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Dynamical quantum phase transitions can occur following quenches in quantum systems when the
rate function, a dynamical analogue of the free energy, becomes non-analytic at critical times. Here
we exhaustively investigate in an exemplary model how the dynamically evolving state responds
to a second quench. We demonstrate that for quenches where the initial and final Hamiltonian
belong to different phases always result in dynamical quantum phase transitions, irrespective of the
intermediate quench and dynamics or the time of the second quench. However, if the initial and
final Hamiltonian belong to the same equilibrium phase then the intermediate Hamiltonian must
belong to a different phase. In this case, the second quench time in relation to the critical times of

the first quench becomes crucial to the existence of dynamical quantum phase transitions.

I. INTRODUCTION

In recent years impressive progress in the precise con-
trol and manipulation of synthetic quantum matter has
provided a platform to investigate quantum systems in
non-equilibrium states. In particular, those which orig-
inate from a quantum quench, allowing access to new
regimes of behavior not possible in equilibrium [1-4].
One example of such behavior is a dynamical quantum
phase transition (DQPT), when non-analyticities show
up in an analog of the free energy at critical times [5—
7). The first work focused on the Ising model [5], but
it was soon shown to hold for a wide variety of models
and a wealth of theoretical work has followed [8-41], in-
cluding for topological matter [42-50], for non-Hermitian
dynamics [51-53], and for Floquet systems [54-62]. In
topological band insulators and superconductors [63, 64]
DQPTs have been related to dynamical order parame-
ters [65-67] and a dynamical bulk-boundary correspon-
dence [7, 46, 49]. Though these models tend to be sim-
ple one dimensional two band models, multi-band models
have also been considered [49, 68-70], along with two di-
mensional systems [42, 71-73]. Experimentally DQPTs
have been investigated in various ion trap, cold atom,
and quantum simulator platforms [74-80]

Although performing a quench across a quantum crit-
ical point is often enough to induce DQPTs [5, 81, 82],
there is in general no one-to-one correspondence between
the equilibrium phase diagram and the occurrence of
DQPTs [42, 45, 69, 83-88]. Alternative protocols to a
sudden quench include using slow quenches [89-91] or
a second quench following the first after some time has
elapsed [92, 93]. The typical protocol to induce the dy-
namics is to quench from a ground state, though mixed
state, finite temperatures and open systems have also
been investigated [66, 67, 94-102].

DQPTs are defined via the temporal behaviour of the
rate function, an analogue of the free energy defined for
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the Loschmidt echo rather than the partition function.
The Loschmidt echo is the overlap between an initial
and a time evolved state. Here, as in most works, we
focus on ground states of a Hamiltonian H; as the ini-
tial states and then time evolve with another Hamilto-
nian H,,. During time evolution the Loschmidt echo de-
velops zeros that correspond to non-analyticities in the
rate function. These are referred to as dynamical quan-
tum phase transitions by analogy with the non-analytic
points in the free energy as a function of a control pa-
rameter which define phase transitions. In this case, the
seminal work was done the case of the nearest-neighbor
transverse-field Ising chain [5] where non-analyticities oc-
cur only when the phases of the initial and the driving
Hamiltonian are chosen from two different phases. The
non-analyticities in the real-time dynamics of the rate
function emerge at particular critical times.

On the other hand, borrowing an idea from equilib-
rium statistical mechanics, one can consider the notion
of a local order parameter in the long-time steady state
of a quantum many-body system [103]. This can be ob-
served experimentally in a trapped ion based quantum
simulator [76]. The main idea here comes back to rec-
ognizing the DQPT via a suitable order parameter in a
prethermal regime before relaxation to thermal equilib-
rium has occurred. It is therefore natural to ask whether
the DQPTs divide dynamical phases in any meaningful
sense. As there is often, though by no means always, a
simple relation between the equilibrium phases of the ini-
tial and time-evolving Hamiltonian, and the existence of
DQPTs, which occurs due to a second quench following
the first sometime later.

Multiple quenches have been studied in only several
works [92, 93]. In Ref. [92] it has been shown that for
quenches of a type A—B—A, where A and B label dif-
ferent equilibrium phases, that DQPTs is by no means
inevitable and can be tuned away by choosing the second
quench time T appropriately. Here we extend this anal-
ysis by considering all possible quench scenarios. For an
exemplary model, we demonstrate which double quench
scenarios inevitably do or do not lead to DQPTs and the
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conditions under which the other possibilities may. It
is shown that, much as in Ref. [92], some properties of
the initial state remain important for all times, and that
some properties belong to the dynamically evolving state.
Although it is not really possible to talk about dynamical
phases that change across the DQPTs, the critical times
where DQPTs occur are important to the possibility of
DQPTs following a second quench. By considering the
second quench time T as an independent variable we see
that for T near critical times particular behavior emerges.

In Ref. [93] so called metamorphic DQPTs are studied,
where the final state becomes orthogonal to the initial
state for all times following the second quench, and hence
the rate function is non-analytic for these times [104]. It
is straightforward to prove that for this to occur either
the initial state must be an eigenstate of the final Hamil-
tonian and the second quench must occur precisely at
a critical time of the first quench, or the state at the
critical time must be an eigenstate of the second quench
Hamiltonian and the second quench must still occur pre-
cisely at a critical time of the first quench. Strictly speak-
ing, if all three Hamiltonians can be block diagonalised,
then this is only necessary for a single sub-block, how-
ever in this case the critical time must belong to this
sub-block also. For a typical model however this will
in any case require that the second quench Hamiltonian
and the Hamiltonian defining the initial state are, up to a
scale factor, identical. In this case there are no dynamics
in the Loschmidt echo following the second quench. Our
model indeed recovers this behaviour, but in practice the
second quench time must be absolutely precisely on the
critical time for it to occur, which is in practice impos-
sible to achieve. Therefore we will not focus further on
metamorphic DQPTSs in this work.

This paper is organized as follows. In section II we
introduce, in both spin and fermionic languages, the ex-
emplary model we will solve, and in section III we solve
the quench dynamics for this model for a single and dou-
ble quenches. In section IV we find the conditions for
DQPTs following the second quench for all possible sce-
narios for our model system, and discuss the general con-
clusion that one can draw. In section V we conclude.

II. THE MODEL

Here we focus on an exemplary one-dimensional model,
the spin—é XY model in the presence of a transverse mag-
netic field, with ferromagnetic exchange coupling J > 0,
an anisotropy parameter § which we will set equal to 1,

and an applied magnetic field of magnitude h [105]:

P
H=-3 S A+ 8)opon,, + 1 =0d)olol, ]

Here o2%* is the Pauli spin operator at site n. Follow-
ing a Jordan-Wigner transformation to spinless fermionic
creation and annihilation operators, c;fl and c¢,, this can
be written as

N
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which is equivalent to the Kitaev chain [106], a one di-
mensional topological superconductor. Throughout we
will focus on the case of periodic boundary conditions,
CN+n = ¢n. The model exhibits a quantum (XY) or topo-
logical (Kitaev) phase transition at a critical field h, = J,
from a ferromagnetic (FM) phase (h < J) to a para-
magnetic (PM) spin-polarized phase (h > J). Equiv-
alently from a topologically non-trivial to trivial phase
for the Kitaev chain. Because we are interested in bulk
properties and the Loschmidt echo, all results that follow
are equivalent whether thought of in terms of the Spin—%
XY model or the Kitaev chain. Such a relatively sim-
ple phase diagram allows us to exhaustively explore the
consequences of the quench protocol we will define below.

A Tourier transformation ¢, = (1/VN)Y, e ¢
leads to the diagonal Hamiltonian

H=1 clHC (3)

k>0
where CT = (c,t,c,k) and Hp = Jk.ﬁ is the
Bogoliubov-de Gennes (BdG) Hamiltonian with dj, =
(da(k), dy(K), d=(F)) given by
di = (0, —2J8sin(k), —2.J cos(k) — 2h). (4)
This can be straightforwardly diagonalized to give

H=") ex(BlB—1/2) (5)
k

with energy spectrum +e = :|:|de\7 and eigenvectors

i = (i) ma b= () o

for the positive and negative energy states. The angle

is defined by tan(26;) = —dy(k)/d.(k), with the Bo-
goliubov transformation c¢; = cos(fx)S8k + isin(&k)BT_k.
The summation in Eq. (5) runs over k = 2mm/N,

with m = 0,£1,....,£(N — 1)/2 for odd N or m =
0,+1,...,+£(N/2 — 1), N/2 for even N.

Throughout this paper we keep J fixed as the energy
scale, § = 1, and quench the parameter h. The initial
state is the ground state of the Hamiltonian with h = h;,
the time-evolving Hamiltonian following the first quench
at time ¢ = 0 has h = h,,,, and the time-evolving Hamilto-
nian following the first quench at time ¢ = 0 has h = hy.



It is therefore convenient to introduce three angles for
each hj, 67, and spectra e], where j can be i, m, or
f. Rotations between the eigenbases of each Hamilto-
nian involve three angles and we define 67" = 7" — 0%,

0" = 0] — o7, and 6" = 6 — 0.

III. QUENCHES AND DYNAMICAL
QUANTUM PHASE TRANSITIONS

Although here we will focus entirely on double quench
dynamics, the idea can naturally be easily extended to
multiple quenches. We first fix the initial state }\I/l> of
the system as the ground state of the initial Hamiltonian
H(h;) in a phase A, then, a single quench at ¢ = 0 will be
done meaning the state is evolved by Hamiltonian #(h.,)
which could be in the same phase A or a different phase
B. The system is then time evolve until a given time
t = T when the time evolving Hamiltonian is suddenly
switched to H(hy) which could be in either phase A or
phase B. This is the second quench, naturally, the state
is continuously evolving. I.e. the time evolved state is

e~ H(hm)t |\pi
[¥(t) = {€_m<hf>te‘—m>(hm>T o)

if0<t<T
. (7)
ife>T.
The critical times will emerge at the times when the rate
function is non-analytic which defines as

R(t) = —- log1(1) (5)
where

1(t) = (w(1)|e*) 9)

is the Loschmidt echo, and N is the system size.

Phase transitions can be associated with divergences
in suitable physical susceptibilities when continuous con-
trol parameters are changed, such as temperature or an
external field [107, 108]. Thermodynamically they are
described by non-analyticities in the free energy density,
which can be pictured using Fisher zeros in complex tem-
perature [109] or, for example, Lee-Yang zeros in complex
magnetic plane [110]. Additionally, at zero temperature
the ground state wave function of a many-body system
can undergo an abrupt change in its qualitative structure,
giving rise to quantum phase transitions [111, 112]. In
the theory of DQPTs [113], non-analyticities in the free
energy as a function of a control parameter become non-
analyticities as a function of time in the rate function.
The critical times at which DQPTs occur are when the
Fisher zeros, defined by I(—iz) = 0, cross the imaginary
axis, corresponding to real times.

A. The first quench

To reiterate, the first quench starts with the system
at ¢ = 0 in the ground state of the initial Hamiltonian,

|Wh,) = [1rs0 Xk (i), and then doing a quench as h;
to h.,,. Consequently, the Loschmidt echo is

1t = I £r®) (10)
k>0
where
Ly, (t) = cos?(O7)ettei 4 sin?(O)e 5k (11)

The Fisher zeros for t < T are

zn(k) = 25121 [In(tan®(0;*)) + im(2n + 1)] (12)

Now, critical times appear periodically at
tr =t [2n+ 1] where n € W (13)

with t* = 7/(2e7%) under the condition cos(20%%) = 0,
which leads to

(J cos(k) + hy,) (J cos(k) + hy) + [Jdsin(k)]* = 0. (14)
This can be solved to give the critical momenta as

_hi-i-hm:l:Ak

cos(h) =~ A — o7y

(15)

with Ag = \/(h; + hm)? — 4(1 — §2)(J262 + hihy,), from
which we find the critical times ¢} for the DQPTs fol-
lowing the first quench. In the following, we focus on
the case of § = 1 where the model simplifies to the

Ising model. In this case, the critical momentum become
cos(k*) = —(J2 + hihm)/(J(h; + hy)) so that

— 4N (hi = ) (J2 = h2,)

gives the critical times.

(16)

B. The second quench

The second quench is performed at time ¢t = T as h,,
to hy. In this case for the Loschmidt echo we have

Li(t)y = T 0 [aeitet 4 Bl (1)
where
A = cos8f) cos()cos(6]”)
— sin(6) sin(Q}:m)e—QiTE;:} (18)
and
B =sin(6{')| cos(07)sin(6{")

+ sin(0;) cos(&,’:m)eQiTskm] e2Tel. (19)



(a1) hi=0.3, hy= 0.7, b= 0.9 (a2) hi= 0.3, Ap= 0.7, hy= 2.

(b1) h=0.3, hyp=2., h=0.7 (b2) hi=0.3, hy=2., h=15
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Figure 1. Density plots of sgn [In py], values of T" at which In pi changes sign will have DQPTs. The quench protocols are fully
described in Table I. Where appropriate the critical times for DQPTs following the first quench have been marked in green

dashed lines.

It can be checked explicitly that for ¢t = T' equations (11)
and (17) agree as required. By defining pre’?* = Ay /By,
for real p, and ¢ the Fisher zeros for ¢ > T can be
obtained as

2alk) = — [in(2n+1) ~Inpe —ipn] . (20)

2¢y,

Hence the critical points appear under the condition that
pr+ = 1, in the form of

= —F

n= 7 [T(2n+1) — k] ; n=0,1,2,...
2¢ey.

(21)

On the other hand, seeking the condition px« = 1 leads
one to hy = H(k*,T) where

_ Jo sin(k)
H(T) = —Jcos(k) — fan( (7)) (22)
with 28, = 1 — cos(2T¢}") and
Qi (T) =cos™* {ﬁkT sin(2607) sin(29£m))}
_1 [ Josin(k)
— tan {Jcos(k)—i—hj . (23)

It is easy to check at T 0, this equation reduces
to Eq. (14). In addition, by defining ar = Jdsin(k)
and by = Jcos(k) a lengthy calculation yields Hy(T) =

—Tk(T)/@k (T) with

Y4 (T) =Brraihm(hi — ha) + (a2 +2)° + 262 il
+ (aZby + b3 + 2(azby, + b3 ) hm
+ (af 4 2b3)h2, + bph;h?, and

Ox(T) =aiby, + b3 + (ai — Brra; + bi)h; + hih?,
+ (Berai + 2b3) b, + 2bghihy, + biph2,.  (24)

In the following section we will use these results to deter-
mine the conditions under which DQPTSs occur following
a second quench.

IV. DOUBLE QUENCHES

To simplify our analysis we will consider § = 1 through-
out. We then wish to consider each possible scenario
of quenches, see table I. We can start in either the
topologically trivial phase (TrP) or topologically non-
trivial phase (ToP). For both the first and second quench
we can then either cross the phase boundary or not,
giving a total of eight distinct possibilities. As this
model is relatively simple we discount the possibility that
we can see qualitatively different behaviour except for
quenches which cross different equilibrium phase bound-
aries [42, 49].



Fig. 1 Initial Second Final Type
Label

(al) |ToP h; = 0.3|ToP hy,, = 0.7|ToP hy = 0.9]|AAA
(a2) |ToP h; = 0.3|Top hym = 0.7|TrP hy = 2.0 AAB
(bl) |ToP h; =0.3|TrP hpy = 2.0|ToP hy = 0.7|ABA
(b2) |ToP h; = 0.3| TtP h,, = 2.0| TxP h; = 1.5| ABB
(c1) |TrP hy =2.0|TrP Ay = 1.5| TP hy = 1.2|AAA
(c2) |TrP h; =2.0|TrP hp = 1.5|ToP hy = 0.3| AAB
(d1) |TrP h; =2.0|ToP h,, =0.5|TrP hy = 1.5|ABA
(d2) |TrP h; = 2.0|ToP h,, = 0.5|ToP h; = 0.7| ABB

Table I. A list of all possible quench scenarios, with the ex-
emplary values of h used in the calculations here and whether
the phase is a topologically trivial phase (TrP) or a topolog-
ically non-trivial phase (ToP). All values are given in units
of J. The final column gives a shorthand to show whether a
phase boundary is crossed, A is by definition the phase of the
initial state.

A. Analysis of different quenches and existence
criteria of DQPTSs

In order to unambiguously determine when there are
dynamical quantum phase transitions following the sec-
ond quench we consider In pi(T"). We recall that a DQPT
will occur when pg(T) = 1. Therefore we look for times
T at which In pi(T") crosses zero as a function of k, which
will ensure the existence of DQPTs. This is plotted in
Fig. 1 for an example of each quench scenario in Table
I. Several distinct interesting cases can be seen. Perhaps
as would be expected in this simple model, if we never
quench across an equilibrium phase transition then there
are no DQPTs following either quench. We then have a
set of cases in which there are always DQPTs for any T,
and cases for which DQPTs occur only for specific times
T.

As is clear from Fig. 1, DQPTs occur for all times T
if one of the quenches crosses an equilibrium topological
phase boundary relative to the initial state, a fact we
will prove below. This demonstrates that properties of
the initial state persist for all times [92]. These results
also show that as T increases multiple critical momenta,
and therefore multiple critical times appear (see Fig. 7,
upper panel). On the other side, if one quenches across
a phase boundary and then back so that the final Hamil-
tonian and the initial Hamiltonian belong to the same
equilibrium phase, then DQPTs occur only at a certain
T. As T gets larger then it appears that DQPTs occur
for longer ranges of T', with multiple critical times ap-
pearing again (see Fig. 7, lower panel). The importance
of the critical times for when we quench the second time
are clear from Fig. 1.

To understand these results we can use Eq. (24) to
consider, following a particular first quench, for which
{h;, T} DQPTs will then occur following the second
quench. The condition for the critical momenta for the
DQPTs after the second quench is hy = Hy(T), and

(@) h=0.3, hy=0.7 (b) hi=0.3, hy= 2.
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Figure 2. Here we show a plot of all values H(T) where
H(T) = {Hx(T) : k € [0,27]}. At any particular sec-
ond quench time T if there exists a momentum k for which
hy = Hp(T), i.e. hy € {H(T)}, then there will be DQPTs.
That is provided {hy,T} is in the yellow region there will
be DQPTs. Also plotted are the values for hy used in the
quenches in table I as red lines, and the dashed black lines
show the phase boundaries for the equilibrium phase diagram.
Where they exist critical times for the first quench are shown
as green dashed lines. The importance of these lines for the
DQPTs following the second quench is clearly visible.

if there are solutions to this then there will be critical
times and DQPTs. Solving this numerically we can plot
for any time T the possible values H(T) which Hy(T)
can obtain for all k. These results are shown in Fig. 2.
Consistently with Fig. 1 we can see under which condi-
tions the DQPTs depend on the value of T and when
they do not. The extrema of the curves of Hy(T') give
the critical value of hy for which DQPTs exist for 7. In
Fig. 2(a) for example for all T' the critical hy is equal to
1, the equilibrium phase boundary. However for (b) the
critical hy becomes T-dependent.

We note that Hy(T) is symmetric and hence it suf-
fices to consider k € [0,7]. One can easily show that
H(0) = —1 and H(w) = 1, following form this it means
that between & = 0 and k = 7, Hp(T') must either pass
through zero or diverge. Equivalently either ©(k) or T (k)
has a zero respectively, see Eq. (24). In turn, these two
possibilities ensure DQPTs for certain values of hy. If
|hi] > 1 then ©(k) must have a zero and if |h;| < 1
T (k) must have a zero. It follows that if |h;| > 1 then
for |h¢| < 1 there is certainly a DQPT after the second
quench. Similarly, if |h;| < 1 then for |hf| > 1 there
is also certainly a DQPT after the second quench. See
Fig. 3 for examples at particular times T. This behavior
is also clearly reflected in Fig. 2. Additional DQPTs are
also possible as Hy(T') can in principle vary between its
limits. As can be seen in Fig. 2 these are related to the
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Figure 3. Hy(T') versus k for T' = 2 (purple circles) and T' = 4
(vellow squares). Also plotted are the values for hy used in
the quenches in table I as red lines, and the dashed black lines
show the phase boundaries for the equilibrium phase diagram.
Critical times for the first quench are shown as green dashed
lines. The condition for DQPTs following the second quench
is if f hy crosses Hy(T'). Compare with figure 2.
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Figure 4. Here we show a plot of all values H (T') see Fig. 2 and
main text for details. Also plotted are the values for hy used
in the quenches in table I as red lines, and the dashed black
lines show the phase boundaries for the equilibrium phase
diagram. Where they exist critical times for the first quench
are shown as green dashed lines. At large times T one can see
that DQPTs become inevitable.

critical times of the first quench.

At long times for the quenches of the form ABA,
i.e. (bl) and (d1) in table I, DQPTs become inevitable,
see Fig. 4. The additional solutions for the critical mo-
menta and times become elongated as a function of T,
ending solutions for all T' provided it is large enough.

B. DQPTs in the rate function

In Figs. 5 to 7 we show explicitly the DQPTs in the rate
function. T is the time of the second quench, and hence
if T < t* there are no DQPTs from the first quench. The
results are in agreement with the preceding section. For
(al) and (a2), see Fig. 5, DQPTs occur only in case (a2),
which is an example of an AAB quench. For AAA (al)

(al) hj=0.3, h,=0.7, hy=0.9, T=1.5
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Figure 5. Time evolution of the rate function for a double
quench for cases (al) and (a2). The vertical red line is the
time T of the second quench, and the blue lines show the
DQPTs following the second quench. In both of these cases
there are no DQPTs following the first quench.

(b1) h;=0.3, h,,=2.0, hy=0.7, T=1.5
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Figure 6. Time evolution of the rate function for a double
quench for case (bl). The vertical red line is the time T of
the second quench, the green lines show the DQPTs following
the first quench, and the blue lines show the DQPTs following
the second quench.
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Figure 7. Time evolution of the rate function for a double
quench for cases (a2) and (bl) where multiple critical times
appear. The vertical red line is the time T of the second
quench, the green lines show the DQPTs following the first
quench, and the blue lines show the DQPTs following the
second quench.

no DQPTs are seen. We then focus on the ABA quench
(bl). Depending on T either no DQPTs are seen, see
Fig. 6 upper panel, DQPTs occur with a single discernible
critical time, see Fig. 6 lower panel, or DQPTs occur with
multiple discernible critical times, see Fig. 7

V. CONCLUSIONS

In this article, we have explored the consequences of
double quenches on the existence of DQPTs. Addition-

ally, we have been partially motivated by to what extent
one can gain information about “dynamical phases” from
this consideration. We have considered an exemplary
one-dimensional model which maps between a topolog-
ical insulator or superconductor and an integrable spin
model, and have exhaustively considered all the possible
quench scenarios. Due to the relative simplicity of the
model we were able to directly prove some of the results
for the existence of the DQPTs.

To summarise, we can group the general behavior by
the type of quench, we note that whether A is a topolog-
ically trivial or non-trivial phase plays no role here. Fol-
lowing the first quench we have as expected only DQPTs
for quenches AB, provided T > t*. We now focus on the
DQPTs following the second quench. For quenches of the
form AAA (al,cl) there are never DQPTs. For quenches
of the form AAB (a2,c2) there are always DQPTs for all
T. This remains true for quenches ABB (b2,d2). This
shows that there is a memory of the initial state which
persists for all time. However, for quenches of the form
ABA (b1,d1) we find that if T" is relatively small there are
DQPTs that occur near ¢);,. This suggests that near crit-
ical times the time-evolved state changes its properties
in a way that could be cautiously compared to a dynam-
ical phase. For longer times these regions expand until
DQPTs become inevitable for large T'. This is in contrast
to Kennes et al. [92] who find that for ABA type double
quenches that as T increases DQPTs can be avoided.

Extensions to more complicated models where DQPTs
do not follow the equilibrium phase diagram, to higher di-
mensions, to boundary effects, and to multiple quenches
would be interesting for further work.
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