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Abstract

We consider the number of the 6-regular partitions of n, bs(n), and
give infinite families of congruences modulo 3 (in arithmetic progression)
for bs(n). We also consider the number of the partitions of n into distinct
parts not congruent to +2 modulo 6, Q2(n), and investigate connections
between bg(n) and Q2(n) providing new combinatorial interpretations for
these partition functions. In this context, we discover new infinite fam-
ilies of linear inequalities involving Euler’s partition function p(n). Infi-
nite families of linear inequalities involving the 6-regular partition function
bs(n) and the distinct partition function Q2(n) are proposed as open prob-
lems.
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1 Introduction

Recall that a partition of a positive integer n is a sequence of positive integers
whose sum is n. The order of the summands is unimportant when writing
the partitions of n, but for consistency, a partition of n will be written with
the summands in a nonincreasing order [2]. As usual, we denote by p(n) the
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number of integer partitions of n and we have the generating function

> pn)g" = .
n=0

(@)

Here and throughout, we use the following customary g-series notation:

1, for n =0,
(a;Q)n = n—1
(I1-a)(l—aq) - (1—aq" "), forn>0;

(@;¢)oo = lim (a;¢).-
Moreover, we use the short notation

(ar,a2,...,0n; @) o0 = (0159)00(02; @)oo - - (An} @) oo-

Because the infinite product (a;¢)e diverges when a # 0 and |g| > 1, whenever
(a;q)oo appears in a formula, we shall assume |¢| < 1.

For an integer ¢ > 1, a partition is called f-regular if none of its parts is
divisible by ¢. The number of the /-regular partitions of n is usually denoted by
be(n) and its arithmetic propertys are investigated in many interesting papers
by Z. Ahmed and N. D. Baruah [I], R. Carlson and J. J. Webb, [16], S.-P. Cui
and N. S. S. Gu [1I7], B. Dandurand and D. Penninston [I8], D. Furcy and
D. Penniston [19], M. D. Hirschhorn and J. A. Sellers [22], Q.-H. Hou, L. H. Sun
and L. Zhang [23], J. Lovejoy and D. Penniston [25], D. Penniston [43] [44],
E. X. W. Xia [48], E. X. W. Xia and O. X. M. Yao [49], L. Wang [51] 2],
and J. J. Webb [53]. Elementary techniques in the theory of partitions give the
generating function

.- n_ (@54
be(n = 1
nz:% en) (43 9) @
In 2010, G. E. Andrews, M. D. Hirschhorn and J. A. Sellers [3] proved
that by(n) satisfies two infinite families of congruences modulo 3. After a year,
J. J. Webb [53] proved an analogous result for b13(n). In 2012, D. Furcy and
D. Penniston [I9] extended these results to other values of ¢ which are congruent
to 1 modulo 3, i.e., £ € {7,19,25,34,37,43,49}. All these congruences are of
the form
be(3°n+d) =0 (mod 3).

In addition, D. Furcy and D. Penniston [I9] proved that
b10(9n + 3) = b22(27n + 16) = b28(27n + 9) =0 (mod 3)

More recently, in 2015, Q.-H. Hou, L. H. Sun and L. Zhang [23] found infi-
nite families of congruence relations modulo 3, 5 and 7 for ¢-regular partitions
with ¢ € {3,5,6,7,10}. In particular, when ¢ = 6, they proved that for a,n



nonnegative integers, p; primes congruent to 13,17,19,23 (mod 24) and j # 0
(mOd pa+1)7

2.2 past (247 o —
1 PePat1(24] + 5pat1) 5>:0 (mod 3).  (2)

p
bs (pf e paan 2
Then, setting a« = 0 in (@), it follows that for all n > 0, p = 13,17,19,23
(mod 24) prime, and j Z 0 (mod p),

2

-1
b6<p2n+pj+5p24 >:O (mod 3). (3)

It turns out that the result in [23] can be extended to other choices of primes.

Theorem 1.1. Let o be a nonnegative integer and let p; > 5, 1 <t < a+1 be
primes. If po41 =3 (mod 4) and j Z 0 (mod pa+1), then for all integers n = 0
we have

2 p2 oyt (24 + Bpas1) — 5
be (p%...piﬂn—i-pl pp+1(24] Pot1) )EO (mod 3). (4)

In particular, if & = 0, Theorem [[1] states that (B]) holds for all primes
p=3 (mod 4), j Z0 (mod p) and n > 0. This statement can be reformulated
as follows.

For a prime p > 5, we set

p°—1
24

ap =5 mod p,

where by a mod m we mean the residue of a modulo m. Equivalently,
op = L5p2/24J mod p

and also
o, = —5- 24;1 mod p,

where 24! is the inverse of 24 modulo p.
Then, from Theorem [T with e = 0 and (), we obtain the following result,

Corollary 1.2. Ifp is a prime congruent to 7,11,13,17,19,23 modulo 24 and
0<j<p-1,j# |bp/24], then for all n = 0 we have

be (p*n+pj+a,) =0 (mod 3).

We also consider the partitions of n into distinct parts not congruent to
42 modulo 6 in order to provide other properties for the number of 6-regular
partitions of n.

Definition 1. Let n be a nonnegative integer. We define:



i) bg,e(n) to be the number of 6-regular partitions of n into an even number
of parts;

ii) bgo(n) to be the number of 6-regular partitions of n into an odd number
of parts.

Clearly bg(n) = bg,c(n) + bs o(n). For example, the partitions of 7 into parts
that are not multiples of 6 are:

(7), (5,2), (5,1,1), (4,3), (4,2,1),(4,1,1,1), (3,3,1), (3,2,2), (3,2,1,1),
(3,1,1,1,1), (2,2,2,1), (2,2,1,1,1), (2,1,1,1,1,1), (1,1,1,1,1,1,1).

We see that bg(7) = 14, bs(7) = 6 and bg ,(7) = 8.

Definition 2. Let n be a nonnegative integer. We define Q2(n) to be the
number of partitions of n into distinct parts which are not congruent to 42
modulo 6.

For example, the partitions of 14 into distinct parts not congruent to =+2
modulo 6 are:

(13,1), (11,3), (10,3,1), (9,5), (8,5,1).

Thus, Q2(14) = 5. The standard methods for producing partition generating
functions (cf. [2| Ch. 1]) reveal directly that

> Q) q" = (—,—¢",—¢", 4" ¢")o (5)
n=0

and the expansion starts as
1+q+q3+q4+q5+2q6+2q7+2q8+3q9+3q10+3q11+5q12+5q13+5q14+ .

We remark that the sequences Q2(n) is known and can be seen in the On-Line
Encyclopedia of Integer Sequence [45, A328796].

The following result introduces a new combinatorial interpretation for the
partition function Q2 (n).

Theorem 1.3. Forn >0, (—1)" Q2(n) = bg,(n) — bg,0(n).
As a corollary of this theorem, we deduce the following parity result.
Corollary 1.4. Forn > 0, Q2(n) and bg(n) have the same parity.

In order to obtain other combinatorial interpretations for the 6-regular parti-
tions of n and the partitions of n into distinct parts not congruent to +2 modulo
6, we consider the following restricted partition functions.

Definition 3. Let n be a nonnegative integer. We define



i) ¢(n) to be the number of partitions of n into parts which are not congruent
to 0, &2, £20, £22, 24 modulo 48;

ii) d(n) to be the number of partitions of n into parts which are not congruent
to 0, +4, £10, £14, 24 modulo 48.

We have the following result.
Theorem 1.5. Let n be a nonnegative integer. Then
(i) Qa(n) = ¢(n) —d(n —2);
(i1) be(n) = c(n) + d(n — 2).

The following corollary is a consequence of Theorems [[.3] and This
result introduces new combinatorial interpretations for the 6-regular partition
functions bg .(n) and bg,o(n).

Corollary 1.6. Forn > 0,

c(n), if n is even

(i) be,e(n) = {d(’n —2), if nis odd;

c(n), if n is odd

d(n—2), ifn is even.

(i) be,o(n) = {

From Corollay [[.] we can obtain other combinatorial interpretations for the
restricted partition functions ¢(n) and d(n).

Definition 4. Let n be a nonnegative integer. We define

i) bg.ee(n) to be the number of 6-regular partitions of n with an even number
of even parts;

ii) bg,eo(n) to be the number of 6-regular partitions of n with an odd number
of even parts.

Clearly bg(n) = bg ee(n) + bg.eo(n). For example, the 6-regular partitions of
7 with an even number of even parts are:

(7), (5,1,1), (4,2,1), (3,3,1), (3,2,2),
(3,1,1,1,1), (2,2,1,1,1), (1,1,1,1,1,1,1),

3 )

while the 6-regular partitions of 7 with an odd number of even parts are:
(5,2), 4,3), (4,1,1,1), (3,2,1,1),(2,2,2,1), (2,1,1,1,1,1).

We see that bg.ce(7) = 8 and bg ¢0(7) = 6.

Since the parity of the number of odd parts in a partition of n is determined
by the parity of n, we have b c.(n) equals bg ¢(n) (respectively bg o(n)) if n is
even (respectively odd); and similarly for bg ¢o(n). Thus, we have the following
equivalent form of Corollary



Corollary 1.7. Forn >0
(i) c(n) = bﬁyee(”):'
(i) d(n) = be.eo(n + 2).

In [4], while investigating the truncated form of Euler’s pentagonal number
theorem,

oo

(@)oo = Y ()" g D/2, (6)

n=—oo

G. E. Andrews and M. Merca introduced the partition function My (n), which
counts the number of partitions of n where k is the least positive integer that is
not a part and there are more parts > k than there are parts < k. For instance,
we have M3(18) = 3 because the three partitions in question are

(5,5,5,2,1), (6,5,4,2,1), (7,4,4,2,1).

Recently, Xia and Zhao [50] defined Py(n) to be the number of partitions of n
in which every part < k appears at least once and the first part larger that k&
appears at least k 4+ 1 times. For example, P»(17) = 9, and the partitions in
question are

(5,3,3,3,2,1), (4,4,4,2,2,1), (4,4,4,2,1,1,1),
(4,3,3,3,2,1,1), (3,3,3,3,2,2,1), (3,3,3,3,2,1,1, 1),
(3,3,3,2,2,2,1,1), (3,3,3,2,2,1,1,1,1), (3,3,3,2,1,1,1,1,1,1).
Considering (1), we easily deduce that the 6-regular partition function bg(n)
is closely related to Euler’s partition function p(n), i.e.,

oo

bo(n) = > (=1)/p(n—34(3j —1)). (7)

j=—o00

There are two more general results for which identity () is the limiting cases
k — oo.

Theorem 1.8. Forn >0,k >0,

k |n/6]
(DF [be(n)— > (—1p(n—3j3i—1) | = Y bs(n—65) My(j).
j=—(k=1) =0

Theorem 1.9. Forn >0, k > 0,

k [n/6]
(DR [ bo(n) = D (=1Y p(n=3j(3j —1)) | = Y be(n — 65) Pe(j).
j=—k J=0



On the other hand, by () and (@), we can easily derive a linear recurrence
relation similar to the Euler recurrence relation for p(n), i.e.,

> (—1)bs(n— (35 —1)/2) =

j=—o0

(8)

> (=Dk, ifn=3k(Bk—-1),k€Z,
0, otherwise.

Remark 1. If we denote by p.g(n) the number of partitions of n in which
parts occur at most five times, Glaischer’s bijection shows combinatorially that
bs(n) = p<e(n), for all n > 0. Then, the first proof of Theorem 1.1 in [I4] with
4 replaced by 6 gives a combinatorial proof of (g]).

Apart from this recurrence relation, there is another linear recurrence rela-
tion for bg(n). For any integer k, let

=2, ifk=1 (mod 3),
P = 1, otherwise.

Theorem 1.10. Forn > 0,

0, otherwise.

- . (=%, ifn=k(Bk—2), ke Z,
i bs(n— (G +1)/2 :{
;p o(n—3j(j )

As a consequence of Theorem [[LTO] we remark the following parity result
which involves the generalized octagonal numbers, n(3n + 2).

Corollary 1.11. Forn > 0,

oo

> be(n—3j(3j —1)/2) =1 (mod 2)

j=—00
if and only if n is a generalized octagonal number.

In analogy with (@), we have the following result which shows that the par-
tition function Q2(n) can be express in terms of Euler’s partition function p(n)
in two different ways.

Theorem 1.12. Forn >0,

(i) Qa(n) = pjp(n—3j(i+1));

3=0
(ii) Qa(n) = ‘i’op (7n_j(§j_2)),

where p(x) = 0 when = is not a nonnegative integer.



Remark 2. Using the notation of Andrews and Newman [7], mexs 2()\) denotes
the smallest even positive integer that is not a part of \. We denote by pmaq;(n)
(respectively pmsoj(n)) the number of partitions A of n with mexs 2(A) = 2j
(respectively mexa o(A) > 27). If A is a partition of n—j(j+1) then AU(24,2(j —
1),...,4,2) is a partition of n with mexa2(A) > 2j. Hence

p(n—3j(G+1) —p(n—(G+1)(j+2)) = pma;(n).

Then, Theorem (i) is equivalent to the statement that Q2(n) equals the
number of partitions A of n with mexg 2(A) = 2 (mod 6) minus the number of
partitions A of n with mexs 2(A) =4 (mod 6).

Theorem [[LT2] (i) allows us to derive the following congruence identities.

Corollary 1.13. Forn >0,

(i) Z (n—3j(3j — 1)) = Q2(n) (mod 2);

j=—00

(i) Y p(n—j(j+1)) = Qa(n) (mod 3).

Jj=0

Theorem[I.T2] (ii) can be considered an identity of Watson type. More details
about identities of Watson type can be found in [g].

In analogy with Theorem [[.T0, we have the following linear recurrence rela-
tions for the partition function Q2(n).

Theorem 1.14. Forn > 0,

0, otherwise;

(i) Z ) Qa(n—j(35 —1)/2) = {Pk; ifn="k(k+1), k€ Ny

_]_—OO

1, ifn=kBk-2),keZ

0, otherwise.

(i) Z Qg n—3j5(3j — 1)/2) {

j=—o00

Theorem [[LT4] (ii) provides a simple and reasonably efficient way to compute
the value of Q2(n). The number of terms in this linear recurrence relation is
about /8n/9. In fact, computing the value of Q2(n) with this linear recurrence
relation requires all the values of Q2(k) with k < n.

The rest of this paper is organized as follows. Theorem [[.I] will be proved in
Section 2l In Sections BT we will provide proofs of Theorems[T.3] [[L5] .8} .10l
and [LT4l Our proof of these theorems rely on generating functions. For
Theorems[3] (i), and [[T4] (ii) we also give combinatorial proofs. (It would
be very interesting to find combinatorial proofs for the remaining theorems.) In
the last section of this paper, we propose as conjectures new infinite families of
linear inequalities for the partition functions p(n), bg(n), and Q2(n).



2 Proof of Theorem [1.1]

Let -
fe = 3 (1" = ()
and - -
N (1Y) (€550 )eo
W ;q (436%)

be Ramanujan’s theta functions. As mentioned in [23] and also easily seen
directly,

— w17 (0%
;bﬁ(n)q _nl;[l (4;9)oo
Ei(é;;q%)):: (mod 3)

= f(=¢*)¥(q) (mod 3).

We rewrite the above expression as

(q2§q4)oo(q4§q4)oo

F=)(q) = (6% 6% = (0*10%) e (0" 0")oe (—4: )

(¢:4%) oo
Replacing ¢ by —q, we obtain
2 _ (q2;q2)go 2.2 4, 4 L2 — (- 4. 4
f(=a*)(—q) = o). (050700 (0% 0700 (4507 ) oo = (65 Q)0 (075 4 ) 0o

D b6(n)(—)" = (4 9)oo(g":¢")e  (mod 3).
n=0

Let a be a nonnegative integer. Suppose p; > 5, 1 < ¢ < a+ 1 are primes,
Dat+1 =3 (mod 4) and j # 0 (mod pa+1). Given n > 0, we set

1o DEPat1(24) 4 5pas1) — 5
24 '

p
mn ::p%...pi_‘rln_'_
We show that for all nonnegative integers n the coefficient of ¢ in f(—¢*)y(—q)

is zero. We use Euler’s pentagonal number theorem (@) twice to see that

o0

FEP(0) = (@@ (gh 0 )0 = Y (F1)7Hg 5T I

i,j=—00

= m,, which is equivalent to

We consider the equation i(?’i;l) +4- j(?’j;rl)

a® 4 (2b)? = 24m,, +5 (9)



with a =67+ 1, b =65 + 1.

Since j #Z 0 (mod pay1), it follows that pay1 | 24m,, + 5 and p,41 appears
in the factorization of 24m,, + 5 with odd exponent. Then, equation (@) has no
solution and the coefficient of ¢™» in f(—g¢?)y(—q) is zero. Hence bg(m,) = 0
(mod 3). This concludes the proof of Theorem [I.11

Remark 3. In the poof of Theorem [[LT] we reduced the congruence problem
to a question of representing an integer as a sum of two squares. The proof of
[23] Theorem 2.3] relies on a different Diophantine equation. We note that [23]
Theorem 2.2] is a congruence result for bs(n), the number of 3-regular partitions
of n. Tt is easy to see that the proof of [23] reduces to representing an integer as
the sum of two squares. Thus the same argument as in the proof of Theorem [I.1]
can be used to show that the congruence modulo 3 in [23] Theorem 2.2] holds
in greater generality, i.e., only the prime p,4+1 must be congruent to 3 modulo
4. For the convenience of the reader, we give the general statement below.

Theorem 2.1. Let o be a nonnegative integer and let p; > 5, 1 <t < a+1 be
primes. If po41 =3 (mod 4) and j Z 0 (mod pa+1), then for all integers n = 0

2 p2Pas1(12) + pat1) — 1
b3<p§---pipi+1n+pl pp+1(123 Pat1) )zo (mod 3).

3 Proof of Theorem [1.3

3.1 Analytic proof
Define

oo

1

F(z,q) = .
1 a0 e e o)

On the other hand, we have

F(z,q) = Z Zbg(n,m) 2™ q",

m=0n=0

where bg(n, m) is the number of partitions of n with m parts all of which are
not congruent to 0 modulo 6.
Thus, considering the generating functions of bg(n,m) and Q3(n), we can
write
oo

F(-1,q) = Z (bﬁ,e(”) - bG,O(n)) q"

n=0

and

(¢, =% -3 —¢* —¢°:¢%)

10



(=% %)

(=4 @)oo
= (¢:0%) o0 (—¢°¢°) 0
= (-1)"Qa(n)q",

n=0
where we have invoked the Euler identity [2] (1.2.5)]

1

Yo (—¢; @)oo

3.2 Combinatorial proof

We remark first that the set (S1,S52) with 1 = {n € N:n # 0 (mod 6)} and
S—2={neN:n#=£2 (mod 6)} is not an Euler pair and the statement of
Theorem is not a special case of Theorem 3.1 of [I3]. However, the ideas
used in the proof of [13, Theorem 3.1] can be used here. Given a partition A,
denote by ¢()\) the number of parts in A. Note that in a 6-regular partition,
even parts are congruent to 2 modulo 6.

Let B§(n) be the set of 6-regular partitions A of n such that A\ has at least
one even part or at least one repeated part which is not congruent to 3 modulo
6. Moreover, denote by Bg .(n), respectively Bg ,(n), the subset of partitions
in Bj(n) with ¢(\) even, respectively odd. We define an involution ¢ on Bj(n)
that reverses the parity of £(\).

Start with A € Bg(n). We denote by r the largest repeated part of A that is
not congruent to 3 modulo 6 and by e the largest even part of A\. If r or e do
not exist, we set them equal to 0.

1. If 2r > e, we define ©(A) to be the partition obtained from A by replacing
two parts equal to r by a single part equal to 2r. Note that, since r # 3
(mod 6), we have 2r Z 0 (mod 6). Thus, p(\) € Bi(n).

2. If 2r < e, we define () to be the partition obtained from A by replacing
one part equal to e by two parts equal to e/2. Note that since e = +2
(mod 6), we have e/2 # 0,3 (mod 6). Thus, p(\) € B(n).

Since ¢ : Bg(n) — Bg(n) is an involution that reverses the parity of £()), we
have that |Bg .(n)| = |Bg ,(n)|.

Let Q5(n) be the set of partitions A € Bg(n) with odd parts and only parts
congruent to 3 modulo 6 may be repeated. Since all parts of A are odd, £(\) =n
(mod 2). Thus,

bg.e(n) — b,0(n) = (—1)"Q5(n)].

Finally, we create a bijection ¢ : Q4(n) — Qa2(n), where Qa(n) is the set
of partitions of n with distinct parts not congruent to +2 modulo 6. Here and
throughout, if k is a positive integer and 7 is a partition with all parts divisible
by k, we write 7, for the partition whose parts are the parts of n divided by k.

11



For any partition 7, we denote by kn the partition whose parts are the parts of
n multiplied by k.

Let A € Q4(n). Here and throughout, by the union of two partition we
mean the union of their multisets of parts arranged in nondecreasing order.
Write A = («, 8) where aU S = A, a is a partition into distinct parts, and 5 is a
partition whose parts have even multiplicity. Thus, all parts of 5 are congruent
to 3 modulo 6 and f3,3 is a partition into odd parts each with even multiplicity.
We denote by ¢g; Glaisher’s bijection which maps a partition of n with odd
parts to a partition of n into distinct parts. Then, ¢gi(3/3) is a partition with
even distinct parts. The partition 3pg;(8/3) has distinct parts all congruent to
0 modulo 6. Set () := aU3pai(8/3). Then, v is a bijection from Q5 (n) to
Qs(n), which completes the proof of the theorem.

Remark 4. We note that, in fact, the involution ¢ in the combinatorial proof
above reverses the parity of the number of even parts of a partition. Hence, the
combinatorial proof above is also a proof for the following corrolary of Theorem

L3l
Corollary 3.1. Forn >0, Q2(n) = bg.ec(n) — bg,co(n).

4 Proof of Theorem

The Watson quintuple product identity [I5] [47] states that

Z qn(3n+1)/2 (Z—Sn _ Z3n+1) — (27 q/z, a; q)oo (q227 q/z2; q2)00' (10)

n=-—00
Elementary techniques in the theory of partitions give the following generating
functions

o0

S eln)q" = (@*, 6>, a*% ¢*',4*°, 6%, 4", 4" q
(4 9)o0
(q27 q22, q24; q24)oo (q207 q28; q48)oo
(4 @)oo

48)00

n=0

1 - n(on —0bn mn

_ o Z g2 @A) (g=6n _ gont2)

(By (I0), with ¢ replaced by ¢** and z replaced by ¢?)
1 o0

_ Z (an(6n+1) _ q(6n+1)(6n+2))

n=—oo

and

i d(n) qn — (q45 q107 q147 q245 q347 q387 q445 q48; q48)00
(¢ 4)oc

n=0

12



7 (qu7 q147 q24; q24)00 (q47 q44; q48)oo

(¢ 4)oc
1 — 12 (3n+1) [, —30 30n+10
= (T =)
(45 @)oo n;w
(By (@), with ¢ replaced by ¢** and z replaced by ¢*°)
1 o0
— (an(ﬁnfB) _ q(6n+2)(6n+5))'
(¢: @)oo n;@
We can write
Z (c(n) —d(n—2)) ¢"
n=0
=2 - Z d(n) q"**
_ ( 1) Z (qﬁn(ﬁn-i-l) _ q(6n+l)(6n+2) _ qﬁn(ﬁn—3)+2 + q(6n+2)(6n+5)+2)
G Qoo
_ : 1) Z (qﬁn(6n+1) _ q(6n+1)(6n+2) _ q(ﬁnfl)(6n72) + q(6n+3)(6n+4))
e
- = (1])00 i (En(3n=1) _ g(3n+1)(3n+2))
1 3n(3n+1) 6n 6n+2
= q )
(45 9)oo n_z;oo
_ (2.4",¢% %) (¢°, 4" 0%
(¢ 4)oc

(By (@), with q replaced by ¢® and z replaced by ¢?)
_ (@60 (%, 4"% 0"
(45 ¢%) o0 (625 4%) o
(=4 Voo (¢%,4" ") o
(=4 ¢%) o0 (=% %) (¢*, "5 ¢"?)
(=4 6*)o0 (=¢% 400 (—=¢°, =" ¢%) 0 (4%, 4" 4" 0
%4, 5,

= (46" o0 (0% ¢°)oo (@ ((Jq v a 6;3:2)“
= i Q2(n)q

and -
io (c(n) +d(n—2))q"
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o0

1 — n— mn mn
Z (qﬁn(ﬁn-i-l) _ g(6n+1)(6n42) 4 (6n=1)(6n=2) _ (6n+3)(6 +4))

n=—oo
o0

— Z (qﬁn(6n+1) _ q(6n+3)(6n+4))

n=—oo

o0

— Z (_1)nq3n(3n—1)

(4% %)
=212 = (By (@) with g replaced by ¢°)

= bs(n)g
n=0

This concludes the proof.

5 Proof of Theorems 1.8 and

G. E. Andrews and M. Merca [4] proved the following truncated form of (@]):
For any k > 1,

1 k ]C-‘rl) " — 1
Gos 2 L )e 12 a [k—J’ (11)
/o0 n=—(k—1) n=
where
. (@ @)n 0 <k<n
[k] = (¢ D On-r’ ’
0, otherwise.

We note that the series on the right hand side of (1)) is the generating function
for My(n), i.e

0o +(k+1)n
q -1
> ana =3 S [
n=0 n=k
By (), with ¢ replaced by ¢%, we get

1 oo
e > (TGO = 1 ()RS M) ¢f
n=0

6. 6
(0% 0% S5 )
Multiplying both sides of this identity by

(0°:4%) 0
(4 @)oo

14



we obtain

'1 Z (_1)n an(Sn—l) _ (qG;QG)OO _ ( 1)k 1 (q q 00 ZMk

(45 0)oo (¢ Do 1=

oo k
(Z p(n) qn> Z ( 1)71 3n(3n—1) Z b6
n=0

n=—(k—1)

- (z bo(r) qn> (z M) q6n> |
n=0 n=0

The assertion of Theorem follows by comparing coefficients of ¢ on both
sides of this equation.

The proof of Theorem is quite similar to the proof of Theorem [[.8l In
[50], E. X. W. Xia and X. Zhao considered Euler’s pentagonal number theorem
(@) and they proved the following truncated form: For any k > 1

k k(k+1)/2 > (
1 nqn(Sn—l)/2 — 14 (=1) q q
2. (1 =1 (@) = (")

n+k+1)(k+1)

(4 @)oo (12)

n=—k

We remark that the series on the right hand side of (I2) is the generating
function for Py (n), i.e.,

R(k1)/2 2 o (ntht1) (k1)

L (
Y Bnygr =1
n=0

(@G = (@)

By ([@2), with ¢ replaced by ¢°, we get

k 9]

1 3k(k+1) 6(n+k+1)(k+1)
(a6 %) Z (=1)" ¢ =14 (=1)" : 6. 6 qﬁ k+1). 46
(0% ¢%)oc “=, (4% ¢®) =g (@B ThHD; ¢8) o

Multiplying both sides of this identity by the generating function of bg(n), we
obtain

k

(o) (32 ar o) - S

n=—~k

(i) (S
n=1 n=0

The proof of Theorem follows easily considering Cauchy’s multiplication of
two power series.
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6 Proof of Theorem

The Jacobi triple product identity (cf. [20, Eq. (1.6.1)]) states that

o0

Yo =)V = (2,4/2,4:0) (13)

n=—oo

Considering (I3]) with ¢ replaced by ¢ and z replaced by ¢, we can write

oo

> (1" q"" D = (q,¢°,¢% %)
6. .6
7% 0%) o0
= 7(((1, q)) (0,4 ¢%) 0 (0.6 ¢°)oo
(q q)OO n —3n n
= eds Z gBBn/2 (=30 _ gt

(By (EIIII) with ¢ replaced by ¢ and z replaced by q)

_ (q (Z grBn-/2 _ Z q(3n+1)(3n+2)/2>

n=—oo n=—oo

(qG' q6)00 i n(n+1)/2 _ i ) n(n+1)/2
- (9= ! !
n=0 n=0
n#Zl (mod 3) n=1 (mod 3)

(Sone) ()

n

S o pibe(n—3Gi+1)/2) | ¢

n=0 \ j=0

This concludes the proof.

7 Proof of Theorems and [1.74]

7.1 Analytic proof
We have

ZQ2 (=4 6% o0 (0% ¢") 0

(a1
(4;6%) o0 (4500
1
= —— (%0 (4", % 0°)
(a5 9)
) o0
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o0

1 n(on —bn mn
_ d Z PRCLER) (g~ — ¢o+2)

(By (@), with q replaced by ¢® and z replaced by ¢?)

1 o0 B o0 . .
_ ( Z q3n(3n 1) _ Z q(s +1)(3 +2)>

(q; Q)oo n=-—o0 n=-—o00
1 9] 9]
_ n(n+1) _ n(n+1)
= q 2q
(¢ 9)oc ; ;
n#Zl (mod 3) n=1 (mod 3)

= ( p(n) q") (Z pn q"("“’)
n=0 n=0

=y ijp(n—j(j+1)) q" (14)

n=0 \ j=0
and
i Q2(n) 4" = (=4°:¢%)oo (=4, 4" %) o0
n=0
= 7((_(;?;20“ (=4,-4¢% 4% ¢") s
N (q3;t113)oo i "

n=—oo

(By (I3), with ¢ replaced by ¢ and z replaced by —q)

_ (Zp(n) q3n> ( Z qn(3n—2)>
n=0 n=-—o00
=2
n=0

(P IBi=2)) ) .

> o= 2
j=—00

where p(z) = 0 if z is not a nonnegative integer. Theorem [[I2]is proved.

On the other hand, by these relations, we deduce that

(@ D)oo Y Q2(n) g™ =D png" "
n=0 n=0
and

(@*:6%)00 Y Qa(n)q" = > "B
n=0

n=—oo

17



Considering (@), these equations can be rewritten as

( Z ( 1)77, n(3n— 1)/2) <Z QQ ) _ anqn(nJrl)
n=0

n=—oo

and

(5 i) (S i) - 5 oo

n=—oo n=—oo

The assertions of Theorem [[.T4] follows easily by comparing coefficients of ¢" on
both sides of these equations.

7.2 Combinatorial proof of Theorem (ii)

We will use a particular case of [IIl Lemma 2.1]. We first introduce some

notation. Let Qg 1(n) be the set of partitions of n into distinct parts congruent

to £1 (mod 6)). Let Ws1(n) be the set of pairs (u, k(3k — 2)), where p is a

partition into parts divisible by 6, k € Z, and |u| + k(3k — 2) = n. Then, [II

Lemma 2.1] with m = 6 and r = 1 gives a bijection &1 : Qp,1(n) = Ws.1(n).
Let n be a nonnegative integer. We create a bijection

vi Q) > U (2.

kEZ

Start with A € Qa(n). Write A = aU S, where « is a partition into distinct parts
congruent to 1 or 5 modulo 6, and S is a partition into distinct parts divisible
by 3. Thus, 8,3 is a partition with distinct parts and 30511 (B)3) is a partition
with odd parts. Moreover, 3@&1 (B/3) is a partition whose parts are congruent
to 3 modulo 6 and [3pg; (8/3)] = |B|. Let &1(a) = (u,k(3k — 2)) for some
k € Z. Since the parts of p are divisible by 6, all parts of p U 390511 (B)3) are
divisible by 3. Define ¥/(\) = (1U3pg; (8/3))/3. Since |u| = |a| — k(3k —2) and

. . e n—k(3k—2)
|| + |B] = n, it follows that ()) is a partition of ~——5—=.

For the inverse, let k € Z. Start with a partition 7 of LM Then 37 is
a partition of n— k(3k 2). Write 3n = pUm, where p (respectwely 7r) has parts
congruent to 0 (respectively 3) modulo 6. We have that 5&%(% kE(3k —2)) is a
partition of |p|+ k(3k—2) into parts congruent to 1 or 5 modulo 6. The partition
7/3 has odd parts and 3pgi(7/3) is a partition into distinct parts divisible by 3

and [3pci(7/3)] = |r|. Then v~"(n) = &1 (1, k(3k — 2)) UBpau(n/3) € Qa(n).

7.3 Combinatorial proof of Theorem [1.14 (ii)

We denote by Q(n) the set of partitions of n into distinct parts and we set
Q = UnZQQ(n), Qs = Unzogg(’n). and Q671 = UnZQQGJ(n). Let ¢ be the
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involution defined by Franklin to give a combinatorial proof of Euler’s pentag-
onal number theorem (see, for example, [2, Theorem 1.6]). Let

A(n) == {(A\,p) : A € Qa,p=3n with n € Q, |A[ + |u| = n}

and
EA(n) := {(\, i) € A(n) : p/3 pentagonal partition}.
Here a pentagonal partition is either () or a partition of the form (24,2i—1,...,i+
1) or (20 —1,2i —2,...,1) for some integer ¢ > 0.
The involution (A, u) = (X, 3pr(p/3)) on A(n) \ EA(n) proves combinatori-
ally that

oo

37 (-1Y Qa(n—3j(3j — 1)/2)

j=—o0

is the generating function for

{HA w) € A(n) : (n) even}| — [{(A p) € A(n) : £(n) 0dd}|. (15)

We define another involution on a subset of A(n) that reverses the parity of
the length of the second partition in the pair. Given (A, pu) € A(n), we write
X = XU N3, where the parts of A3 are all parts of A\ which are divisible by
3. If £(N3) # £(p) (mod 2), we map (A3 A3, 1) to (u, A3, N31). TF £(N31) 2 ()
(mod 2) and 31 £ 11, let 7 be the smallest integer such that )\f‘ % ;. If )\f‘ > g,

we remove part A?' from A3 and insert a part equal to A?' into p. If )\f‘ < Wi,

we remove part j; from p and insert a part equal to p; into A3/, We obtain an
involution on the set {(\, ) € A(n) : A®| # u} that reverses the parity of £(u).
Thus, ([I3) equals

A3 € A(n) = (03 even}| — [{(\, A% € A(n) : £(\3]) odd}|.
Mapping (A, A1) = (A3, X3, 031 to (A3, 2)3]) and setting
B(n) = {(a,8) : @ € Q1,8 = 67 with v € Q, [af + |B] = n},
we see that (I5) equals
{(a,B) € B(n) : £(B) even}| — [{(a, B) € B(n) : £(8) odd}|.
Let C(n) be the set of triples (v, k(3k — 2), 8) such that k € Z, v and §3 are

partitions with parts divisible by 6, 5 € Q, and || + k(3k — 2) + |8| = n.
We define a bijection from B(n) to the set C(n) by

(@, B) = (§6.1(), B) = (7, k(3k = 2), 8)

where, &1 : Q6,1(n) — Ws,1(n) is the bijection of [1I, Lemma 2.1]. Then, (5]
equals

(. k(3k — 2), 8) € C(n) : £(B) even}| — [{(+, k(3k — 2), B) € C(n) : €(8) 0dd}].
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Finally, we define an involution ¢ on

{(v, k(3k = 2),8) € C(n) : (v, 8) # (0,0)}.

Start with (v, k(3k — 2), 8) € C(n) with (v,8) # (0,0). If 41 > B1, remove part
71 from 7 and insert a part equal to ~y; into 8. If 7; < B, remove part 81 from
[ and insert a part equal to 3y into . The involution ( reverses the parity of

£(B).
This completes the combinatorial proof of Theorem [LT4Y(ii).

8 Inequalities and open problems

Linear inequalities involving partition functions, especially Euler’s partition
function p(n), have been the subject of recent studies by G. E. Andrews and M.
Merca [4, 5 [6], C. Ballantine and M. Merca [8], 9] [10], C. Ballantine, M. Merca,
D. Passary and A. J. Yee [12], V. J. W. Guo and J. Zeng [21], J. Katriel [24],
M. Merca [26, 27, 28, 29, 30, 31, 38, 32, 33, 34, 35, 36, 37, 39], M. Merca and
J. Katriel [40], M. Merca, C. Wang and A. J. Yee [41], M. Merca and A. J. Yee
[42]. For example, G. E. Andrews and M. Merca [4] proved that: for n > 0,
k>0,

k

(DFT T (1Y p(n—j(3j —1)/2) > 0.

Jj=—(k—1)

Recently [B, Corollary 11], the same authors found a new infinite family of linear
homogeneous inequalities for p(n) which involves the triangular numbers: if at
least one of n and k is odd,

2k—1

(DR ST (=102 p(n — (i +1)/2) > 0.
j=0

As a consequence of Theorem [[.§ we remark a new infinite family of linear
inequalities for p(n).

Corollary 8.1. Forn >0, k > 0,

(-1 bo(n) = > (-1 p(n—=3iBi-1) | >0,

with strict inequality if n > 3k(3k +1).

For example, the cases £k = 1 and k£ = 2 of this corollary provides the
following double inequality

p(n) = p(n —6) —p(n = 12) + p(n = 30) < bs(n) < p(n) —p(n —6).  (16)
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In terms of mexs 2, inequality (I6) becomes
pma(n) + pma(n) — pms(n) — pmio(n) < bs(n) < pma(n) + pma(n).

In this section, inspired by the identity (8) and Theorems [[LT0, [[T2] and
[[LT4 we propose as conjectures new infinite families of linear inequalities for
the partition functions p(n), bg(n) and Q2(n).

8.1 Euler’s partition function
Inspired by Theorem [[.T2] for k£ > 0 we investigated the following series:

1
(4 @)oo 4

k
(= ¢%) o0 (—0% ¢%) o0 — p; /Y.
=0

There is a substantial amount of numerical evidence to conjecture that this series
has nonnegative coeflicients if k is not congruent to 0 modulo 3 and nonpositive
coefficients if k is congruent to 0 modulo 3. In addition, we conjecture that the
coefficient of ¢™ in this series is nonzero if and only if n > (k + 1)(k + 2). We
have the following combinatorial interpretation of this conjecture.

Conjecture 1. Forn,k >0,
3k
(i) Zpg‘p(n —j(G+1)) = Qa(n),
=0
with strict inequality if n > (3k + 1)(3k + 2);

3k+1

(ii) > pip(n—3(i+1)) < Qa(n);

§=0
with strict inequality if n > (3k + 2)(3k + 3).
Assuming this conjecture, we remark the following double inequality:
p(n) = 2p(n —2) + p(n — 6) < Q2(n)
<p(n) —2p(n —2) +p(n — 6) +p(n — 12). (17)
In terms of mexs o, inequality () becomes

pma(n) — pma(n) < Q2(n) < pma(n) — pma(n) + pmse(n).

8.2 6-regular partitions

Inspired by the identity (8) and the truncated pentagonal number theorem (III),
for k > 0 we considered the following series:

k

(q6;q6)00 n n(3n—
(4% 4%)e0 — e > (gt
G
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There is a substantial amount of numerical evidence to conjecture that this
series has nonnegative coeflicients if k is even and nonpositive coefficients if &
is odd. In addition, we conjecture that the coefficient of ¢™ in this series is
nonzero if and only if n > k(3k + 1)/2. We have the following combinatorial
interpretation of this conjecture. For any integer n, let

(=)™, ifn=3m@Bm—-1), m € Z,
Q1=
0, otherwise.

Conjecture 2. Forn >0, k > 0,

k
DFfan— > (=17 be(n—3@B3ji—1)/2) | >0,

j=—(k—1)
with strict inequality if n > k(3k +1)/2
We remark that this inequality can be rewritten in terms of My, (n) as follows:
forn>0,k>0,

o0

> (=1) Mi(n—35(3j — 1)) >0, (18)

j=—o0

with strict inequality if n > k(3k +1)/2.
In analogy with Conjecture 2l we also make the following conjecture.

Conjecture 3. Forn >0, k>0,

k

0 (= 3 b - 172) | >

j=—k
with strict inequality if n > k(3k +1)/2.

It is easy to see that Conjecture [3lis a weaker version of Conjecture2l The
inequality given by Conjecture Bl can be rewritten in terms of Py (n) as follows:
forn>0, k>0,

oo

> (=1) Pi(n—3§(3j — 1)) >0, (19)

j=—o0

with strict inequality if n > k(3k+1)/2. Clearly the inequality (8] implies the

inequality (I9).
Inspired by Theorem [[LIQ for k£ > 0 we investigated the following series:

k
5 6. 6 (qﬁ;qﬁ)oo i(j+1)/2
q;q)co s
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There is a substantial amount of numerical evidence to conjecture that this series
has nonnegative coefficients if £ is not congruent to 0 modulo 3 and nonpositive
coefficients if k is congruent to 0 modulo 3. In addition, the coefficient of ¢ in
this series is nonzero if and only if n > (k4 1)(k 4 2)/2. We have the following
combinatorial interpretation of this conjecture. For any integer n, let

5, = (=)™, ifn=m(3m—2), meZ,
" 0, otherwise.

Conjecture 4. Forn,k > 0,
3k
(i) > pibs(n—3(G+1)/2) > Bn,
§=0

with strict inequality if n > (3k +1)(3k +2)/2;

3k+2

(ii) Y pibe(n— (i +1)/2) < Ba;

=0
with strict inequality if n > (3k + 2)(3k + 3)/2.

Assuming this conjecture, we remark the following double inequality:

8.3 Partitions into distinct parts # +2 (mod 6)
Inspired by Theorem [[T41(i), for k > 0 we considered the following series:

(00" %5000 (%6700 = (4070 (0% 0%)e D (=1)7 /712,

There is a substantial amount of numerical evidence to conjecture that this
series has nonnegative coefficients if k is even and nonpositive coefficients if k is
odd. We have the following combinatorial interpretation of this conjecture. For
any nonnegative integer n, let

) pm, ifn=m(m+1), m e N,
Tn = 0, otherwise.

Conjecture 5. Forn >0,k >0,

k
DR = ). (1Y Qa(n—3(3i—1)/2) | >0.

j=—(k=1)
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We remark that this inequality can be rewritten in terms of My, (n) as follows:
forn >0, k>0,

> pi Mi(n—j(G+1)) >0. (20)
§=0
We also make the following conjecture which is weaker than Conjecture

Conjecture 6. Forn >0, k > 0,

k

DM (e = D~ @Q(n— (35 —1)/2) | >0.

j=—Fk

This inequality can be rewritten in terms of Py(n) as follows: for n > 0,
k>0,

> piPi(n—j(i+1)) >0. (21)

Jj=0

It is clear that the inequality (20) implies the inequality (2I]).
Regarding inequalities (I8)) - (2II), it would be very appealing to have com-
binatorial interpretations for their sums.
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