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CHEEGER-CHERN-SIMONS CLASSES OF REPRESENTATIONS
OF FINITE SUBGROUPS OF SL(2,C) AND THE SPECTRUM OF
RATIONAL DOUBLE POINT SINGULARITIES

JOSE ANTONIO ARCINIEGA-NEVAREZ, JOSE LUIS CISNEROS-MOLINA,
AND AGUSTIN ROMANO-VELAZQUEZ

ABSTRACT. Let L be a compact oriented 3-manifold and p: 71 (L) = GL(n,C) a
representation. Evaluating the Cheeger-Chern-Simons class ¢, , € H**~1(L; C/Z)
of p in homology classes v € Hog_1(L;Z) we get characteristic numbers that we call
the k-th CCS-numbers of p. In Theorem we prove that if p is a topologically
trivial representation, the second CCS-number ¢, 2([L]), where [L] is the funda-
mental class of L, is given by the invariant gp(D) of the Dirac operator D of L
twisted by p, defined by Atiyah, Patodi and Singer [5]. If L is a rational homology
sphere we also give a formula for ¢,»([L]) for any representation p in terms of &-
invariants of D. Given a topologically trivial representation p: m (L) — GL(n,C)
we construct an element (L, p) in K3(C), the 3rd algebraic K-theory group of the
complex numbers. When L is an integral homology sphere we prove that (L, p)
coincides with the element in K3(C) constructed by Jones and Westbury in [24]
and that Theorem B.3] generalizes [24, Theorem A]. For rational homology spheres
of the form L = S3/T", where T is a finite subgroup of SU(2), we compute the first
and second CCS-numbers of all the irreducible representations of I', with respect to
the generators of Hog_1(L;Z) with ¢ = 1,2. Using these CCS-numbers, we recover
the spectrum of all rational double point singularities, which is an invariant of
hypersurface singularities defined by Steenbrink in [47]. Motivated by this result,
we define the topological spectrum for rational surface singularities and Gorenstein
singularities. Given a normal surface singularity (X, z) with link L a rational ho-
mology sphere, we show how to compute the invariant ép(D) for the Dirac operator
of L using a resolution or a smoothing of (X, x).

1. INTRODUCTION

Cheeger-Chern-Simons classes ¢,(FE,V) € H?**~1(M;C/Z) are secondary charac-
teristic classes of a vector bundle E over a smooth manifold M with a flat connection
V, they were defined by Cheeger and Simons in [12]. Given a representation p: M —
GL(n, C) of the fundamental group of M, there is an associated flat vector bundle
V, with a canonical flat connection V,,, following [12, §8] the Cheeger-Chern-Simons
classes of the representation p are defined by ¢, = ¢.(V,,V,) € H*~1(M;C/Z).
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Evaluating ¢, ; on a homology class v € Hy,_1(M;Z) one gets characteristic numbers
¢, x(v) which we call CCS-numbers.

In the present article we restrict to the case of a compact oriented 3-manifold L.
Using the Index Theorem for flat bundles by Atiyah, Patodi and Singer [5], (5.3)],
in Theorem B.3] we prove that for topologically trivial representations p: m (L) —
GL(n, C) the second CCS-number ¢,5([L]), where [L] € H3(L;Z) is the fundamental

class of L, agrees with the invariant £,(D) of the Dirac operator D of L twisted by
the representation p, defined also in [5, (3.2)]. For the case when L is a rational
homology 3-sphere, we also give a formula for the second CCS-number ¢,5([L]) of
any representation p.

A representation p: m(L) — GL(n,C) is topologically trivial if and only if it
factors through SL(n,C). Hence, it induces a map f,,: L — BSL(n, C)¢ between L
and the classifiying space of SL(n, C) with discrete topology, and a homomorphism in
homology (fn)«: Hs(L;Z) — H3(BSL(n,C)%; Z). The image of the fundamental class
of L gives an element (L, p) = f.([L]) € H3(BSL(n,C)%Z). The second Cheeger-

~

Chern-Simons class ¢, 5 of p is the pull-back by f,, of a class ¢&; € H3(BSL(n,C)?; C/Z)
(the restriction to BSL(n, C)? of the k-th universal Cheeger-Chern-Simons class ¢, €
H3(BGL(n,C)% C/Z), see Remark 2.4]), thus, evaluating % on (L, p) we recover the
second CCS-number ¢,5([L]) = &,(D). We can identify the element (L,p) with
an element in the 3rd algebraic K-theory group of the complex numbers via the
isomorphism K3(C) = Hs3(SL(n,C)?%Z) for n > 3. On the other hand, given an
integral homology sphere ¥ and a representation p: m (X) — GL(n,C), in [24] Jones
and Westbury construct an element [¥, p] € K3(C) whose image under a regulator
homomorphism e: K3(C) — C/Z gives the invariant gp(D). We prove that for an
integral homology sphere ¥ we have (3, p) = [¥, p| € K3(C) and that Theorem B.3]
is a generalization of [24, Theorem A].

Next, we focus on the rational homology 3-spheres of the form L = S3/T", where T
is a finite subgroup of SU(2). We compute the first and second CCS-numbers of all
the irreducible representations of I', with respect to the generators of Hy(L;Z) and
the fundamental class [L] respectively.

Quoting Arnol’d in [I] “Much progress in singularity theory of differentiable maps
is based on empirical data. Some of these empirical facts later become theorems.”
Our next result is an empirical fact about rational double point singularities, that
we hope it will become a theorem. A rational double point singularity is a quotient
singularity of the form (C?/T,0), where T is a finite subgroup of SL(2, C). Its link is
the rational homology sphere L = S*/T" mentioned above. In [47] Steenbrink defined
an invariant for hypersurface singularities using the mixed Hodge structure on the
cohomology of the Milnor fibre together with the monodromy. It is called the spec-
trum and it is a set of rational numbers (not necessarily all different). In Theorem [6.§]
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we give a recipe to recover the spectrum of a rational double point singularity from
the first CCS-numbers of the irreducible representations of I' and a new invariant
Eona (X, X) which is a multiple of the second CCS-number of the natural represen-
tation given by the coefficients of the fundamental cycle of the minimal resolution of
the singularity. Motivated by Theorem we define a new invariant, the topological
spectrum, for rational surface singularities and Gorenstein singularities, using respec-
tively, the Cheeger-Chern-Simons classes of special [49] and cohomologically special
[18] representations of the fundametal group of its link.

Finally, given a normal surface singularity (X, z) with link L a rational homology
sphere, using a result by Atiyah, Patodi and Singer [4, pp. 415] we show how to
compute ép(D) for the Dirac operator of L using a resolution or a smoothing of
(X, x).

2. CHARACTERISTIC CLASSES OF REPRESENTATIONS

In this section we recall basics on classifying spaces, we give the definition of the
Chern classes of a representation given by Atiyah in [§] and we define the Chern
and Cheeger-Chern-Simons classes of a representation of the fundamental group of a
manifold. We assume basic familiarity with group homology, representation theory,
fibre bundles and Chern-Weil theory, see [9) 211, [13] for more details.

2.1. Principal (flat) bundles. In this section we recall some basic results about
principal bundles, see [21l Chapter 4] for details. For any topological group G there
exist spaces (unique up to homotopy) EG and BG; and a map (unique up to homo-
topy) p: EG — BG. The space EG is contractible and the map p is a G-principal
bundle, that is, EG admits a free G-action, so we can think of BG as the orbit space
EG/G and p as the projection. Therefore, by the long exact homotopy sequence,
we have m,,1(BG) = 7,(G). The space BG is called the classifying space of G
and the principal G-bundle p the universal principal G-bundle because any principal
G-bundle over a paracompact space X is the pull-back of p by a classifying map
X — BG. The construction of BG is functorial in G.

Thus, there is a one-to-one correspondence between the set Pringy,, c)(X) of iso-
morphism classes of principal GL(n, C)-bundles over X and the set [X, BGL(n, C)]
of homotopy classes of maps from X to BGL(n,C):

Pringyn,c)(X) <= [X, BGL(n, C)].

There is also a one-to-one correspondence between principal GL(n,C)-bundles and
complex vector bundles of rank n over X: to any principal GL(n,C)-bundle corre-
sponds the complex vector bundle given by the standard action of GL(n,C) on C"
and, given a complex vector bundle of rank n its frame bundle is a principal GL(n, C)-
bundle. So, if we denote by Vect,, ¢(X) the set of isomorphism classes of complex
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vector bundles of rank n over X, then we can write the previous correspondence as
(1) Vect,, ¢(X) <= [X,BGL(n,C)].

We denote by G¢ the same group G but with the discrete topology. Note that
BG? is an Eilenberg-MacLane space of type K(G%,1). The natural continuous map
t: G* — @ given by the identity, induces a natural map between the classifying spaces
t: BG* = BG. Let M be a compact manifold. A principal G-bundle G — P — M
with classifying map f: M — BG@ is called flat if f factors up to homotopy as

(2) BG!
M BG.

Such a factorization has the effect of reducing the structure group of the bundle to a
discrete group, so that any associated vector bundle has a flat connection, i. e., with
curvature zero, see [41, §4]. So, if we denote by Flat Pringr,c)(M) (respectively
Flat Vect,, c(M)) the set of isomorphism classes of flat principal (flat rank n complex
vector) bundles over X, then one has the following one-to-one correspondences

Flat Pringy,,c)(M) <= [M,BGL(n,C)1,

®) Flat Vect,, c(M) <= [M,BGL(n,C)%] <= Hom (m,(M), GL(n, C)%).

Remark 2.1. Let V,(C¥) be the Stiefel manifold of n-frames in CX and G,,(C¥)
the Grassmannian of n-planes in CX. Set V,, = V,,(C*®) = liﬂ\/n((CK) and G,, =
Gn(C>) = hﬂGn(CK). For G = GL(n,C), the classifying space BG is G,, and the
universal principal G-bundle is the Stiefel bundle V,, — G,. The universal vector

bundle is the canonical complex bundle 1" of rank n over G,, [21, Theorem 8-6.1,
Theorem 3-7.2].

Remark 2.2. In [37, Theorem 1] Narasimhan and Ramanan proved that the Stiefel
bundle V,(CX) — G, (C¥) has a connection ¢ which makes it an m-classifying prin-
cipal GL(n, C)-bundle when K = (m+1)(2m+1)n?, that is, any principal G-bundle
over a manifold M with a connection # with dim M < m, admits a connection pre-
serving bundle map to V,,(CX), and for any two such connection preserving bundle
morphisms, the corresponding maps fi, fo: M — G, (C¥) are smoothly homotopic.
The connections on the Stiefel bundles with different K are compatible, so we have
a universal connection ¥ in the universal bundle V,, — G,,. This defines a uni-
versal connection V., on the universal vector bundle v — G,,. We denote it by
(7", BGL(n,C), Vuniy). Hence the pull-back (with connection) of 4" by the map
t: BGL(n,C)? — BGL(n,C) = G, is a universal flat vector bundle with universal
connection. We denote it by (77, BGL(n,C)%4, Ve . ) = (:*y", BGL(n, C)%, t*Vuniv)-

univ
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2.2. The Chern class of a representation. Let I" be a discrete group. Let p: I' —
GL(n,C) be a representation. Such a representation induces a map between the
classifying spaces
Bp: BI' — BGL(n,C),
which by (I)) induces a complex vector bundle V, = EI' x,C* — BI', where EI' x,C"
is the quotient of ET' x C" by the right action of I' given by (e, v)g = (eg, p(g)~'v).
The k-th Chern class of p is the k-th Chern class of the vector bundle V,, that is,

c(p) = c(V,) € H?*(BI'; Z),

(for I finite see [8], for the general case see [36]).
For I" a finite group, the Chern class of a representation p is characterized by the
following three properties (see [32][33, Theorem 5]):

o If h: IV — T' is a group morphism, then

cr(h'p) = h ex(p),
where k' and h* are the natural pull-back maps in representation theory and

cohomology.
e If the total Chern class is c(p) = 1+ c1(p) + - - - + cu(p), then

c(p1 @ p2) = c(p1) - c(p2)-
e The homomorphism
c1: Hom (I, U(1)) — H*(BT; Z), p— ci(p),
is an isomorphism.

Remark 2.3. For any representation p: I' — GL(n, C), the first Chern class satisfies

c1(p) = ei(det(p)),

where det: GL(n,C) — GL(1,C) is the determinant homomorphism and det(p) =
det op (for a finite group see [8, Appendix (7)], for the general case see [36]).

2.3. Cheeger-Chern-Simons classes. Let M be a smooth manifold. Let (E, M, V)
be a vector bundle of rank n over M with a connection V and let © be its curvature.
Chern-Weil theory allows us to construct characteristic classes of the vector bundle
E using the curvature of a connection [13].

Let A = Z or Q. Let Q¥(M) be the group of smooth complex-valued differential
k-forms on M, QF (M) the subgroup of closed k-forms and 2% (M; A) the subgroup
of closed k-forms with periods in A, i. e., QF(M; A) = ker (QF (M) — H*(M;C/N)).
Let M,, = C"* denote the space of n X n matrices. Let P,: M,, — C be a symmetric
homogeneous polynomial of degree k with coefficients in A, which is invariant, i. e.,
Py(A) = P.(gAg™?) for all A € M, and all g € GL(n,C). Denote by I*(GL(n,C))
the set of invariant polynomials and set I(GL(n,C)) = @,-,[*(GL(n,C)) which
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is a commutative algebra. Evaluating Py on the curvature © we get the 2k-form
Py (E,V) = Py(0©) which is closed and its de Rham cohomology class Py(E) =
[P.(E,V)] € H*(M;C) does not depend on the choice of connection V. This defines
the Weil homomorphism /(GL(n,C)) — H*®(M;C) which assigns to an invariant
polynomial a cohomology class of M. It is an algebra homomorphism.

For instance, using the invariant symmetric homogeneous polynomial Cy(A) of
degree k given by the relation

(4) det(A +tI) = zn: Crp(A)t"F,
k=0

one gets the Chern forms c,(E,V) = Cy(©) € Q% (M;Z) for 0 < k < n = rank E.
Its de Rham cohomology class c®(E) = [cx(FE, V)] € H?**(M;C) is the image of the
k-th Chern class ¢x(E) of E in the exact sequence

5) = H*Y(M;C/z) & H*(M;Z) - H*™(M;C) % - -

cx(E) = (E)

induced by the short exact sequence of coefficients
(6) 0—-Z—->C—C/Z—0.

More generally, in place of an invariant polynomial, one can use an invariant power
series of the form P = Py+ P+ P+ - -, where each P, is an invariant homogeneous
polynomial of degree k. For example, the invariant formal power series

(7) ch(A) = Tr(e?/?™),

where Tr is the trace, gives ch(E,V) € Q" (M) representing the Chern character
ch(E) € H®*(M;Q), which can be writen in terms of the Chern classes of F as

ch(E) = n+c (E) + % (c1(B)? = 2¢5(E)) + % (c1(E)* = 3er(B)ea(E) +3c3(E)) + -+ - .

In [12] Cheeger and Simons defined the ring of differential characters of M and they
constructed a lift of the Weil homomorfism to get secondary characteristic classes.

Let Cx(M;Z) D Zi(M;Z) be the group of smooth singular k-chains and k-cycles
in M and 0: Cx(M;7Z) — Cy1(M;Z) the boundary operator.

The group of differential characters of degreeﬁ k is defined as

H*(M;C/A) = {¢ € Hom (Z_1(M; Z),C/A) ‘ »(9(a)) = /wa mod A} .

Tt is convenient to shift the degree by +1 as compared to the original definition in [12].
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The form wy is uniquely determined by v, we have that wy, € QF(M;A). Let r be
the natural map r: H*(M;A) — H*(M;C) and given w € QF (M A) denote by [w]
its de Rham class. Set

RNM;A) = {(w, u) € QG(M; A) x HE(M;A) [ r(u) = [w]}.

There are natural exact sequences (see [12] Theorem 1.1]):

(8) 0— H*'(M;C/A) — H*(M;C/A) 2 Qk (M; A) = 0,
(9) 0 — QF 1 (M) /5 (M3 A) — H*(M;C/A) 2 HF(M;A) — 0.
(61,02)

(10) 0 — H* Y (M;C)/r(H*(M;A)) — H*(M;C/A\) 2225 R*(M: A) — 0.

Given ¢ € H¥(M:C/A) we have that r(d(1)) = [61(¢)]. In particular, by () if
H*Y(M;C) = 0 then 1 is determined uniquely by (01(¢),02(4)). In [12] a graded
ring structure is defined in H*(M;C/A) = dim M H¥(M;C/A) so that &; and d,
are ring homomorphisms.

Let (v, BGL(n,C), Viuniy) be the universal vector bundle with universal connec-
tion Vyniy (see Remark [2Z2]). Let Py be an invariant polynomial, and Py (7", Vuiv) €
Q2 (BGL(n,C); A) the form with periods in A representing the characteristic class
P.(v") € H*(BGL(n,C);A). Since HOdd(BGL(n, C);C) = 0, considering (I0)
for BGL(n, C), the element (Py(7", Vuniv), Ps(7")) € R*(BGL(n, C); A) determines
uniquely a differential character Py = Py(7", Vaniy) € H*(BGL(n, C); C/A), which
we call the universal differential character defined by Py. Let (E, M, V) be a vector
bundle with a connection V. Let f: M — BGL(n,C) be the classifying map with
connection of (E, M,V). Then Py(E,V) = f*(P,) € H*(M;C/A) is a differential
character which is natural, and such that

(11) 51(Pu(E,V)) = P(E, V), 3a(Py(E,V)) = Pu(E).

Notice that the classes ﬁk(E , V) depend on the connection V. If Vy and V; are two
connections on E, we have

82(Pe(E, V1) — Pu(E, V) = 62(Pu(E, V1)) — 02(Py(E, Vo)) = 0,

thus, by (@) the difference of the characters must be the reduction of a differential
form TP,(V1,Vy) € Q*1(M) modulo A. Such form can be computed using the
Chern-Simons construction [I4]. Let V, be a smooth curve of connections joining

Vo and V; (e. g., V;, =tV + (1 — t)V,). Then V, defines a connection V on the
bundle £ x I. Let © be the curvature of V. We can construct the characteristic
form Py(E x I,V) = Py(6) € Q*(M x I) and the secondary Chern-Simons form

(12) TP:(V1,Vo) = m(Pu(E x I,V)) € Q2 1(M),
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where m: M xI — M is the projection and 7, : Q2*(M xI) — Q%*~1(M) is integration
along the fibres (see [2I, Remark 19-1.8]). Hence

(Pe(E, V1) — Pu(B, Vo)) (a) = / TP:(V1,Vo) mod A, a€ Zy_(M;Z).

Since T'Py(V1, V) is closed we get a class [T'P,(Vy,Vg)] € H*71(M;C) which is
independent of the choice of path of connections V,. If both connections Vy and V;
are flat, by (&) Pk(E Vo), Pk(E V1) € H*~1(M;C/A) and in this case we have

(13) Py(E, V) — Py(E, V) = pa([TP:(V1,Vo)]),

where py: H**=Y(M;C) — H*~1(M;C/A) is the natural homomorphism.
Taking P, to be the polynomials Cy defined by () we get the Chern differential
characters ¢ (E,V) € H?*(M;C/Z). On the other hand, using the power series

given in (7) we get the differential character ch(E, V) € H®*®(M;C/Q) which can
be written in terms of ¢y (£, V) (we drop (E,V) from the formula), see [12], (4.10)]

~ - 1, . 1. . PR N
Ch(E,V)=n+01+§(01*cl—202)+6(cl*cl*cl—301*cg+303)+-~-,

where * is the product in H*(M;C/Q). We denote by chy(E) the component of
ch(E) of degree 2k, hence we have

cho(E,V)=n,  ch(E,V)=2(E,V),
~ 1
(14) chy(E,V) = 3 (C(E,V) %0 (E,V) - 26(E,V)),...

2.4. Cheeger-Chern-Simons classes of a representation. Consider a represen-
tation p: m (M) — GL(n,C). Associated to p we get the flat GL(n,C)-bundle

V, = M x,C" — M, where M is the universal cover of M and M x, C" is the
quotient of M x C™ by the action of 7 (M). Since V, admits a flat connection V,, we
have that cx(V,,V,) = 0 and ¢/*(V,) = 0, which imply that the Chern class c4(V,)
is in the image of the homomorphism from q: H**=*(M;C/Z) — H?**(M;Z) in (H).
Also by (1) and (8) we have that
(15) &V, V,) € H*7Y(M:C/Z),
and it is a functorial lifting of the Chern class ¢,(V,) by ¢. We define, respectively,
the Chern and Cheeger-Chern-Simons classes of the representation p by
o = (V) € H¥(MZ),  Cppo=0(V,,V,) € H* ' (M;C/Z).

We set ¢, = 14+ Cpy + -+ + Cpp € H™(M;C/Z). If p: m(M) — GL(n,C) and

7: m (M) — GL(m, C) are two representations, we have that [I2, Theorem 4.6]

(16) Cror =) %G
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Remark 2.4. Let C;, € H*(BGL(n,C);C/Z) be the k-th universal Chern differ-
ential character. Since the pull-back (7%, BGL(n,C)4, V2 . ) of the universal bun-

dle with universal connection (7, BGL(n,C), Vuuy) by the map ¢: BGL(n,C)¢ —
BGL(n,C) is flat (see Remark 2.2]), we have that

& = " (Cy) € H* 1 (BGL(n,C)%: C/Z).

Since the vector bundle V, — M has a flat connection, its classifying map with
connection f: M — GL(n,C) factorizes as in @), i. e., f = to f, with f: M —
GL(n,C)¢. Hence, the k-th Cheeger-Chern-Simons class of the representation p is
given by

Cpe = [T (Ck).
The class ¢, € H* 1(BGL(n,C)%; C/Z) is called the universal k-th Cheeger-Chern-
Simons class for flat bundles

Remark 2.5. The Chern classes ¢ (p) of a representation p: I' = m (M) — GL(n, C)
defined in Subsection are cohomology classes of the classifying space BI', while
the Chern classes ¢, defined in this subsection are cohomology classes of M. They
are related in the following way. Since m1(M) = I there is a map ¢: M — BI'. Then

Con = " (cr(p))-

Remark 2.6. One can also define the Cheeger-Chern-Simons classes of a repre-
sentation p: I' — GL(n,C) as cohomology classes of the classifying space BI'. Let
¢, € H*~1(BGL(n, C)¢; C/Z) be the k-th universal Cheeger-Chern-Simons class (see
Remark 2.4). Let Bp: BI' — BGL(n,C)¢ be the map induced between classifying
spaces by p. The k-th Cheeger-Chern-Simons class of p is the pullback

(17) G(p) = Bp"(Gy) € H*"1(BI;C/2).

Let M be a smooth manifold with fundamental group (M) = I' and consider the
map ¢: M — BI'. Then ¢, = ¢*(ck(p)).

Let I" be a discrete group. Let p: I' = GL(n,C) be a representation. By (7)) we
have that ¢(p) € H**~1(BI'; C/Z). By the Universal Coefficient Theorem and using
that C/Z is divisible (equivalently, injective [, Corollary 4.2]) we have

(18) H?*~Y(BT';C/Z) = Hom (Hy,_1(BT; Z),C/7Z).
Thus, the Chern-Cheeger-Simons classes ¢ (p) of p can be identified as morphisms
cr(p): Ho—1(BI;Z2) — C/Z,
Definition 2.7. Let x be a homology class in Hy,_1(BI';Z), we call the image
c(p)(r) € C/Z,
the k-th Cheeger-Chern-Simons-number (CCS-number) of p with respect to k.
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A representation p: m (M) — GL(n,C) is said to be topologically trivial if the
vector bundle V,, — M is topologically trivial, i. e., it is isomorphic as a topological
vector bundle to the product bundle M x C* — M.

3. CCS-NUMBERS OF COMPACT ORIENTED 3-MANIFOLDS

In this section, we restrict to the case when the manifold is a compact oriented 3-
manifold L. We define the first and second CCS-numbers of a representation p: I' =
m (L) = GL(n, C) and we prove that the second CCS-number for topologically trivial
representations p agrees with the topological index of the Dirac operator on L with
respect to the flat complex vector bundle associated to p, defined by Atiyah, Patodi
and Singer in [5, p. 87]. For the case when L is a rational homology 3-sphere, using
the Index Theorem for flat bundles, we give a formula for the second CCS-number
of any representation.

3.1. CCS-numbers of representations. Let L be a compact oriented 3-manifold
and consider a representation p: I' = m (L) — GL(n,C). By (I3) we have that

Cox € H* 1(M;C/Z). By the same argument of (I8) there is an isomorphism
H*=Y(L;C/Z) = Hom (Ho,_1(L; Z),C/Z).

Definition 3.1. Let v be a homology class in Hy(L;Z), we call the image

cp1(v) € C/Z,
the first CCS-number of p with respect to v. Let [L] € H3(L;Z) be the fundamental
class. We define the second CCS-number of p by

¢,2([L]) € C/Z.

Notice that the second CCS-number of p with respect to another class in H3(L; Z)
is a multiple of ¢,5([L]). The relation with Definition 7 is the following. Since
m (L) =T there is a map ¢: L — BI'. Let v € Ho,_1(L;Z), with k = 1,2. Then we
have

(19) Cok(v) = 07 () (V) = Cr(p)(9+(v)).

3.2. The index theorem for flat bundles. Let A be a self-adjoint elliptic operator
acting on the space of sections C*°(M, E) of a vector bundle E' — M over a compact
manifold M. Then A has a discrete spectrum with real eigenvalues {A}. In [3]
Atiyah, Patodi and Singer define a complex valued function 7(s; A), of the complex
variable s, called the n-series of A by

n(s; A) =) (sign \)AI™,

A#£0
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where the sum is taken over the non-zero eigenvalues of A. This series converges
when the real part £(s) of s is sufficiently large and by results of Seeley [46] extends
by analytic continuation to a meromorphic function on the whole s-plane and it is
finite at s = 0. The number n(A) = n(0; A) is called the n-invariant of A and it is a
spectral invariant which measures the asymmetry of the spectrum of A. They also
define a refinement of the n-series which takes into account the zero eigenvalues of
A by setting £(s; A) = w, where h is the dimension of the kernel of A.
Consider a unitary representation p: m; (M) — U(n) and the flat vector bundle V,
given by p. One can couple the operator A to V), to get an operator A, acting on
C>(M, E ® V,) which is again self-adjoint. The reduced 1 and {-series are given by

(20) Mo(s: A) = n(s; A,) —nn(s; A),  &(s;A) = &(s3 Ay) — né(s; A),

where n is the dimension of the representation p. Following [5], Section 2] the func-
tions (20) are finite at s = 0 and reducing modulo Z then

ip(A) = ,(0; A) e R/Z,  §,(A) = §,(0; A) € R/Z,

are homotopy invariants of A.

If the representation p: m (M) — GL(n,C) is not unitary the twisted operador
A, is not self-adjoint, but it has a self-adjoint symbol and this is enough to define
n(s; A,). To define {(s; A,) one takes h to be the dimension arising from the spectrum
on the imaginary axis and now ép(O; A) is a complex number modulo integers, that
is {,(A) € C/Z.

If A is a self-adjoint elliptic operator of order m acting on the space of sections
C>*(M, E) of a vector bundle E — M over M, its homotopy class depends only
on the homotopy class of its leading symbol o,,(A). Denote by T*M the cotangent
bundle of M. By [5, Proposition 3.1] there is a one-to-one correspondence between
the stable classes of self-adjoint symbols on M and the elements of K(T*M).

Fixing a representation p: m (M) — GL(n,C), the map A — &,(A) induces a
homomorphism [3], p. 87]

ind,: K'(T*M) — C/Z
o (A) = €,(A)

called the analytical index of A (or of the symbol class of A) with respect to the flat
bundle given by p.

On the other hand, the representation p: m (M) — GL(n,C) defines an element
[p] € K~'(M,C/Z) in K-theory with coefficients in C/Z, see [5, p. 90]. There is a
pairing

K(M,C/)7)® KNT*M) — K°(T*M,C/7Z),
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and a homomorphism
Ind: K°(T*M,C/Z) — C/Z,
which extends the usual topological index of [6]. For each representation p there is
a topologically defined homomorphism
Ind,: K'(T*M) — C/Z
om(A) = —Ind([p] - o (A))
called the the topological index with respect to the flat bundle given by p.

The Index Theorem for flat bundles [5, (5.3)]) states that if M is odd dimensional,
then ind, coincides with Ind,.

Remark 3.2. If p: (M) — U(n) is a unitary representation then both indices ind,
and Ind, have values in R/Z.

3.3. The second CCS-number of p. Let L be a compact oriented 3-manifold,
then it is a spin-manifold [29, Chapter VII, Theorem 1] and it has a Dirac operator
D, which is a first order, self-adjoint, elliptic operator, acting on sections of the
spinor bundle (see [25, § 3.4] or [35, Example 5.9]).

Theorem 3.3. Let L be a compact oriented 3-manifold. Let D be the Dirac operator
on L and let o = [o1(D)] be the symbol class of D in K*(T*L). Let p: m(L) —
GL(n,C) be a topologically trivial representation. Then, the second CCS-number of
p and the topological index of D with respect to p, coincide, that is,

¢p2([L]) = Ind, 0.

ProoOF. The proof consists in to identify Ind, o for the particular case when o is the
symbol class of the Dirac operator and p is a topologically trivial representation of
the fundamental group of a compact oriented 3-manifold, following the proof of the
Index Theorem for flat bundles. In [5, pp. 88] K'(L,C/Z) is defined as the cokernel
of the following natural map

K'YL,Q) — K YL,Q/Z)® K *(L,C).
Thus, given a representation p: m;(L) — GL(n,C), the element [p] € K~'(L,C/Z)
is given by two elements

a, € K'(L,Q/Z) and b, K '(L,C).
In terms of these elements, the topological index can be writen as (see [3], p. 98])
(21) Ind, 0 = — Ind¢(b,0) + Indz/kz(0a,) mod Z,

where Indc is induced from the topological index K(T*L) — Z by tensoring with
C and Indz.z is the topological index for Z/kZ-coefficients (see [3, Proposition 6.2
and (8.4)]).
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Let us recall the construction of the elements a, and b, when p: m(L) — GL(n,C)
is a topologically trivial representation and s: V, = L x C" is a trivialization. In this
case we have that a, = 0 (see [B p. 89, (i), (ii)]). The element b, is constructed as
follows. The bundle V, has two different flat connections, its canonical flat connection
V, and a connection Vi, coming from the trivial connection on L x C" by the
isomorphism s. Applying the Chern-Simons construction to the bundle V,, using
the curve of connections V, = tVy;, + (1 — ¢)V, and the invariant formal power
series ch(A) given in (7)) for the Chern character, we get the Chern-Simons form
Tch(Viiv, V,) € Q°4(L) as in (I2) and a mixed odd-dimensional cohomology class
B = [Tch(Vii, V,)] € H°Y(L;C). We have that (see [5, p. 89, (iii)])

(22) by, = ch™(5)

where ch: K=Y(L,C) — H°Y(L;C) is the Chern character.
By Karoubi [27], 28], there is an exact sequence as follows

(23) oo KYL) - KYL,C) - K YL;C/Z) - K°(L) — ...

By changing the trivialization of V, we obtain a different element in K YL, C).
However, changing the trivialization is equivalent to take an element in K—!(L).
Therefore by the exact sequence (23)), it is clear that the class of b, in K~'(L; C/Z)
does not depend on the choice of trivialization (compare with [5], p. 89, (iv)]). Thus,
when p is topologically trivial (2I]) becomes

(24) Ind, o = —Indc(b,oc) mod Z.

Since o is the symbol class of the Dirac operador, (24) coincides with the direct
image homomorphism K~'(L,C/Z) — C/Z (see [5, p. 82 (2)]), which is given coho-
mologically by
Ind, o = {ch(b,) - #(L)}[L] mod Z,
={6-7(L)}[L] modZ by ([22)

where (L) is the index class of L (see [7, p. 556]). Since L is a compact 3-manifold,
it is parallelizable and .# (L) = 1. Thus,

Ind,o = {B}[L] mod Z,
(25) — {[Teh(Vise, VI} L] mod Z,

We have that 8 = [T'ch(Viy, V,)] € H°Y(L;C), let us denote the component of
degree 3 of the Chern-Simons form T'ch(Viiy, V,) by T'ch(Viiv, V)3, so we have
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[T'ch(Viiv, V,)3] € H3(L; C). Now consider the commutative diagram

H3(L;C) —25 H3(L: C/7)

& l
p
H*(L;C/Q).
By construction we have that
/C\l(‘/pa vp)*/c\l(‘/pa Vp)a 62(Vpa vp)> /C\l(‘/pa VtriV)*/C\l(Vp) vtriv)> /0\2(‘/p7 Vtriv) € Hg(La C/Z)
By (I3 we have that
p@([TCh(Vtrivv Vp)3]) = C/;I'2(vp7 Vtriv) - 0/?12(‘/;7 Vp) S H3(L7 C/Q)7

since the component of degree 3 of cAh(Vp, V) is cAhg(Vp, V). By ([d)) we can decompose
Tch(Viiv, V)3 as follows

1
TCh(VtriVa vp)i’) = §T(Cl ' Cl)(vtriva vp) - TC2(VtriVa vp)>

where C} - C is the product in the algebra of invariant polynomials I(GL(n, C)).
Set w1 = T(C1 - C1)(Viiv, V) and wy = TCy(Viiv, V,). By ([I3]) we get

PZ([M]) = 61(Vp7 Vtriv) * /0\1(‘/;)7 Vtriv) - 61(Vp7 Vp) * E1(Vpa vp)v
pZ([w2]) = /0\2(Vpa vtriv) - /0\2(‘/p7 Vp)a
1 1 ~ ~ ~
Po (5[“1] = §p(cl(‘/p> Vtriv) * Cl(Vpa vtriv) - Cl(‘/pa Vp) * Cl(‘/pa Vp))a

p@([WQ]) = p(/C\Q(Vm Vtriv)) - p(/C\z(Vp, Vp)) .
In order to finish the proof we only need to prove that [w;] = 0. Indeed, if we assume

that [wy] = 0, then

pz([Teh(Viiv, V,)s]) = pz (%[Wl] — [W2]> = pz(—[w2]) = =GV}, Viuiv)+¢2(V), V).

By [12, Proposition 2.10] we have that ¢,(V,, Vi) = 0. Hence,
p2([Tch(Viiv, V,)3]) = &(V,, V,) € H*(L; C/Z),
and together with (25) we get
Ind, o = pz,([Tch(Viiv, V,)3]) [L] = &(V,, V,)[L] = ,[L] € C/Z.

Thus, we only have to prove that [wi] = 0. Let V be the connection on V, x I defined
by the curve of connections V; and let © be its curvature. By (I2]) we get,

Wy = T ((cl - cl)(é)) _ (Cl((:)) A Cl(é)) e (L),
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where , is integration along the fibres [2I, Remark 19-1.8]. Note that [C1(0)] €
H?*(LxI,C). Since p: (L) — GL(n, C) is topologically trivial, V, — M is a trivial
vector bundle and V, x I — M x I is also a trivial vector bundle. Hence [C(©)] = 0.
Therefore, there exists C € Q(L x I) such that dC = C;(©). Using the form C we
get

CL(B) A C1(0) = C1(0) AdC = —d(C1(O) AC).

By the Homotopy Formula for fiber integration (see |21, Proposition 19-1.9]), we get
—m.(d(C1(®) AC)) = dm.(C1(B) AC) — (1 — jo) (C1(B) A C).
We claim that the last term (j; — jo) (C’l(é) AC) = 0. Assuming this, we have
W =, (cl(é> A cl(é>) . (d(Cl(é) A (3)) — dr, (cl(é) A c) .

Therefore, the form w; is exact, [w;] =0 € H*(L,C) and we reach the conclusion of
the Theorem. B

To prove that (j; — jo)(C1(©) AC) = 0 we proceed as follows. Every differential
form w € QF(L x I) can be decomposed as w = a + A dt where a € QF(L x I),
B € QF1(L x I) each without any dt factor 21, Remark 19-1.8]. By definition we
have that j,: Q?*(L x I) — Q**~1(L) is given by ji(a+ BAdt) = a|—s with s = 0,1
[21, Proposition 19-1.9]. Let 6, and 6 be, respectively, the connection forms of the
connections V4, and V, on the vector bundle V,. Since Vi, is the trivial connection

Oiriv = 0. The curvature O of the connection V given by the curve of connections
Vi =tV + (1 — )V, is given by (see [2I, Remark 19-5.1])
(26) O = t(1 — t)6* + fdt.

Since the form C € QYL x I) we can decompose it as C = o/ + ' A dt, where
o € QYL x 1), B € Q%L x I) = C*(L x I) each without any dt factor. The
invariant polynomial C; € I'(GL(n,C)) is given by C;(A) = Tr(A), thus by (26) we
have

Ch(0) = (1 — t) Tr(6%) + Tr(6) A dt.
Therefore
27)  Ci(O)AC=1t(1—1t)Tr(0®) A + (t(1 —t)B' Tr(6?) — Tr(A) A ') Adt.

Setting in (27)
(28) a=t(1—t)Tr(0*) Aa' € Q3(L x 1),

and

B = (t(1—1)8 Tr(6?) — Te(0) Ao') € Q*(L x I)
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we have that both of them do not have any dt factor and C1(0) AC = a + A dt.
Therefore, evaluating ¢t = 1 and ¢t = 0 in (28)) we get

(j1 = J0) (C1(©) AC) = afi=1 — atly—g = 0.
This finishes the proof. U
By the Index Theorem for flat bundles we have the following corollary.
Corollary 3.4. With the hypothesis of Theorem[F3 we have ¢,5([L]) = £,(D).

Remark 3.5. If L is an integral homology sphere, then Theorem is equivalent
to the result of Jones and Westbury [24, Theorem A], see Section [l

3.4. CCS-numbers of rational homology 3-spheres. Let L be a rational ho-
mology 3-sphere. Let p: w1 (L) — GL(n, C) be a representation. By Poincaré duality
we have that H'(L;C) = H?*(L;C) = 0, by the cohomology long exact sequence
(@) of L corresponding to the short exact sequence (€]) we have a correspondence
between the first Cheeger-Cheern-Simons class and the first Chern class of p under
the isomorphism

HY(L;C/7) = H*(L; 7)

(29) .
Cp1 7 Cp1.

Lemma 3.6. Let L be a rational homology 3-sphere and p: m (L) — GL(n,C) a
representation of its fundamental group. The following are equivalent:

1. The representation p is topologically trivial.

2. Cp1 = 0.
3. Cpy = 0.

PROOF. The equivalence of @l and Blis given by the isomorphism (29). The equiva-
lence of [land [2is given as follows. For n =1, ¢,; = 0 if and only if p is topologically
trivial since line bundles are classified by its first Chern class. If n > 2, it follows
from [42, Theorem 3.2] since the only possible non-zero Chern class is ¢, ;. O

Lemma 3.7. Let L be a rational homology 3-sphere and p: m (L) — GL(n,C) a
representation of its fundamental group. Then the representation p & det(p*), where

*

p* is the dual representation, is topologically trivial.

ProOF. By the Whitney product formula, Remark [Z3] and the fact that c,«; =
—Cp,1, We have that ¢pgdet(p*),1 = Cp,1+Cet(p*),1 = Cp1 +Cpr 1 = 0. Thus, by Lemma [3.0]
the representation p @ det(p*) is topologically trivial. O
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Lemma 3.8. Let L be a rational homology 3-sphere. For any representation p: m (L) —
GL(n,C), the first Cheeger-Chern-Simons class satisfies
/C\p,l = /C\dot(p),b

PROOF.

By Remark 2.3]and Remark 2.5l ¢, 1 = Cdet(p),1 and both €, 1 and Cyet(p),1 are liftings
of ¢p1 = Cdet(p),1 by the homomorphism g: Hl(L C/Z) — H*(L;Z) 111 @), but by
([29) there is only one such lifting, so they coincide. O

If L is a rational homology 3-sphere, using Theorem B.3] and the Index Theorem
for flat bundles we can give a formula for the second CCS-number of an arbitrary
representation p: m(L) — GL(n,C).

Theorem 3.9. Let L be a rational homology 3-sphere. Let p: I' = m (L) — GL(n,C)
be a representation. Then,
(D) = £,(D) = Eaai (D).

ProOOF. Consider the representation p @ det(p*), by Lemma [B.7] it is topologl-
cally trivial. Since cqet(pr),1 = —Cdet(p)1; by ([29) we have that Ciet(pr),1 = —Cdet(p)1
Applying (I0) to det(p) @ det(p*) we get

/c\det(p)EBdet(p*),l = /C\det(p),l + /c\det(p*),l =0

/C\det(p)EBdet(p*)Q = /C\det(p),l * /C\det(p*),l-
Hence, by LemmaB.0l det(p) ®det(p*) is topologically trivial. Applying Corollary 3.4]
we have:

E0(D) + &aer (o) (D) = Epeder(or) (D) = Cpdet(p)2([L])
= Cpl *Cdet(p 2([L]) + (L))
)

- gdet )ébdet (p* )(D) + /C\p72 [L])
= gdet(ﬁ)( ) + gdct(p*)(D + EPQ([L])

From this the theorem follows. ]

4. ELEMENTS IN K3(C) VIA TOPOLOGICALLY TRIVIAL REPRESENTATIONS

In this section, given a topologically trivial representation of the fundamental
group of a compact oriented 3-manifold we construct an element in K3(C), the 3rd
algebraic K-theory group of the complex numbers. With this construction we prove
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that Theorem B3] is a generalization of a result by Jones and Westbury [24, Theo-
rem A]. Firstly we have the following lemma.

Lemma 4.1. Let L be a compact oriented 3-manifold. A representation p: m (L) —
GL(n, C) factors through SL(n,C) if and only if it is topologically trivial.

PROOF. Notice that p factors through SL(n, C) if and only if det(p): I' — GL(1,C)
is the trivial representation. By (B]) the trivial representation corresponds to the
trivial (flat) bundle, thus, cget(p)1 = 0. By Remark 2.3/ ¢, 1 = cqet(p),1 = 0 and by [42]
Theorem 3.2] this is equivalent to p being topologically trivial. 0

Let L be a compact oriented 3-manifold. Let p: m (L) — GL(n,C) be a topolog-
ically trivial representation. By Lemma 1] p has image in SL(n,C)?, that is, we
have p: m (L) — SL(n,C)4. Let V, — L be its associated flat vector bundle. Its
classifying map with connection f,,: L — BGL(n, C)? factorizes as

BSL(n, C)?
x

L0 BGL(n, C).

Let ¢ € H*(BGL(n,C)% C/Z) be the second universal Cheeger-Chern-Simons
class (see Remark 2.4]). Denote by ¢, the Cohomology class

T = 1*(&) € H¥BSL(n,C)%: C/Z).

Then the second Cheeger-Chern-Simons class of p is given by

~
~

/C\p72 = f;:(Cg) € H3(L; C/Z)
Hence the second CCS-number of p is given by

(30) Goal[L]) = [ @)(L]) = E((f)- (L),

that is, evaluating the class ¢, on the homology class (f,).([L]) € H3(BSL(n,C)% Z).

The group SL(n,C)? is perfect and it is the commutator subgroup of GL(n, C).
Consider the limits SL(C) = lim,, SL(n, C)¢ and GL(C) = lim, GL(n,C)%. Hence
SL(C) is perfect and it is the commutator subgroup of GL(C).

Let Bi: BSL(C) — BGL(C) be the map between classifying spaces induced by
the inclusion homomorphism i: SL(C) — GL(C). Quillen’s plus construction is
funtorial [44, Proposition 5.2.4] and applying it to Bi with respect to SL(C) we get
the universal cover of BGL(C)™" [44, Thorem 5.2.7]

7 = (Bi)*: BSL(C)* — BGL(C)*.
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Hence, the third algebraic K-Theory group of C is given by
K3(C) = m3(BGL(C)™) = m3(BSL(C)™).
By [45] Proposition 2.5] the Hurewicz homomorphism
(31) h: K3(C) = m3(BSL(C)") — H3(BSL(C)"; Z) = H3(SL(C); Z)

is an isomorphism. On the other hand, we have the following stability isomorphism
for n > 3 [45] (2.8) and Theorem 4.1 (b)]

Hy(SL(n, €)% Z) — Hy(SL(C); Z).
Hence we have that
K5(C) = Hy(SL(n,C):Z), n>3.

Let L be a compact oriented 3-manifold. Given a topologically trivial representa-
tion p: m (L) — GL(n,C) one can construct an element in K3(C) in the following
way. By Lemma 1] we have p: (L) — SL(n,C)¢. Let f,: L — BSL(n,C)¢ be
the map which induces p on the fundamental group and compose it with the natural
map ¢, : BSL(n,C)? — BSL(C) to get

f=tno fn: L — BSL(C).
Consider the homomorphism induced in homology
fir H3(L; Z) — H3(BSL(C); Z) = K5(C).

The image of the fundamental class [L] gives the element (L, p) = f.([L]) € K3(C).

In the case when L is a rational homology sphere, we can extend the construction
for representations p: m (L) — GL(n, C) that are not topologically trivial taking the
representation pddet(p*): m (L) — SL(n+1, C) which by Lemmal[3.7is topologically
trivial. Then take (L, p @ det(p*)) € K3(C).

Let ¥ be an integral homology 3-sphere and p: 71 (X) — GL(n, C) a representation.
Since m1(X) is perfect, every complex representation must have image in SL(n, C),
that is, the representation p is topologically trivial Lemma .1l In [24] Jones and
Westbury constructed an element [3, p| in K3(C) as follows. Consider again the map
f=1tno fn: ¥ — BSL(C).

Applying Quillen plus construction to f we obtain a map

FH ot 2§ 5 BSL(C)*.

Its homotopy class [f*] is an element [, p] = [fT] € m3(BSL(C)*) = K3(C).
In the case of an integral homology sphere ¥ one can compare the two constructions
and see that they give the same element.
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The maps f and f* fit in the following commutative diagram
(32) » — . BSL(C)
bk
f+
S? —= BSL(C)™.
Diagram (B32) induces the following diagram in homology

(33) Hy(S;Z) —5 Hy(BSL(C): Z)

H3(S?; 7) L H3 (BSL(C)*;Z)
Therefore,
(34) (2,0) = L(Z) = FH([S%]) = h([F) = A([S, p]),

where h is the Hurewicz isomorphism (BII). Thus, we have proved the following

Theorem 4.2. Let 3 be a integral homology 3-sphere and p: m(X) — SL(n,C) a
representation. Then (X, p) = [, p] € K3(C).

In [24] Theorem A] the authors consider a homomorphism e: K3(C) — C/Z and
prove that given a representation p: m(X) — SL(n,C) of the fundamental group
of a integral homology 3-sphere ¥ one has e([%, p]) = &,(D), where D is the Dirac
operator on ..

On the other hand, expanding diagram (33]) we get

(35) Hy(3: Z) — L Hy(BSL(n, ©)%; Z) 22— Hy(BSL(C); Z)

Hg(gZ) U, ((BSL(%, o)) 2y s BSLl( .7)

Which implies that the following diagram commutes

(Ln

K3(C) = my(BSL(C)*) &— Hy(BSL(C 4(BSL(n, C)%; 7Z)

since by (34)) and (B0) we have
e([3, p]) = &0(ta); "oh([3, p]) = B20(0a) - (2, ) = Ba((f)a([2])) = Gpa([B]) = &,(D).
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Therefore, Theorem B3 is a generalization of [24, Theorem A].

Remark 4.3. When p is a 2-dimensional representation (n = 2), in diagram (35])
the homomorphism (t,). is not longer an isomorphism. We have that

Hy(BSL(2, €)% Z) = K (C) C Ky(C) = Hy(BSL(C); Z),

where K1"(C) is the indecomposable part of K3(C), and (t,). is the inclusion. In
this case we take the composition of fo: ¥ — BSL(2, C) with the map BSL(2,C) —
BSL(n, C) induced by the inclusion SL(2,C) — SL(n,C) with n > 2.

5. CCS-NUMBERS OF L =S?/T

Consider the compact oriented 3-manifolds of the form L = S3/T", where I is a
finite subgroup of SU(2). In this section we compute the first and second CCS-
numbers of all irreducible representations a: m (L) = I' — GL(n,C). We compare
our results with the ones by C. B. Thomas [48 § 1] on the Chern classes of a.

5.1. The 3-manifolds L = S3/T". Let I" be a finite subgroup of SU(2). As usual, de-
note by [[', I'] the commutator subgroup of ', let Ab: I' — I'/[I", I'] be the projection,
and denote by Ab(I') = I'/[I", I'], the abelianization of I

Since GL(1, C) is abelian, by the universal property of the abelianization, the map
Ab induces the isomorphism

(36) Hom (Ab(T), GL(L, C)) % Hom (T, GL(1, C)),

between one-dimensional representations of I' and one-dimensional representations
of Ab(I"). Given ¢ € Hom (I', GL(1, C)), we denote by pa, € Hom (Ab(I"), GL(1,C))
the associated representation via the isomorphism (36]).

The group I' acts on S* = SU(2) from the left by multiplication. The orbit space
L =S3/T is a compact oriented 3-manifold, its fundamental group is m;(L) = I" and
its homology groups are (see [34], p. 45])

Ho(L;Z) =7, H(L;Z)=AWT), Ho(L;Z)=0, and H(L;Z)=Z.

Thus, L is a rational homology 3-sphere and we can apply the results in Subsec-
tion 3.4 By Lemma [B.8 to compute the first Cheeger-Chern-Simons class ¢, of
p it is equivalent to compute the first Cheeger-Chern-Simons class Caet(p)1 of the
one-dimensional representation det(p): m(L) = I' — GL(1,C). The representation
det(p) induces a classifying map (with flat connection) f4ei: L — BGL(1,C)? Let

& € H'(BGL(1,C)% C/Z) = Hom (C*, C/Z)

be the universal first Cheeger-Chern-Simons class for flat bundles. We have that
Caet(p),1 = Jaet(C1), hence, given a class v of H,(L;Z) = Ab(I") we have

Caet(p)1(7) = faer (@) () = E1 ((faer) (7))
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But the homomorphism induced in homology by the map faet
(faet)s: Ab(D) = H(L; Z) — Hl(BGL(l,C)d; 7) =~ Cxd

is precisely the representation det(p)an: Ab(I') — GL(1,C)¢ = C*¢. Hence we have
that (see [16, (0.2)])

(37) o1 (7) = Caet(p) 1 (V) = C1(det(p)an(v)) = % log(det(p)an(¥))-

5.2. Finite subgroups of SU(2). Let (2,q,r) denote the group given by the pre-
sentation

(38) (2,q,7) = (b,c| (be)* = 0" = )

and let (; = eT" be the [-th primitive root of unity. The classification of the finite
subgroups of SU(2) is well known (see [11} 130, [34]). Following, we list them together
with their irreducible representations. We follow the notation of [I5], where x; is the
character of the representation o and v, is the character of the representation p;.
Cyclic groups. C;, [ > 2. Order [. We identify C; with the [-th roots of unity. The
group C; has [ irreducible representations «;, 1 < j <1 given by a;(¢) = ¢
Binary dihedral groups. BDs,. = (2,2, 7), r > 2. Order 4r. It has r+ 3 irreducible

representations. Four one-dimensional representations, denoted by o, j = 1,...,4
given by:
r even:
a1(b) = au(c) = 1, az(b) = —1,as(c) = 1,
a3(b) = 1, a3(c) = —1, aq(b) = au(c) = —1.
r odd:
a1(b) = au(c) = 1, az(b) = —1,as(c) = 1,
Oég(b) = i,Oég(C) = —1, Oé4(b) = —’i, ¢4(C) = —1.

And r — 1 two-dimensional representations, denoted by p;, 1 <t < r — 1, given for
any r by:

p®=(ed). o= (% L),

where p; is the natural representation.
Binary tetrahedral group. BT = (2,3, 3). Order 24. It has 7 irreducible represen-
tations, denoted by «;, 7 =1,...,7. There are three 1-dimensional representations:

ar(b) = ar(c) =1, an(b) = (g, 2(c) = ¢§ and  az(b) = (3, as(c) = (.
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There are three 2-dimensional representations:
p) = ( 01 _ (0 —¢
ay(b) = (1), ay(c) = 21 )
2 -10
asb) = (59, asl) = (& %)
—(3 —C? 0 1
as(h) = (&), as(e) = (%)
where a4 is the natural representation. There is one 3-dimensional representation:

—1-1-1 —1-1-1
o= (357 ore= (77 %):
Binary octahedral group. BO = (2, 3,4). Order 48. It has 8 irreducible represen-
tations, denoted by «;, 7 =1,...,8. There are two 1-dimensional representations:

Oél(b) = Oél(C> = 1, Oég(b) = 1,0&2(0) = —1.

There are three 2-dimensional representations:

az(b) = (% 4), az(c) = (3 71),
o) =5 (" ) oue) =3 (7 )
as(b) = (7)), as(e) = (1, %)

where a4 is the natural representation. There are two 3-dimensional representations:
10 -1 0 11
a6(6)=<g_01_11), aa(c)=(—1—113>,
—10 -1 00 —1
) =(111). arle) = (15, 7)-

There is one 4-dimensional representation:

oy 0 ¢ g
ag) =1 0 o -1 -1 |, ag(c) = 0—430% :

0 0 0 —¢F 2 -10 0

Binary icosahedral group. Bl = (2,3,5). Order 120. It has 9 irreducible repre-
sentations. One 1-dimensional representation a; two 2-dimensional representations
a, g, where ap is the natural representation; two 3-dimensional representations
ay, a5; two 4-dimensional representations g, ai7; one 5-dimensional representation
ag and one 6-dimensional representation ag. To save space we do not list them
explicitly, since we will not need them in what follows.
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5.3. First CCS-numbers of irreducible representations of m(L). Let L =
S*/T" with T' = C;, BDy,, BT,BO,Bl. Denote by b,¢ the images in Ab(I') of the
generators b, ¢ of I" in presentation (38)). Table [[l shows the abelianizations of I" (see
[34, 11§5-Table 2]).

' < SL(2,C) | Ab(T") | Generators

C C generated by (

BD,, (r even) | C, @ C, | generated by b and ¢
BD,, (r odd) Cy generated by b and ¢ = b?

BT Cs generated by ¢ and b = ¢!
BO G generated by ¢ and b =1
BI {1}

TABLE 1. Abelianizations of I’

Let 7 be a generator of H,(L;Z) = Ab(T') (either (;, b or ¢ according to I' in
Table [Il). Let a: m(L) = T' = GL(n,C) be an irreducible representation. By (37)
and the isomorphism (Bl we have

Cor(7) = Cacvens (7) = % log(det(a(1))),

where v = if v=(;v=bifv=bandv=cifv=¢
Table 2 shows the first CCS-numbers of the irreducible representations «: m (L) =
I' = GL(n,C) with respect of the generators of Hy(L;Z) = Ab(I").
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Cl Q1 || ... | O
Can(Q) 03 |...|5
BDQT, r = 2l even a1 | Qo | O3 | Gyg | P2t—1 | P2t
/C\a,l([;) 0 % 0 % 0 %
Can(C) ojo|3 35| 0 |0
BDy, 7 =2l —1odd | a1 | g | a3 | ay | pa—1 | pe
Caa(b) 0133 ]3]0 |3
Can(€) 010 % % 0 0
BT aplag | ag | ag | as | ag | ar
/C\a,l(é) 0 % % 0 % % 0
BO Q| Qg | (i3 | Oy (674 Qg | 7 | (g
Ca(0) O+ 3]0] 0 | 3]0]0
Bl a1 | Qg | O3 | Q4 (673 Qg | 7 | Qg | (g
Can(1) 0ojfojJojJo] o JoJojo]oO

TABLE 2. First CCS-numbers

5.4. Second CCS-numbers of irreducible representations of m(L). Let L =
S3/T with T' = C;, BDy,,, BT, BO, Bl. To compute the second CCS-number ¢, »([L]) of
an irreducible representation a: I' — GL(n, C) we use the results of [15] as follows.
If « is topologically trivial (¢,,1 = 0 by Lemma [3.0), by Corollary 3.4 we have that
Ca2([L]) = &a(D). If v is not topologically trivial (¢,,1 # 0), by Theorem [3.91we have
Ca2([L]) = €a(D) = Laet(o) (D)
Proposition 5.1. The first CCS-number of one-dimensional irreducible representa-
tions a: I' = GL(1,C) of a finite subgroup I' of SU(2) is zero.
PrOOF. From Table 2] and by Lemma the only 1-dimensional irreducible rep-
resentation which is topologically trivial is the trivial representation a;. Thus,
Car 2([L]) = &a, (D) which by definition (20) is zero. If a is not topologically trivial,
Ca2([L]) = £a(D) — &aer(a) (D), but since it is 1-dimensional, we have that o = det(«)
and thus ¢, 2([L]) = 0. O
By Proposition .0l we only need to consider the irreducible representations of
dimension bigger than 1. In Table B we recall the values of &,(D) computed in [15].
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BT |as| a5 ag | ar | BO |az|ag|as|ag|ar|asg

& 1 17 17 1 & 7 1 /25| 5 | 1 |5

§a(D) 24 24 24 6 ga(D) 12 |48 |48 | 6 | 12 | 24
BDy | p1 Bl Qg | Qg Qly Q5 | Qg | Q7 | (g | g

Ea(D) | £ |&a(D) | 2 | 2] L | L5 | 1)1 )T

120 | 120 30 30 12

TABLE 3. Values of £,(D) from [I5]. The natural representations are
in boldface.

Table [d] shows the second CCS-numbers of the irreducible representations of I'. For
BD,, we only give the explicit value for the natural representation p;, which is the one
we shall use in the sequel. The values for the other 2-dimensional representations p,
1 <t < r can be computed using the formulae in [I5, Theorem 5.1] and Theorem [3.9.

G ar | as | ... | o
Ca2([L]) 010 |...]0
BD,,., reven |a;y | as | ag | as | p1
Can([L) O] O]0]0|L
BDy,, rodd |y | as | a3 | ay | p1
Ca2([L]) 0| 01]01]0]L

Ar
BT a1 | ag | as oy | as | ag | ar
Ca2([L) | O] 0|0 5[5 |3 5%
BO ap | g | ag |ag | as | ag | ar | ag
Coa([L) |00 | 5 |5|% 12|15
Bl ap | ag | as oy | as | ag | ar | ag | ag
Ca2([L]) | 0 |15 |26 |30 |3 | 6 |12 |5 |2

TABLE 4. Second CCS-numbers

5.5. Comparison with the results of C. B. Thomas. The group I' acts freely
on S%, then T has periodic cohomology of period 4 (period 2 if G is cyclic) (see [9),
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Chapter VI § 9]). In Table 5 we summarize all the Tate cohomology groups H4(T'; Z)
for j € {0,1,2,3}.

r HO(T;Z) HYTI;Z) | HXT;Z) | H3(T;Z)
C, Z)IZ 0 Z)IZ 0
BDy,, r even | Z/4rZ 0 Zo ® Zs 0
BD,,, r odd | Z/4rZ 0 Z7.]A7 0
BT 7./247. 0 7./31Z. 0
BO 7./487. 0 7.2 0
BI 7./120Z 0 0 0

TABLE 5. Tate Cohomology Groups of I'.

To check that our computations are correct, we can compare the resuls on Table [
with the ones given by C. B. Thomas [48, § 1], where the author expreses the total
Chern classes of the irreducible representations of I'; a finite subgroup of SU(2), in
terms of generators of the cohomology ring of the classifying space BI'.

Let L = S*/T with ' = C;,BD,,,BT,BO,BIl. Consider the map ¢: L — BT
and let ¢ = ¢.([L]), the image of the fundamental class [L] € Hs(L;Z) by the
homomorphism ¢, : H3(L;Z) — H3(BI'; Z) induced by ¢ in homology. By (I9), the
second CCS-number of a representation a: I' = GL(n, C) is given by

(39) Caa([L]) = e(a)(<),
where ¢y(a) € H?(BI';C/Z) is the second Cheeger-Chern-Simons class of a. Us-
ing the isomorphism (I8) H?3*(BI';C/Z) = Hom (H3(BT;Z),C/Z) we can define a
homomorphism

H*(BI';C/Z) — C/Z

(40) v = v(s).

by evaluation in the homology class ¢ € H3(BI';Z). By the Universal Coefficients
Theorem, the fact that C is a divisible abelian group and that the homology groups
H;(BT;Z) are torsion, one can prove that HY(BI;C) = 0 for all positive integer j.
Using this, in the cohomology long exact sequence (B]) of BI' corresponding to the
short exact sequence (), we get an isomorphism HY(BT;Z) = H/~Y(BI';C/Z) for
j > 2, under which, the k-th Chern class ¢;(«) and the k-th Cheeger-Chern-Simons
class ¢x(«) of a correspond to each other

H’(BT;Z) = H'~\(BT;C/Z)

(1) ck(a) < ().
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Composing isomorphism (1)) for j = 4 with homomorphism (40) we get a homo-
morphism

(42) H*(BI';Z) = H*(BI';C/Z) — C/Z,

which sends the second Chern class cy(«) of a representation « to its second CCS-
number ¢;(a)(s). Thus, any relation between cohomology classes in H*(BI';Z) will
also be satisfied by the corresponding images in C/Z.

For instance, in the case of the binary tetrahedral group BT, we have [48] § 1]:

(43) H*(BT; Z) = Zs[x] + Zs[y,

with € H*(BT;Z) and y € H*(BT;Z). The total Chern classes of the irreducible
representations of BT given in Subsection are

(o) =1, clag) =1—y,
(44) clag) =14y, clag) =1+ 2 — 92
(45) clas) =1+z—y, clag) =1+ z+y,
(46) clar) =1+ 4z — y?

Recall that the natural representation is ay, its second Chern class ¢y(cy) generates
H*(BT;Z) [48, Proposition 2]. Therefore, for any representation a: I' — GL(n, C),
there exists N € Z such that ¢3(a) = Nea(ay).

From Table [ we have

(47) 9-Br(an)(s) =9 57 = o = Br(as)(s) = Bafa)(s)
and
(19) 1-B(a)(s) =4 o = ok = Bafan) (<)

On the other hand, from (@) we have that cy(ay) = x — y*. By (@3) and ({E5) we
have

(49) 9-ca(as) = 9(x —y*) = 9z — 9y =z = c2(as) = ca(a),
and by (46]) we have
(50) 4-cy(ay) = 4z — y?) = 4o — dy* = 4o — y* = co(ay).

Hence, relations (49) and (50) correspond, respectively, to relations (47)) and (48]
under homomorfism (42). The other cases are analogous.
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6. APPLICATIONS TO SINGULARITY THEORY

In this section, motivated by the results of Section B we define new invariants for
surface singularities. The main result of the section recovers the spectrum of rational
double point singularities, from the CCS-numbers of the irreducible representations
of its local fundamental group. Finally, using a result by Atiyah, Patodi and Singer
we show other ways to compute the invariant £,(D) with p a representation of the
local fundamental group of a normal surface singularity with link a rational homology
sphere, using a resolution or an smoothing of the singularity.

6.1. Normal surface singularities. We recall basic facts about normal surface
sigularities, for further reference see [39]. Denote by (X, z) either a complex analytic
normal surface germ or the spectrum of a normal complete C-algebra of dimension
2. Let m: X — X, be a resolution of (X,z), i.e., a proper holomorphic map from
a smooth surface X to a given representative of (X, z) such that 7 is biholomorphic
in the complement of 77!(z). Denote the exceptional divisor by E := 7~1(z), with
irreducible components Ei, ..., Es. The resolution is minimal if there is no rational
irreducible exceptional divisor E; with self intersection E? = —1. Fix any resolution
7: X — X. The group of divisors Div(X) of X is defined as

The support of a divisor D = > n;D;, denoted by |D], is the union of the irreducible
curves Dj; ie., |D| = JD;.
Definition 6.1. Let D be a divisor. We say that:

(1) Dis a cycle if |D| C E.

(2) D is a rational cycle if D = )" r;E; where r; € Q.

An integer or rational cycle is effective, if r; > 0 for all j.

D, is a irreducible curve on X and n; € Z } .

There is a natural ordering of the cycles: Let Z" =} n}E; and Z = ) n;E; two
cycles. We say that Z' < Z if and only if n’ < n; for any j. Moreover, there is also
a notion of intersection of cycles given as follows:

72 = (Y nE) - (Yonik) = > i, (B ).

Denote by
Ziop = { Z # Oeffective cycle | Z - E; < Ofor all j }.
It is well known that Z;,, has a unique minimal element Znq4, called the fundamental

cycle (sometimes also called the minimal cycle or Artin’s fundamental cycle). See [38],
Chapter 2] for more details.
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Definition 6.2. The geometric genus p, of X is defined to be the dimension as a
C-vector space of H'(X,Ox). It is independent of the choice of the resolution.
We say that (X, z) has a rational singularity, if the geometric genus of X is zero.

A quotient surface singularity (X,x) is isomorphic to a germ (C?/I",0), where T’
is a small] finite subgroup of GL(2,C). If I and I are two small finite subgroups of
GL(2,C), then C?/T and C?/T"” are analytically isomorphic if I and I” are conjugate.
Any quotient surface singularity is a rational normal surface singularity (for more
details see [22, Chapter 7, Section 4]).

Let X be a representative of the germ (X, z), we may assume that X \ {z} is
connected and (X,z) C (C",0). If ¢ > 0 is small enough, the intersection L =
X NS> is called the link of (X,x). Recall that the link does not depend on
€. Moreover, the link L is a smooth, compact, connected and oriented 3-manifold.
In singularity theory is common to denote 7°°(X,z) = 7, (L) and call it the local
fundamental group. In the case of a normal surface singularity, the local fundamental
group satisfies the following characterization.

Proposition 6.3 ([31]). For a normal surface singularity (X, ),
(1) The group 7\°¢(X,x) is finite if and only if (X, x) is a quotient singularity.
(2) If 7i°¢(X, x) is infinite, then the link L is an Eilenberg—MacLane space of type
K(mi(L),1). Furthermore, the local fundamental group is torsion free.

Remark 6.4. The link of any normal rational surface singularity is a rational ho-
mology sphere (see [38, Exercise 1.27 and § 3.9]). Moreover, the exceptional divisor
of their minimal resolution is the union of finitely many components FE; isomorphic
to projective lines CP', where E? < —2 (see [38, § 3.9]).

A rational double point singularity (X, ) is a quotient singularity (C?/T",0) where
I' is a finite subgroup of SL(2,C). Every finite subgroup of SL(2,C) is small and
it is conjugate to a subgroup of SU(2), thus, rational double point singularities are
isomorphic to germs of the form (C?/T',0) with ' = C;, BD,,, BT, BO, Bl, and their
links are the rational homology 3-spheres L = S?/T" mentioned in Section[5l Rational
double point singularities are the only quotient surface singularities that embed in
C®. For more details on rational double point singularities see for instance [34].

Remark 6.5. In the case of rational double point singularities, the fundamental cycle
is well known (see [22, Example 7.2.5]). Table[dl contains the coefficients (without any
particular ordering) of the fundamental cycle for rational double point singularities.

Let O = Ogcn+19 be the ring of germs of holomorphic functions and let f € O
with an isolated critical point at 0. Let p = p(f) be the Milnor number of f and

2with no (pseudo)reflexions.



Singularity Coefficients of Zinq
C?/C 1,1,...,1 (=1 times)
C%2/BDy, | 1,1,1and 2,...,2 (r—1 times)
C?/BT 1,1,2,2,2,3
C2/BO 1,2,2,2,3,3,4
C?/BI 2,2,3,3,4,4,5,6
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TABLE 6. Coefficients of Zp,q of rational double point singularities

let (X,0) be the germ of the isolated hypersurface singularity defined by f, i. e.,
X = f710). The spectrum sp(X) of (X, 0) is a notion introduced by Steenbrink [47]
using the mixed Hodge structure on the cohomology of the Milnor fibre associated
to a complex hypersurface singularity together with the monodromy. It is a (multi)-
set of p rational numbers called spectral numbers: sp(X) = {3 < ay < a3 <
-+ < a,}. The spectrum is an invariant of a singularity: let f,g € O, X = f71(0)
and Y = ¢7'(0); if f and g are right equivalent f ~ g, then sp(X) = sp(Y).
In fact, if f ~ u - g, where u is a unit of O, we say that f and g are contact
equivalent and then sp(X) = sp(Y'). The spectrum has a lot of deeper properties, for
instance: if a € sp(X), then A := exp(2mia) is an eigenvalue of the cohomological
monodromy transformation. In other words, the spectral numbers a,...,a, are
specific logarithms of the monodromy eigenvalues. The spectra of rational doble
point singularities are given in Table [7, where in the pair (s,m), s is the spectral
number and m its multiplicity see [47, p. 165].

Singularity Spectrum

C*/C, (7.1),..., (5 1)

C?/BDy,, r = 2l (even) (s Vs -+ ooy )5 (3:2), (g D5 -+ (gt 1)
C?/BDy,, =21 — 1 (0dd) | (55557: 1)+ (550 Vs (53 1), (s Dy -+ (505, 1)
C*/BT (13 1), (33:1): (55, 1) (55,1, (55, 1), (53, 1)

C*/BO (1. 1), (35, 1), (35, 1, (55, 1), (35, 1), (38, 1), (565 1)
C*/Bl (35 1) (55, 1) (55, 1) (55, 1), (36, 1), (55, 1), (35, 1), (55, 1

TABLE 7. Spectrum of rational double point singularities
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6.2. Recovering the spectrum of rational double point singularities from
the CCS-numbers. Let (X, z) be a normal surface singularity. Its link L is a
compact oriented 3-manifold, denote by I' = m;(L) its fundamental group. Let
p: I' = GL(n, C) be a representation. By (B89)) the second CCS-number ¢, ([L]) of p
can be computed as ¢3(p)(s). By Remark 2.6 the Cheeger-Chern-Simons class ¢3(p)
only depends on the representation p, and the homology class ¢ only depends on L
(see Subsection [5.5]). Thus, all the second CCS-numbers ¢, »([L]) can be determined
using cohomological information of the classifying space and the homology class ¢
coming from L. We would like to obtain an invariant coming from the topology of
L and from the singularity. For this, we introduce a variation of the second CSS-
number ¢, 2([L]) for normal surface singularities which takes into account information
from a resolution of X.

Definition 6.6. Let (X,z) be a normal surface singularity and L its link. Let
m: X — X bearesolution and Zyng = Y n; Ej its fundamental cycle. Let p: m (L) —
GL(n,C) be a representation. The invariant =,(X, X) is given by

=,(X, X) = <%) )}

Remark 6.7. Note that the definition of Z,(X, X) depends on the resolution.

Our main result in this section is the following Theorem [6.8] which tells us how
to recover the spectrum of a rational double point singularity from the first CCS-
numbers of the irreducible representations of its local fundamental group and the
invariant =,(X, X) for the minimal resolution and the natural representation.

Theorem 6.8. Let (X,x) = (C?/T',0) be the germ of a rational double point sur-
face singularity. Let m: Xmin — X be the minimal resolution. Then, the spec-
trum of (X, z) and its multiplicities can be obtained from the non-zero first CCS-
numbers of the irreducible representations of T = m°°(X,z) and Zay,, (X, Xmin),

where angy: I' = SL(2, C) is the natural representation.

PROOF. Letm: Xmin — X be the minimal resolution. Denote by Zgng = Y n; E; its

fundamental cycle. Denote by tr = igi Let anae: I' = SL(2,C) be the natural

representation. In the following table we have computed the rational number ¢r and
the invariant =, (X, Xmin) from Table [6l and Table [ respectively:

BD,. | BT |BO Bl

2r 24 _ 48 | 120 _

tr r+1 12 2 18 30 4
= X . _1 1 1 1
SN at (X> Xmm) 2(r+1) 12 18 30
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We can recover the spectral numbers given in Table [7] as follows:

(1) There are two cases:

I' = C;: Each different non-zero first CCS-number of an irreducible rep-
resentation of C;, with respect to the generator (; of Hi(BC;;Z), is a
spectral number with multiplicity 1.

I' # C;: Each different non-zero first CCS-number of an irreducible rep-
resentation of I', with respect to the class ¢ of Hy(BI';Z), is a spectral
number with multiplicity 1 (repeated first CCS-numbers are counted just
one time).

(2) If Zop,, (X, Xinin) # 0, it is of the form L for some integer m and it is a
spectral number with multiplicity 1.
(3) One needs to consider two cases:

BDy,: The multiples (2i + 1) - =, (X, Xmin) with i =1,...,r are the rest
of the spectral numbers, each one with multiplicity 1.

BT, BO or Bl: The multiples k- =, (X, Xmin) with 1 < k& < m such that
k and m are coprime, are the rest of the spectral numbers, each one with
multiplicity 1.

Let us check this case by case.

Case C;: From Table M the first CCS-numbers of non-trivial irreducible repre-
sentations of C, with respect to the generator (;, are %, cee %, which are
precisely the spectrum. All of them with multiplicity 1.

Case BDy,: From Table M| the non-zero first CCS-numbers of the irreducible

representations of BDy,, with respect to ¢, are equal to %, which we take
with multiplicity 1. Also the number =, (X, Xiin) = (11)

number with multiplicity 1. Takmg the multiples (2i+1)-ZEqy, (X, Xinim) with
i=1,...,7r we get: = 2+l which are the rest of the spectral

is a spectral

2(r+1)° 2(7’+1) " 304 1)
numbers, all taken with multiplicity 1. Thus all the spectral numbers have

multiplicity 1, except for the case r even (r = 2[), where the number % has

multiplicity 2, one coming from the first CSS-numbers, and the other one
from 2HL — r+l 1

20r1)  2(r+1) _ 2°
Case BT: From Table 4 the non-zero first CCS numbers of the irreducible rep-

resentations of BT, with respect to ¢, are E and 3 15, Which are spectral num-
1

bers, each one taken with multiplicity 1. Also the number =, (X, Xmm) =15
is a spectral number with multiplicity 1. Taking the multiples k- such that
1 < k < 12 and k is coprime with 12 we get: 152, 172, 15 which are the rest
of the spectral numbers, all taken with multiplicity 1. Thus, all the spectral
numbers have multiplicity 1.
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Case BO: From Table [ the non-zero first CCS-numbers of the irreducible rep-

resentations of BT, with respect to ¢, are equal to % = 1% which is a spectral

number, which we take with multiplicity 1. Also Z,,, (X, Xmm) = % is a

spectral number with multiplicity 1. Takmg the multiples & - 1—8 such that
1 < k < 18 and k is coprime with 18 we get: Ev 1—77, %, %, % which are the rest
of the spectral numbers, all taken with multiplicity 1. Thus, all the spectral
numbers have multiplicity 1.

Case Bl: All the first CCS-numbers are zero. Z,,,, (X, Xmm) 310 is a spectral
number with multiplicity 1. Taking the multiples k - 30 such that 1 < k£ < 30
and k is coprime with 30 we get: %,%, %, %, %, %, % which are all the
spectral numbers, taken with multiplicity 1.

This proves the assertion. O

Remark 6.9. Notice that for I' = BT,BO,BI and I' = BD,, with r even, the
homology class ¢ is a generator of Hy(BI';Z) except for the case of I' = BDy, with r
odd. If in this case we take the first CCS-numbers with respect to the generator b,
we get the numbers i and % which are not spectral numbers.

Remark 6.10. If (C?/T,0) is a rational double point singularity with link L, from
Table 2] the natural representation an,: I' — SL(2,C) is topologically trivial. By

Theorem B3 Guy,, 2([L]) = an, (D), where D is the Dirac operator of L. Thus
1+5 n? ng
B (X, X) = (55200 € (D).
A natural question is if one gets interesting invariants replacing in =,(X, X ) the
Dirac operator by other (self-adjoint) differential operators.

6.3. McKay correspondence. In this section we recall basics on McKay corre-
spondence. We assume basic familiarity with dualizing sheaves, modules and normal
surface singularities, see [10, 38, 22] for more details.

Let X be a normal variety. Let om0, (e,®) and &x/;5 (e, ) be the sheaf the-
oretic Hom and Ext functors (see [20]). An Ox-module M is indecomposable if it

cannot be written as a direct sum of two non-trivial submodules. The dual of an
Ox-module M is denoted by M = oo, (M, OX) An Ox-module M is called

reflexive if the natural homomorphism from M to M is an isomorphism.
Let (X,z) be the germ of a normal surface singularity and 7: X — X be a
resolution. Recall the following definition of full sheaves as in [26].

Definition 6.11. An Og-module M is called full if there is a reflexive Ox-module
M such that M = (7*M) . We call M the full sheaf associated to M.
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By Artin and Verdier [2], the classical McKay correspondance can be stated as
follows: for rational double point singularities there is a one-to-one correspondence
between,

e non-trivial irreducible representations of 7l°¢( X, z),
e non-trivial indecomposable reflexive Ox-modules,

e irreducible components of the exceptional divisor of the minimal resolution
of X.

Remark 6.12. In general, given any (X, z) normal surface singularity and p a repre-
sentation of m°°(X, x), by the Riemann-Hilbert correspondence we obtain a reflexive
Ox-module. Such a module depends on the representation, therefore we will denote

it by M,. The reader may see [19] for more details.

If the singularity is not a rational double point singularity, we need to impose an
additional hypothesis to produce a classification analogous to the McKay correspon-
dence. For rational singularities this property is called speciality, this has been
done by several people: Esnault [17], Wunram[49], Riemenschneider [43], Iyama and
Wemyss [23]. For Gorenstein singularities, it is called cohomological speciality by
Fernandez de Bobadilla and Romano-Velazquez [18].

Definition 6.13. Let (X, z) be the germ of a normal surface singularity. Let M be
a reflexive Ox-module of rank r. We say that M is

(1) special if Ext o (M, Ox) =0,

(2) cohomologically special if for any resolution 7: X — X the full sheaf M
associated to M satifies dim¢ <R17T* (Mv>) = rp,, where p, is the geometric
genus (Definition [6.2]).

For representations of the local fundamental group, we have the following defini-
tion.

Definition 6.14. Let (X, x) be a normal surface singularity and p be a representation
of m°°(X, x). Let M, be the reflexive Ox-module given by p and the Riemann-Hilbert
correspondence. We say that the representation p is

(1) special if M, is special.

(2) cohomologically special if M, is cohomologically special.

Remark 6.15. By [49], in rational double point singularities any representation
(reflexive module) is a special representation (special reflexive module). Moreover,
by [18] in this case the notions of special and cohomologically special agree.

Let (X,z) be the germ of a rational double point surface singularity and con-
sider the natural representation ang: T°¢(X,x) — SL(2,C). By Theorem
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S (X, Xmin) is always a spectral number. Furthermore, for any irredicible rep-
resentation a: m°°(X,z) — GL(n,C) if its first Cheeger-Chern-Simons class ¢ ()
is not zero, then the corresponding first CCS-number ¢;(a)(¢) is always a spectral
number. We would like to define a new invariant for rational or Gorenstein surface
singularities (X, z) using the Cheeger-Chern-Simons classes ¢;(a) with ¢ = 1,2 of
the irreducible representations Irr(7°¢(X, x)) of 71°°(X, z), but in order to define an
invariant of the singularity and not only of the local fundamental group, we will use
only special or cohomologycally special representations (see Example below).
The following definition is a natural consequence of this remark.

Definition 6.16. Let (X, z) be the germ of a rational surface singularity and L its
link. The topological spectrum of (X, x) is the following set

TSpf(X) = {0 #Cy1 € H'(L;C/Z) | a € Irr(7°°(X, 7)), « is special}.
Moreover, if (X, x) is a quotient singularity, the topological spectrum of (X, x) is the
following set

TSpf(X) = {C,1 € H'(L;C/Z) | a € Irr(7°(X, 7)), « is special and ¢ () # 0 }
U{EaNat,g | anag is the natural representation}.

If (X, z) is a Gorenstein singularity, the topological spectrum of (X, x) is the following
set

TSpf(X) = {0 #Con € H'(L;C/Z) | o € Trr(7°(X, x)), v is cohomologically special }.

The following example shows that the topological spectrum of a singularity does
depend on the singularity, not only on the local fundamental group.

Example 6.17. Consider the following cyclic subgroups of order 3:

e {(§ D)oo wi n-((§ 2))csea

Denote by
(Xl,l’l) = (C2/F1,O) and (Xg,l’g) = (C2/F2,O),

the corresponding quotient singularities. The germ (X5, z5) is a rational double
point singularity. Let L; be the link of the singularity (X, z;) for j = 1,2. In both
cases, the links are 3-dimensional lens spaces. Moreover, m (L;) = C3 for j = 1,2.
Therefore 71(L;) and m(Ls) have the same irreducible non-trivial representations,
namely as and «g. By Artin and Verdier [2] and Wunram [49] we have that:

e for the singularity (Xj,x;) there is only one non-trivial special irreducible
representation and,
e for the singularity (X5, zs) both as and a3 are special representations.
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Therefore, TSpf(X;) has only one cohomology class but T'Spf(X5) has two cohomol-
ogy classes. Hence, even if 7 (L) and 7 (Ls) have the same representation theory,
the topological spectrums of (X7, z1) and (Xs, x2) are indeed different. They depend
on the singularity.

By Theorem and Remark for rational double point singularities X we can
recover some spectral numbers from the topological spectrum TSpf(X) evaluating in
particular homology classes: ¢, 1(¢) and ¢y, 2([L]), and taking appropriate multiples
of the obtained numbers.

Remark 6.18. Let (C?/T',0) be a quotient singularity (I' € GL(2,C)). By Wun-
ram [49l, the coefficients nq,...,n, of the fundamental cycle on the minimal reso-

lution X, of X coincide with the dimensions of the non-trivial special irreducible
representati(;ns ai,...,as of I'. Thus, for quotient singularities the multiplicative
1+> n?
1+§: nz
Xmin depends on the group (dimensions of irreducible representations) and on the
singularity (only the special ones).

In the case of a rational double point singularity (X, z) = (C?/I",0) (I' € SL(2,C)),
all the non-trivial irreducible representations are special (Remark [6.15]) and it is well-
known that the order |I'| of T is given by |I'| =1+ 3 ;_, rank o?. Therefore,

1+ Z::l n22 - |
T+Y0  n 1+>  rankay

factor that appears in Z,( Xy, D) (Definition [6.6)) for the minimal resolution

By Remark GI0, in this case one has Z,,, (X, X) = (ii%i) €ans, (D), and by

Table 3] gaNat(D) = ﬁ, for I' = BD,,, BT, BO, Bl. Therefore, in these cases one has
1

1+ ranka;

EOCNac (X> X) =

6.4. The invariant ép(D) via the McKay correspondence. In this final section
we show how to compute the invariant é »(D) using the McKay correspondence. The
advantage of this approach is that it is more readily computable.

Let (X,z) be the germ of a normal surface singularity. Denote by L the link.
Suppose that L is a rational homology sphere, e.g., the link of any rational singularity
(see Remark [6.4]). Let m: X — X be a resolution such that F is a normal crossing
divisor. Let (L, 0can) be the link equipped with the canonical spin® structure oca,
induced by the resolution (see [40, § 2]). Moreover, the almost complex structure on
X gives a spin® structure o on X such that its restriction to L is Ocan- From now
on, we will use this spin® structure.
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Theorem 6.19. Let (X,x) be the germ of a normal surface singularity. Suppose
that the link L is a rational homology sphere. Let m: X — X be a resolution with
E a normal crossing divisor. Let p: m (L) — GL(n,C) be a representation. Denote
by M, the reflexive Ox-module given by Riemman-Hilbert correspondence and p.
Denote by #, the corresponding vector bundle. Then,

o1 GD) = [ et~ ) T()
X
where ch is the Chern character and T the Todd class. Moreover, if p is topologically

trivial, then ¢,2([L]) is given by (BI)).
ProoF. The proof follows by [4, pp. 415] and Corollary 3.4l O

Corollary 6.20. Let (X,z) be the germ of a quotient surface singularity. Let
m: X — X be the minimal resolution. Denote by E = |JE; the exceptional divi-
sor. Then, there exists a well-defined natural map

U:{E,,...,E.} = Q/Z.

ProoOF. By [49], there exists a one-to-one correspondence between the irreducible
components of the exceptional divisor and the non-trivial special representations of
the local fundamental group. Thus, the map is given by Theorem (recall that
any quotient singularity is a rational singularity). 0

We can obtain a similar result if (X, z) has a smoothing with Milnor fiber F. In
the case of a hypersurface one can take F' to be the usual Milnor fiber. Then, F

has a spin® structure whose restriction to the link coincides with oc,, (see [40] § 2]).
Thus,

Theorem 6.21. Let (X, x) be the germ of a normal surface singularity. Suppose
that the link L is a rational homology sphere. Let 7: X — X be a resolution with E
a normal crossing divisor. Suppose that (X, x) has a smoothing with Milnor fiber F'.
Let L be the link of (X,z). Let p: m(L) = GL(n,C) be a representation and V, its
associated flat vector bundle over L. Suppose that there exist an extension ¥, of V,
over F'. Then,

(52) £,(D) = / (ch(¥;) —n) T(F).

Moreover, if p is topologically trivial, then ¢,5([L]) is given by (B2).
ProOOF. The proof follows by [4, pp. 415] and Corollary 3.4 O
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