W), by (B.60) it suffices to show that the sequence

t
zn(t) = W_QBTP/ eA=B2B2 Pt By, (s)ds, t >0
0

is compact in L?(R,; W), that is, it contains a convergent subsequence. Taking into account that
20l p2(7,00;w) — 0 as T'— oo, uniformly in n, (3.61)
since A — BoBj P generates an exponentially stable semigroup, it suffices to prove that (z,), is compact in

L2(0,T; W), for each T > 0. We set
S(t) = e BB g >0 (3.62)
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and prove that {S(t)} is compact for each ¢ > 0. This means that the set {S(t)yo; vo € H; |lvolly < M} is
relatively compact in H. Since A— BaB3P = Ap—~2B1B;P and BiB{P € L(H,H) and Ap = Ap on D(Ap)
it suffices to show that Tp(t) = e is compact for each ¢ > 0. This follows by density by showing first that
{Tp(t)yo; yo € D(Ap), |Apryolly + llyoll; < M} is relatively compact in H. To this end, for € > 0, we write
Tp(t)yo in the following form

t
Tp(t)yo = etyo — / eAt=3)(By B3 Py(s) — v 2By B Py(s))ds (3.63)
0

t—e
= ey, — eAE/ eAlt=s—¢) (Ba B3 Py(s) — v 2By B; Py(s))ds
0

t
- / =) (B2 By Py(s) — 7~ BuB} Py(s))ds,
t

where y(t) = Tp(t)yo. If M = {yo € D(Ap); || Aryolly + llvoll gy < M}, relation (B63) yields
Tp(t)M ={eyo; yo € M}

t—e
- {eAE/ e (By B Py(s) — v 2By B} Py(s))ds; yo € ./\/l}
0

t
- {/ et =3)(By B} Py(s) — v 2B, B} Py(s))ds; yo € ./\/l} = My + Mo+ Ms.
t

—€
In the sum above, M is relatively compact because e* is compact by (i1). Next, we write Mo = Mgy + Moy
where Mo; = {eAE fotis eA(t*S’E)BZ—B;‘Py(S)dS; Yo € M}, i = 1,2. My, is relatively compact because e is
compact and fotis eAt=5=¢) B, Bf Py(s)ds is bounded,

t—e K
/ A TIBIBIPy(s)ds| < C / 1B1B1 Py(s)ll ds
o 0

H

¢
< ¢ [ 1BIPYO)yds < Ctlul -
0
Then,
t—e t—e
‘/ A=) By B Py(s)ds| = sup (/ eA(t_S_E)BQB;Py(S)dS,(P>
0 H  ¢€H,|ellz<1 \JO H
t—e . t—e .
< s [ (BiPye) B ) as< s [ Bl Bt s
llellp<1J0 v llelly<tJo u
t—e
< sup/ Py(s . ’B*eA*(tfsfs) ol g ds
s [Pyl | oo Il
< [ Oy [Bred s
= )y Y Ipan [P L(H,U)
t—e A= ( ) t—e A% )
< A HB* t—s—e ds < C A / B* t—s—¢ d <C,
< [ 1ol B sy 5= Clldrmly [ |[Bse sy B8 < Cr

hence Maoq is relatively compact, too. We also have

and similarly we estimate that the term corresponding to By B5 P is bounded by Ce. Since ¢ is arbitrary it follows
that Tp(t)M is compact and, as mentioned earlier, it follows by density that the set {Tp(t)yo; |lyoll gz < M} is
compact for each M and ¢t > 0, fixed. Now, coming back to z, we write

t
/ eAt=9) B, BY Py(s)ds
t

—€

t
<c / | BaB; Py(s)|| ds < C=
H t

—€

2, (t) =y 2B; PS(e) (/Ot S(t—s— 5)Blwn(s)ds> + FyQB’fP/tt S(t — s)Biwy(s)ds

£
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and get

t—e
/ e PU=5=9) Biw(s)ds
0

/ N S(t— s —e)Biwn(s)ds
0

t—e
< O 1By ds £ Clwl e, ) < C 20,
0

o

H H

hence, {S’(a) ( Otis St—s— E)Blwn(s)ds)} is compact in H.

Taking into account that

fttfs S(t— S)Blw(s)dsHH < Ce, it follows that (z,,(t)), is compact in H, for every

t > 0. Also, it is equi-uniformly continuous, that is ||z, (t + h) — 2, (t)|| ; < € if |h| < 0(e), for any t. The latter
follows because the semigroup S(t) is continuous for ¢ > 0 in the uniform operator topology (see [24], p. 48,
Theorem 3.2), and this means that ||(S(t + h) — S(¢))0| ; < 01(h) ||0]| 5 » where d1(h) — 0, and 6 € H. Then,

t+h
et + 1) = 2a(6)l < Cs [ S(t+h = 5)BrPun(s)] s ds
t

—|—C'2/O |(S(t+h—s)—=S(t—s)BiPw,(s)|yds

t+h
< o / e B ||y (85 ds + Cad(h),
t

where d2(h) — 0 as h — 0. Then, by Ascoli-Arzeld’s theorem, (zy )y is compact in C([0,T]; H), for every T >0
and so z, — 2 strongly in L?(0,T; H), for every T > 0. Recalling (3.61)) we note that

T 00
2 2 2
I = #Eagayom = [ )= 2005 dt+ [~ len(®) = 2Ol dt 0. a5 m o0

because the first term tends to 0 by the compactness argument developed before and

/T lnt) — 2(0)|1% dt < 2 /T ln (DI dt + /T 1(0)]1% dt = 0

by [B.61I)) and the fact that A — BoBj P generates an exponentially stable semigroup.
Going back to (.60), it follows that ||(w, — 2,)(t)|ly, = 0, a.e. t > 0, and so (wy,), is compact, as claimed.
This ends the proof of Lemma 3.5 and also of Theorem 3.1. m

Remark 3.7 Theorem[31] reduces the existence of a robust feedback controller F satisfying (3-7) to the existence
of a solution P to (F3) in the same way as for By = By = D1 =0, Cy = I, the Lyapunov equation A*P+PA =1
is related to the stability of the semigroup et. In the specific examples discussed in the next sections we shall
show that the operatorial equation [39) reduces to a nonlinear integro-differential elliptic equation.

4 The case of a N-D distributed control

Let © be an open bounded subset of RN, N > 3 with the boundary I' = 9 sufficiently smooth and assume
that 0 € 2. We consider the following singular system

A
Yyt — Ay — # —a(z)y = Byw + Bau, in (0,00) x Q, (4.1)
y=0, on (0,00) x T, (4.2)
y(0) = yo, in Q, (4.3)
z = Cry + Diu, in (0,00) x Q, (4.4)
where A > 0, |-| denotes the Euclidian norm in RY, for any N = 1,2, ..., according the case and a has the
expression
a(z) = aoxa, (), ao >0, Qo C Q. (4.5)
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In this problem

Yo € L*(Q) (4.6)
and we choose
H=W=27=1L*Q), U=R, (4.7)
Biw = X, (2)w, Bau=b(z)u, (4.8)
Ciy = xac@y, Dwuw=d(x)u, x €Q, ueR,

where g, ¢, w1 are open sets of {2, x,, is characteristic functions of the set w C €2,
wy Q, Qo C Qe C Q, (49)

and
be L2(Q)7 de LQ(Q)v d(‘r) = XQ\QC.- (410)

We begin by checking the hypotheses (i1) — (i4).

(71) By their expressions we see that
By, Cy € L(LA(Q), L*(Q)), B2, Dy € L(R,L*(Q))

and B3 : L?(Q) — R is defined by
Biv = / b(x)v(x)dz, for v € L*(). (4.11)
Q

We recall the Hardy inequality [2.106) and consider A < Hy. We introduce the self-adjoint operator

A:D(A) C L*(Q) — L*(Q), Ay = Ay + |;\—|y2 + ay, (4.12)
with
D(A) = {y € H;(Q); Ay e L*(Q)}. (4.13)

It is clear that D(A) = L?(2) because D(A) contains C§°(2\{0}). Then, equation ({@.I) can be equivalently
written
y'(t) = Ay(t) + Biw(t) + Bau(t), t > 0. (4.14)

In order to show that A generates a Cyp-semigroup on L?(2), we have to prove that A is w-m-dissipative on
L?(Q), or that —A is w-m-accretive on L?(Q) (see [7], p. 155).

Lemma 4.1 Let A < Hy. The operator —A is w-m-accretive on L*(), for w > ao.

Proof. This means to show that —A is w-accretive, that is ((wl — A)y,y)2 > 0 for some w > 0 and all y € L3(Q)
and that wl — A is surjective. To this end we shall use several times the Hardy inequality (ZI6]) which ensures
that £ € L*(Q) if y € H(£2). We have

2
(@l = A = w [P e+ [(Vofde—n [ Pdo—ao [ yfde
Q Q Q |z] Qo

A
<1_ —) [Vy|? dz + (w —ao) | |y|* da
Hy ) Jo Q

1 A 2 HN A Yy 2 2

which shows that —A is w-accretive on L?(€2) for A < Hy and w > ag.
To prove the surjectivity of wl — A, we show that the range R(wl — A) = L?(Q2). Thus, let f € L*(Q) and
prove that the equation

Y]

wy—Ay=f (4.15)
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has a solution y € D(A), by the equivalent variational formulation expressed by the minimization problem

: 1 2 Ay' w—alx) ,
min ¢ J(y) = Sy 28 T e e de Y 4.16
yEHé(m{ v /0(2| T R (116)

subject to (@I4) and y(0) = yo € L*(). For w > ag we have

1 —L 23: w—a 23;_¥ 233 0
2(1 HN)/Q|Vy|d+( o)/ﬂyd 2(W_ao)/ﬂ|f|d§J(<p)<

so that J has an infimum d. Taking a minimizing sequence (yy), we have

1
d< ) <d+ (4.17)

and so

< Cy for w > ag.
2

Yn
199l + gl + ||
Further, C, Cy, Cr denote some constants (which may change from line to line), Cy depending on N, via
A < Hy and Cr depending on T.
We deduce that on a subsequence denoted still by n it follows that

Yn — y weakly in HJ(Q), LN weakly in L*(Q)
T

and by compactness y, — y strongly in L?(Q2). Then %2 — £ a.e. on Q and | = £ by the Vitali’s theorem. We
can now pass to the limit in (£I7), relying on the weakly lower semicontinuity of J and get that J(y) = d, that
is y realizes the minimum in ({@.I6]).

Next, we give a variation y° = y+on, for o > 0 and n € H}(2), and particularize the condition of optimality,
namely J(y) > J(y) for any § € H}(Q) for § = y°. We calculate

lim W)~ Jy) :/ ((w—a(x))yn—l—Vy-Vn— M—fn) dx > 0.
Q

c—0 o |z|?

Repeating the calculus for 0 — —o we get the reverse inequality, so that finally we can write

/ <<w—a<x>>y—Ay— N g
Q |517|

which implies that y is the weak solution to the equation (LI5]). The solution is also unique because J is strictly
convex and the system is linear. By (LI5]) we see that Ay € L?(Q), so that y € D(A). m

In conclusion, A generates an analytic Cyp-semigroup on L?(Q) for A < Hy.

Moreover, since as earlier seen, the operator (wl — A)~! is a compact operator for w > ag, it follows that
t is compact for all ¢ > 0.

(i2) Let yo € L*(Q), u € L*(Ry,R), w € L3(Ry; L?(Q)). Since Byw + Bou € L2(0,T; L*(Q)) and yo €

D(A) = L*(Q2), eq. [@I4) with y(0) = yo has a unique mild solution y € C([0,T], L*(2)), given by B3] for any
T > 0 (see [7], p. 131, Corollary 4.1). The solution also satisfies y € L?(0,T; Hi(Q2)) U WL2(0,T; H=(Q)).

> dx =0 for all n € H (),
H-1(Q),H}(Q)

eA

In order to prove (i3) we provide the following lemma.
Lemma 4.2 Let A < Hy. Then, the pair (A,C1) is exponentially detectable.

Proof. Let K = —kI, with k > ag and set A1 = A+ K. This is still w-m-accretive, so that A; generates a
Co-semigroup on L2(€), S1(t) = e/, Hence y(t) = ety satisfies

dy

7 (1) = Awy(t), £ 20, y(0) = yo. (4.18)
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Recalling the expression of Cy, multiplying ([AI8)) by y(¢) and applying again (2.T6]) we get

1d 2 A 2
3 1+ (1= 5= ) 19wl + 5 |

2c

ly(t)2ds < ao / ly(t)[? dz. (4.19)

Qo

We take into account that Qg C Q¢ and k > ag, and integrate from 0 to ¢. We obtain

1 A ! 1
I3+ (1= =) [ ITu3ds+ (6= a) [ (O ds < 5 ol e >0
N 0

Qo

From here and the Poincaré inequality it follows that
t
/ ly(s)|2ds < O [lyol2, for all £ > 0, (4.20)
0
with Cn a constant depending on Hy. Letting ¢t — oo in (£20)) we finally get that

/ ()12 ds < o [lyoll2 (4.21)
0

This means by Datko’s result, previously recalled, that eA+K¢1

that is there exists a > 0 such that

generates an exponentially stable semigroup,

He(AJrKcl)tsz < Ce s, for all y € L2(Q).

Then

/OO HB;e(A*-i-CfK*)tyH dt < C/Oo He(A*Jrc{K*)tyH dt
0 u 0 2
< Clyl, [ e tar=Clyl,. vy < @)
0

that is [B.2]) is verified. m
(i4) By (@I0) we have

2
I1D1ull; = @ || 200y = ©*

and
DiCiy = / d(x)xa (2)y()dz = 0.
Q

The hypotheses being checked, we can formulate the H°-control problem for system (4I))-(4]) as in Theorem
B1

In order to explicit Theorem B.1] and to give a differential formulation for it, as announced in Remark 3.7,
we recall that the linear continuous operator P € L(L?(£2), L?(2)) can be represented by the L. Schwartz kernel
theorem (see e.g., [20], p. 166) as an integral operator with a kernel Py € L?(Q x Q), namely

Py(z) = /QPQ(x,f)cp(f)d{, for all ¢ € C5°(Q). (4.22)

By (£8) and (£II) we have
BIBTQP(J;) = Xw1($)(p(x)7 Clcik(p(l') :XQC(fE)(P(J;),
BiB{P(z) = Xun(®) /Q Py, €)p(€)de,

PB1ByPo(z) = /Q/Qle(Z)Po(I,E)Po(E,§)<ﬂ(§)d§d§ (4.23)
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ByBip(a) = b(x) /Q b(@)p(@)dr, = € O,

ByBiPo(r) = bx) /Q /Q b(E) Po (. £ p(€)dTde, = € O,

PEBiPo(e) = [ [ [ Be DR O0@b@e) drdEde. (424)
aJala
Moreover, by a straightforward calculation we obtain
o) = [ (8.m )+ 2w m(e.9)) et (4.25)
A
Paga) = [ o(©) (8emr(o) + 2D 4 o Pio,6)) (4.26)
and by denoting F := B B3 — v 2B1 B}, we have
= &)d £ dzdé
PEPo(2) / e [ [ Pula &P pOb(a)dndE

/ €)de / Yoor () Pol, €) Po &, €)E.

For x € Q we define the distribution p, € D'(Q) by

pa(p) = Xao (2)e(z) = ; (z = E)xac (§)e(E)dS, Ve € (),

where § is the Dirac distribution. Then, by replacing all these in ([33), we deduce the equation

AuPo(2,9) + Ach(2.6) + Mo(0,) (i + 1 ) + o) + a(€) P
- [ [ e 0@ p@b@andE + 972 [ xo @Po(e DREOE (427)
oJa Q
= —d(z —§xac(§), in D'(Q2x Q).
This equation is accompanied by the conditions

Py(z,6) =0, V(z,8) eT x T, (4.28)

Py(x,&) = P&, x), Y(z,&) € Q x Q, (4.29)

Py(z,£) >0, V(z,6) e 2 xQ (4.30)

and so we can enounce the following

Theorem 4.3 Let v > 0 and let A, By, By, C1 and D be given by ({£.12) and ({{.8), respectively. Then there
ezists ' € L(L?*(Q),R) which solves the H®-control problem for system (f.1)-({Z-4) if and only if there ezists a
solution Py € D(A) x D(A) to (Z-27)-{-23), satisfying [{-29)-[{{-30). Moreover, in this case

- / /Qb(iv)Po(fEaf)y(f)dfd% vy € L3(Q), (4.31)

is a feedback controller which solves the H®-problem for system {{-1))-({4-4))-

In this case it is easily seen that Ap = A — Bo B3 P+~ 2B B} P has the domain D(Ap) = D(A), and since
Ap is closed it follows that X = D(A). Moreover, by ([@31]) we see that F' € L(L?(2),R).

A direct approach of problem (£.27)-(430) is an interesting problem by itself but is beyond the objective of
this work.
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5 Dirichlet boundary control

As in the previous section let €2 be an open bounded subset of RV, N > 3 with the boundary I' = 92 sufficiently
smooth and such that 0 € Q. Consider the following system

A
yr — Ay — % —a(z)y = Biw, in (0,00) x £, (5.32)
T
Yy = 1, on (0,00) x T, (5.33)
y(0) = yo, in €, (5.34)
z = Cry + Dyu, in (0,00) x £, (5.35)
where yo € L?(2), a is again given by (£H) and
u(t,r) = Zozj(a:)uj(t), uj(t) e Rae t€(0,00), j=1,..,m, (5.36)
j=1
a = (01,..,anm) € (LQ(I‘))m, a; >0ae zel.
We assume in addition that
Doaj _ 1o :
—— e L*(Q), j=1,...m. (5.37)
x

The expression (5.36) allows the possibility to consider combinations of conditions on subsets of the boundary
for the controls u;(t) € R. The hypothesis (5.37) will be justified later.
(i1) For this problem we choose

H=W=27=1L*Q), U=R"™, (5.38)
Biw = xu, (@)w, C1y = xa.(x)y, Diu= Zdj(x)uj, x €, (5.39)
j=1

u = (uy, ..., Um), with the conditions wy C Q, Qy C Q¢, and
dj S L2(Q), dj (117) =0on Q¢, / djdkdx = 5jk- (540)
Q\Qc

Thus, By € L(L?(Q2),L3()), C1 € L(L*(Q),L*(Q)) and Dy : U — L?(2). The operator Bz will be further
defined. The operator A is the same as before, that is

A:D(A) C L*(Q) = L*(Q), Ay = Ay + |;\—|y2 + a(x)y, (5.41)
D(A) = {y € Hy(); Ay € L*(Q)}. (5.42)

By Lemma 4.1, for A < Hy and w > ao, it follows that —A is w-m-accretive on L?() and self-adjoint, so
that A generates a Cy compact semigroup e4? on L?(2). Moreover, as we shall see later, if y € D(A) then
y € H*(Q\{0}).
In order to write equation (0.32) in the operatorial form, we need some preliminaries. Let us consider the
problem
Al=0inQ, d=vonl, fort>0. (5.43)

The boundary condition is meant in the sense of the trace of § on I', generally denoted by tr(6). But, if any
confusion is avoided we shall no longer indicate the trace by the symbol ¢r. The unique solution to this problem
is the well-known Dirichlet map, v — 6, here denoted by Dgv. If v € L*(T), then Dy : L*(T') — H'/?(Q) and it
satisfies || Dov||1/2(0) < Cl|[v]l g2y (see e.g. [19]).

In our case, v = u € L*(Ry; L*(T")) and so Doui(t) € H'/?(Q) and

”DOE(t)HHlﬂ(Q) <C Hﬂ(t)”L?(F) ; a.e t>0.
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Moreover, since w is given by (B.36]) and Dy is linear we have
Dou(t) Zu] )Doaj, t > 0. (5.44)

Let us introduce the operator

Ay : D(Ag) = D(A) C L*(Q) — L*(Q), Aoy = Ay + W (5.45)

This operator is m-dissipative on L?(Q) by a similar proof as in Lemma 4.1. Let us determine the Dirichlet
mapping v — Dv corresponding to Ag, that is

ADv

ADU—i—W—OmQ Dv=vonT. (5.46)

Lemma 5.1 For A\ < Hy, Dv associated to Ay exists and it is unique for v € L*(T') satisfying 222 € L2(1).
Moreover, one has

Do’U

Dv e HY?(Q) and || Dol| /2y < C <||v||L2 o + H ) . (5.47)
L2(@)

Proof. Let t be fixed and denote ¢ = Dv — Dgv and consider the equation

D
AQD—F/\—SO* Min Q, p=0onT. (548)

2
| |z

We assert that problem (£.48) has a unique solution in D(A) and prove it via a variational technique, by showing
that the solution to (5:48)) is given by the minimization of the functional ¥(y),

. 1 o 1?2 XpDgv
min v = - |V - — dr p . 5.49
@eHsm){ () /Q (2 Vel = ™ TP (5.49)
It is easily seen that
1A ) / Dyov|?
- — — Vol“dr — X — | dz <V < 00,
(3-7) [ v 22 4o < i)

so that ¥ has an infimum d. We note here the necessity of the assumption % € L?(Q). Next, we proceed as
in Lemma 4.1 and show that ¢ € H}(Q) is the unique weak solution to the equation (5.48). By (5.48) we note
that by multiplying by ¢ we get

go Dov ||?
welt+ 5 |2 < 5 |2

Then, it follows that Dv = ¢ + Dyv which is the Dirichlet map for (IBIEI), has the properties Dv € H'/2(Q),
Dv = £ 4 Dov e 12(Q) and 1DV 172y < [l + Dovll gajey < O(”@HH(}(Q) + ”DOUHHl/?(Q))a implying

(IB.IZD [
Lemma 5.1 implies that the operator D : L*(I') — L*(2) with the domain {v € L*(T'); D"v € L*(Q)} is closed
and densely defined. We denote by D* : L?(Q) — L*(T) its adjoint.
Now, we can write the operatorial form of the system. Let u = (uq, ..., u,,) and assume for the beginning
that
ue W20, T;R™), we WH2(0,T; L*(Q)), T >0

and note that Di(t) is well defined due to (5.37), Du(t) € H'/?(22) and

Doaj

T

IDEO g1/20y < O3 s (0 (|aj|m> #| . )) a1 0.
j=1 L2(Q
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We and write the difference system (£.32) and (5.44),
Ay — Du)

(y_Dﬂ)t_A(y_Dﬂ)_ |$|2 —a(x)(y—Dﬂ)
= Biyw — (Du); + a(z)Du, in (0,00) x Q,
y—Di = 0,0n(0,00) xT, (y— Du)(0) = yo — by in Q,

where 6y = Du(0). The solution to the previous system reads
t t
(y — DI)(t) = e (yo — o) + / AU=5) (B + a D) (s)ds — / A=) (D), (5)ds.
0 0

Integrating by parts the last right-hand side term we obtain
y(t) = Du(t) = eMyo— e + /Ot A=) (Byw + a(x) D) (s)ds
—Diu(t) + ey — /O t A=) ADU(s)da
which yields
y(t) = etyy — /Ot e =) ADU(s)dx + /Ot eAt=3)(Byw + a(x) D) (s)ds.
The formula is preserved by density if u € L?(0,T;R™) and w € L*(0,T; L*(£2)) and this represents the solution

to the equation

y'(t) = Ay(t) + Biw(t) — ADu(t) + a(z)Du(t), y(0) = yo. (5.50)
Since D(t) is not in D(A) one must interpret ADu(t) by using the extension A of A to the whole space L2(2)
by

A D@ = (DAY, (Agw) = (5, A9), Y € D(A), (5.51)

see (Z5). Now, we can define By : U — (D(A))’,

j=1

Jj=1 j=1

where u = (uy,...,u,) € U = R™. Expression (5.52) is well defined since Da; € HY?(Q) C L?(Q) and
a € L>(R). Eventually, we can express equations (5.32)-(5.33) as

y'(t) = Ay(t)+ Biw(t) + Bau(t), t >0, (5.53)
y(0) = wo
with A defined in (551)), Bo defined in (5.52) and @ defined in (5.36).

i9) For verifyin, we need to calculate B and D*. We denote by 22 the normal derivative of v on the
ymg 2 y ov
boundary I'. We give the following lemma.

Lemma 5.2 The operator B : D(A) — R™ is given by

(Bsv); = — (aj, @> , forve D(A), j=1,..,m, (5.54)
OV ) 2
where % € L2(I).
The operator D* : L*(Q) — L2(T), is defined by
D*p = %(Aglp) on T, forp e L*(Q). (5.55)
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Proof. We use the definition of By and for v € D(A) we calculate

(B2, v) (p(ayy, p(a)y = <—A ZujDozj + aZujDaj, v> (5.56)
= = (D(A))'.D(4)
= — Z (uj Doy, Av) 1o o) + Z (ujDaj,av) ;) = Z uj (Daj, —Av + av)Lz(Q)
j=1 j=1 j=1

= u- (Do, —Av +av)p2q) = u - (Da, —Agv)2(q),

where (Do, Agv)2(q) denotes the vector with the components (Daj, —Agv)r2(q) for v € D(A). Here we took
into account that —Av + av = —Agv with Ap defined in (E45). Hence, we can define the components of
B} :D(A) > U* =U =R™ by

(Bsv); = (Day, _AOU)L2(Q) ,veD(A), j=1,..,m. (5.57)

For the computation of (Daj, —Agv) r2(q) let us consider the generic systems

ADﬁ+% —0, DB=BonT, geL*(I), (5.58)
X
Av 2
_AU_WZP7UZOOHF7PEL(Q)' (559)
x

The second system has a unique solution v € H}(2). In order to make a rigorous calculus we assume first that
B € H*(T') and — Ay is replaced by for £ > 0 by
A

— A = A-
0,e |;[;|2—|—g

)

. D(Ao.) = HX(Q) N HL(9). (5.60)

Thus, the equation —Ap v = p has a unique solution v. € H?(Q)N Hg () and all operations below make sense.
We multiply the approximating equation for D by the solution v.. By applying the Green’s formula we obtain

/ DBAUE'F% d:v—i—/ (US@—Dﬁavs)d:vzo
Q |z]” + ¢ r v ov

which implies, by using (.59) and the boundary condition for De;, that

B B v, 9
/QpDBd:v—/FBaV do, VB € L(T).

Therefore, we have for each p € L?(£2)
9 a1 1
(Dﬂvp)L2(Q) = ﬂv 8_(A075p) VB €H (F) )
v L2(T)
which can be written also as

dve

D _Ass 2 = - s
(DB, —Ap,cv:)2(0) <[3 ey

> for 3 € H' ('), v. € D(Ag.).
L*(I)
These remain true at limit as ¢ — 0, hence

(D5 = (B (45')) for e BT, pe 20 (5:61)
L2(r)

(DB, =Agv)r2(0) = — (Bu %>L2(F) for B € H' (T'), ve D(Ag) = D(A) (5.62)
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and the latter makes sense since % e H Y 2(1"). We note that both Ay . and Aj are surjective, because they
are m-accretive and coercive. Then, by (5.61) we can define D* : L2(2) — L?(T"), by (£.55).

Going back to (5.571) and using (5.62)) in which we set 8 := «; it turns out that we can define B : D(A) - U
by

v
By

(B3v); = (Daj, =Aogv)r2(ry = — ( ) , for v € D(A). (5.63)
L2(T)

It remains to show that 2% belongs to L*(I') if v € D(A). Indeed, there exists (ve). C H?(Q2) N D(A) such that

ve — v strongly in D(A), %sz — % strongly in H='/2(T") as ¢ — 0 and

N _ Ove
(Byve); = (aj, 5 )L2(F). (5.64)

We recall that 0 € Q. We consider ¢ € C*(2) defined by

()= { O iFzeDs
PETZ\ 1, if 2 € O\Qas

where § > 0 is such that Qs = {x € Q; ||z|| < 6} and 0 € Q5. The function pv. € H?(Q\Qas). Indeed, since
v. € H?(9) it follows that there exists f € L?(Q) such that f = Av. and so Av. = f — 2% € L2(Q\Qa5). We

EN

have
Apv.) = pAv, + 2V - Vo, +v.Ap € L2(Q).

This together with the boundary condition ¢v. = 0 on I" implies that pv. € H?(Q\Qas) and so v. € H?(Q\Qas),
too, because ¢ = 1 on Q\Qas. Consequently, 68”5 € HY?(T") ¢ L*(T"). This is preserved by density nearby the

v

boundary. Finally, (5.63)) remains true by density for a; € L?(I') and so this implies (£54). m

Now, we pass to the proof of (i3). Such a result is proved for the Laplace operator in [§], p. 320, Proposition
4.39, but here we give a complete different proof under our hypotheses.
To this end, we recall that Ay = Aoy + ay with Ay defined in (5.45) and consider the problem

d
d—?(f) + Boy(t) —ay = 0, in (0,T) x Q, y(0) = yo € L*(Q) (5.65)

where )
By = —Ay, Bo = —A— e By : D(By) = D(Ag) — L3(Q). (5.66)

Xz

The operator By is m-accretive, By = Bj and By — al is w-m-accretive. The unique solution to problem (5.65)
has also the property y(t) € D(A) = D(Ap) a.e. t € (0,T) by the regularizing effect (see [7], p. 158 Theorem
4.11).

First, we determine two estimates. We multiply equation (5.658) first by y(¢) and integrate over (0,t). We
obtain, using Gronwall’s lemma

ly(®)113 +/O (Boy(s),y(s))2ds = Cr |lyoll3 vt € [0,T]. (5.67)

Then, we multiply (563 by tBoy(t) which yields

2 Boy(0) y(0)s + ¢ Boy(0) 3 = 5 (Bou(t),y(e))a + (ay(0), Boy(0)z. (5.65)
We integrate this and by (5.67) we get
(Bay(t). (02 + [ s |Bay(s)3ds < € [ (Bou(s),u(s))ads < Cr ol (5.69)
0 0
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To prove (i) we have to estimate

. . dy(t "
1Bie ol = IB5y0) g = (— (o 229 ) (5.10)
L2(T)

Jj=1 Rm
Z ol ey

IN

)

L2(T)

‘a()

thus, actually we have to estimate ‘ y(®) o(r) for ¢ > 0. Since we shall relate this to the fractional powers of the
r

operator By, for a rigorous computation involving its fractional powers we shall rely again on the approximation,
By = —Ao,e, see (LG0). We proceed with all calculations for the approximating equation (5.60) with By .
instead of By and pass to the limit at the end. Thus, D(By ) = H?(Q)NH{ (), Bo : D(Bo) C L*(Q) — L*(Q)
and it is m-accretive and self-adjoint.

Therefore, we recall that the fractional powers are defined by Bf_ : D(B§.) C L*(2) — L*(2), s > 0, see
[24]. Then, D(B§.) C H?*(Q) with equality iff 2s < 3/2, see e.g., [I7]. We have the interpolation inequality

HBOSwH2 <CHB w” HB H _/\, for s = As1 + (1 — A)sa, (5.71)

and the relations
HBOEwH2 <CHB wH it s < s1, (5.72)
] e (5.73

Now, we come back to %(t) and using the trace theorem and (B73) applied to By we write for the

approximating solution

0ye 3/4
15| < IOl < B30 - (5.74)
L2(T)
3/4
so that we must estimate HB (t)HH
Next, we use (B.71]) and write
3/4 4 4
| By, < O 1Bocu- 01 -1 (5.75)
Further, we calculate via Holder’s inequality
1B s = [ w1 svas (5.76)
3/8 5/8
< (/ SS;D/3 ||BO_,sys H2 ) < 8p/5d5)
0
. /8 5/8
= (/ S HBO,Sya(S)Hz ) (/ _3/5d8)
0 0
t 3/8 5/8
< o[ shmoanlias)  (#)"
0
where we chose p = 5. This together with (5.70), (.74), (575) and (B.67) implies
As 3ys
HBQ c€ yOHR ds <C ”BO <Ye(s )”L2 Q) (5.77)
LQ(F)
< / 1Bo v (3 e (s >||1/4 s < Crlull* [ 1Bocye()13 s
1/4 3/4 (,2/5)°/8
< Crlwoly vl (#°) " < Cr lolly vt € 0.7,
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Passing to the limit by recalling (5.62)) we get (i) as claimed.
This hypothesis has also an important consequence. We note that (53] with the initial condition y(0) =
Yo € L?(Q) has a unique solution y € C([0,T]; (D(A))"),

y(t) = ety —l—/o eAlt=s) (Biw(s) + Bau(s))ds, t € [0,00). (5.78)

We are going to show first that (i) ensures in addition that y € L%(0,T; L*(12)).

Actually, we shall prove the following assertion: if (8.1]) takes place then the solution y to (53] belongs to
L2(0,T; L*(Q)) if u € L?(0,T;U). Since in (5.78) the sum between the first and the last term corresponding to
the contribution of w is already in C([0,T]; L?(£2)) we focus only on the term Y (t) := fot eA(=%) Byu(s)ds and
show as in B.8) that [[Y|| 120 7.12(0)) < C llullp2( 7,0y - In conclusion, equation (B.53) with the initial condition
Yo € L?(Q) has a mild solution y € L?(0,T; L3()).

(i3) The first part of hypothesis (i3), that is the detectability of the pair (A4, C;) follows as in Lemma 4.2.
Now we prove [8.2). We recall that

Ary = Aoy + aoxa, (1)y — kxac (1)y
with Ag defined in (5.45]) and consider the problem

%(t) + Boy(t) = aoxa, (2)y — kxac (#)y, in (0,T) x Q, y(0) = yo € L*(Q) (5.79)

where By = —A( is m-accretive, By = Bj and A; is m-accretive. Then, problem (5.79) has a unique solution
y(t) = S1(t)yo, where Si(t) is the Cp-semigroup generated by A;. The solution y € L%(0,T; H}(2)) and
y(t) € D(A) a.e. t € (0,T).

Since A; = A + K, generates an exponentially stable semigroup we have

ly@)lly < e llyolly, o=k — ao. (5.80)
Moreover, S;(t) is analytic and so
Cr
4wl < S Iy, vt € 0.7). (5:51)
Since ||Boy|ly < A1yl + C |yl 4 it follows that
Cr
1Bo(®)l, < o), . vt € (0.7). (5.52)

The previous calculations for proving point (i) hold here too, and by (577) we have

. . ay(t "
| Bretamenny, || =183l = (— (o 227) ) (589
220/ ||,
- y(1) 1 _q
< leajnm\w m)sonBoy@)nS“nyon;/ oot/
j=1

where y(t) = S1(t)yo is the solution to (5.79). Thus,

T
/ HBSe(AJrKcl)tyOHR dt < Cr|lyolly, for T > 0. (5.84)
O m
On the other hand, for t > T we have

C Cr g
[4y(®)l; = [41S1T)S1(¢ = Thy(®)lly < - 151 = Tyl < Z-eT fyoll
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Then we calculate

IBoy(®)lI3* < (I A1y@)ll g + Clly@)ll )" < CllAyO 13" + C ly@))3*

Cr s
e D ol + C loll3”

S T3 4 ||y0

hence, by (5.83)

* c —oall— o
e sscenm| < (e D)l e (5.5

= <—TC3§4 e~Salt=D/4 4 6at/4) Iyolly, for ¢ >T.

In particular, let 7 =1 and by (5:84)) and (5.85]) we finally get

/O HB;e<A*+K01>tyOHU dt (5.86)

1 oo
/ HBge(A*+KCI)tyOH dt+/ HBge(A*JrKcl)tyOH dt
0 U 1 U

IN

Gl + ol [ (e e at < C
1

for all yo € L?(€). In conclusion, we have obtained [B.2)) as claimed.
(i4) The adjoint of Dy is D} : L?(Q) — R™

Div = </Q dl(az)v(x)daj,...,/ﬂ dm(a:)v(x)da:> .

2
Then, by (G40, ||D1u||ig(9) = fQ <Z dj(:zc)) dr =1, and fQ z)Xae (x)ydz = 0, hence DiCyy(€) = 0.
=1

Then, calculating the operators in (8:9) we see that formulae [@23]), (4.25)-(.26]) are the same and using
E63) we get

PByB;Py(x) / Z Aj(&)A;(x) | de

where
4,0 = [ a5 0o

Proceedings with all calculations as in Section 4] we have

Theorem 5.3 Let v > 0 and let A, By, Ci and D1 be given by (541) and (5.39), respectively and Bz, B3 be
gwen by (2.52) and [5.54)). Assume that Py € D(A) x D(A) is a solution to equation

AuPo(2,€) + D¢ Po(,€) + APo(x, €) (| 1|2 #

=S 4@+ [ X @R DRE )G (5,87

) T (ala) + a(©)) Po(,€)

= —5({E - g)XQC (5)7 in D/(Q x Q)a
with conditions ([1.28)-(-30). Then, the feedback control F € L(L(Q),R™),

Fy). — OR = 1.m
Foy = [0 (. 5200) | dt i =1 m e o) (5.59)

solves the H°-problem.
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In this case, by (B.5]), (5.52) and (557) we have

o 0
Arw =40 |+ [ 0O Y ([ a5 0.00d0 ) Dajie | +av-t v | Pl

Q =

and we see that
D) = {we s y+ [ 4o > ([ (13261 ) Dasde € ()

Moreover, Ap is closed because if y, — y in H, since Ag is closed we see that Apy, — Apy in H. Then, by
Lemma B.5 we deduce that X = D(Ap).

6 Dirichlet boundary control in an 1D domain with a boundary
singularity

We briefly discuss here the H*°-boundary control problem for an one-dimensional parabolic equation with the
singularity on the boundary. Namely, let 2 = (0,1) and consider the system

A
yr — Ay — % —a(z)y = Biw, in (0,00) X Q, (6.1)
x
y(t,0) =0, y(t,1)=u for ¢ > 0, (6.2)
y(0) = yo, in Q, (6.3)
z = C1y + Dyu, in (0,00) x £, (6.4)
where yo € L*(Q), u € R.
(i1) For this problem we choose H =W = Z = L?(Q), U = R,
Biw = xu, (#)w, Cry = xac()y, Diu=d(z)u, z €, (6.5)
with the conditions wi C €, Q¢ C Q¢, and
d € L*(Q), d(z) =0 on Q¢, / d*(z)dx = 1. (6.6)
Q\Qc

Thus, By € L(L*(Q2), L*(Q)), C1 € L(L*(Q), L*()) and Dy : U — L*(Q).

We deal again with the operator A : D(A) C L?(Q) — L*(Q), Ay = Ay + ‘i—“%, which is w-m-accretive
on L?()) and generates a compact Cp-semigroup on L2(€2). The difference here is that in the calculus of the
accretivity of —A we use the Hardy inequality (21I7) instead of (ZI6]). Next, we define

B:R—R xR, Bu=(0,u) (6.7)

and consider problem A8 =0, § = Bu on I' = {0, 1} which provides the Dirichlet map Doyu, associated to A
and Bu, expressed in this case by

Dou = uz. (6.8)
Next, the problem
ADu
||
provides the Dirichlet map associated to Ay defined in (&45). Making the difference ¢ = Du — Dou we write
the equation

ADu + =0, Du=BuonTl, (6.9)

Ao Au

Ap+ —5=——, p=0onT.
|| x
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By a similar calculus as in Lemma 5.1, where we note that in this case while solving (5.49) we have

1 A / 2 2
- — — Vol“dr — |u|” < W < 00,
(377 ) [ Vel de = 1uf* < w(e)

we deduce that ¥ has a minimum. Thus, we find that ¢ € Hj(Q2), £ € L*(Q) and

D
Du = ¢ +uz € H'(Q), 7“ € L2(Q). (6.10)
We define _
By:U =R — L*(), Bou=—ADu + a(z)Du = —uAyD(0,1) (6.11)

where A is defined as in (5.51) and D(0,1) is the Dirichlet map corresponding to the boundary data y(t,0) = 1,
y(t,1) = 1. Then, B} : D(A) — R and Lemma 5.2 implies that

Biv=—v'(1), ve D(A), D*'p=7p'(1), (6.12)

where D* : L?(Q)) — R. We recall that p is in H? in the neighborhood of the boundary z = 1.
Hypotheses (i2), (i3) and (i4) are proved as in Section
Finally, we calculate the term PB;BjPp(z), the other terms being the same as in the previous sections,

p) p)
PByB;Pol(x /Q/Q foq PO( ,1)(€)de

and replacing in (3.9) we get

Theorem 6.1 Let v > 0 and let A, B1, C1 and D1 be given by (5.41) and (6.35), respectively and Bs, B3 be
gwen by (6.7) and (612). Assume that Py € D(A) x D(A) is a solution to equation

L
P

+ [ 220,952 04172 [ X @Rle DREOE (6.13)
= —6(z —&xac(§), (z,§) € UxQ,

with the boundary conditions Py(x,0) = Py(z,1) = 0 for x € (0,1) and by symmetry Py(0,&) = Py(1,€) = 0.
Then, the feedback control F € L(D(A),R),

Ay Po(e,€) + AcPole, €) + APo(a, ) (ﬁ n ) T (ala) + a(©)) Po(2,)

~ 0P,
Fy= [ w6 (.6 v e ) (614)
solves the H -problem.

In this case
Apy = Ao (y+ /Q 21,00, >y<s>d§) T ay + X /QPO@,@y(s)d&

which is closed, so that

bt~ foe s [ 2

Q

9% 1 )by, )y(&)dsemm}.
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